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Influence of short-range four-fermion interactions on quadratic and cubic nodal-line fermion systems is studied
by renormalization group theory. It is found that arbitrarily weak four-fermion interaction could drive quadratic
or cubic nodal-line fermion system to a new phase. According to the initial conditions and value of fermion flavor,
the system may appear three kinds of instabilities. First, quadratic or cubic nodal line is split into conventional
nodal lines, thus the system becomes nodal-line semimetal. Second, finite excitonic gap is generated, and the
system becomes an excitonic insulator. Third, the system is driven into superconducting phase. Thus quadratic
and cubic nodal line fermion systems are rare strong correlated fermion systems in three dimensions under the
influence of four-fermion interactions. These theoretical results may be verified in the candidates for quadratic

and cubic nodal-line fermion systems.
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I. INTRODUCTION

Study about topological semimetals (SMs) is one of the
most important fields of modern condensed matter physics
[1-15]. On the one hand, some SMs have wide potential
industrial applications due to their fantastic properties, such as
large thermoelectric power [16,17]. On the other hand, some
SMs provide a platform to verify certain important concepts
in high energy physics, due to that their low-energy fermion
excitations resemble the elementary particles [1-15].

According to energy dispersion of the fermion excitations
and topological property of the system, SMs can be classi-
fied as Dirac SM (DSM), Weyl SM (WSM), multi-WSMs,
semi-DSM, Luttinger SM, nodal-line SM (NLSM), etc. [9].
Graphene is a prototypical two dimensional (2D) DSM.
Angle-resolved photoemission spectroscopy (ARPES) exper-
iments have confirmed that Cd;As, and NasBi are 3D DSM
[18,19], and TaAs, TaP, NbAs, NbP are WSMs [8,11,20,21].
NLSM has been realized in PbTaSe,, ZrSiS, ZrSiSe, HfSiS,
and TiB, according to ARPES measurements [22-28].

In SMs, the dimension of Fermi surface is at least two
less than the dimension of the system. This characteristic is
different from conventional metals, in which the dimension
of Fermi surface is one less than the dimension of the system
[29]. In DSM, WSM, multi-WSMs, semi-DSM, and Luttinger
SM, the Fermi surface is composed by discrete points, where
conduction and valence bands touch each other in the Bril-
louin zone, whereas the Fermi surface of NLSM is a line in the
3D Brillouin zone. Due to the abovementioned characteristic
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of SMs, the density of states (DOS) of SMs vanishes at the
Fermi level.

Influence of interactions on SMs is an important and
nontrivial question, which attracts much attentions [1,30-66].
Due to the vanishing DOS, short-range four-fermion interac-
tion is irrelevant in SM if it is weak, but may drive a quantum
phase transition (QPT) to a new phase if the interaction
strength is large enough [57-66]. There have been studies
on the effects of four-fermion interactions in SMs including
2D DSM [57,58], 3D DSM [59], WSM [60,61], multi-WSMs
[61], semi-DSM [62,63], Luttinger SM [64], and NLSM
[65-67]. These studies showed that the SMs may be driven
to different phases according to the types of four-fermion
interactions. Additionally, the influence of four-fermion in-
teractions is closely related to the fermion dispersion and
topological property of the system.

In NLSM, the fermion dispersion is linear within the x-y
plane and also linear along the z axis [47,48,65-70]. For
NLSM, DOS takes the form p(w) ~ w, which vanishes at
the Fermi level, i.e., p(0) = 0. Roy has analyzed the possible
QPTs in NLSM under the influence of four-fermion interac-
tions [606].

Recently, Yu et al. proposed that quadratic and cubic
nodal-line fermion (NLF) systems could be realized in some
materials [71]. In these materials, the Fermi surface is also
a line in the 3D Brillouin zone, which is same as NLSM.
However, the fermion dispersion is quadratic (cubic) within
the x-y plane and also quadratic (cubic) along the z axis
[71,72]. Accordingly, DOS satisfies p(w) ~ @° in quadratic
NLF system, and p(w) ~ @~'/* in cubic NLF system. Thus
the influence of four-fermion interactions on quadratic and
cubic NLF systems could be substantially different from the
one in NLSM. This is an interesting and urgent question,
which needs comprehensive study.
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In this paper, we resolve this question through renor-
malization group (RG) theory [73]. We find that quadratic
and cubic NLF fermion systems are unstable to short-range
four-fermion interactions. We show that arbitrarily weak four-
fermion interaction could drive quadratic or cubic NLF system
to a new phase. According to the initial conditions and value
of fermion flavor, the system may appear three kinds of
instabilities. First, the quadratic or cubic nodal line is split into
conventional nodal-lines, and the system becomes a NLSM.
Second, finite excitonic gap is generated, then the system
becomes an excitonic insulator. Third, the system is driven
into a superconducting phase.

The rest of paper is structured as follows. The model is
presented in Sec. II. In Sec. III, we analyze the physical
meaning of various fermion bilinears, which may be generated
by the four-fermion interactions. We perform the mean-field
calculation in Sec. IV. In Sec. V, we show RG equations of the
model parameters and numerical results of the RG equations.
The behaviors of observable quantities in different phases are
discussed in Sec. VI. In Sec. VII, we discuss the role of
geometry of nodal line. The main results are summarized in
Sec. VIII. The detailed calculation and derivation for the RG
equations are given in Appendices.

II. MODEL

In Ref. [71], after performing a symmetry analysis over all
230 space groups for solid systems with spin-orbit coupling
and time-reversal symmetry, Yu et al. found that quadratic and
cubic nodal lines can be stabilized by crystalline symmetries.
For convenience, in Appendix A, we show lattice models for
quadratic and cubic NLF systems, and derive the low-energy
effective models. In the following, our analysis will focus on
the low-energy effective models directly.

The Hamiltonian density for free quadratic NLF system is
given by

Hik) = A[(k; — k2)oy1 + 2k k.02], (D

where k, =k, — kr with ky = /k? + k2. A is a model pa-

rameter. o) 3 are the standard Pauli matrices. The energy
spectrum for quadratic NLF is

E,(k) = A (K} +K2). )

For simplicity, here we do not consider anisotropy of the
fermion dispersion along k, and k,. The qualitative conclu-
sions will not be changed if this anisotropy is incorporated.

The Hamiltonian density for cubic NLF system can be
written as

Hi(k) = B[ (k] — 3kk2)o1 + (k) — 3kk2)on],  (3)

with B being a model parameter. The energy dispersion for
cubic NLF takes the form

E.(k) = +B(k> + k2)**. (4)

The Pauli matrices o; act on the sublattice space of free-

dom. Both the Hamiltonian densities H{ and H satisfy the

chiral symmetry {H{“, 03} = 0. Once a term Ha, = A303

is generated, the fermions become gapped and the chiral
symmetry is broken [71].

We consider the four-fermion interactions described by the
action

3
1 dw, d°k; dw, d°k, dw; d°k

Sx/f“:_z)‘i/ W) 1 dwy 2 dws 3
N i=0

21 ) 2m (27)3 2w (27w)3

x ¥ (01, K)o (w2, k)Y (03, K3)o;

XY (w) — w2 + w3, k) — Ky +K3), Q)
where A; with i =0, 1, 2, and 3 are the four-fermion cou-
pling parameters, and N is the fermion flavor. The fermion
flavor N represents the degeneracy of the real spin. In the
calculation, we take N as a general turning parameter. The
physical value of N is N = 2. oy is the identity matrix. In the
following, we are only interest in the case that the initial value
Ao satisfies A;9 > 0, namely, the interaction is repulsive
initially.

III. PHYSICAL MEANING OF FERMION BILINEARS

Decoupling the four-fermion interactions, we could get
four different fermion bilinears ¥ ooy, ¥ oy, ¥ oav/, and
¥ To31. The expectation values of these bilinears are given by

Ao = (¥ o9, (6)
A= (Yloy), @
Ay = (Yloar), (®)
Az = (YT o39). ©)

(...) represents taking mean value on the ground state of total
Hamiltonian. They have different physical meanings. If A
becomes finite, the Fermi level is modified, and the Fermi
surface is changed from 1D nodal line to 2D tube, since A
represents the chemical potential.

The original nodal line is gapless for (k,, k;) = (0, 0). For
quadratic NLF system, if A| becomes finite, the original nodal
line with quadratic dispersion is split into two conventional
nodal lines with linear dispersion. These two conventional
nodal lines are gapless for the cases

(kar, kaz) = (0, (A1/A)/?) (10)
and

(kors ki) = (0, —(A1 /A)'?). (11)

Around these two nodal lines, the fermion dispersion can be

written as
E = £,/4AA (K2 + K2), (12)

where K, and K, are the momentum components relative to
the nodal lines.

For cubic NLF system, if A; becomes finite, one cubic
nodal line, is split into three conventional nodal lines, which
are determined by

(kars kaz) = (—(A1/B)'3,0), (13)

?(AI/B)‘“), (14)

/3
2

1
(kor kpz) = (E(AI/B)]B,

(kmkcr)=(%(AI/B)”%— (Al/B)'”). (15)
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(a) (b)
k. ky k. ky

ks k, ks k,

FIG. 1. [(a) and (b)] Splitting of quadratic nodal line into conven-
tional nodal lines in the presence of A, and A,, respectively. [(c) and
(d)] Splitting of cubic nodal line into conventional nodal lines in
the presence of A; and A,, respectively. Red, magenta, and blue
lines correspond to quadratic, cubic, and conventional nodal lines,
respectively.

The energy dispersion around these three nodal lines can be
expressed as

E= :l:\/ 9B23 A (K2 + K2). (16)

For quadratic NLF system, if A, acquires finite value, one
quadratic nodal line is split into two conventional nodal lines,
which satisfy

(kar» kaz) = (A2 QA2 —(A2/ (AN, (17)

Ckors ki) = (—(A2/RANY2, (A2/ AN, (18)

The energy dispersion of the fermions around these two nodal

lines reads as
E = +,/4AA,(K? + K2). (19)

For cubic NLF system, if A, becomes finite, one cubic
nodal line is split into three conventional nodal lines. The
corresponding conditions can be obtained through Eq. (13)—
(15) by employing k., <> k; with j = a, b,c and A; — A;.
Around these three nodal lines, the fermion dispersion can be
expressed by Eq. (16) through utilizing A — A,. .

If Az acquires finite value, the energy dispersions for
quadratic and cubic NLF systems can be written as

E, (K, Az) =+, /E(ic(k) + AZ, (20)

where E, (k) and E.(k) are given by Eqs. (2) and (4), re-
spectively. We can find that the fermion dispersion becomes
gapped once Az becomes finite. Physically, it suggests that
the system is driven into excitonic insulating phase.

For convenience, we show the splitting of quadratic and
cubic nodal lines to conventional nodal lines in the presence
of Aj or A, by the schematic diagrams in Fig. 1.

For a fermion system under the influence of four-fermion
interaction A(y T 1//)2, where I' is a matrix, if the RG analysis
shows that the four-fermion coupling strength A approaches
to infinity at a finite running parameter €., it indicates that the

system becomes unstable under the energy scale
Ays = Ae_e“, (21)

where A ia an energy cutoff. For this situation, it is usually
considered that a finite expectation value Ap = (¥ 'T) is
generated. The magnitude of A can be estimated through the
energy scale Ays, i.e.,

Ar ~ Ays = Ae Y. (22)

This method has been usually adopted in the RG studies about
the influence of four-fermion interactions on various fermion
systems [57-66,74-77].

If the four-fermion coupling parameter flows to negative
infinity finally, we consider that the four-fermion interaction
becomes attractive in the low-energy regime. Accordingly, the
system is unstable to pairing in the particle-particle channel,
namely, the generation of superconducting gap.

IV. MEAN-FIELD ANALYSIS

Before performing the RG analysis, in this section, we
analyze the generation of various order parameters under
the influence of short-range four-fermion interactions through
mean-field method.

A. Quadratic NLF system
1 Ay = (Yor9)
Considering A; induced by the four-fermion interaction

Moy )2, the fermion propagator in the Matsubara formal-
ism reads as

1

Glon, K) = ———7—
—iw, + Hy 5,

, (23)

where
Hi A, =[A; — k) + A]oy + 24k k00 (24)

The mean-field equation for A is given by

Ay d’k
pa wZ/ @y orGlen k]

d’k
=T | 555 [A(K? — k2) + Ay]
1
<y P (25)

Wy

where w,, = (2n + 1)n T with n being integers, and

Exa, = \/A2(k,2 F12)7 4 24(K2 —K2) A, + A2 (26)

Performing the frequency summation, we get

d’k 1
A = AP —K2) + A
1 (27T)3[ ( r z)+ I]Ek,Al
E
xtanh( "*A‘>. 27
2T
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Linearizing A in the vicinity of critical temperature 7, for the
phase transition, we obtain the equation for 7

Ay k1

LN
Al (2m)3 E (k)
2 72)?
xq|1- —(k, kZ)z tanh (Eq(k))
(k2 + K2) 21

Ek) 1 (k)

27, E, (k) 2 %)
c cosh2< i ) (k2 +k2)
The equation can be further written as
1k AK?
— =L | dkk—| tanh
)\1 47'[ AK 2Tc
AK? 1
+ 27T, h2 AK?
¢ cos (7)
A2
kr AA? AN? i
=——|1In tanh dxIn(x)
8rA 2T. 2T, 0
X ———— + tanh 29
cosh?(x) ( (29)

If T, <« AAZ, the equation becomes
1 kr AN? oo 1
—~ | - dxIn(x)——5— + 1
A 8TA 2T, 0 cosh”(x)
k AA?N [2ert]
" in ¢ , (30)
8TA T, b4

where y represents the Euler constant, and it satisfies y ~
0.577215. Thus T, is given by

2et!

_ 2,5k
T, = AAN2e 31)

2. A= (Yiory)

Incorporating A, induced by the four-fermion interaction

Az(ilf"'azl/f)z, after similar derivation shown in Sec. IVA 1, we
obtain the critical temperature for the phase transition as

26y+1

—kr
T, = AN%e T (32)
3. Ay = (YT a39)
Considering A3 induced by the four-fermion interaction

Moy )2, the fermion propagator in the Matsubara formal-
ism takes the form

1

Gwn,k —7
k) =

(33)

where

M o, = A[(K2 — K201 + 2k k.00] + Asos. (34)

The mean-field equation for Aj is determined by

A d’k
2t ; / Sy T3 G )

d’k 1
=2A3T , 35
7 [ Gy om0
where
— JA2(k2 + k2)? 2
Exa, = \/A (k2 +K2)" + A3 (36)
Carrying out the frequency summation, we obtain
A d’k 1 E
23 a, tanh =23 ) (37)
)\.3 (27‘[ )3 Ek,A3 2T

which can be further written as

1 kr

A 1
— = / dKK ———ee
s 2 Jo JAZKS + A2
VAZKY + A3
A (38)

2T

X tanh

Linearizing A3 in the vicinity of T, yields

1 ke 1 AK?
— =t dKK— tanh
o 27 Jo AK?2 2Tc

kr AA?
=——|In tanh
4 A 2T,

/ dx ln(x)coshz(x) (39)

If T, < AA?, we have
1 k AA? oo 1
— —F[ln< ) —f dxln(x)—z]
A3 4mA 2T. 0 cosh”(x)

2
“ma [ (F) ()] 0
47A T, T

2e” 5
T. = —AA%e 4A';'TA 41
T

Namely,

B. Cubic NLF system
L Ay = (¥Tory)
Considering A; generated by the four-fermion interaction

MW io w)z, the fermion propagator in Matsubara formalism
can be written as

1
G, K)= —— 42
k) = o (42)

where
Hi s, = [BE — 3642) + A Jon
+B(k} — 3k.k})o. (43)
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The mean-field equation for A; takes the form

A
w=TY / RTINS

= 2T/ 4’k [B(k} — 3k:k2) + A ]
(27_[)3 r i, 1

1
X . 44
Z Wy +EI%,A1 @

Wy

where

Exa = \/Bz(kf +12)* 4 2B(k3 — 3k,k2) Ay + AL (45)

Carrying out the frequency summation gives to

Ar Ik , 1
— = B(k> — 3k,k A
Ay /(277)3[ (& )+ I]Ek,Al
E;
x tanh [ =20 ). (46)
2T

Linearizing A in the vicinity of 7;, we find

A k1
— = A -
A (2m)3 E (k)

3 2\2
. (k 3krkz3) anh <Ec(k))
(k2 +K2) 21

(k2 — 3k,82)°
5 (k2 + k)

E&) 1
2T cosh? (

(47)

This equation can be further expressed as

1 k 1 BK3
g dKK tanh
A 4 BK ZT
_ ke SN BA®
= iyt | )(B_A»*)lﬂ Y
27,
BA3
+4 - d 1 1 (48)
—_—
0 x73 cosh?(x)
In the limit 7, < BA3, we get
1 k oo 1 1
o 2 3F 1 34/ dx1—3 2
A 12nB2BQRTH'3 ), x173 cosh? (x)
akp
= —3 2 BT (49)
where
+o00 1 1
a= dx— ——— ~ 1.43829. 50
/0 x1/3 cosh? (x) (50)

Accordingly, T, can be expressed as

a)»lkp 3
=327 ) - eb

2. A= (Ylouy)

Considering A, induced by the four-fermion interaction
A (¥ ioar), similar to Sec. IV B 1, we obtain

akzkp 3
I = (3 . 2]/371’32/3) . (52)
3. Ay = (¥To39)
Incorporating Az induced by the four-fermion interaction

M (Yo lp)2, the fermion propagator in the Matsubara formal-
ism reads as

1
G(w,, k _ 53
( )= —iw, + H;, A3 >3)
where
s, = B[(K) = 3kk2)o1 + (k) — 3k:k})o2]
+Aj303. 54

The mean-field equation for Aj is given by

As d’k
N =T MZ/ mTr[ozGo(wn, k)]

=2A T/ @’k > : (55
S ] e e+ B
where
— /B2 (k2 + x2)° 2
Exa, = \/B (k2 +k2)” + A2 (56)
Performing the frequency summation, we get
A k1 E
= oA tanh [ =22} (57)
)»3 (27‘[ )3 Ek,A3 2T

The equation can be further written as

/ dKK ———

)»3 /B2KS + A2

JB2K® + A2

Y . (58)

2T

X tanh

T. is determined by

1 kr 1 BK?
— d KK—— tanh
M T o BK3 2T,

kr 1 3
- | (C3)—— tanh [
exB Py | ey <2T>

BA3

2T¢
+3 / dx
0

In the limit 7. < BA3, we obtain
1 kr +oo 1 1
—_—r ————3 dx—s——
Ay 6TB23QTHAT [, x1/3 cosh? (x)
_ akF
48T

1 1

_— 59
x1/3 cosh? (x) >9)

(60)
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which is equivalent to

(l)\.3kp 3
T, = (W) ) 61)

V. RENORMALIZATION GROUP ANALYSIS

In this section, we present the RG results of the influence
of four-fermion interactions on quadratic and cubic NLF
systems. The detailed derivation for the RG equations are
shown in Appendices.

A. Quadratic NLF

For quadratic NLF system in the presence of four-fermion
interactions, the RG equations for the coupling parameters are
given by

dko—(x/\ +AA)1 (62)
e = (143} o2 N’
dh
d_ﬂl - [(A% + A3+ A3+ Aort + 20 A0 + AAs
1 2
—2AZA3)]v + A7l (63)
d
d_ez = |:(A(2) + 234 22 4 hors + 241k — 22143
1 2
+A2A3)]T] + 43 (64)
dh
d_; = [(_zxg + 2%0r3 — 2h1ha 4 3h1A3 + 3ha2h3)

1
oy + 23] (65)
o+ 2

The transformations ;T—FAM — A; with i =0, 1, 2, and 3
have been employed in the derivation of the RG equations.
We notice that A is not generated if the initial value X9 o = 0.

If the initial value X¢ is finite, the flows of Ao, A, A3,
Ao/X1, Ao/|Asl, A1/|Az| are shown in Fig. 2. As shown in
Figs. 2(a)-2(c), A9, A1 approach to infinity, and A3 flows to
negative infinity at same finite energy scale. According to
Figs. 2(d)-2(f), Ao/A1 and Ay/|r3| approach to zero. Addi-
tionally, A1 /|A3| flows to a constant smaller than 1 for N = 1,
but approaches to a constant larger than 1 for N > 2. A/,
is always equal to 1, which is not shown in Fig. 2. These
results indicate that arbitrarily weak four-fermion interaction
induces the system to be unstable. For N = 1, generation
of superconducting gap is the leading instability. However,
splitting of quadratic nodal line with generation of A or A,
is the subleading instability. For N > 2, splitting of quadratic
nodal line with generation of A or A, becomes the leading
instability.

If the parameter A; takes finite value, the relations be-
tween A1, Ay, A3, A1/A2, A1/|A3], A2/|A3| and running param-
eter £ are shown in Fig. 3. Ay always equals to zero, if only
A1,0 1s finite initially. We can find that A; always approaches
to infinity at some finite value £.. As shown in Fig. 3(b),
Ay flows from zero to infinity at the same £.. According to
Fig. 3(c), A3 is generated from zero and approaches to negative
infinity finally. As depicted in Figs. 3(d)-3(f), A/, flows to

FIG. 2. Flows of )\‘Q, )\.1, )\3, )\‘0/)»1, )\.0/|)n3|, and )\.1/|}»3| in
quadratic NLF system. Blue, red, and green colors correspond to
oo = 0.1, 0.2, and 0.3, respectively. Solid, dashed, and dotted
lines stand for N = 1, 2, and 4, respectively.

1,and A;/|A3| and A, /|A3| flow to a constant smaller than 1 for
N =1 but flow to a constant larger than 1 for N > 2. These
results represent that transition into superconducting phase is
the leading instability for N = 1, but generation of A or A,
and splitting of quadratic nodal line into conventional nodal
lines is the leading instability for N > 2.

If the parameter A, takes finite value, we will obtain
qualitatively similar results comparing the ones in the case
that only A, o is finite.

If the initial value X3 is finite, the flows of A;, Aa,
Az, Ai/Xa, Ai/A3, Ay/A3 are shown in Fig. 4. According to
Figs. 4(a)—4(c), A3 approaches to infinity at a finite £., and A,
and A, flow from zero and approach to infinity at the same

FIG. 3. Flows of )\.1, )\.2, }»3, )»1/)\2, }\l/l)\3|9 and )\,z/l)xg,l in
quadratic NLF system. Blue, red, and green colors correspond to
A0 =0.1, 0.2, and 0.3, respectively. Solid, dashed, and dotted
lines stand for N = 1, 2, and 4, respectively.
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FIG. 4. Flows of Ay, A2, A3, A1 /A2, A1 /A3, and A, /A3 in quadratic
NLF system. Blue, red, and green colors correspond to A3¢ =
0.1, 0.2, and 0.3, respectively. Solid, dashed, and dotted lines stand
for N =1, 2, and 4, respectively.

£.. As shown in Fig. 4(d), 1, /A, equals to 1. As displayed in
Figs. 4(e) and 4(f), A1 /13 and A, /A3 always flow to a constant
smaller than 1 for any fermion flavor N. It represents that
generation of excitonic gap is always the leading instability
for any fermion flavor, if only A3 o takes finite value.

If the initial values of two coupling parameters are finite,
the flows of Ao, A1, A2, A3, Ao/|A3], A1 /A2, A1 /|A3], and Ay /| A3]
are displayed in Fig. 5. According to these results, we find that
the system could be driven to NLSM, excitonic insulator, or

102

Ao

A2

Ao/ |As]

A1/ |As]

FIG. 5. Flows of }Lo, }»1, }Lz, }»3 )xo/l)n3|, )\.1/}»2, )\1/|)\.3|, and
A2/|A3] in quadratic NLF system. Blue color corresponds to X9 =
0.05 and Ao = 0.05; red color corresponds to A¢o = 0.05 and
3.0 = 0.05; green color corresponds to A; o = 0.05 and A, ¢ = 0.05;
black color corresponds to A; o = 0.05 and A3 = 0.05; solid and
dashed lines stand for N = 1 and N = 2, respectively.

superconducting phase, which is determined by the concrete
initial conditions and fermion flavor sensitively.

B. Cubic NLF

For cubic NLF system in the presence of four-fermion
interactions, the RG equations for the four-fermion coupling
parameters are given by

dry 1

1
— = —A AMA MA3)—, 66
T 3 o+ (A1A3 + 23)N (66)

dXr 1

T 3)»1 + [(—A% + AoAr + Aoz + A1ha + AiAs

1 2
- 2x2A3)1v + A1) (67)

dr 1 ,
T 59»2 + | (=43 + Ao + AoAs + Ao — 24423

1 2
+ )»2)&3) N + 251, (68)

dry 1 5
— = 3,\3 + | (=223 + Aoht + Aorz 4+ 2h0h3 — 24120

1
+ 20 A3 + ZM“)N + 2)»%}. (69)

The transformations 2751; TAi > A with i=0, 1, 2, and 3
have been utilized. One could find that one type of four-

fermion interaction can exist solely.

If only consider the four-fermion interaction )»O(gﬂaolp)z,
RG equation for the coupling strength takes the form

dl 1
d—; = 3k (70)
The solution is
Ao = Aooeil. (71)

It is easy to find that Ay does not become divergent at a finite
energy scale, but only becomes divergent in the lowest energy
limit £ — oo, i.e., £, — oco. We believe that divergence of
four-fermion coupling strength at £ — oo does not represent
the generation of a finite expectation value of order parameter.
Indeed, according to Egs. (21) and (22), the energy scale
for the appearance of instability and the magnitude of order
parameter vanish if £, — oo.

If only the four-fermion interaction A; (v "oy w)z is consid-
ered, the RG equation for A; is given by

v _ L oy (- L)e (72)
de — 3" N
For the fermion flavor N = 1, the RG equation becomes
dr 1
— = —Aj. 73
70— 3 (73)

The corresponding solution reads as
i = hiest, (74)

which becomes divergent in the lowest energy limit £ — oo.
In this case, divergence of A; does not indicate the generation
of long-range order parameter A; = (Y To ).
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For the case N > 1, solving Eq. (72) yields

%)\1,06%6

IR P )

We find that A; becomes divergent at a critical value

1
tGe=3m|1+— | (76)
[ 30-%)/\1,0}

This result implies that a finite expectation value A; =
(YYo1v) is generated under the influence of four-fermion
interaction. The magnitude of A; can be roughly estimated
by

(75)

Ay~ Ae ', (77)

where A is an energy cutoff.

Similarly, if only the four-fermion interaction )»2(1//“721#)2
is considered, we could find that a finite expectation value
Ay = (YTopy) is generated for N > 1.

Considering only the four-fermion
A3(1/f"'a3w)2, the RG equation for the coupling strength
can be written as

interaction

dAs 1 1\,
— = =23+ 2|1—-— )As. 78
ac 3t < N) 3 (78)
If N = 1, the RG equation becomes
dis 1
— = —A3. 79
T 3 (79)

The corresponding solution is given by
A3 = hagett, (80)

which is divergent in the limit £ — 00. Thus, for N = 1, finite
expectation value Az = (Y"o3¢) should not be generated.
For N > 1, solving Eq. (78) gives rise to

Ly o5t
Ao = - e —. 1)
3 +2(1 — N))\g,,()(l —e3 )

It is found that A3 approaches to infinity when £ — €3., where

1
te=3ml|14+—o— | (82)
[ 6(1 — 1lv))‘3,0:|

Therefore, for N > 1, finite expectation value Aj; should
be generated under the influence of four-fermion interaction

)»3(1#7031#)2. The magnitude of A; can be estimated by
Az~ Ae . (83)

A shown in above, if one type of four-fermion coupling is
considered and N = 1, long-range order is not generated in
cubic NLF system. Accordingly, the DOS takes the behavior
p(w) ~ ™13, which is divergent in the limit @ — 0, and
compressibility takes the behavior C,(T) ~ T~'/3, which is
divergent in the limit 7 — 0, as shown in the Sec. VI. We
notice that these characteristics are similar to ones in super-
metal state proposed by Isobe and Fu [78]. Indeed, as shown
in the paper by Isobe and Fu, in the supermetal state, none
long-range order appears, DOS becomes divergent in the limit

W]

N
!

(@)

Ao

(b)

A3

_(d)

A1/l

®)

[Aal/ Az

FIG. 6. Flows of )»0, )\|, )»2, )»3, |)\.0|/}\,’§, A]/l)\gl, )\,1/}\.3, and
[A2]/XA3 in cubic NLF system. Blue color corresponds to Ay =0.08
and X o =0.02; red color corresponds to A9 o =0.05 and X, o =0.05;
green color corresponds to Ago = 0.02 and A, = 0.08. Solid,
dashed, and dotted lines stand for N = 1, 2, and 4, respectively.

o — 0, and compressibility becomes divergent in the limit
T — 0.

If the initial values of two coupling parameters are finite,
the flows of Ag, A1, A2, A3, and the ratios between them are
shown in Figs. 6-8. We notice that the coupling parameters
which vanish initially are generated. The absolute values of

102

()

[Aol/[As]

()

A1/ | Al

FIG. 7. Flows Of )\.0, )\.1, )\.2, )\.3, |)\.0|/|)\.}| )\.1/)\.2, )\.1/|)\.3|, and
A2/|A3| in cubic NLF system. Blue color corresponds to A o =0.08
and A, o =0.02; red color corresponds to A; o = 0.05 and A, o =0.05;
green color corresponds to A;o=0.02 and Ao = 0.08. Solid,
dashed, and dotted lines stand for N = 1, 2, and 4, respectively.
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(b)

(d)

()

FIG. 8. Flows of )\(), }»], )\2, )\3, |)\.0|/)\,’§, )\,1/|)\2|, )»1/)\3, and
|A2]/A3 in cubic NLF system. Blue color corresponds to A; o =0.08
and X3 o =0.02; red color corresponds to A; o =0.05 and A3 o =0.05;
green color corresponds to A;o = 0.02 and X3, = 0.08. Solid,
dashed, and dotted lines stand for N = 1, 2, and 4, respectively.

Aos A1, A2, and A3 all approach to infinity at a finite RG running
parameter ¢.. The ratios between the coupling parameters
in the limit £ — ¢, are determined by the initial conditions.
After checking these ratios, we find that the system would
become to NLSM, excitonic insulator, or superconducting
phase, according to the concrete initial conditions and the
value of N.

VI. OBSERVABLE QUANTITIES

For convenience, we compare the observable quantities in
different phases.

For conventional NLF system, the DOS satisfies

plw) = 2ol

2mvE,
where vp and v, are the fermion velocities within the x-y plane
and along the z axis. The specific heat and compressibility
depend on temperature as

(84)

95 (3)Nkp T2,

Cy(T) = (85)
VRV,

k(T) = MT, (86)
VRV,

where ¢ (x) is the Riemann zeta function.
For quadratic and cubic NLF systems with an excitonic gap
A3, the retarded fermion propagator takes the form

1
—(w +1in) + ch(k) + Az03 ’

where 7 is infinitesimal. The spectral function is given by

G (w0, k) = (87)

1
Ay o0, k) = ;Tr[lm[Gf:‘c(w, K)]]

=2lol8(” — (E; (k) + A3)).  (88)

The DOS can be written as

d’k
poc(@) =N / S Ak

dk,dk,

~ Nk
"] @n)?

Age(w, k). (89)
Substituting Eq. (2) into Eqs. (88) and (89), we can get the
DOS for quadratic NLF system

Nkp|o|

pg(@) = ————ee
4A\Jw? — A}

where 0(x) represents the Heaviside step function. Substitut-
ing Eq. (4) into Egs. (88) and (89), the DOS for cubic NLF
system can be written as

O(lwl — 1A3)), (90)

Nkr|o|
pe(w) = 5ol =143 O1)
61 B2/ (w? — A3)

If A3 =0, p; and p. become

Nkp
= — 92
pg(@) 17A 92)
and
. Nkp 93
pel0) = 93)
respectively.

For quadratic and cubic NLF systems with finite exci-
tonic gap As and finite chemical potential u, the propaga-
tor of fermions in the Matsubara formalism can be writ-
ten as

1
—(iwy, + ) + HE (k) + Azos
iwn +u+ Hg’c(k) + A30’3

= . , 94)
(wn — ip) + E2 (K) + A3

Gq.c (wn, k) =

where w, = (2n + 1) T with n being integers. The parameter
chemical potential p is introduced to calculate the compress-
ibility subsequently. The free energy of the fermions is given
by

d’k
Fy(T, ) = —2NTZ/ A

x In[((0, — in)? + EZ®&)'?],  ©95)

E, (k)= /E2.(k)+ A3. (96)

Carrying out the frequency summation, we obtain

d’k
Fp(T, p) = —2N Z f [E, (k)

where

a==%1 (27[ )3
Ej o (K)tapu
+TIn(l+e 7 )] 97
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which is clearly divergent. In order to get a finite free energy,
we redefine Fy(T) — Fy(0) as F(T) and get

d*k E}, c(k)tau
Fy(T, p) = =2NT Z/ Sy (1 +e T
a==1 (
dk,.dk.
~ —2NTk b
I =
a==1
Ef c()tan
xln(l—i—e‘ T ) (98)

Taking the limit u© = 0, we have

dk,dk;, Ej e

—4NTkp e “In(l+e 7). (99

Fi(T) =

The specific heat is defined as
O2F(T)
oT?

Substituting Eq. (2) into Egs. (99) and (100), we find that for
quadratic NLF system, if A3 = 0, the specific heat reads as

C(T)=—

(100)

7TNkF
C, = T. 101
(T) A (101)
If Aj is finite, the specific heat satisfies
Nk]: 7&
C(T)~ _Aﬁe T, (102)

in the limit 7 < As. For cubic NLF system, substituting
Eq. (4) into Egs. (99) and (100), if A3 = 0, we obtain

C T) — 20a1NT2/3kF 103
W(T) = T onps (103)
where
+00 s
a; = / dxx1n (1 + e’x‘) ~ 0.3547. (104)
0
For finite A3, we have
Nkp AY? s
CU(T) ~ 7{B2/3 Fe T, (105)
in the limit 7 << Aj.
The compressibility is defined as
82F/ (T,
e (@) = -0 (106)
ou?

Substituting Eq. (98) into Eq. (106) and then taking © = 0, we
can get the expressions of compressibility for quadratic and
cubic NLF systems. Concretely, for quadratic NLF system,
the compressibility is given by

(1) = Mr (107
“ 27A°
in the case A3 = 0, and
NkF q 23
T 7 , 108
K(T)~ —L e (108)

for finite A3 in the limit 7 < Aj. For cubic NLF system, in
the case Az = 0, the compressibility reads as
ZaszF T71/3

7 B2/3 ’

k(T) = (109)

where

3

+o0 e
a, = / dxx—22
Ty

As shown in Eq. (109), the compressibility « of cubic NLF
system is divergent in the limit 7 — 0. This singular behavior
of « is closely related to the singular behavior of DOS p(w) ~
w~!/3, which is divergent in the limit @ — 0. Divergence of
DOS at the Fermi level indicates that the influence of short-
range four-interaction would be remarkable. Indeed, as shown
in Sec. VB, in many cases, arbitrarily weak four-fermion
interactions could drive the system to become unstable to
a new phase. Thus the singular behavior of « is indeed an
indication that the influence of four-fermion interactions is
important in cubic NLF system. For finite A3,

~ 0.1903. (110)

Nke AP

KO~ pn T

(111)

in the limit 7 << As.

In the RG analysis, the temperature can be introduced
through the transformation 7 = Toe~t, where T, is the initial
value of temperature and ¢ is the RG running parameter.
For example, this transformation was utilized to calculate the
corrections of observable quantities induced by long-range
Coulomb interaction in graphene [31,33], 3D DSM/WSM
[34,35], multi-WSMs [42-45], through incorporating the
renormalization of fermion velocities.

We have found that the four-fermion coupling parameters
could become divergent at a critical value £,. It represents that
if T < T,, where T, = Tye~*, the system becomes unstable
to a new phase, which may be conventional NLF phase,
excitonic insulating phase, or superconducting phase. For the
case £ < {., the four-fermion coupling parameters have not
flowed to the strong-coupling regime. Thus, if T > T, the
system is stable and still in the original phase. Accordingly,
the observable quantities take the same forms as the free
fermion system, due to that the fermion dispersion is not
renormalized by the short-range four-fermion interactions in
this case. If T < T, the behaviors of observable quantities are
modified obviously, since the system becomes to be in a new
phase.

VII. ROLE OF THE GEOMETRY OF THE NODAL LINE

Thereinbefore, we consider a nodal line with circular
shape. It is interesting to verify whether the results are
changed by the geometry of the nodal line. In this section,
we consider a straight nodal line along the y axis from — A, to
A,. The expressions of Hamiltonian density for quadratic and
cubic NLSMs are given by

Ho = A[ (k] — k)01 + 2k:k.0, ] (112)

and

Ho = B[ (k] — 3kk2)oy + (k) — 3k.k})on],  (113)

respectively. After tedious calculation and derivation, we find
that the expressions of the RG equations for the four-fermion
coupling parameters are not changed. For quadratic NLF
system, the RG equations are still given by Egs. (62)—(65).
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The transformations
y
—A g A iy 114
2m2A (114)

with i =0, 1, 2, and 3, have been used in the derivation.
For cubic NLF system, the RG equations are still given by
Egs. (66)—(69). The transformations

y
A = A,
272BA " '

(115)
withi =0, 1, 2, and 3, have been utilized in the derivation.
Thus the results shown in former sections are still valid for
the system with straight nodal line. We believe that the results
also hold on for a system in which the nodal lines take other
shapes.

VIII. SUMMARY AND DISCUSSION

In summary, we study the influence of four-fermion inter-
actions on the quadratic and cubic NLF systems. Through RG
analysis, we find that arbitrarily weak four-fermion interac-
tions could drive the system to NLSM, excitonic insulator, or
superconducting phase, which is determined by the concrete
initial conditions and value of fermion flavor. The remarkable
interaction effects in quadratic and cubic NLF systems are
closely related to the dispersion of fermion excitations.

Yu et al. predicted that quadratic NLF system may be
realized in the candidate materials including ZrPtGa, Vi, P,
ZrRuAs, and cubic NLF system may be realized in CaAgBi
[71]. We expect our theoretical predictions may be verified
experimentally in these candidate materials for quadratic and
cubic NLF systems in future.

Recently, Volkov and Moroz found that nodal surface
fermion system is another strong correlated system in three
dimension, since it would be driven to excitonic insulating
phase under arbitrarily weak Coulomb interaction [79].
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APPENDIX A: FROM LATTICE MODEL
TO LOW-ENERGY EFFECTIVE MODEL

In this section, we show the lattice models for quadratic and
cubic NLF systems, and derive the corresponding low-energy
effective models.

1. Quadratic NLF system

We consider a lattice Hamiltonian for quadratic NLF sys-
tem as following:

HT = —1, |:cos (k) — cos (%’) cos <€k1>:|01

k, 3k
++/31, sin <E) sin <\/; Z)oz.

(AD)

Expanding it around the nodal line determined by k, =
0, k, = 0, we get

2 2 3k2
w=af(1-5)-(-)0- D
k. v/3k
+\/§t¢15%O’2

3
~ gtq[(kf — k)01 + 2k.k0,

= A[(k} — k2)oy + 2k, k.07], (A2)
where
A=3i, (A3)

2. Cubic NLF system

We consider a lattice Hamiltonian for cubic NLF system as
following:

= (2o () o (225 o
—34/31, sin (%) |:cos (%) — cos (‘/gk’ﬂoz.

(A4)

Expanding it around the nodal line decided by k, = 0, k, = 0,
we obtain

o A3k Ok? 3k2
e (1-5) - (%)
k, k? 3k?
—3\/§t05|:<1 - §> - <1 - 3 )i|0'2

_ 3*1/2”‘ (K2 = 3k,k2)01 + (K — 3kk2)0]
= B[(k} — 3kk2)o1 + (k) — 3k:k} )], (AS)
where
B= 3“@? (A6)
16

APPENDIX B: FERMION PROPAGATOR

The fermion propagator for quadratic NLF system takes
the form

1

Gl k)=

B
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(a) (b)

FIG. 9. Feynman diagrams for the self-energies of fermions in-
duced by four-fermion interactions. Solid line represents the fermion
propagator, and dashed line stands for the four-fermion interaction.

where Hg is given by Eq. (1). The fermion propagator for
cubic NLF system can be written as

1

0@, k) = ——————,
Gl ] = e

(B2)
where H{ is expressed by Eq. (3).

APPENDIX C: SELF-ENERGY OF THE FERMIONS

The self-energy of fermions induced by Fig. 9(a) is defined
as

" d*k

mGqu,co(w, k)o;, (Cl)

3
)\.,‘ dw
o=y — [ —
;N/Zn

where f " represents that a momentum shell will be properly
taken. Figure 9(b) results in the self-energy of fermions as
following:

3
)L,' dw

Substituting Eq. (B1) or Eq. (B2) into Egs. (C1) and (C2), we
obtain

" dPk
mTr[Gq,CO(CU,k)O}']. (C2)

z, =0, (C3)
3, =0, (C4)

for both of quadratic and cubic NLF systems. Thus the
fermion propagator is not renormalized by the four-fermion
interactions to one-loop order.

APPENDIX D: ONE-LOOP ORDER CORRECTIONS
FOR THE FOUR-FERMION COUPLINGS

1. General expressions for the one-loop order corrections

The correction contributed by Fig. 10(a) is given by

3
w® =3 "w, (D1)
i=0

N\ |

© @

FIG. 10. One-loop Feynman diagrams for the corrections to the
four-fermion couplings.

" d’k

> Anh; . do
ay _ v P
W= W O’Iﬁ)/zn )

j=0
x [¥70;G, c0(w, K)0iGy co(@, K)o ¥r].

The diagrams as shown in Figs. 10(b) and 10(c) lead to the
correction for the four-fermion couplings as following:

3
WS = 3 3 e
ij ’

D2)

(D3)
i=0 i<j<3
where
A (do [ d°k
2)+@3) _ ] T .
WP = 2 [ 22 [ 0, ko)
x (¥ [0,G,.c0(w, K)o 460Gy 0 (—w, —K)o;1¥ ).

(D4)

The correction for the four-fermion couplings resulting from
Fig. 10(d) can be written as

3
w® — Z VV[»(4), (D5)
i=0

where

W = 22 o) (W o) / ‘21—;"

" d’k
X/ (271)3“[0’6‘1'60(0)’k)Oqu,cO(w,k)]. (D6)

A momentum shell bA < \/k2 +k? < A with b= et will
be utilized in the derivation, where £ stands for the RG running
parameter.
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2. Results for quadratic NLF
Substituting Eq. (B1) into Egs. (D1)—~(D6), we obtain

kr kr
D = A (ko = Ay 4+ hg 4+ A3)— —— eyt 24 do+ A — Ao+ A3)— —— eyt 2
w 1(ho — Ap + 22 + 3)N2 y) Wor ) + Ao+ A1 — Ao + 3)N2 ) W 'o2¢r)

F 5
3o+ A+ Ao — Az)— — L' 2,
+x3(ho+ A1+ A2 S)NnA (W'loszy)

3
1 kg .
WG — (o1 + Aohs)— ——L(r 2 2)\? Ao — 2200A ——e f 2
(Aor1 + 02)N271A (W 'ooyr)” + 2 P+ AA 23 )5 5 W'oryr)

3
1
2»2 MAg — 201hs | ——¢ 2hihs 4 AiAz + Aodz) — —L(YT 2
+<i=0 b SV SPY) 13>N2A(w 02Y)? + (=2h1ha + 1Az + 23)N2A(¢031/f)

k
W = e(w*olw +aztkr Sl lony ) + 23 ey osy )
T
From Egs. (D7)—(D9), we get

3
W=wb4wd® L & = Z(W(W@lﬂ)z,
i=0
where
kp

SA AoA AoAr)——4,
o = (Aor + 02)N2A

Sh = [(xg + A3+ 23 + Aot 4 2h1 ko + Az — 2h03) — +A2]

Shy = [(xo + AT+ 23 + hoha 4+ 201A; — 241h3 + hads)

8A3 = | (=243 + 2h0h3 — 2X1 A2 + 3414 +3)\A)l+2x2 k—Fz
3 3 0A3 1A2 1A3 23) 350t
3. Results for cubic NLF
Substituting Eq. (B2) into Egs. (Dl)—(D6) we get
WO = x00 — 2+ (ko + A 2
1(Ao N BA oY) + Aa(ho + A N om BA oY)
kp
+23(ho + A1 + Ay — m——aw*amz
TBA
W(2)+(3) — 2 )\, )\ 2
N2 BA oo¥)” + (AoAs — N o BA oY)
AoA 2 4+ Aoy + Aor
+(AoA3 — N2BA 02 )" + (Aoh1 + Aoha — N2BA
wW =23 e w/ﬁ 1) +x22 BAE(W o)’ +A2 at/ﬁ Y ).
From Egs. (D15)-(D17), we find
3
W=wD _wO+® L w® — Zs}hi(l//TUiW)z’
i=0
where
8ho = (AAs + A A) ke 1
0 — 1A3 23 N2 BA s
81 = | (=A7 + Xohi 4 AoAs + A x2+/\1x3—2x2,\3)1+x2 kr
! ! ! ! N " 27BA”
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1 kr
Shy = | (=22 + Aora + Aors + Aths — 2A1 A3 + Aods) — + A2 | ——¢, D21
2 |:( 5+ oz + doAs + Ak 13+23)N+ 2]27731\ (D21)
1 kr

Shz = | (=222 4+ Aort + Aora + 2h0h3 — 2A1 A0 + 201 As + 2003 ) — + 202 | —— 2. D22
3 |:( 5+ dort + AoAa 4+ 2X0A3 1o+ 2003 + 23)N+ 3i|2nBA (D22)

APPENDIX E: DERIVATION OF THE RG EQUATIONS

1. Quadratic NLF
The action for quadratic NLFs is
do d’k )

Sy = / 7 (271)31//*@, K)[—iw + Ak} — kZ)or + 24k k.02 ] (@, K), (E1)

where k, =k, —kp = [k2 + ky2 — kp. In the low-energy regime, the action for quadratic NLF can be also written as

dow dk, dk, . , .
R B s A K)[—iow + A(K2 — K)oy + 24k k.02 |¥ (@, K). (E2)

Employing the transformations

ky=ke 1, (E3)

k. = ke 3, (E4)

w=we", (E5)

Y=y, (E6)

A=A, (E7)

the action of the quadratic NLFs becomes
do' dk; dk; PN PN 1(1,72 72 .1/ e o1/
Sy = kr o EZW (o, K)[—ie) + A (k] — k)oy + 24’k K02 | (0, K), (E8)

which recovers the form of the original action.
The action for the four-fermion interactions between quadratic NLFs is given by

Ui (w1, K)o (@2, k)Y (w3, k3)oiy () — 02 + @3, ki — ko + k3)

S,/,A =

Ly, [ o s don L don 4%
N & "] 27 @)} 2n 2n)} 2m (2n)3

da)l dk]r dk]z da)z dkzr dkzz da)3 dkg,r dkg,z

3
1 N )
R — Mk | ——L T e T e T T R T (wy, K)oy k)Y (w3, k3o

N; F/ 2w 2n 2w 2w 27 2w 2m 2w 2mw V(@1 ko (@, Ka)y s, ks o

xY(w) — wr + w3, ki — Ky +K3). (E9)

Incorporating the one-loop order corrections, the action becomes

3
Sy+ = % ; (hi + 82k / %%%%%%%%%Vﬁ(wh k1)oiY (03, ko) ¥ (w3, ks)o;
XY (w) — w2 + w3, ki — Ky +K3). (E10)
Adopting the transformations shown in Egs. (E3)—(E6), and
A=A+ 8, (E11)
the action can be written as
: do| dk|, dk}, doy dk}, dk), do, dk}, dK;,

Syn = — Y A | Ll e m 2 P 7 22 T3 T3~ 2y (! K)ol (o), KW T (00, K)o
v XO: f 3 2 2m 2n 2 2n 2n om 2n ¥ (@Ko (@ k)Y (@s, ko

xyY' (0] — oy + o), K] — K, +K3), (E12)
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which recovers the original form of the action. From Eq. (E11), we obtain

dri  dék
e de’
Substituting Egs. (D11)—-(D14) into Eq. (E13), we get the RG equations
dho
AoA AoAn)—
T = (Aor1 + Ao 2)
dhy 2 2 2 1 2
T (A5 + A3 + A3 + Aohs + 20140 + Ajhs — 2A2,\3)]v + A1,
diy 2 2 2 1 2
T (AG + AT+ A5+ Aoha + 20140 — 24123 +)\2K3)ﬁ + A3,
dAs 5 1 )
= (=2A3 4 2203 — 2042 + 30A3 + 3AZA3)N +223.
The transformations
k
ki = i,
2mA
withi =0, 1, 2, and 3 have been used.
2. Cubic NLF

The action for cubic NLFs takes the form

do d’k ; 3 2 3 2
Sy = / E(znyyf (w,kK)[—iw + B(k} — 3kk>)oy + B(k) — 3kk2) o2 | (w, K),

which is equivalent to

dowdk, dk, .
Sy~ | S Ty (0, K)[—iw + B(KD — 3kK2)on + Bk — 3k,42) 0] (e, K).
27 27 2n < < <
Using the transformations
ky = kle 5,
k. = ke 5,
w=awe",
w — 1#/63[,
B=FH,

the action can be written as
do' dk. dk]
2 271 2

which has the same form as the original action.
The action describing the four-fermion interactions between cubic NLFs is given by

Sy = ke

—y"N (o, K)[—ie) + B (k] — 3kk[*)oy + B (k] — 3k.k[*) o |¥' (', K)),

1 23: k3 / da)1 dklr dklz da)2 dkzr dkzz da)g dk3,« dk3z

S = — _— T ,k i 7k ¥ 9k i
vy 2 2% 2n 2n 2n 2n 2n 2n 2n 7 rKnoi(er k)@ ko

XY (w1 — w2 + w3, ki — ks +k3).
Including one-loop order corrections, the action becomes

da)1 dklr dklz da)2 dkzr dkzz d(,()3 dk3r dk3z

Spe=—=Y Qi+k | ——— =L =2y (), ko k) U (w3, k3o
" Z( +84) f 9 3m 2 2m am an 2 2 V(@1 K)o (@2, k)Y (03, K)o

XW(wl —wy + w3, K — ks +Kk3).
Utilizing the transformations shown in Eqgs. (E21)—(E24) and

=\ + 5)\,‘)6%6 A+ )\,%E + 5A;,
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the action becomes

do k), dk}, do) dk}, dk, do) dk;, dKk;,

2 2 2m 2w 2m 2w 2w 2m 2w

3
Sy = Z)\;k;/—————————t/f”(wi,k’l)aiw’(w’z,k’z)w’f(wé,ké)ai
i=0

xyY' (0] — ) + o}, k] — K, +Kj), (E30)
which has the same form of the original action. According to Eq. (E29), the RG equation for 4, is given by
drx; 1 dsk;
— ==+ —. E31
de 3 de (E3D)
Substituting Egs. (D19)—(D22) into Eq. (E31), the RG equations for A; can be written as
dho _ 1, + (A —|—AA)1 (E32)
a0 3 1A3 243)5
dr 1 2 1 9
T 5)\1 + (—Al 4+ AoA1 4+ AoAz + AjAo + AjAs3 — 2k2A3)N + A7, (E33)
dy, 1 ) 1 )
T 5}\2 4 (=23 + Aora + AoAs 4+ Ahs — 2h1A3 + ”"“)N + A3, (E34)
dXr; 1 5 1 )
T §A3 + (=2A3 4 oAt 4 Aorz + 2hoA3 — 24142 + 24123 + 2A2x3)]V + 23 (E35)
The transformations
k
i (E36)
2nBA

withi =0, 1, 2, and 3 have been adopted.
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