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Ultrafast exciton dynamics in one- and two-dimensional para-sexiphenyl clusters
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Laser-pulse-induced ultrafast electronic excitation energy transfer in molecular systems is studied theoreti-
cally. As a particular excitation channel, we consider the simultaneous transition of different molecules into their
first excited state. Accordingly, a restricted picture of the total nonlinear response of the molecular system on
laser pulse excitation is obtained, but complete insight is gained on the contribution of the first excited states. To
describe the temporal evolution of this multiexciton state, a direct computation of the related density matrix is
circumvented. Instead, we derive equations of motion for expectation values of interest in using the quantum
master equation governing the respective density operator. The subsequently generated hierarchy of kinetic
equations is truncated following a general scheme. The whole approach is applied to a chain and a disk of
para-sexiphenyl molecules. Different signatures of multiexciton effects are discussed.
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I. INTRODUCTION

It is of ongoing interest to elucidate details of excitation
energy transfer (EET) in dye aggregates, conjugated poly-
mers, or supramolecular complexes [1]. A main reason for this
research is the substantial importance of EET for the function-
ality of molecular-based optoelectronic devices and organic
photovoltaic systems [2–5]. While EET in these examples
is mainly a single-exciton phenomenon in a weakly excited
system, also multiexciton effects, i.e., phenomena connected
with the simultaneous excitation of many molecules, attract
increasing attention. The most prominent example for such
multiexciton effects represents the phenomenon of exciton-
exciton annihilation (see recent work [6–13] and references
therein). Another example of multiexciton effects has been
described in Ref. [14] where the simultaneous excitation of
different zinc-chlorine-type molecules into their first excited
singlet state has been reported.

Interestingly, the theory of multiexciton phenomena in
molecular systems is not of such a degree of elaboration
as the description of respective processes in semiconductor
nano-crystals and quantum dots (compare the representative
work [15–18] from the last two decades on molecular sys-
tems with Ref. [19] focusing on solid state systems). Just
the standard theory of Frenkel excitons has been improved
recently (see, e.g., Refs. [20–22]). It is the aim of the present
paper to continue work on multiexciton phenomena [23–29]
(Refs. [26–29] focused on particular applications to plasmonic
systems). Therefore, the approach on photoinduced multiex-
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citon dynamics as suggested in Ref. [24] is embedded here in
a generalized model of electronic excitations in a molecular
system.

In the present paper, we ignore intramolecular electronic
transitions to higher lying singlet states. The description is
reduced to the excitation channel which only involves the
simultaneous population of the first excited singlet state in dif-
ferent molecules. If the excitonic coupling is strong enough,
this can be understood as the formation of many-exciton states
(see Fig. 1).

Obviously, a restricted picture results of the total nonlinear
response of the molecular system on laser-pulse-excitation.
But we obtain a complete and clear view on the contribution
of the first excited states. We consider such an approach
as a reliable strategy. After investigating the formation of a
many-exciton state, we will turn in a subsequent study to
the inclusion of higher intermolecular electronic transitions.
This will lead us directly to the consideration of what is
known as exciton-exciton annihilation. Higher excited singlet
states can be considered as suggested in Ref. [23]. Respective
investigations represent work in progress.

The general description of multiexciton phenomena is
applied to a chain and a disk formed by para-sexiphenyl
(6P) molecules (see Figs. 2 and 3, respectively). We decided
to take this type of molecule because of its large transition
dipole moment of 12 D, resulting in a pronounced exciton
splitting and also in subpicosecond EET. Moreover, as a part
of a nanohybrid system, we already studied 6P molecules in a
different respect (see Refs. [30–33]). We also emphasize that
there are numerous experimental studies on 6P molecular sys-
tems (see, for example, Refs. [34–36] and references therein).
The expected ultrafast EET is initiated by resonant laser-pulse
excitation, which shall cover pulse durations from 20 fs to
1 ps.
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FIG. 1. Nonlinear absorption and multiple excitation of the 6P
molecular system (ground-state energy Eg = 0). Left panel: Multiple
excitation NEmol in the absence of EET coupling and electrostatic
shifts. Right panel: Transitions among the multiexciton bands with
energy ENX .

The paper is organized as follows. The subsequent section
introduces the model for the molecular system and Sec. III
analyzes the hierarchy of kinetic equations. In Sec. IV, the
general theory is applied to para-sexiphenyl systems. Some
concluding remarks are presented in Sec. V. Details of the
derivation may be found in the Supplemental Material (cf.
Ref. [37]).

II. THE EXCITED STATE MODEL FOR THE
MOLECULAR SYSTEM

To derive a model accounting for excited electronic states
of molecules which form a cluster or aggregate, we follow the
standard way (see, for example, Ref. [38]). It is complemented

by the consideration of electrostatic couplings among the
different molecules. Higher excited molecular electronic
states are part of the expansion but do not contribute in the
spirit of polarization contributions (cf. Ref. [39]).

We start the derivation with an expansion of the whole
molecular system Hamiltonian with respect to adiabatic single
molecule electronic states ϕma. Here, m counts the molecule
and a labels the electronic level. Assuming molecular arrange-
ments where intermolecular wave-function overlap is of minor
importance or absent, we arrive at (cf. Ref. [38])

Hmol =
∑
m,a

Ema|ϕma〉〈ϕma|

+ 1

2

∑
m,n

∑
a,b,c,d

Jmn(ab, cd )|ϕma〉〈ϕmb| × |ϕnc〉〈ϕnd |.

(1)

The given expression ignores nonadiabatic couplings, in-
tramolecular vibrations, and refers to the ground-state nu-
clear configuration. The matrix elements of the intermolecular
Coulomb coupling take the form

Jmn(ab, cd ) = 〈ϕmaϕnc|Vmn|ϕndϕmb〉

=
∫

d3x d3y
n(m)

ab (x)n(n)
cd (y)

|x − y| . (2)

They are written in a way where a and b belong to molecule
m and c and d to molecule n. The single-particle molecular
charge densities read

n(m)
ab (x) = ρ

(m)
ab (x) + δa,b

∑
μ∈m

Qμδ(x − Rμ) . (3)

The densities may also refer to the case a �= b due to the
presence of the electronic transition charge density ρ

(m)
ab .

(a) (b)

FIG. 2. 50 π -stacked 6P molecules forming a linear chain. (a) Relative electrostatic shift of the molecular excitation energies with respect
to the gas-phase value of 4.02 eV (the lower left scheme enlarges the left edge area of the chain). (b) 6P Frenkel exciton band without (red)
and with (blue) electrostatic shift of the molecular excitation energies.
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(a) (b)

(c)

FIG. 3. Molecular disk formed by a monolayer of 59 6P molecules displaying a herringbone structure (top view and two side views are
presented).

Moreover, μ counts the different nuclei which carry the
effective charge Qμ and belong to molecule m. A well-
established approximation is given by the introduction of
atomic-centered partial charges (transition charges) qμab (cf.
Ref. [32] and references therein):

n(m)
ab (x) =

∑
μ∈m

qμabδ(x − Rμ) . (4)

It results in the following Coulomb matrix element:

Jmn(ab, cd ) ≈
∑
μ∈m

∑
ν∈n

qμabqνcd

|Rμ − Rν | , (5)

which will also be used here. We remind the reader of the fact
that this approach introduces EET coupling as an interaction
far beyond any type of dipole-dipole coupling approximation.

A. Restriction to a two-electronic-level model

We restrict the description of the molecules to their ground
state |ϕmg〉 and to their first excited state |ϕme〉. This enables
us to formulate the whole Hamiltonian by means of a single
type of molecular transition operator:

B+
m = |ϕme〉〈ϕmg| . (6)

Note that BmB+
m = |ϕmg〉〈ϕmg| and B+

mBm = |ϕme〉〈ϕme| result
in the completeness relation 1 = BmB+

m + B+
mBm. Accord-

ingly, we obtain the molecular Hamiltonian as

Hmol =
∑

m

EmB+
mBm +

∑
m,n

VmnB+
mBmB+

n Bn

+
∑
m,n

(JmnB+
mBn + J̃mnB+

mB+
n + J̃∗

mnBmBn)

+
∑
m,n

�Jmn(eg)B+
mBmB+

n +
∑
m,n

�Jmn(ge)B+
mBmBn

+
∑
m,n

(Jmn(eg, gg)B+
m + Jmn(ge, gg)Bm). (7)

It generalizes the standard Hamiltonian (see, e.g., Ref. [38])
by different terms. The overall ground state is given by the
product state,

|φg〉 =
∏

m

|ϕmg〉, (8)

and the related ground-state energy is

Eg =
∑

m

Emg + 1

2

∑
m,n

Jmn(gg, gg). (9)

The expression includes the mutual Coulomb coupling of the
individual molecules. For the following, it is suitable to set Eg

equal to zero.
We explain the various ingredients of Hmol, Eq. (7), and

start with the molecular excitation energy (site energy):

Em = Eme − Emg +
∑

n

(Jmn(ee, gg) − Jmn(gg, gg)). (10)

The bare excitation energy Eme − Emg of molecule m is
corrected by the Coulomb- coupling to all other molecules
staying in their ground state. The second term of Hmol includes

Vmn = 1
2 (Jmn(gg, gg)−Jmn(ee, gg)−Jmn(gg, ee)+Jmn(ee, ee)).

(11)

This combination of electrostatic shifts corrects the excitation
energy if more than a single molecule is excited. We further
introduced the EET (excitonic) coupling:

Jmn = Jmn(eg, ge). (12)

The additional terms,

J̃mn = 1
2 Jmn(eg, eg), (13)

constitute the off-resonant part of the EET coupling. Finally,
the quantities

�Jmn(eg) = Jmn(ee, eg) − Jmn(gg, eg),

�Jmn(ge) = Jmn(ee, ge) − Jmn(gg, ge), (14)
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(a) (b)

FIG. 4. Fifty-nine 6P molecules forming a molecular disk. (a) Relative electrostatic shift of the molecular excitation energies with respect
to the gas-phase value of 4.02 eV (color code see above). (b) 6P Frenkel exciton band without (red) and with (blue) electrostatic shift of the
molecular excitation energies.

are originated by the coupling between ground-state or excited
state densities and transition densities.

Noting the structure of Hmol, it is obvious that the terms
proportional to J̃ and �J as well as the last term in Hmol,
Eq. (7), induce respective contributions in the kinetic equa-
tions which are all off resonant and can be neglected. There-
fore, the Hamiltonian is reduced to

Hmol =
∑

m

(
Em +

∑
n

VmnB+
n Bn

)
B+

mBm+
∑
m,n

JmnB+
mBn,

(15)

but also extended by the coupling to a laser pulse:

Hfield(t ) = −E(t ) ·
∑

m

dmB+
m + H.c.

≡
∑

m

Rm(t )B+
m + H.c.. (16)

The electric-field strength,

E(t ) = nE E (t )e−iω0t + c.c., (17)

refers to a single pulse with unit vector of field-polarization
nE , with carrier frequency ω0, and with pulse envelope

E (t ) = E0 exp
(−4 ln 2 · (t − tp)2/τ 2

p

)
. (18)

We introduced the pulse-length τp as the full width at half
maximum.

According to the above given extension, we may write the
total Hamiltonian as

H (t ) = Hmol + Hfield(t ). (19)

This Hamiltonian will be used to study multiexciton dynamics
in 1D and 2D clusters of 6P molecules (see Figs. 2, 3, and 4,
respectively). After the subsequent presentation of the general

kinetic theory of EET, we turn back to the two 6P systems and
analyze their photoinduced dynamics.

III. HIERARCHY OF KINETIC EQUATIONS

A. Equations of motion for expectation values

To formulate a kinetic theory for photoexcited phenomena
taking place in the considered set of two-level molecules,
one can use the density-matrix theory. This would require to
compute matrix elements of the reduced-density operator ρ̂(t )
in using, for example, the multiple excited states:

|ψN∗ 〉 = B+
m1

...B+
mN∗ |φg〉. (20)

These states correspond to N∗ < Nmol molecules which are
simultaneously placed in their singly excited electronic state.
Then, the matrix elements of the density operator may refer
to different numbers of excited molecules as well as to con-
figurations which differ by the molecules which are in their
excited state. Such an approach produces a huge number of
density-matrix elements and, thus, it is restricted to a small
number of molecules (in Ref. [26], we had to limit respective
computations to less than ten molecules).

Therefore, it is more advantageous to directly compute
expectation values like the molecular excited-state population:

Pm(t ) = Pme(t ) = tr{ρ̂(t )B+
mBm} ≡ 〈B+

mBm〉. (21)

When studying the photoinduced response of the molecular
system, this quantity is of central interest. The ground-state
population follows directly as

Pmg(t ) = tr{ρ̂(t )BmB+
m} = 1 − Pm(t ). (22)

We also introduce the ground-state excited-state transition
amplitudes:

Am(t ) = tr{ρ̂(t )B+
m} = 〈B+

m〉. (23)
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Further types of single-molecule (single-site) functions do not
exist. This is easily verified when introducing the general type
of single-site function as tr{ρ̂(t )|ϕma〉〈ϕmb|} (with a, b = g, e).
For example, Pm is obtained for a, b = e and Am for a = e and
b = g.

To determine the introduced expectation values, related
equations of motion have to be derived. Those are not closed
but depend on other expectation values. In the case of 〈B+

mBm〉,
there appear 〈B+

m〉 and expressions like 〈B+
mBn〉 (m �= n), and

in the case of 〈B+
m〉 expressions like 〈B+

mB+
n Bn〉 are generated.

This indicates that the whole approach establishes a hierarchy
of equations. There, expectation values which refer to M
different molecules are coupled to expectation values related
to M + 1 molecules. An appropriate decoupling scheme has
been suggested in Ref. [25] and is again explained briefly
below.

We start with equations of motions for the different types
of expectation values. They are deduced from the Markovian
quantum master equation valid for the reduced-density opera-
tor:

∂

∂t
ρ̂(t ) = − i

h̄
[H (t ), ρ̂(t )]− − Dρ̂(t ). (24)

The unitary part is determined by the overall Hamiltonian
H (t ), Eq. (19). The superoperator D is responsible for the
actual type of dissipation. We consider dissipation due to
molecular excited state decay [internal conversion (IC)], due
to vibrational assisted EET among different molecules, and
we account for pure dephasing of the ground-state excited-
state transition.

For the present reasons, it is enough to derive D in the
framework of the secular/second Born approximation, which
results in a Lindblad-type variant of dissipation. This also
offers an easy way to define the dissipative superoperator by
means of the transition operators. Reference [37] gives a brief
impression of the respective derivation, which starts from a
microscopic model for the different processes.

Correspondingly, dissipation due to the decay of the ex-
cited molecular state with decay rate κm results in

−DICρ̂(t ) = −
∑

m

κm

2
([B+

mBm, ρ̂(t )]+ − 2Bmρ̂(t )B+
m ). (25)

If vibrational-assisted EET from one molecule to another is
considered, the dissipative superoperator reads

−DEETρ̂(t ) = −
∑
m,n

km→n

2
([B+

mBmBnB+
n , ρ̂(t )]+

− 2B+
n Bmρ̂(t )B+

mBn). (26)

The km→n denote the transition rates which will be specified
later. Pure dephasing of the ground-state excited-state transi-
tion in a single molecule with rate γ

(pd)
m leads to

−Dpdρ̂(t ) = −
∑

m

γ (pd)
m (B+

mBmρ̂(t )BmB+
m

+ BmB+
m ρ̂(t )B+

mBm). (27)

To derive equations of motion obeyed, for example, by the
molecular excited-state population Pm, we consider the expec-

tation value of the arbitrary operator Ô:

〈Ô〉 = tr{ρ̂(t )Ô}. (28)

It is essential for the following that the respective equation of
motion following from the quantum master equation can be
rewritten to get a direct equation for < Ô >:

∂

∂t
〈Ô〉 = i

h̄
〈[H (t ), Ô]−〉 − 〈D̃Ô〉

=
(

∂〈Ô〉
∂t

)
coh

+
(

∂〈Ô〉
∂t

)
diss

. (29)

The rearrangement of the original expression tr{∂ρ̂(t )/∂t ×
Ô} first results in the commutator of Ô with the Hamiltonian.
This is indicated as the coherent (unitary) part of the equation
of motion. Second, the action of the dissipative superoperator
on the density operator is changed to the action of a modified
superoperator D̃ on Ô and is indicated as the dissipative part
of the equation of motion.

One easily derives the respective form of D̃. For the case
of dissipation due to IC, it results in

−D̃ICÔ = −1

2

∑
m

κm([B+
mBm, Ô]+ − 2B+

mÔBm) . (30)

In the case of dissipation due to vibrational assisted EET, we
arrive at

−D̃EETÔ = −1

2

∑
m,n

km→n([B+
mBmBnB+

n , Ô]+

− 2B+
mBnÔB+

n Bm). (31)

Finally, the process of pure dephasing leads to

−D̃pdÔ = −
∑

m

γ (pd)
m (BmB+

mÔB+
mBm

+B+
mBmÔBmB+

m ) . (32)

With Eq. (29) at hand, we can derive all necessary equations
of motion. Their separation into a coherent and dissipative
part has been introduced to become more flexible in the
notation of the subsequent equations. Concerning the single-
site functions, we have to compute equations of motion for
Am = 〈B+

m〉 and Pm = 〈B+
mBm〉. They can be found in Ref. [37].

B. Two-site correlation function

The general form of two-site functions is given by

Ômn = tr{ρ̂(t )|ϕma〉〈ϕmb| × |ϕnc〉〈ϕnd |}. (33)

We have to distinguish between the expectation values
〈B+

k B+
mBm〉, 〈B+

mBn〉, 〈B+
mB+

n 〉, and 〈B+
k BkB+

mBm〉. The first two
functions appear in the equations of motion for the single-site
functions. The function 〈B+

k B+
mBm〉 correlates excitation of

molecule k with the excited state population of molecule m.
Excitation of molecule m is correlated with de-excitation of
molecule n in 〈B+

mBn〉. The correlation of the excitation of
two different molecules is accounted for in 〈B+

mB+
n 〉. It can

be considered as a two-excitation (two-exciton) amplitude.
Finally, the function 〈B+

k BkB+
mBm〉 considers correlation of the

excited state population of molecule k and molecule m.
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TABLE I. Parameters used.

Nmol 50, 59
Emol 4.02 eV
dmol 12.4 D
k 1011...1012/s
ω0 varied around Emol/h̄
E0 106...108 V/m
τp 20 fs... 2 ps

Equations of motion for all two-site functions are given
in Ref. [37]. As it becomes obvious these equations con-
tain different variants of three-site functions 〈|ϕma〉〈ϕmb| ×
|ϕnc〉〈ϕnd | × |ϕke〉〈ϕk f |〉. In the next section, we offer an ap-
proximation scheme which removes the three-site functions.
It is based on a general methodology to approximate higher-
order correlations functions by lower order ones.

C. Decoupling scheme

To approximate N-site functions by lower order functions,
we proceed according to Ref. [25] (see also Ref. [40]). Taking
in a first step, the single-site operator Ôm, we introduce the

related operator of quantum fluctuations:

�Ôm = Ôm − 〈Ôm〉. (34)

Choosing P̂n as another version of a single-site operator, the
two-site correlation functions follow as

〈ÔmP̂n〉 = 〈�Ôm�P̂n〉 + 〈Ôm〉〈P̂n〉. (35)

It splits into the so-called correlated part < �Ôm�P̂n > and
into the factorized part < Ôm >< P̂n >. Introducing a third
single-site operator Q̂k , the related three-site correlation func-
tion is expressed as

〈ÔmP̂nQ̂k〉 = 〈�Ôm�P̂n�Q̂k〉
+ 〈Ôm〉〈�P̂n�Q̂k〉 + 〈P̂n〉〈�Ôm�Q̂k〉
+ 〈�Ôm�P̂n〉〈Q̂k〉 + 〈Ôm〉〈P̂n〉〈Q̂k〉. (36)

It separates into the three-site correlation of quantum fluctu-
ations 〈�Ôm�P̂n�Q̂k〉 and into lower correlation functions.
Now, the suggested approximation and just the truncation of
the hierarchy of kinetic equations is based on the neglect of
this three-site correlation of quantum fluctuations. We will
apply this approximation to all three-site functions which
appear in the equations of motion of the two-site functions.
The factorization into products of lower order functions also

FIG. 5. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser pulse excitation with E0 = 2.5 × 107

V/m and τp = 20 fs (tp = 30 fs, k = 2 × 1011/s). Variation of photon energy h̄ω0; upper left panel: h̄ω0 = 4.318 eV; upper right panel:
h̄ω0 = 4.275 eV; lower left panel: h̄ω0 = 4.22 eV; lower right panel: h̄ω0 = 4.17 eV.
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FIG. 6. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser pulse excitation with E0 = 107 V/m
and τp = 50 fs (tp = 70 fs, k = 2 × 1011/s). Variation of photon energy as in Fig. 5.

indicates that in the general case the approximation scheme
corresponds to an expansion with respect to the excitation
density.

We notice Eq. (35) and define the correlated part of the
two-site functions according to

Kkm(t ) = 〈B+
k B+

mBm〉 − Ak (t )Pm(t ), (37)

Wmn(t ) = 〈B+
mBn〉 − Am(t )A∗

n(t ), (38)

Bmn(t ) = 〈B+
mB+

n 〉 − Am(t )An(t ), (39)

and

Rkm(t ) = 〈B+
k BkB+

mBm〉 − Pk (t )Pm(t ). (40)

Utilizing all these relations, the three-site correlation func-
tions can be expressed by the single-site functions Am, Pm and
the correlated parts of the two-site functions Kkm, Wmn, Bmn,
and Rkm. Related kinetic equations are discussed next.

D. Set of kinetic equations—coherent part

As already indicated, equations of motion for single-site
functions are given in Ref. [37]. To get equations of motion

for the correlated parts of the two-site functions, we notice

∂

∂t
〈�Ôm�P̂n〉 = ∂

∂t
〈ÔmP̂n〉

−
(

∂

∂t
〈Ôm〉

)
〈P̂n〉 − 〈Ôm〉

(
∂

∂t
〈P̂n〉

)
. (41)

Hence, the equations of motion for the two-site functions
〈ÔmP̂n〉 listed in Ref. [37] have to be rearranged according
to the above given scheme. Moreover, the relation Eq. (41)
can be specified for the coherent and dissipative parts of the
equation of motion.

To quote the results of the respective computations, we
introduce ωm = Em/h̄, vmn = Vmn/h̄, jmn = Jmn/h̄, and rm =
Rm/h̄. Note that we offer here only the equations for the two
single-site functions but include the separations Eqs. (37)–
(40) of the two-site functions. All relations for the two-site
functions are found in Ref. [37]. And, equations of motion for
the approximate set of single-site and two-site functions used
for the study of the 6P molecular systems are quoted in the
next section.
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FIG. 7. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser-pulse excitation with E0 = 5 × 106

V/m and τp = 100 fs (tp = 80 fs, k = 2 × 1011/s). Variation of photon energy as in Fig. 5.

We get for the transition amplitude(
∂Am

∂t

)
coh

= iωmAm+2i
∑

k

vkm(Kmk+AmPk )+ir∗
m[1−2Pm]

+i
∑

k

jkm(Ak[1 − 2Pm] − 2Kkm). (42)

As in the subsequent equations, the term proportional to vmn

describes the Coulomb shift of molecular energies due to
the actual degree of excitation. This shift is also originated
by the function Kmk , which correlates excitation of molecule
m and excited-state population of molecule k. The coupling
to the radiation field as well as the last term in Eq. (42)
is affected by 1 − 2Pm, which is identical to the population
inversion Pmg − Pme. If in the final state of an EET process
Pmg = Pme, excitation and de-exciton are equally probable and
a net transfer does not take place.

To get an equation for Pm, we arrive at(
∂Pm

∂t

)
coh

= −i
∑

q

jmq[Wmq + AmA∗
q] − irmAm + c.c.

(43)

The function Wmq is the only two-site function which enters
the equation. This indicates that the consideration of Wmq is

essential for EET which is not directly connected with optical
induced formation of the transition amplitudes Am. Such a
direct optical excitation of the molecules is achieved by the
terms ∼rm. We also note that the different nonlinear terms
indicate the deviation from simple single-exciton kinetics.

E. Set of kinetic equations—dissipative part

It follows for the transition amplitudes:(
∂Am

∂t

)
diss

= −
(

κm

2
+γ (pd)

m +1

2

∑
q

km→q(1−Pq)+1

2

∑
q

kq→mPq

)
Am

+1

2

∑
q

(km→q − kq→m)Kmq. (44)

Excited state decay, pure dephasing, and vibrational-assisted
EET constitute the complete dephasing rate. In the case of
EET, transitions from the considered molecule m to other ones
are distinguished from the reverse process (factor 1 − Pq and
Pq, respectively). A separate term is formed by the two-site
function Kmq.
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FIG. 8. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser-pulse excitation with E0 = 5 × 105

V/m and τp = 1 ps (tp = 0.8 ps, k = 2 × 1011/s). Variation of photon energy as in Fig. 5.

Vibrational-assisted EET also dominates the equation of
motion for the excited-state population:(

∂Pm

∂t

)
diss

= −κmPm −
∑

q

km→qPm(1 − Pq)

+
∑

q

kq→mPq(1 − Pm)−
∑

q

(km→q−kq→m)Rmq.

(45)

The Pm are arranged according to a standard rate equation.
Concerning equations for the two-site functions, we again
refer to Ref. [37].

IV. MULTIEXCITON DYNAMICS IN PARA-SEXIPHENYL
CLUSTERS

Para-sexiphenyl (6P) clusters of different shapes have been
discussed by us recently in Refs. [31–33]. It could be demon-
strated that charge-transfer contributions to the excited state
description of 6P clusters are of less importance. Accordingly
the EET model introduced here would be very appropriate.
We will consider optical excitation and subsequent EET in
1D and 2D structures of about 50 6P molecules. The different
types of spatial arrangements and EET coupling results in
distinct Coulomb shifts and exciton spectra. Figure 2 displays

50 π -stacked 6P molecules which form a H-aggregate (cf.
Refs. [31–33]). A possible 2D structure is shown in Fig. 3. The
typical herringbone structure is formed if the 6P molecules
are arranged, for example, at a wurtzite (0001) ZnO surface
[34–36]. Figure 4 displays the electrostatic shift of 59 molec-
ular disks.

A particular aim will be the consideration of Coulomb-shift
effects and of excitation energy relaxation processes due to the
involved vibrational-assisted EET. Because of these specific
tasks, we do not work with the complete system of two-site
functions. As demonstrated in Ref. [25], the consideration of
Wmn alone offers a nearly correct description of the system.

The rates of vibrational-assisted EET are taken as constants
which only connect closely positioned 6P molecules. We set
km→n = kn→m ≡ k = 1011...1012/s. A more involved descrip-
tion is a work in progress (see also Table I).

We quote respective kinetic equations. Since the rates of
excited decay are much smaller than the km→n, we ignore the
κm. For the same reason, we also neglect the pure dephasing
rates. It follows for the transition amplitude:

∂

∂t
Am = i�̃mAm + i

∑
k

(1 − 2Pm) jmkAk + ir∗
m(1 − 2Pm).

(46)
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FIG. 9. Steady-state value P(ss)
tot of the total excitation of a chain

of 50 6P molecules drawn versus the photon energy h̄ω0 of the
exciting laser pulse. Variation of the pulse duration τp. Upper panel:
ap = 5 × 105 ps V/m, k = 2 × 1011/s; lower panel: ap = 106 ps
V/m and k = 1012/s. Black line: τp = 1 ps, red line: τp = 500 fs,
blue line: τp = 200 fs, orange line: τp = 100 fs, green line: τp = 50
fs, purple line: τp = 20 fs.

Note the introduction of the complex frequency:

�̃m = ωm + 2
∑

n

vmnPn

+ i

2

∑
n

(
km→n(1 − Pn) + kn→mPn

)
. (47)

It covers the excitation energy of molecule m,

Em + 2
∑

n

VmnPn

= Eme +
∑

n

(
Jmn(ee, gg)Png + Jmn(ee, ee)Pne

)
−Emg −

∑
n

(
Jmn(gg, gg)Png + Jmn(gg, ee)Pne

)
, (48)

which is Coulomb shifted due to the actual degree of excita-
tion (note the use of Pn = Pne and 1 − Pn = Png).

FIG. 10. Steady-state value P(ss)
tot of the total excitation of a chain

of 50 6P molecules drawn versus the photon energy h̄ω0 of the
exciting laser pulse. Variation of the pulse amplitude E0 (τp = 1 ps,
k = 2 × 1011/s). Black line: E0 = 5 × 105 V/m; red line: E0 = 106

V/m; blue line: E0 = 2 × 106 V/m; green line: E0 = 5 × 106 V/m.

For the excited-state populations, we obtain

∂

∂t
Pm = 2Im

∑
q

jmq(Wmq + AmA∗
q ) + 2ImrmAm

−
∑

q

(km→qPm(1 − Pq) − kq→mPq(1 − Pm)),

(49)

and, finally, we have for Wmn:

∂

∂t
Wmn = (

i(�̃m − �̃∗
n ) − 1

2 km→n(1 − Pm)

−1

2
kn→m(1 − Pn)

)
Wmn − i jnm(Pm − Pn)

FIG. 11. Steady-state value P(ss)
tot of the total excitation of a chain

of 50 6P molecules drawn versus the photon energy h̄ω0 of the
exciting laser pulse at ap = 5 × 106 ps V/m and k = 2 × 1011/s.
Variation of the pulse duration τp. Black line: τp = 1 ps; red line:
τp = 100 fs; blue line: τp = 50 fs.
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FIG. 12. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser-pulse excitation with E0 = 108

V/m and τp = 50 fs (tp = 70 fs, k = 2 × 1011/s). Variation of photon energy. h̄ω0 = 4.268 eV (upper left), 4.23 eV (upper right), 4.184 eV
(lower left), 4.152 eV (lower right).

+i
∑

k �=m,n

( jkmWkn(1 − 2Pm) − jnkWmk (1 − 2Pn))

+i jnmAmA∗
m(1 − 2Pn) − i jnm(1 − 2Pm)AnA∗

n

−1

2
{km→n + kn→m

−(km→n − kn→m)(Pm − Pn)}AmA∗
n. (50)

Appropriate quantities for an analysis of the photoinduced
kinetics are the excited-state populations Pm and also the
transition amplitudes Am. Remember also that the single ap-
pearance of Wmq in the equation for Pm is important for a
correct description of EET.

In line with Ref. [24], we also compute the steady-state
value of the total excitation:

P(ss)
tot =

∑
m

P(ss)
m . (51)

Since the excited state lifetime of 6P molecules is in the
nanosecond range, the steady-state values P(ss)

m of the excited
state populations formed after femtosecond optical excitations
are well-defined quantities on the picosecond timescale. As
described in Ref. [24], these quantities can be measured in
a sequential pump-probe experiment. If P(ss)

tot is drawn versus

photon energy h̄ω0 of laser pulse excitation, particular insight
related to the multi-exciton states can be obtained (cf. also
Ref. [24]).

A. 1D 6P clusters

We already introduced the 6P 1D cluster of interest. Be-
sides the molecular structure, Fig. 2 displays the electrostatic
shift of the individual molecular excitation energies Eme −
Emg [cf. Eq. (10)]. The single exciton energies are also drawn.
The electrostatic shift is somewhat below 10 meV while the
exciton band covers a range of about 0.4 eV. The negative
values of the electrostatic shift of the individual 6P energies
reveal the attractive character of the related force. It is of
less importance if the Frenkel-exciton spectrum is considered.
Nevertheless, all computations have been carried out using
the energies, Eq. (10), and the excitation dependent correc-
tions, Eq. (11). According to the H-aggregate character of
the 6P chain, the upper exciton level has the largest oscillator
strength. It is followed by the third level, the fifth level, and so
on.

We start our analysis with a set of figures which display
the excited-state formation due to laser-pulse excitation of
different durations. Therefore, all Pm are drawn versus time.
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FIG. 13. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser pulse excitation with E0 = 5 × 107

V/m and τp = 100 fs (tp = 80 fs, k = 2 × 1011/s). Variation of photon energy. h̄ω0 = 4.256 eV (upper left), 4.222 eV (upper right), 4.2 eV
(lower left), 4.162 eV (lower right).

For an efficient presentation, we chose here and in all sub-
sequent figures a contour plot. To do this, we interpolated
the discrete values which belong to the different molecules
and obtain a continuous presentation. Figure 5 corresponds
to the consideration of a 20-fs-long laser pulse, Fig. 6 to
a 50-fs-long pulse, Fig. 7 to 100-fs-long pulse, and Fig. 8
to a 1-ps-long pulse. The related spectral broadening of the
pulse can be estimated as h̄/τp and takes the values of about
33 meV, 13 meV, 6 meV, and 0.6 meV, respectively. To
make the different examples comparable to each other, the
field-amplitude E0, Eq. (18), is chosen to obtain a single
value of ap = τpE0. This quantity represents a measure for
the so-called pulse area and amounts to 5 × 105 ps V/m here.
As becomes obvious from the absolute values of the Pm in
Figs. 5 to 8, all examples correspond to the case of weak
excitation.

In every figure, the used photon energies equal the first
exciton level, the third level (from above), the fifth, and
the seventh level (cf. Fig. 2). Those are the first four
bright levels (see below). Their energetic distance over-
comes even the spectral broadening of the shortest pulse. We
cannot expect a pronounced wave-packet formation for the
longer pulses but the population of mainly a single exciton
level.

This is best seen at the sequence of four pictures corre-
sponding to the 1-ps-long excitation (cf. Fig. 8). According to
the number of nodes of the exciton wave function (zero, two,
four, and six), the long but spectral sharp excitation originates
a single population structure, as well as three, five, and seven
structures, respectively. They are stable along laser-pulse ex-
citation (and somewhat longer) and decay to form a rather
homogeneous excitation distribution in the chain. EET only
appears in the step of the formation of this final homogeneous
excitation and is mainly originated by the chosen type of
dissipation.

Turning to the case of a 100-fs-long excitation (cf. Fig. 7),
oscillations of the Pm are visible in the part where the popula-
tions are maximal. The larger spectral broadening of the pulse
compared to the forging one let neighboring exciton levels
interfere a little bit and form a wave packet. This effect is more
pronounced for the 50- and 20-fs pulses. In particular, for the
shortest pulse, the central part of the chain gets excited and
then the excitation moves to the two ends of the chain to be
reflected and to move back. This process extends over several
hundreds of fs. It indicates noticeable wave-packet formation,
but in a linear regime of excitation.

To improve the understanding of the foregoing figures, we
discuss the related steady-state value P(ss)

tot of the total chain
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FIG. 14. Molecular excited-state populations Pm versus time for a chain of 50 6P molecules and a laser pulse excitation with E0 = 5 ×
106 V/m and τp = 1 ps (tp = 0.8 ps, k = 2 × 1011/s). Variation of photon energy. h̄ω0 = 4.2987 eV (upper left), 4.2655 eV (upper right),
4.2175 eV (lower left), 4.171 eV (lower right).

excitation Eq. (51). The upper part of Fig. 9 corresponds to
the ap value used beforehand (to have some broader structures,
we increased the rate k somewhat). Again we indicate that we
work in the regime of linear excitation since P(ss)

tot (correspond-
ing to 50 molecules) stays around the value 1.

The curves corresponding to the three longest pulses re-
produce the linear absorption spectrum with peaks at the
energetic position of the odd exciton levels (counted from
above). The increasing spectral broadening going along with a
decreasing pulse duration results in a broadening of the peak
structures related to P(ss)

tot (complete resonance with the odd
exciton levels is not necessary for excitation). Changing to
pulses of 100-fs duration and less, the peak structure of P(ss)

tot is
lost. This observation goes along with the temporal behavior
of the Pm for the case of a 20-fs excitation (cf. Fig. 5). The
spectral broad character of the excitation forms a wave packet
which results in a main population of the central part of the
chain.

While the peak positions of P(ss)
tot versus h̄ω0 stay constant

for the case of ap = 5 × 105 ps V/m, they do not for the
used higher ap value (lower panel of Fig. 9). Decreasing the
pulse duration, and by that, increasing the field-amplitude E0

and the total value of P(ss)
tot , the peak positions move to lower

energies. This can be interpreted as a multiexciton effect [24].

Increasing the degree of excitation, the population inversion
1 − 2Pm starts to noticeable deviate from 1. Accordingly, the
resulting effective EET coupling (1 − 2Pm) jmk appearing in
Eq. (46) for Am and Eq. (50) for Wmn is reduced. A shrinkage
of the exciton spectrum results and, in the case of a H-
aggregate configuration, the visible upper exciton levels move
to lower energies (red shift).

A similar explanation is possible when using the right
scheme of Fig. 1, showing multiexciton bands. When climb-
ing the ladder of multiexciton bands upward, the bandwidth
gets larger. Consequently, if nonlinear absorption becomes
possible, single photon transitions between higher lying mul-
tiexciton bands appear. According to the band broadening,
the necessary photon energies get smaller and the overall
absorption peak may move to lower energies.

The same low-energy shifts of the P(ss)
tot curves are shown in

Fig. 10 for 1-ps-long pulses but different field amplitudes E0.
Since the pulses are spectrally sharp compared to the shorter
ones used in the foregoing figure, there is no considerable
broadening with increasing E0. However, the redshift of the
highest peaks and the following peaks are obvious. But the
decreasing excited state population with decreasing photon
energy suppresses the multiexciton effect for lower lying
peaks (the related P(ss)

tot values are too small).
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FIG. 15. Steady-state value P(ss)
tot of the total excitation of a disk

of 59 6P molecules drawn versus the photon energy h̄ω0 of the
exciting laser pulse. Variation of the field strength E0, τp = 1 ps,
k = 1012/s. Black line: E0 = 5 × 105 V/m; red line: E0 = 106 V/m;
blue line: E0 = 2 × 106 V/m; green line: E0 = 5 × 106 V/m.

B. Regime of nonlinear transport

By analyzing the steady-state values P(ss)
tot of the total ex-

citation in the foregoing section, we already met multiexciton
effects, i.e., effects of nonlinear EET. Here, we continue this
analysis. Figure 11 displays P(ss)

tot versus photon energy for
ap = 5 × 106 ps V/m, a value larger than those used for
Fig. 9. According to the increased ap value, total excitations of
the chain larger than ten are obtained and the peak structure of
P(ss)

tot is strongly deformed compared with the low-excitation
one. Here, it remains an open question if the used degree
of excitation corresponds to the described truncation of the
hierarchy of kinetic equations. Respective studies are work in
progress.

Figures 12–14 show the temporal behavior of the respec-
tive excited-state populations Pm. Note that the actual photon
energies h̄ω0 are chosen according to the actual peak position
of P(ss)

tot in Fig. 11. These Pm need to be compared with those
of the weak excitation case represented by Figs. 6, 7, and 8.

Starting with the case of τp = 1 ps, the Pm plots in Figs. 14
and 8 belonging to the lower photon energies looks similar.
However, the case of the highest photon energy at 4.2987 eV
looks different. Distinct Rabi-like oscillations of the Pm in the
central part of the chain are visible before EET results in an
uniform excitation of the whole chain. Rabi-like oscillations
of the Pm are also visible for 50-fs and 100-fs pulse duration
(Figs. 12, 13, respectively). An excitation distribution as in
the case of low excitation reflecting the node structure of the
underlying exciton wave function is not visible.

C. 2D 6P clusters

The 2D structure of the 6P molecules being of interest for
the following has been already introduced in Fig. 3. The shift
of the excitation energies due to intermolecular electrostatic
interactions are shown in Fig. 4. The shift covers values up
to 15 meV. Due to the herringbone structure of the molecular

FIG. 16. Steady-state value P(ss)
tot of the total excitation of a disk

of 59 6P molecules drawn versus the photon energy h̄ω0 of the
exciting laser pulse. Variation of the pulse duration τp. Upper panel:
ap = 5 × 105 ps V/m, k = 2 × 1011/s; lower panel: ap = 106 ps
V/m, k = 2 × 1011/s. Black line: τp = 1 ps; red line: τp = 500 fs;
blue line: τp = 200 fs; green line: τp = 100 fs; orange line: τp = 50
fs; purple line: τp = 20 fs.

arrangement in the disk, the electrostatic shift decreases from
the central part to the edge. Again, the influence on the
exciton spectrum (right panel of Fig. 4) is less pronounced. As
expected, the Frenkel exciton-level structure is different from
the 1D case, Fig. 2, and its bandwidth amounts to more than
1 eV. Due to closer packing and 2D EET coupling among the
6P molecules in the disk, the bandwidth strongly overcomes
the one formed by the regular 1D chain structure.

To characterize linear and nonlinear absorption and, thus,
multiexciton effects, we again calculate the steady-state value
P(ss)

tot of the total disk excitation, Eq. (51). Figure 15 displays
P(ss)

tot versus photon energy h̄ω0 for a 1-ps-long (spectral sharp)
pulse and for different field amplitudes. Optical absorption
appears at the highest exciton level placed at 4.94 eV (the dou-
blet at about 4.5 eV is dark). The triplet positioned somewhat
above 4.2 eV is represented in the absorption spectrum by a
pair of lines at 4.284 eV and at 4.246 eV. Finally, we notice a
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doublet above 4.0 eV. The values of P(ss)
tot as well as unshifted

peak positions indicate that we are in the linear EET regime.
The two highest peaks just described appear also in Fig. 16

where we draw P(ss)
tot curves at a given ap value of 5 × 105 ps

V/m (upper panel) and of 106 ps V/m (lower panel) but for
different pulse durations. For the latter value of ap, as in the
1D case, the absorption peak below 5 eV is shifted to lower
energies with increasing values of P(ss)

tot . With that, we may
identify multiexciton effects as described in the case of the 6P
molecular chain.

V. CONCLUSIONS

Ultrafast electronic EET in molecular systems induced by
sub-picosecond laser pulses has been studied theoretically.
The considerations have been restricted to the contributions of
the first excited molecular electronic singlet state. However,
it can be populated by different molecules simultaneously
and a multiexciton state can be formed. A restricted picture
of the total nonlinear response of the molecular system on
laser-pulse excitation may follow, but we gained complete
insight on the contribution of the first excited states. Instead of
describing the temporal evolution of the multiexciton state by
a direct computation of the related density matrix, we derived
equations of motion for expectation values of interest. Those
equations are originated by the quantum master equation
governing the respective density operator. To truncate the
following hierarchy of kinetic equations, a general scheme is
used.

The kinetic equations were solved for a chain and a disk of
para-sexiphenyl molecules. The spatiotemporal evolution of

the molecular excitation in these 1D and 2D systems could be
presented for a duration of the laser pulse excitation between
20 fs and 1 ps. Applying the longer pulse, individual exciton
states may be formed. Later, if the pulse is over EET, which
appears in the present description also as a dissipative process,
leads to a nearly homogeneous excitation of all molecules. In
contrast, the shorter pulses result in a central excitation of the
para-sexiphenyl clusters. As an effect of nonlinear transport,
we may observe Rabi-like oscillations in the excited state
populations.

By drawing the steady-state value of the total excitation of
the system versus the photon energy of laser pulse excitation,
we may reproduce in the low excitation regime the linear
absorption spectrum. When increasing the degree of excita-
tion, the obtained low-energy shift of the absorption peaks can
be considered as a multiexciton effect. Its observation in the
experiment would be of particular interest. A respective ad-
ditional confirmation in theory would require a more complex
truncation of the hierarchy of kinetic equations compared with
the one presented here. Moreover, further studies based on
models which account for higher excited molecular levels are
necessary to carry out a serious comparison with experiments.
Both extensions would increase the numerics enormously.
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