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Quantum emitter interacting with a h-BN layer in the strong-coupling regime
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We present that the hexagonal boron nitride (h-BN) layer is a platform that facilitates strong light-matter
interactions. We calculate the emission spectrum of a quantum emitter (QE) interacting with the h-BN layer
at the strong-coupling regime. The h-BN layer supports phonon polariton modes at the far-infrared part of the
spectrum that lead to a 104 confinement of light. The phonon polaritons are the main channel of relaxation of
the QE, where the Purcell factor of the QE shows an enhancement of the relaxation rate above three orders
of magnitude, compared to the free space value, when it is placed 100 nm above the h-BN layer. At smaller
separation distances of the QE with the h-BN layer the total system operates in the strong-coupling regime,
which appears as two peaks in the emission spectrum, splitting the single emission peak of the QE emitting in
the free space. This energy splitting is the Rabi splitting h̄� that depends on the transition energy h̄ω0 of the QE,
the position and the free-space relaxation rate of the QE, reaching values of �/ω0 = 23.5%.
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I. INTRODUCTION

The emission properties of a quantum emitter (QE)
strongly depend to its environment; its relaxation rate can be
engineered by placing the QE in proximity to a specific nanos-
tructure. Usually conducting nanostructures are considered,
where the QE relaxes by exciting the surface plasmon modes
[1–4], instead of emitting in the far-field. The surface plasmon
modes are hybrid modes of the free electrons, provided by
the metal, and the electromagnetic (EM) field; these modes
are confined perpendicular to the metal-dielectric interface
and propagate along it, until the material losses completely
dumped them [5]. Noble metals are routinely used as plas-
monic materials, where their resonance response is mainly
in the visible part of the spectrum and their functionality
is limited due to the material losses [6]. Patterned noble
metal nanostructures form metamaterials which have optical
response in a wider part of the EM spectrum, although addi-
tional fabrication processes, like electron beam lithography,
are needed, making the whole process more complicated.

The easiest way to create a metamaterial is to consider pla-
nar multilayer nanostructures composed from multiple metal-
dielectric layers [7,8]. Then creating a uniaxial dielectric
permittivity that has the in-plane components be equal and
different from the perpendicular one, εx = εy �= εz. The uni-
axial material has a hyperbolic dispersion relation and support
polariton modes [9–11]. These modes can be excited by a
QE placed in their vicinity leading to a significant reduction
of its lifetime, which preferentially relaxes by exciting the
hyperbolic modes [12–15]. These types of structures have
their main response in the visible part of the spectrum, due
to the use of noble metals.
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A natural hyperbolic material that has attracted a lot of
attention in the last few years is hexagonal boron nitride
(h-BN), which has an optical response in the terahertz regime
and supports phonon polariton (PhP) modes [16,17]. The PhP
modes have a large momentum mismatch with the applied
plane wave excitation; thus, when the EM field is scattered
from a metallic tip or a scatterer provides the necessary high-k
wave vector components needed to be experimentally probed
[18–20]. When a QE is considered interacting with a h-BN or
a h-BN/graphene layer, the high-k wave vector components
are provided directly by its near field [21–23].

The interaction strength between a QE and its environment
is estimated through the Purcell factor. The Purcell factor
shows how much the relaxation rate of the QE is enhanced
or inhibited compared to its free space value; in the weak-
coupling regime, the light-matter interactions are connected
with the incoherent light emission. When the Purcell factor
of the QE is enhanced several orders of magnitude, then the
above picture ceases to be valid and the light-matter inter-
action needs to be described in the strong-coupling regime
[4,24]. At the strong-coupling regime, the QE exchange en-
ergy coherently with its environment. Enhancing the relax-
ation rate is important for various applications such as single
photon emission devices [25]. Although special care must be
taken in order to be certain if the system under consideration
operates in the strong-coupling regime, where the signal from
the emission spectrum of the active material is important
[26,27].

The interaction between a QE placed in a nanostructured
environment has been extensively investigated experimentally
and theoretically considering different material environment
both in the weak and strong coupling regimes. Considering
noble metal nanostructures [7,28–34], graphene [35–39], and
transition metal dichalcogenides [40–47]. In this paper we
consider the interaction of a QE with an h-BN layer in
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the strong-coupling regime, by investigating the emission
spectrum of the combined system. The strong-coupling
regime is theoretically investigated considering the h-BN
material platform.

We start by giving the QE/h-BN layer interaction in the
context of non-Hermitian description of the light matter inter-
actions. We analyze the PhP modes supported by the h-BN
layer; the penetration depth defines the length scale within
which a QE can be placed and have the most efficient interac-
tion with the h-BN layer. In the results part we investigate the
emission properties of the QE in the weak and strong coupling
regimes. We investigate the emission spectrum of the QE and
we analyze its dependence on the free-space relaxation rate
and the position of the QE.

II. MATHEMATICAL FORMULATION AND MATERIAL
PARAMETERS

A. Emission spectrum calculation in the weak and
strong-coupling regime

The quantum emitters (QEs) considered in this paper are
approximated as two-level systems. Various emitters, such as
atoms, molecules, quantum wells, and dots can be approached
as two-level systems. The ground state of the QE is denoted
as |g〉, and the excited state as |e〉. The transition frequen-
cies from the excited to the ground state and the transition
dipole matrix element are denoted as ω0 and μ, respectively.
An excited quantum emitter interacts with its environment
through the electromagnetic field and relaxes from its excited
state to the ground state by emitting a photon or exciting
any of the dressed states supported by its environment. As
we will see in the following section the h-BN layer supports
phonon polariton (PhP) modes, which are the main path of
relaxation for the QE. The initial state of the system is denoted
as |i〉 = |e〉 ⊗ |0〉, where the QE is in the excited state and the
electromagnetic field is in its vacuum state. The QE will relax
to the medium dressed states and therefore the EM field will
be in a |1(k, p)〉 = f̂ †

i (r, ω)|0〉 state; p and k are the polar-
ization and wave vector, respectively. The final state of the
entire system therefore has the form | f 〉 = |g〉 ⊗ f̂ †

i (r, ω)|0〉.
By applying Fermi’s golden rule and summing over all final
states, the expression for the relaxation rate � is given by
�(r, ω) = 2ω2μ2

h̄ε0c2 n̂ · ImG(r, r, ω) · n̂, where n̂ is a unit vector
along the direction of the transition dipole moment μ, and
G(r, s, ω) is the Green’s tensor representing the response of
the geometry under consideration to a pointlike excitation
[48–51].

In order to quantify the influence of the environment on the
QE emission, the Purcell factor of the QE is introduced as:

�̃ = �

�0
= √

ε + 6πc

ω
n̂iImGii

S(r, r, ω)n̂i, (1)

where i = x, z defines the different transition dipole moment
orientations, ε is the permittivity of the host medium, �0 is
the free-space relaxation rate, �0 = ω3μ2/3πc3h̄ε0, and GS

is the scattering part of the Green’s tensor calculated at the
QE’s position r.

Equation (1) is valid for the case the QE/h-BN layer inter-
action is in the weak-coupling regime where the light emission

is incoherent and the QE follows an exponential relaxation
path. For the strong-coupling regime a different approach is
needed to describe the QE/h-BN layer interaction, where the
strength of energy exchange between the QE/nanostructure
combined system is given through the spectral density from
the expression

J (ω0, ω, r) = �0(ω0)

2π
�̃z(ω, r)

(
ω

ω0

)3

, (2)

where ω0 is the energy difference between the ground and the
excited states of the QE, �0(ω0) is the relaxation rate of the
QE in free space, and �̃z is the normalized SE rate, given by
Eq. (1). We observe that the higher the enhancement factor
the stronger the coupling of the QE with its environment.
Also, the value of the transition dipole moment is very
important for approaching the strong-coupling limit; the
higher its value the smaller value of the Purcell factor is
needed [24]. In the results part we connect the transition
dipole moment of the QE with its free-space lifetime. The
light emitted spectrum of the QE is given by S(ω, r) =

1
2π

∫ ∞
0 dt2

∫ ∞
0 dt1e−iω(t2−t1 )〈Ê(−)(t2, r) · Ê(+)(t1, r)〉 where,

after carrying out the calculations, the full expression has the
form

S(ω, r) = 1

2π

∣∣∣∣∣
μ2ω2

ε0c2 n̂ · G(ω, r, rd )

ω1 − ω − ∫ ∞
0 dω′J (ω0, ω′, r) 1

ω′−ω

∣∣∣∣∣
2

, (3)

rd is the position of the signal detection and r is the position
placed on the QE, and ω is the emission frequency of the
combined QE/h-BN system [34,52–54].

B. h-BN material parameters and dispersion relation

The optical response of the h-BN material is given by its
dielectric permittivity

εi(ω) = ε∞,i

(
1 + (ωLO,i )2 − (ωTO,i )2

(ωLO,i )2 − ω2 − iωγi

)
, (4)

where for i = z is the out of plane dielectric permittivity, with
the parameters: ε∞,z = 4.87, ωTO,z = 0.096 eV, h̄ωLO,z =
0.103 eV, and γz = 0.62 meV; for i = x is the in-plane dielec-
tric permittivity, with the parameters: ε∞,x = 2.95, ωTO,x =
0.170 eV, ωLO,x = 0.200 eV, and γx = 0.50 meV. h-BN is
a natural uniaxial material, the two dielectric permittivities
over the two spatial dimensions lead to the existence of two
Reststrahlen bands, (a) the lower band, when real(εz ) < 0 and
real(εx ) > 0 corresponding to Type I hyperbolicity and (b) the
upper band, when real(εz ) > 0 and real(εx ) < 0 correspond-
ing to Type II hyperbolicity [16,21,55,56]. The Reststrahlen
bands are the spectral intervals between the longitudinal (LO)
and transverse (TO) optical phonon frequencies. In Fig. 1(a)
we present the two Reststrahlen bands and we also point out
the areas where the Type I and II hyperbolicities exist.

When a h-BN layer is considered, then two dielectric/h-
BN interfaces are involved. Throughout this paper we con-
sider the dielectric permittivity of the host medium to be
the free space, ε1 = ε3 = 1. In Figs. 1(b)–1(e) the dispersion
relation h̄ω(kρ ) for the h-BN layer, the relation between the
applied energy and the in-plane wave vector, is presented.
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FIG. 1. (a) Real part of the dielectric permittivity of the in plane, εx (ω), and out of plane, εz(ω), dielectric permittivities of h-BN layer.
(b)–(e) Dispersion relation curve h̄ω(kρ ); we plot the energy loss function connected with the layer reflection coefficient. Two thicknesses are
considered, d = 10 and 100 nm, at panels (b),(c) and (d),(e), respectively. We focus on the two Reststrahlen bands, the lower, (b),(d), and
higher, (c),(e). The blue dashed-dotted line gives the first phonon polariton mode for each band and the green dashed-dotted line gives the
second mode.

To do so in Figs. 1(b)–1(e) we plot the imaginary part of
the integrant of the scattering part of the Green’s tensor
dGii

S(r, r, ω), which includes the poles of the reflection coeffi-
cient due to the PhP of the h-BN layer. The quantity plotted at
Figs. 1(b)–1(e) is connected with the energy loss spectroscopy
quantity, where the bright colors show the PhP modes.

We consider two thicknesses of the h-BN layer, d = 10 nm
at Figs. 1(b) and 1(c) and d = 100 nm at Figs. 1(d) and 1(e),
for the Type I, Figs. 1(b) and 1(d), and Type II, Figs. 1(c) and
1(e), hyperbolicities [16,56]. We observe that as the thickness
of the h-BN layer is increased the number of polariton modes
also is increased, due to multiple reflections supported in the
h-BN layer. In all panels of Figs. 1(b)–1(e) the free space light
line is not visible and lies very close to the y axis of the plots;
this is an indication that the PhP modes cannot be excited by
direct light illumination due to the momentum mismatch. The
first order PhP mode in each panel is given by the blue dashed-
dotted line and the second order hyperbolic mode is given by
the green dashed-dotted line. We observe that the PhP modes
of the thinner h-BN layers are more dispersive, since they are
excited for higher in-plane wave vector kρ values, thus these
modes are tightly confinement to the h-BN layer.

The PhP modes are characterized by their confinement over
the perpendicular dimension at the dielectric/h-BN interface,
the degree of confinement over the dielectric media is given by
the penetration depth δ, which is defined as δ = 1/(2Im(kz1)),

where kz1 =
√

k2
1 − k2

ρ ; due to the fact that the h-BN material

supports PhP modes that are highly dispersive kz1 ≈ ikρ and
then δ = 1/(2kρ ) [5]. In Fig. 2 we present the penetration
depth δ of the first and second hyperbolic modes presented in
Figs. 1(b)–1(e) for the lower and higher energy Reststrahlen
bands; the h-BN layer thickness is d = 10 and 100 nm. For
both panels of Fig. 2 we observe that the confinement of
light in the perpendicular dimension is at least two orders of
magnitude smaller than the free space wavelength λ, δ/λ <

10−2. For both Reststrahlen bands we observe that the higher

order modes are more tightly confined to the h-BN layer than
the lower order. Moreover, the PhP penetration depth is larger
for the higher energy Reststrahlen band compared to the lower
one. The penetration depth increases as the energy is increased
for the lower energy Reststrahlen band, while the opposite
behavior is observed for the higher Reststrahlen band. Thus,
the relaxation rate of the QE depends strongly on the transition
energy of the QE, if it is placed at a fixed position above the
h-BN layer. The penetration depth is an important feature of
the PhP modes that can be exploited for possible biosensor
applications.

When a thin noble metal film is considered, the penetration
depth of the supported plasmon polariton mode is reduced for
increasing the applied energy [57]. The opposite behavior is
observed for the lower energy Reststrahlen band for a h-BN
layer, thus the coupling of a nearby placed QE will depend on
its transition energy if it is within the lower or higher energy
Reststrahlen bands.

III. RESULTS PART

A. Purcell factor

The relaxation process of a QE is described by the interac-
tion with its environment through the electromagnetic field.
The Purcell factor allows us to understand the interaction
strength between a QE and the h-BN layer. We focus on a QE
with a z-transition dipole moment, because its coupling with
a planar nanostructure is higher than the case we have of an
x-transition dipole moment. In Figs. 3(a) and 3(b) we present
the Purcell factor of a QE placed 100 nm above a h-BN layer
of thickness d , varying its emission energy, h̄ω0. The position
of the QE is r = (0, 0, d + 100 nm) in Cartesian coordinates.
We consider the two Reststrahlen bands, the lower in Fig. 3(a)
and higher in Fig. 3(b). We observe that when the emission of
the QE excites the PhP mode supported by the h-BN layer then
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FIG. 2. Penetration depth δ of the PhP mode of the h-BN layer is presented. The first and second polariton modes are shown for the lower
(a) and higher (b) Reststrahlen bands.

the Purcell factor is enhanced above two orders of magnitude,
compared to the free space value.

At the lower energy band, Fig. 3(a), we observe that as
the h-BN thickness is increased the value of the Purcell factor
of the QE is also increased but the peak value of the Purcell
factor is only slightly redshifted; this effect can be understood
by observing that the PhP modes for the 10 nm and 100 nm
h-BN layer thickness are close, Figs. 1(b) and 1(d). For the
higher energy Reststrahlen band, we observe that the Purcell
factor peak is blueshifted as the thickness of the h-BN is
increased. The blueshift is explained by the plot of the pene-

tration depth from Fig. 2(b), where for the 10 nm thickness the
δ = 100 nm is at energy of h̄ω0 = 0.174 eV, which matches
the peak energy observed at Fig. 3(b), and for the thickness
of d = 100 nm the δ = 100 nm is at h̄ω0 = 0.188 eV. The
above shows that there is a nontrivial distance dependence of
the QE/h-BN layer interaction; as the QE/h-BN separation
or h-BN layer thickness are varied, the penetration depth
provides the information needed.

The distance dependence of the Purcell factor of a
QE above a h-BN layer is analyzed in Figs. 3(c) and
3(d). We consider different values for the layer thickness,

FIG. 3. Purcell factor of a quantum emitter with a z transition dipole moment, interacting with the h-BN layer of thickness d . (a),(b) The
QE is placed at r = (0, 0, d + 100 nm) and we vary its emission energy. (c),(d) The position of the QE is varied for transition energies of
(c) h̄ω0 = 0.1024 eV and (d) h̄ω0 = 0.191 eV. The h-BN layer thicknesses considered are d = 5, 10, 20, 50, and 100 nm. We consider the
(a),(c) lower and (b),(d) higher energy Reststrahlen bands.
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FIG. 4. We consider a quantum emitter, placed at rQE = (0, 0, d + 20 nm), above the h-BN layer; two layer thicknesses are considered
d = 10 nm and 100 nm. (a) Purcell factor of the QE. (b) Emission spectrum of the QE, with a transition energy of h̄ω0 = 0.1024 eV, the
emission energy is normalized to ω0. The transition dipole moment of the QE is along z and the free-space relaxation rate is τ = 1 ns.

d = 5, 10, 20, 50, and 100 nm. Two different values of the
transition energy of the QE are considered; h̄ω0 = 0.1024 eV,
Fig. 3(c), and h̄ω0 = 0.191 eV, Fig. 3(d). In Fig. 3(c) the
emission energy of the QE, h̄ω0 = 0.1024 eV, matching the
energy at which is observed the peak value of the Purcell
of the QE interacting with a h-BN layer of thickness of
d = 5 nm, when it is positioned at 100 nm above the layer,
see Fig. 3(a). We observe that the distance dependence does
not vary substantially for the different values of the layer
thickness d . As the QE/h-BN layer separation is increased the
Purcell factor follows a power law dependence, which implies
an excitation of bulk modes.

A more interesting behavior is observed when the transi-
tion energy of the QE is in the higher energy Reststrahlen
band. From Fig. 3(b) we observe that the peak position of the
Purcell factor spectrum of the QE, over the spectral range,
changes as the h-BN layer thickness changes. In Fig. 3(d)
the emission energy of the QE matches the peak value of
the Purcell factor for a layer thickness of d = 100 nm. We
observe that for the different thicknesses of the h-BN layer and
for separation distances smaller than 15 nm, the Purcell factor
has a power law dependence similar to Fig. 3(c), a sign that
the QE relaxes by exciting bulk modes. As the QE/h-BN layer
separation is increased, we observe that for the layer thickness
of d = 100 nm the Purcell factor follows an exponential
distance dependence, a sign that the PhP modes are the main
path of relaxation for the QE. Further increasing the QE/h-BN
layer separation, the Purcell factor of the QE reverts to its
free-space value, where for d = 100 nm the Purcell factor
has values above �/�0 > 100 for separation distance above
200 nm. For the thinner h-BN layers the Purcell factor reverts
to the free-space value for smaller separations. The above
analysis shows the importance of using the h-BN layer as a
platform for sensor applications at the THz regime.

B. Spontaneous emission spectrum

In Figs. 3(a) and 3(b) we focus on separation distances
between the QE and the h-BN layer of 100 nm; at these
distances the relaxation rate of the QE is described at the
weak-coupling regime, meaning that QE relaxes from the
exited to the ground state by following an exponential decay

which is given by exp (−�0�̃(r, ω0)t ). In Figs. 3(c) and 3(d)
we observe that as the separation between the QE and the
h-BN layer is decreased, the Purcell factor of the QE value
is higher than 105 for separation distances below 20 nm. At
these separation distances the emission spectrum of the QE
needs to be described in the strong-coupling regime using
Eq. (3). The QEs considered have a transition energy at the
far-infrared part of the spectrum, quantum wells, through
intersubband transitions, and molecules, through vibrational
excitations, have optical response in the same part of the
electromagnetic spectrum [58–61].

In Fig. 4(a) we present the Purcell factor of a QE that is
placed 20 nm above an h-BN layer, considering two layer
thicknesses. We observe that the Purcell factor reaches val-
ues above 105 at energies that the PhP modes are excited.
For more details check Figs. 3(c) and 3(d) and the relevant
discussion. In Fig. 4(b) we consider a QE with transition
energy of h̄ω0 = 0.1024 eV at the lower energy band, Eq. (4);
we observe from Fig. 4(a) that there is an enhancement of
the relaxation rate of the QE of 2.29 × 105 times, compared
to the free space value, and also with a FWHM of h̄�ω =
0.0015 eV, for a layer thickness of d = 10 nm, and an en-
hancement of 2.32 × 105 and h̄�ω = 0.0037 eV, for the layer
thickness of d = 100 nm. The aforementioned quantities give
a quality factor, ω0/�ω, value of 68 and 28 for the d = 10 and
100 nm, respectively. The Purcell enhancement and quality
factors values are a clear indication that the system under
consideration does not operate in the weak-coupling regime.

In Fig. 4(b) we present the emission spectrum of the
combined QE/h-BN layer system. The emission energy, x
axis, is normalized to the transition energy h̄ω0 = 0.1024 eV
of the QE. The free-space relaxation rate is τ = 1 ns. We
observe that the emission spectrum presents two peaks which
they are away from the transition energy of the QE. Thus, we
observe an energy splitting of �/ω0 = 15% and �/ω0 = 20%
between them, for the thicknesses of d = 10 and 100 nm,
respectively. The Rabi splitting h̄� is connected with the
coherent exchange of energy between the elements of the total
system, here the QE and the h-BN layer.

From Eq. (3) and Fig. 4 it is obvious that in order for the
system under consideration to operate in the strong coupling
regime we need to have a large Purcell factor value of the
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FIG. 5. (a) Contour plot of the emission spectrum, S(ω, r), of a
QE interacting with the h-BN layer for varying the emission energy
and the free space lifetime τ . The transition energy of the QE is
h̄ω0 = 0.1024 eV and its dipole moment is along z. The h-BN layer
has a thickness of d = 10 nm.

QE at the transition energy, h̄ω0, and depends on the free-
space relaxation rate τ . In Fig. 5 we present the logarithm
of the emission spectrum S(ω, r) of a QE when it interacts
with the h-BN layer, where we vary the emission energy,
h̄ω, and the free-space lifetime of the QE, τ . The transition
energy of the QE is h̄ω0 = 0.1024 eV and its position is 20
nm above the h-BN layer, with a thickness of d = 10 nm.
We observe that for small values of the free-space lifetime,
τ < 4 ns, a pronounced splitting in the emission spectrum.
Also, for τ < 4 ns there is one more emission peak at the
upper Reststrahlen band; this third peak is connected with the
higher energy peak of Purcell factor observed in Fig. 4(a).
As the value of the free-space relaxation rate is increased
the Rabi splitting is reduced and for values of τ > 15 ns
the total system QE/h-BN layer reverts to the weak-coupling
regime. For the free-space lifetime of τ = 0.5 ns the Rabi
splitting between the first two peaks has a value of h̄� =
0.0236 eV, �/h̄0 = 23.5%, and the splitting between the first
and the third peak is h̄� = 0.1191 eV, �/ω0 = 116.3%. For
τ > 15 ns the emission spectrum presents a single peak, thus
the QE/h-BN layer operates in the weak-coupling regime.

The free-space lifetime τ of the QE is connected to the
value of its transition dipole moment μ through the relation

1/τ = ω3
0μ

2/3πc3h̄ε0. For a QE with transition energy h̄ω0 =
0.1024 eV and τ = 1 ns the transition dipole moment has a
value μ = 2.4 × 103 D and for τ = 40 ns the dipole moment
has a value μ = 3.8 × 102 D. For comparison, in Ref. [61]
the vibrational state lifetime of the investigated molecules is
τ = 0.01 ns at transition energy of h̄ω0 = 0.20 eV, then the
transition dipole moment has a value μ = 8.2 × 106 D. Thus,
the values considered are within existing physical systems.

In Fig. 6 we present a contour plot of the logarithm of
the spontaneous emission spectrum, log (S(r, ω)), of a QE
placed above the h-BN layer, of d = 10 nm thickness, while
we vary its position. The QE is placed at rQE = (0, 0, zQE)
above the h-BN layer. Two transition energies of the QE are
considered (a) h̄ω0 = 0.1024 eV and (b) h̄ω0 = 0.1755 eV;
these energies are the peak values of the Purcell factor of the
QE when it interacts with a 10 nm h-BN layer, Fig. 3(a). The
transition dipole moment of the QE is along z and its free-
space relaxation rate is τ = 1 ns. When the transition energy
of the QE, h̄ω0 = 0.1024 nm, is in the lower Reststrahlen
energy band, Fig. 6(a), we observe that there is a Rabi splitting
in the emission spectrum of the QE. The Rabi splitting is
maintained for QE/h-BN layer separations of 30 nm. Further
increasing the separation between the QE/h-BN layer, the
system reverts to the weak-coupling regime where a single
emission peak is observed. When the transition energy of the
QE, h̄ω0 = 0.1756 eV, in the upper Reststrahlen energy band,
Fig. 6(a), we also observe a Rabi splitting on the transition
energy of the QE. The Rabi splitting is present for separations
distances between the QE and the h-BN layer up to 50 nm.

When we compare the two contour plots for the two
transition energies, first we observe that for the transition
energy of the QE in the lower energy band, h̄ω0 = 0.1024 eV,
there are three peeks in the emission spectrum for zQE <

25 nm, while for h̄ω0 = 0.1756 eV there are two. This effect
is connected with the fact that the Purcell factor spectrum
of the QE in the lower energy PhP band resonance is much
sharper than the upper one, thus has a smaller contribution
to the emission spectrum. Secondly, we observe that for the
transition energy of h̄ω0 = 0.1756 eV the Rabi splitting exists
for larger distances, compared to the transition energy of
h̄ω0 = 0.1024 eV; this is due to the fact that for emission
energies in the higher Reststrahlen energy band the penetra-
tion depth δ is larger than the case of emission energies at the

FIG. 6. Contour plot of the logarithm of the spontaneous emission spectrum, log (S(r, ω)), of a QE placed above the h-BN layer, of
d = 10 nm thickness, while we vary its position. The QE is placed at rQE = (0, 0, zQE) above the h-BN layer. Two transition energies of the
QE are considered (a) h̄ω0 = 0.1024 eV and (b) h̄ω0 = 0.1755 eV. The transition dipole moment of the QE is along z and the free-space
relaxation rate is τ = 1 ns.
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lower, thus the QE can excite more efficiently the PhP modes,
Fig. 2, further highlighting the difference between the Type I
and II hyperbolicities supported by the h-BN layer. Since the
h-BN layer is a natural hyperbolic material there is no need
for additional fabrication steps; both hyperbolicity types are
supported by the same layer at different energy bands.

IV. CONCLUSION AND FUTURE STEPS

In this paper we investigate the emission spectrum of a QE
interacting with a h-BN layer in the weak and strong-coupling
regimes. We start by describing the material parameters of the
h-BN material. The h-BN layer supports phonon polaritons
(PhP) modes that can lead to a 104 confinement of the light
for the lower and higher energy Reststrahlen bands.

When a QE is placed in proximity to the h-BN layer,
within the penetration depth of the phonon mode, the Purcell

factor is enhanced several orders of magnitude, above 2 for a
separation of 100 nm. The main path of relaxation of the QE
is the phonon polariton modes.

At smaller QE/h-BN separation distances, high values of
the Purcell factor of the QE are exhibited, then the light-matter
interactions are described in the strong-coupling regime. The
realization of the strong-coupling regime can be experimen-
tally detected in the emission spectrum of the QE, through
the Rabi splitting at its transition energy. Moreover, in the
emission spectrum three peaks are observed due to the inter-
action between the emission energy of the QE and the two
peaks in the Purcell factor observed in the lower and higher
Reststrahlen bands.

Our analysis clearly demonstrates the differences in the
emission spectrum of the weak and strong-coupling regimes.
The form of the emission spectrum of the QE, interacting with
a h-BN layer, depends on its position, transition energy, and
free space relaxation rate.
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