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Universal nonequilibrium 7-V curve near the two-channel Kondo-Luttinger quantum critical point

C.-Y. Lin,"? Y.-Y. Chang,' C. Rylands®,>* N. Andrei,’ and C.-H. Chung®'->
' Department of Electrophysics, National Chiao-Tung University, Hsinchu 30010, Taiwan, Republic of China
2nstitute of Physics, Academia Sinica, Taipei 11529, Taiwan, Republic of China

3Center for Materials Theory, Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08854, USA
4Joint Quantum Institute and Condensed Matter Theory Center, University of Maryland, College Park, Maryland 20742, USA

3Physics Division, National Center for Theoretical Sciences, Hsinchu 30013, Taiwan, Republic of China
M (Received 18 September 2019; revised 5 August 2020; accepted 16 August 2020; published 28 August 2020)

Over recent decades, a growing number of systems, many of them quantum critical, have been shown to
exhibit non-Fermi-liquid behavior, but a full analytic understanding of such systems out of equilibrium is
still lacking. In this paper, we provide a distinct example with broad applications in correlated mesoscopic
systems to address this issue—a two-channel Kondo-Luttinger model where a Kondo impurity couples to two
voltage-biased interacting electron leads, experimentally realizable in a dissipative quantum dot. Therein, an
exotic quantum phase transition has been known to exist since the 1990s from the one-channel to two-channel
Kondo ground states by enhancing electron interactions in the leads, but a controlled analytic approach to
this quantum critical point has not yet been established due to the breakdown of weak-coupling perturbation
theory near this strong-coupling critical point. We present a controlled method to this long-standing problem
by mapping the system in the strong-coupling regime to an effective spin-boson-fermion Hamiltonian. Another
type of non-Fermi-liquid quantum critical point is discovered with a distinct logarithmic-in-temperature and
-voltage dependence in transport. We further obtain an analytical form for the universal differential conductance
out of equilibrium near the transition. Our approach can be further generalized to study nonequilibrium physics
of other strong-coupling low-dimensional non-Fermi-liquid fixed points. The relevance of our results for recent

experiments is discussed.
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I. INTRODUCTION

Over recent decades, there has been growing experimen-
tal evidence for correlated electron systems whose low-
temperature thermodynamic and transport properties violate
Landau’s Fermi-liquid paradigm [1,2]. Such non-Fermi-liquid
(NFL) behavior, ranging from heavy-fermion unconventional
superconductors [3-5] to Kondo impurity quantum dot sys-
tems [6,7], often appears near a quantum phase transition
(QPT) [8] as a result of competing ground states. While the
equilibrium aspects of QPTs have been extensively studied,
much less is known about their properties out of equilibrium.
In particular, exact or analytical results are rare [9,10] despite
their relevance for experiments [9—13]. The study of nonequi-
librium NFL in low-dimensional systems is of wide interest
not only because of its lessons to higher dimensions, but also
for the large field of low-dimensional physics in mesoscopics
[9,12—-17], cavity electrodynamics [18], in cold atom physics
[19-21], and more recently in the realization of Majorana
fermions [22].

Highly tunable nanoscale quantum impurity systems of-
fer an excellent playground to study nonequilibrium behav-
ior near the NFL QPTs [14,23]. A typical example is the
Kondo-Luttinger system, experimentally realizable in various
correlated mesoscopic systems, including dissipative Kondo
dot devices in carbon nanotubes [15,16] and in two-channel
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semiconductor quantum dot devices subject to either dissipa-
tion or electron interactions in the leads [7]. The model con-
sists of a spin-1/2 Kondo impurity coupled to two Luttinger
liquid wires (left L and right R) via interlead and intralead
couplings, J; g and Jy; /gr, involving screening of the impurity
spin by the conduction electrons of both leads and of one lead,
respectively. In each wire the electrons interact repulsively,
their effective interaction given by a Luttinger parameter K <
1 [see Fig. 1(a)].

The equilibrium behavior of the system is well known. In
the weak-coupling limit (J,,» — 0) at a higher temperature,
the repulsive electron interactions in the leads are known to
suppress the Jyg terms in a power-law-in-7 fashion, Jrg ~
T1/2(1/K=1) 124 25]. The Ji1/rr terms are unaffected by inter-
actions and show a typical Kondo logarithmic decrease with
increasing temperature. On the other hand, as 7 — 0, it has
been predicted since the 1990s that this model undergoes an
exotic QPT from the conducting one-channel Kondo (1CK)
ground state to the insulating two-channel Kondo (2CK)
ground state with increasing electron interaction (or decreas-
ing K) in the wire. In the conducting 1CK ground state both
Jir and Jpp g couplings exhibit power-law divergences as the
temperature is lowered and the two leads are coupled to form a
single Kondo screening channel; in the insulating 2CK ground
state, the Jig (Jrr/rr) coupling is T-power-law suppressed
(enhanced) and the two leads independently Kondo-screen
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FIG. 1. (a) The original Kondo-Luttinger model (above) with
two electron branches (left moving and right moving) in each of
the two leads of a length £/2 can be transformed to an equivalent
chiral Kondo-Luttinger model (below) where both leads are now
unfolded and extend from —£/2 to £/2 with only one electron
branch left. (b) Schematic phase diagram of the Kondo-Luttinger
model as functions of V, T, and the Luttinger parameter K.

the impurity spin [24,26]. The 1CK-2CK quantum critical
point (QCP) is expected at K = 1/2 [see Fig. 1(b)] [24,26].
While the RG flow diagram is well understood, accessing
the NFL properties of this QCP becomes challenging due
to the lack of controlled theoretical approaches to physics
near the strong-coupling 2CK ground state where Jy;/rr —
oo and the standard weak-coupling perturbation theory breaks
down.

In this paper, we reexamine the Kondo-Lutinger sys-
tem and establish a controlled theoretical framework to cir-
cumvent the above difficulty and study both the equilib-

rium and nonequilibrium transport near the 1CK-2CK QCP.
This is achieved by being able to exactly map the strong-
coupling problem near K = 1/2 onto an effective weak-
coupling Hamiltonian whose nonequilibrium transport prop-
erties are then studied with the Keldysh Green’s functions.
By a series of transformations involving bosonizations and
refermionizations detailed below, we obtain the form of the
effective Hamiltonian near the 2CK fixed point in the effective
weak-coupling regime. Since the current is determined by
Jigr, we study its renormalization group (RG) flow around
the QCP, which allows for a reliable study in the effective
weak-coupling regime. Our RG analysis at two-loop order
shows another type of NFL QCP with a distinct logarithmic-
in-temperature and -voltage dependence in transport. To sim-
plify our calculations, we work in the channel symmetric
case (Jpp = Jgr) and near the Toulouse limit where only J
dominates. Nevertheless, our results can be extended more
generally to parameter space away from the Toulouse limit.
This can be done for the following reasons: (i) The operators
around this limit—the transverse (xy) component of J;z and
the longitudinal (z) component of J;; rg—are all irrelevant
and hence will always stay in the weak-coupling regime, and
(ii) the RG flow for Jx at one-loop order in this limit [see
Eq. (7)] shows a negligible difference from that up to two-loop
order and away from this limit [see the inset of Fig. 1(c)].
This indicates that our analytic results based on Eq. (7) are
accurate and reliable enough to be extended to the parameter
space away from the Toulouse limit. The universal nonlinear
1-V curve of the effective model is then analytically obtained
near the QCP for K < 1/2 and K = 1/2 via the Keldysh
nonequilibrium Green’s function formalism. Our results go
beyond the equilibrium power law in transport near K =
1/2 given in Refs. [24,25,27] and thus offer a rare example
of analytically accessible nonequilibrium transport near an
impurity quantum critical point. Our analytical approach can
be further generalized to study the nonequilibrium physics of
other strong-coupling low-dimensional NFL fixed points.

II. THE KONDO-LUTTINGER MODEL

The Hamiltonian of our system in the presence of particle-
hole symmetry reads [28,29] H = Hy + Hi, + Hg + H,, with

Hy = =ive Y, [ dait] (%000~ (3 < L

Hiu= 3 [ 81000 000000+ B ()

w;0,0’

+ gZ)Oa,a(x)ﬁa,g’(x):Iv
\%
Hy, = % > / dx[pro (x) + Pro(x) — Pro (X) — Pro (X)],

LA
) W(x’a’(o)v (1)

Hy = Y JowSi ¥},(0)

aa';o0!

where « = L, R, 0 =1, | are the lead 'and spin indices, re-
spectively, §; is the impurity spin, and 7, _, is the Pauli matrix

with i = x, y, or z, and we set /i = 1. The integrations are
taken from x = —L£/2tox = 0 for @ = L, and from x = 0 to
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x = L/2 for o = R. The electron field operator is defined as
Vo (¥) = R0 (1) + Lo (1), With Ry o (x) [0 (x)] being
the right (left) moving electrons; the corresponding elec-
tron density operators are py ,(x) = %Z,G(x)iﬁa_a (x) and
Po.o(X) = S)(Ld (x)L4.0(x). Here, Hy + Hiy describes the Lut-
tinger liquid wire with Hj being the kinetic term of free-
electron leads and Hj, being the electron-electron interaction
in the leads, and H), is the bias voltage term.

We now wish to cast the Hamiltonian in a form that is
convenient to study at strong coupling. To begin with, we
represent H in terms of chiral boson fields through standard
bosonization W, ,(x) = lim,_¢ ﬁnaﬁe"’q’w“) with 7,4
being the Klein factor and ¢, , (x) being the chiral boson fields
[see Fig. 1(a)] [29]. Upon bosonization, the isotropic Kondo
term Hg in Eq. (1) is further divided into the transverse (xy)
and longitudinal (z) components with coupling constants J.-,
and J?,, respectively. The bosonized J;.,, JZ,, Ji%, Ji terms
all take different forms in boson fields [24], and J;; # Jgg in
general. Though the Kondo couplings are isotropic in Eq. (1),
Ji, = JZ - the transverse and longitudinal components of
Juo after bosonization obey different RG scaling equations
due to their different forms in boson fields (see below). The
resulting Hamiltonian H,,, expressed in terms of chiral boson
fields, is then transformed into an equivalent form H., —

U'HpU = Hy + Hy, with U = e75:%) [24], where
5 d
_ | ax 2 2
Hy = [ = H}ﬂ:fvc[wﬂ(x)] + Y vrVeu ()]

Jir ¢y iR e o : s
=25, 2L ) - ZLRg » R
+ p cos(\/_ P 2 Sin ¢ ¢ Sin i

Jy J_ .
+ —S, cos ¢y r — —S, sin ¢
Ta Pss wa ’ Pss

v=s,sf

J: —2mv J?
+ ( - F)SZV(PS + — Szvqssf,
4 4

VvV %
H, = z—n [ _ dxV () )

In Eq. (2), the chiral boson fields ¢.,s/ssr are defined
as [30]

¢c = Z ¢ca/‘/§a ¢f = Z Té’a(bca/ﬁ»

a=L,R a=L,R (3)
s = Z ¢sa/\/§, ¢Sf = Z Té,a(pm/ﬁ’
a=L,R a=L,R
with pog = Y, q)a,[,/ﬁ, Do = Zi:T rg,a%,a/\/i and
e Y
’ Z 2 z | _ Z ? Z | )
Pt S Pt
+ 2 ’ - 2 ’

In addition, v, is the renormalized Fermi velocity and K =

[1—g2/(8mvr+g4) [29]
1+g>/(8mvr+84) ’
Note that J,, J_ become the most relevant couplings (with
a scaling dimension [J;,_] = 1/2), while J. is the leading

irrelevant term for K < 1/2 with [Jyg] = 1/2K and hence re-
mains in the weak-coupling regime. The more irrelevant terms
are J_,_ ([J,_1=1/2K + 1) and J; ([Jjg] = 1/K + 1/2).
In the following, we discuss the model [Eq. (2)] in the channel
symmetric case (Ji; = Jix and J§; = J%z), where J_ = 0 and
J: =0, and near the Toulouse limit [8J° =Ji — 27nvp <
O(1)]. Also, the most relevant J; term is pinned at a large
value, while the most irrelevant J; , term is neglected here. As
a result, only the leading irrelevant Kondo couplings J;r and
8J* terms survive.

For K < 1/2, by adding a decoupled bosonic bath H, =
f—; f (Va)zdx, we refermionize Eq. (2) near the strong-
coupling 2CK fixed point and the Toulouse limit in terms of
effective free fermions weakly coupled to an impurity spin
and an Ohmic bosonic bath H, = 7= i [Vo(x)]?dx. With the
following transformation [31],

1 ) 1
\/;¢f=«f2¢f+,/g—2¢,

T~ [T _,

the Hamiltonian Eq. (2) can be refermionized as H,, + H, //A +
H, = Hy. + H,, + H;, where

’ AR AR
H, = Z vk ¢ 1€ it Z vpk ¢’ ¢k

n=cL,cR; v =sL, sR,
k k
J+ JLR ; 1
al ’ i/ %—2¢(0)
+ —S,cos ¢yp + — S E (¢ op i€ eppe VN E
wa L=

NGY#

o / 2 : al / s ’
HpL =eVVK (C cL,kc cLk —C cR,kc cR,k)
k

8J? 4 ,
+Hc)+ —=5; Z(C sL,kc/sL,k + C/ZR,kC SRk
k

L
2 d
Fev/To ZK/ o),
—£ 4m
c
’ Ve 2 2
Hy= 1= [ 1vetora. ©
4 J_z
Here, the k-space effective free fermions in this new basis
< 4 ) ,
read ¢, = fz f_zg W (e dx,  with W p(x) =

il ()%} ()]/v2 and W p(x) =
k) SL/S.

—ilgs ()£ (N)I/V2

. 1
hma%O \/Tia NeL/cRE

Wy /s () = limg—0 —5—1s/srE Equation
(6) is an effective weak-coupling Hamiltonian (Jzz, §J° < 1)
near the strong-coupling (J; — oo) 2CK fixed point where
standard perturbation theory is applicable. This Hamiltonian
describes two voltage-biased free-fermion leads (c; .z)
showing an interlead coupling to an impurity spin (S;)
subject to a dissipative bosonic bath, while another two
free-fermion leads cj; , ., couple to S;. We will show below
that this effective model of Eq. (6) gives rise to another type
of the NFL. QCP and distinct equilibrium and nonequilibrium
transport properties near the transition.
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JR A
1CK
! .
2CK 1/2 K
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FIG. 2. The schematic diagram of the RG flow of j;z with
different values of K. The green (blue) line represents the line of fixed
point of 2CK (1CK) The line of fixed points (blue curve) for ICK
state follows ;7 = 2(1 — 55). K = 1/2 is a QCP separating the line
of fixed point of 2CK and 1CK. Arrows denotes the schematic RG
trajectories.

III. RG ANALYSIS OF THE EFFECTIVE
HAMILTONIAN NEAR 2CK

To determine the ground state phase diagram and the nature
of the phase transition in Eq. (6), we perform an RG analysis.
The RG scaling equations up to one-loop order for J; g and §J°
are derived via Eq. (6) as

dJig 1 dsJ*? 1
=\1-== Vw2, ——=—7%
dl 2K dl 2K

where dl = —d A /A, with A being a running energy cutoff.
Note that we find no quadratic contributions in Kondo cou-
plings to Eq. (7) due to the decoupling of the fields c.; /cr in
the Jpg term from ¢, /s in the §J° term. Based on Eq. (7), the
Jrr term is irrelevant (relevant) for K < 1/2 (K > 1/2). As
a result, the 1CK-2CK QCP occurs at K = 1/2, separating
the 1CK state with J, — oo, Jpg — oo for K > 1/2 from
the 2CK state with J4+ — oo, Jig — 0 for K < 1/2 [see
Fig. 1(b)] [24]. Note that the coupling Jrz at the QCP is a
marginal term up to one-loop RG, indicating a Fermi-liquid
ground state with constant metallic conductance G.(V, T —
0) = G°. However, this nature of QCP is drastically changed
upon including two-loop order corrections in the RG analysis.
The RG scaling equations at two-loop order read [up to cubic
in coupling constants—see Appendix C (valid for 0 < K <
1/2) and Appendix D (valid forboth K < 1/2and 1/2 < K <
1) for details]

§I5, (D)

djLR 1 . 1 . 3 1 782 .
_— 1—— —_ - T — = 8 < s
dl ( 2K)]LR 4(]LR) 8( J) LR
déj* 1 1 1 ©
J" . . 20 .27\3
— _ §i¢ — — §i¢ — —(§i°
T Yl 4(]LR) J 8( J)

with jig = Jir/2mvr and §j° = 8J°/2nvr. Here, we have
chosen 7 = 1. The structure of Eq. (8)—the presence (ab-
sence) of linear (quadratic) in Kondo couplings—is distinct
from previously studied RG scaling equations of Kondo and
Anderson impurity models. Consequently, the RG flows of j
and 4 j° show unique features near the QCP at K = 1/2. For
K > 1/2, instead of flowing to a strong-coupling 1CK line
of fixed point up to one-loop order, the jy g term flows to an
intermediate-coupling 1CK fixed point at ( jZR)2 =2(1— %)
(the blue curve of Fig. 2). For K < 1/2, there is no new

critical point appearing as the linearized RG equations near
the 2CK fixed point j;, = (8j°)* = Oreduce to the same QCP
via Eq. (7) (green line of Fig. 2). Note that due to decoupling
of the fields ¢,y /cr in the Ji g term from ¢, /s in the J* term,
all the terms in the RG equations beyond two-loop order with
even power in coupling constants vanish, and all terms with
odd power in coupling constants are all more irrelevant terms.
As a result, the qualitative features of our RG flow diagram
in Fig. 2 survive by including higher-order terms beyond
two-loop order. Moreover, the nature of the transition revealed
by the RG flows in Fig. 2 represents a distinct type of quantum
critical point from previously known ones (see below).

At the QCP (K = 1/2), the jrg term is marginally ir-
relevant, and §j° is strongly irrelevant; therefore, the RG
equation for j;g is reduced to dj g/dl = (—1/4)j2R, leading
to a logarithmic-in-A dependence of the marginally irrelevant
Jrr term (see Fig. 2) [11]

[
Jir(A) = In(D/A)’ 9

with D = Agexp[2/(jz)*], Ao being the ultraviolet cutoff,
and j{ = jrr(Ao).

For the nonequilibrium case, the running Kondo coupling
Jir(w, A) in the presence of a voltage bias acquires an addi-
tional energy/frequency (w) dependence under RG [32]. Its
RG scaling equation takes the following form [11],

djir(w) 1 _ ANE
=Y [m(%)} Oy (10)

n==1
where
1, x>1,
O) =13 x=0, (1)
0, x<0,

denotes the Heaviside step function and © 1,2 = O(A —
o+ nV/2+il'|) with " being the decoherence rate de-

fined as T = (€920 D jir@)f(@—nV/2)l — f(w —
n'V/2)]. Equation (10) gives rise to the following logarithmic-
in-voltage dependence of j g for A — Oand V/T > 1,

1 1

In (2‘%2)  4n (%)

Via the aforementioned jiz(A) and jiz(V, @ — 0), the
QCP at K = 1/2 provides an example of the NFL QCP with
distinct logarithmic-in-temperature and -voltage dependence
in transport (see below), therefore belonging to a different
universality class.

Jir(V, 0 — 0) =~ 2 (12)

IV. CURRENT AND CONDUCTANCE NEAR
THE QCP (K < 1/2)

Near the QCP, the steady-state charge current, defined as
the charges passing through the Kondo dot from the left
to right lead per unit time, is derived from the Heisenberg
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VID or T/ID
FIG. 3. The equilibrium (blue) and the nonequilibrium (or-
ange) conductance at the QCP. The inset shows G"%(w)/G*(w)

with G"(w) = G.(V — w) while G*Y(w) = G.(T — o) defined in
Egs. (16) and (20), respectively. We choose j2r = 0.5.

equation of motion via Eq. (6),

UL
=—e = - s Mg
dt h
- JE(4 1)”“ 3 Re(Gi . 1)), (13)
= - =)z RLk\ )1
K)h L &
where N =3} (Noo —Nrs)/2, and  Ggp 1, (t,1) =

i/, (E)Su()Cg o ()N 200 s the lesser Green’s
function for ¢,z /cr -

The equilibrium transport of our model at one-loop RG
for K < 1/2 is known [24,25]: With decreasing temperatures
from the weak-coupling (J, — 0) fixed point at T = Ay,
the Hamiltonian H gives a power-law-in-T suppression in
the differential conductance G(T) ~ T'/X=1 via [Jiz] = (1 +
1/K)/2, while as T — 0, it shows a different power-law-in-T
behavior near the QCP in the strong-coupling limit (J, — o0)
viaEq. (7): G(T) ~ TVK=2 [see Fig. 1(b) and the blue dashed
arrow therein]. Including contributions from the two-loop
RG, the equilibrium conductance near the QCP acquires a
subleading logarithmic correction,

G(T)~ TV =2/In [?] (14)

Surprisingly, however, for K = 1/2 at the QCP, instead of the
Fermi-liquid ground state with a marginal J;r term up to the
one-loop RG of Eq. (7), the equilibrium conductance

227 (S3)
V—0 B h hz

via two-loop RG displays another type of NFL QCP with
logarithmic-in-temperature dependence of conductance [see
Jjrr(A) and the blue curve of Fig. 3],

_2(S?) 4Van
T h B In(D/T)

Via Eq. (16), the equilibrium conductance at the QCP, G.(T),
exhibits a different universal logarithmic-in-D/T scaling, dis-
tinct from the 7 -power-law behavior of a typical quantum crit-

dl|k=1y2

i Jie(A = T) (15)

G(T) =

Ge(T) (16)

ical point [3] and the 1/ lnz[T/D] in the Kosterlitz-Thouless
transition of the anisotropic Kondo model [11].

A. Nonequilibrium 7-V curve via first-order in perturbation

We now analyze the nonequilibrium transport near the
QCP. Within the Keldysh nonequilibrium Green’s function
approach [33,34], the right-left lesser Green’s function in
the time domain Gg; . (t — t") in Eq. (13) is obtained via
perturbative expansion up to first order in J; g, given by [35]

Grru(t —1)
JLR(S)%) o0 . B /
- Z dt{[grp & — 1)L (11 — 1)
k" —00

+8re — 18] (t — )b~ (t — 1) + [gh @ — 1)
+ 8wt —1)]8f ot — 1" (1 — 1)}, (17)

where g;//aL/ . is the retarded/advanced/lesser component
of the bare Green’s functions of the effective

noninteracting  right/left lead, and b~ —1t')=
—ife IV 2N k=200 bt —1')=—if(t —
') [emV &2 oin/ k2001 are the bare lesser and
retarded bosonic correlation functions, respectively. In the
thermodynamic limit, the explicit analytical form of the
nonequilibrium current via Egs. (13) reads

1= V(4 L) Sy @(W)H

K)Jn r&t-nr\ D

2
) (18)

1, eV
Pz + i

A+ i

X

where jig = Jir/27hvp, 2D is the bandwidth of the bosonic
bath H}, and I'(x) is the gamma function. Note that both the
fermionic and bosonic fields in H ;L of Eq. (6) contribute to the
current.

The conductance in the noninteracting limit (K = 1/2)
deserves further discussions. For the K = 1/2 limit and
setting (S2) = 12 /4, our system in the Toulouse limit dis-
plays a fractional conductance G = (/27 j2,/2)(¢? /) with a
nonuniversal coefficient (v/277 j2,/2) within the first-order in
perturbation theory via Eq. (18), distinct from the quantized
conductance per spin, G = e?/h, as studied in Ref. [36] in
the K = 1 limit. The origin of this “fractional” conductance
comes from the nondiagonalizable (nonquadratic in fermion
fields) and marginal (up to one-loop in RG) Jig term [see
Eq. (6)] at K = 1/2, leading to the conductance proportional
to j?, within the perturbative calculation. By contrast, the J;g
term for K = 1 in the Toulouse limit studied in Ref. [36] is
relevant with a scaling dimension [J;g] = 1/2. Their Hamil-
tonian in this case is quadratic in fermion operators and there-
fore can be exactly solved: The system goes to the resonant
tunneling limit with G = €?/h per spin at the ground state.
Note that our J; g term becomes irrelevant at the two-loop RG,
leading to a logarithmic correction to the Jyz term and to the
differential conductance [refer to Eqgs. (9), (12), and (20) and
see below].
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S 1.1r 1(')*5 1()‘*3 ld’z
= V/D
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FIG. 4. (a) G(V, kgTy/D)/G(0, , kgTy/D) with fixed kgTy/D =
1073, the normalized nonequilibrium differential conductance at the
strong-coupling fixed point with different values of the Luttinger
parameter K < 1/2. The black solid lines are power-law fit to
VE=2 TInset: RG flows for j;z for K = 0.46 with bare coupling
Jjir = 0.1 up to one-loop order (green), two-loop in the Toulouse
limit (T. L., red), and two-loop away from the Toulouse limit with
bare value of §j° = 0.2 (blue). (b) Universal eV/kgT scaling in
normalized differential conductance G(V, T)/G(0, T) at different
values of temperature for K = 0.49. The inset shows nonrescaled
conductances.

The analytical differential conductance G(V, T) = dI/dV
near the QCP for K < 1/2 via Eq. (18) is plotted in Figs. 4(a)
and 4(b) for various values of K and temperatures. Near
the QCP, the equilibrium conductance shows a power-law-
in-T suppression, G(V =0, T) o< T'/K=2 [27], leading to an
insulating 2CK state. For V > T and for a fixed T = Tp,
the I' functions in the analytic /-V curve in Eq. (18) lead
to the asymptotic power-law conductance of the equilibrium
form, G(V, Ty) ~ (V/Ty)"/X=2. For V. < T, however, G(V, T)
deviates from this power law and shows a universal crossover
to the equilibrium value G(0, T') [see the universal V/T scal-
ing of G(V, T) in Fig. 4(d)] [10]. The conductance G(V, T)
via Eq. (18) offers an analytical and complete universal
crossover function from 2CK nonequilibrium quantum crit-
ical (V > T) to the equilibrium 2CK (V <« T') limits. Our
analytic crossover function in the /-V curve provides not

only a qualitative but also a quantitative basis to compare
with experiments. The analytic form in Eq. (7) reduces to a
constant conductance for K = 1/2 in the wide-band (D —
oo) limit [37].

B. I-V curve via two-loop RG

At the QCP (K = 1/2) (Fig. 2), the quantum critical cur-
rent I. = I(V, T)|x=1/2 via two-loop RG takes the form [see
Eq. (18)]

2 (§2\v
I.~ M%%[jﬁ(max[v, T])]z, (19)
where jip = jirlk=1/2 follows from j;z(A) for T > V and
Jir(V,w — 0) for V > T. The charge current therefore ac-
quires other (logarithmic) corrections in V or T'.

For V > T, we obtain an analytic form of the nonequi-
librium conductance at the QCP, G.(V > T) = % (see the
orange curve of Fig. 3),

A8V2r(S2)| 1 1
In (

G.(Vy~ — S — . (20)
PR () 4m<%>}

Note that G.(V > T) shows a logarithmic-in-voltage de-
pendence, a signature of another type of NFL QCP out of
equilibrium. It is a universal function of V/D, and is distinct
from its equilibrium counterpart G.(T,V — 0) due to the
nonlinear voltage dependence of the decoherence rate I' <« V
(see Fig. 3), which serves as the cutoff scale for the nonequi-
librium RG scheme [11,12].

For K < 1/2, the charge current with the inclusion of
the two-loop RG correction to jiz is given by I>1°%P ~

(J—f[jzR(max[T, V1)]%, where I is obtained via Eq. (18)
JLR

within first order in perturbation theory with jig — jo%.
The differential conductance G*1°°P = dI*>1°°P /dV therefore
acquires a logarithmic correction via jip(V), and is not a
universal function of V/T.

Nevertheless, we find that G*'°°(V, T)/G.(T, V) shows
an approximate universal scaling in V/T for V 3> T and

GHlor(vT) . GV.T) _ v : :
VLT, ot o = ®(5), with ®(V/T) being a
universal V/T-scaling function of differential conductance
via Eq. (18). Note that for V > T, contributions from

d[jér(V)1?/dV to G*1°°P(V, T') are negligible.

V. DISCUSSIONS AND CONCLUSIONS

First, in Refs. [15,16], the emulated Luttinger wire was
realized experimentally in a spin-polarized carbon nanotube
quantum dot subject to an Ohmic dissipation where the resis-
tance R is side coupled to the dot. The effective Luttinger pa-
rameter K is related to the dimensionless dissipation strength
r = Re*/h via K = 1/(1 + r). When the dot is symmetrically
coupled to the leads, the system approaches to a quantum
critical point of the 2CK type. The conductance for V — 0
and T — 0 reaches the unitary limit of G(V, T) — 2¢*/h in
a power-law fashion, G(V, T) ~ (V/T)* witha =2/(1 + r).
Generalizing this setup to the spinful case, a Kondo-Luttinger
system equivalent to our model was proposed [27] and has
been realized experimentally in a dissipative Kondo dot sys-
tem with K = 1/(1 4 2r) [38]. Though their Hamiltonian is
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somewhat different from Eq. (2), the same 1CK-2CK QPT
occurs at r = 1/2 (or K = 1/2) [27]. Second, since the § j*
term is more irrelevant than j; g, a finite § j° will only lead to
negligible two-loop RG corrections to jrz and to the current.
The RG flows for jig [see the inset of Fig. 1(c)] show a
negligible difference between the results up to one-loop order
in the Toulouse limit and two-loop order away from this limit.
Consequently, our results can be extended to the parameter
regime away from the Toulouse limit with finite 6 j*. Third, the
channel asymmetric J_ term is a relevant perturbation of our
results, making the 2CK fixed point unstable towards the one-
lead dominated 1CK fixed point. Nevertheless, channel sym-
metry has been achieved experimentally in an accurate and
controllable manner by gate tuning in a two-channel Kondo
dot device in Ref. [7] as well as for our model in Ref. [38]
and for its spinless version in Refs. [15,16]. Finally, in the
presence of particle-hole asymmetry, a potential scattering
term U cos[¢;r(0)] cos[qbf(O)/\/f] is generated [24,25]. For
K < 1/2, this term becomes irrelevant [[U] = (1 4+ 1/K)/2]
and can be neglected, while for K > 1/2, it is a relevant per-
turbation [[U] = (1 + K)/2], and the conducting 1CK state
becomes unstable towards the insulating 1CK state [[Jiz] =
(14+1/K)/2]with G(T) ~ TV =l as T — 0.

In conclusion, we have established a framework to inves-
tigate the equilibrium and nonequilibrium transport near the
strong-coupling fixed point of a Kondo-Luttinger system close
to the well-known one-channel Kondo to two-channel Kondo
quantum critical point at the Luttinger parameter K = 1/2.
We discover another NFL critical point which exhibits distinct
equilibrium and nonequilibrium properties.

Our work is a theoretical exploration of the nonequi-
librium physics of such a non-Fermi-liquid fixed point. Its
results provide an example of analytically solvable universal
nonequilibrium transport near a quantum critical point in
the Kondo-Luttinger system, showing a marked difference
from the equilibrium properties. Our analytical approach
can be further generalized to study nonequilibrium physics
of other strong-coupling low-dimensional non-Fermi-liquid
fixed points. Further experimental investigations in a dissi-
pative Kondo impurity in quantum dot devices are needed to
clarify our predictions.
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APPENDIX A: CHIRAL REPRESENTATION OF THE
KONDO-LUTTINGER SYSTEM

In this Appendix, we will exhibit how to map the Kondo-
Luttinger Hamiltonian from the original left and right moving
branches basis to a chiral (one moving branch) basis in
the weak tunneling limit. Although the mapping is widely
used in much of the literature, for the purpose of making
it more accessible to the readers, we will give a derivation
with consistent notations in the main text and related to our

situation directly, which demonstrate that the mapping is still
valid while the charge-spin basis is used.

We start from the original Kondo-Luttinger Hamiltonian,
defined as H = Hy + Hiy + HKf + Hgp + Hl/- with

Ho = —ivr Z / (9], (1)0,%R0 (1) — (R < )],

3 f g““ [02, () + 72, ()]

ao,0'(0#0")

Hiy =

+ gi[pa o (X)Pa,0'(X) + Dy 5 (X) 0y o (X)]

+ 821 (Biar () + 821 Pa0 (WP () .

im T; o
Hyp = ) JkS{™ ] (05> Yr,0(0) + He.,

i,0,0'

i T(ir(f
D S g0 (05 Va0 (0),

i,o,0,0'

T
Il

1%
" %Z/[PL,U(XHEL,U(X) — (R < L)ldx, (Al)

where o = L R, 0 =%, | are the lead and spin indices, re-
spectively, T, . is the Pauli matrix, where i =x, y, or z,
and we set i =1 here. In Hy and H;,, the integrals are
taken from x = —L£/2 to x =0 for « = L, and from x =0
to x = L/2 for « = R. The electron field operator is defined
as Yy (x) = Ryo(x) + Ly 6 (x), with R, ,(x) denoting the
right moving electrons and £, . (x) the left moving ones. The
electron density operators are Py o (x) = 9%;(, (x)Ry.6(x) and
B (00) = L1, (1) €0.0 ().

The charge-spin basis of the electron density operators
relate to the spin-up and the spin-down basis by [28]

Do = Pot + Pay 5, = ﬁa? +ﬁa¢
ca = T = > ey — >
2 ’ 2
V2 B «/'_ A2)
_ Pat — Pay — _ IOaT - p()tl,

ps,a - ’ pSO[ - )
V2 ’ V2

which decouple the interaction term H;, into a charge sector
H¢ and a spin sector H? , Hy,, = HS + HS with

nt nt? nt nt

ml—Z[[ (24472, (0] +E [psa(x)+pm(x)]

+ 85 Pe.a (VDo (X) + 85 Psa ()P (x)i| dx, (A3)

where gf = g; + g1 and g =g — gi.. The interaction
term Hjy can be divided into the charge and the spin parts
Hin = Hyy + H}

nt nt?>

ml Z/ |:g4 paza(x) + ngr/Oc,a (X)ﬁc.,a(x)i|dx
mt Z/ |:g4 'Ovza(x) + gsz,a(x)ﬁ;,a(x)}dx

(A4)
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In the weak tunneling limit where the electron density
vanishes at the ends of the wires, the open boundary condition
is imposed. A more convenient chiral field representation
is used here, W, ,(—x) = Ryo(—x) = L4.0(x), with only
one species (£ or R) of electron branch or chiral fermion
in each wire by unfolding the two wires from —L/2 to
L£/2 [29]. Standard bosonization is applied here: ¥, ,(x) =
lim,_ ﬁnaqge‘i“’w(’c). Here, 7., is the Klein factor for
the electron of a given species («, o) and ¢, »(x) denotes the
chiral boson field, which complies with the commutation re-
lation [¢y .5 (X), Vdy o/ (X)] = 2784008008 (x — x") [28,29].
Now, the Hamiltonian of the system in the chiral fermion
representation reads [28]

HO = —iUF Z

a=L,R;
o=t

L
2

(W], ()3, Wy o (x)]dx,

_L
2

[Nl

1 2 - 2
Hin = Xa: /_ , SlgiPla 0+ 85l )

+ &3 Pe.a (X)Pe,a (—X) + &5 Py.a (X) P50 (—X)]dx,

'L'i /
62,0 \IJR,O',(O) + H~C'a

Hip= Y JuS™ W) (0)
A . T
_ imp ¥ 0,0
Hgp, = § JaaSi '\Ija,a(o) ) WYy ,60(0).

i,a, 0,0’

(AS5)

Upon unfolding the wires, the forms of the Kondo terms
Hy ¢, Hkp and the kinetic term Hy (with the integration taken
now from —L/2 to £/2) are invariant. Hy, can be diagonal-
ized via the Bogoliubov rotation although there are nonlocal
interactions appearing in Hiy [29],

Pc/s,a (x) g COSh((pc/s)pc/s,a (x) + Sinh(¢c/s)pc/s,a(_x)-
(A6)
With
3 ~8
8mvp + g,
(A7)

—§

tanhQp,) = ————=——,
8wvp + gf

tanh(2¢;) =

the rotated Hamiltonian Hj is diagonalized, given by
L
2

H/ZH() +Hint:_i/

(vc D W] (00, W ()]

L
2

o, Y 1] a(x)ast,aun)dx, (A8)

where the renormalized Fermi velocities v, = (8w vr +
gr)/cosh(2¢.) and v, = (8w vr + g;)/ cosh(2¢;,), and the
Fermi fields in the charge-spin basis (W/;) and in the spin-
up, spin-down basis (W, 4,,) follow the same transformation
as the density operators in Eq. (A2). At the same time, the
bosonized form of the electron fields W, are changed to [29]

if— _ .
\IJM(X) — Z_ﬂel[\/ﬁ[qsu(x)‘f“bu( )]+ A/ K [P ()=, ( A)]]’ (Ag)
A ZIta

where

&

Kew = oxpp) = | — L
1+ 87‘!1}p2+g2r
(A10)
8
Kv,a == eXP(prs) = 8””;;*84
87rvp2+g;

are the charge (K. ,) and spin (K ,) Luttinger parameters,
which indicate the strength of the charge and spin interac-
tions [29]. For a repulsive interaction, i.e., gL > 0, we
have K./, < 1, and the larger the interaction the smaller the
parameter [28]. In this work, we focus on the case where only
the charge interaction is involved, i.e., Ky = 1 and K, = K.

APPENDIX B: REFERMIONIZATION OF THE
KONDO-LUTTINGER HAMILTONIAN FOR K < 1/2

In this Appendix, we give the details about the refermion-
ization process from Eq. (2) to Eq. (6), where we refermion-
ize the strong-coupling Kondo-Luttinger Hamiltonian in the
vicinity of K < 1/2 including the bias voltage term. _

By adding an Ohmic bosonic bath H, = :—;‘T f[V¢(x)]2dx
with 5 being decoupled to any other field in Hy. + H,, of
Eq. (2), we have [a(x), (N =0 (w=c, f,s.sf). We
next apply the transformation of Eq. (5) to re-fermionize the
Hamiltonian of Eq. (2). Here, we choose K < 1/2 to keep the
values in the square roots of Eq. (5) real. After doing this
transformation, the Hamiltonian H,. + H, + H, in the new
basis becomes H;. + H,, + H,, given by

Vel Ve () + ve[ V()1

I. 8Jix
+ Y VoL | + =Sccos by + — SV,
vaaf ma 4
+ Jl‘—Ré(eiﬂ‘ﬁ}'(o)ei’V #2200 L He),
ma 2
L
VvV (7
H, = Z— dx[V2KV$)(x) + VT — 2KV (),
7w J_c
2
Uc
= / [Vo()Pd. (B1)
T
Define the new bosonic basis through
, Be(x) £ P (x)
¢CL/CR(X) = Tf’
$s(x) £ P55 (x) ®2
(x e
bir)sr(X) = Bsr/sr(x) = %

the related new fermion operators are W/, /CR(x) =
. 1 —idl, e

llma%() EUCL/CRe ! LL/LR(X) and "I,;L/sR(x) = \I]sL/sR(x) =
lim,_o ﬁﬂsL/sRe_"d’MR(X), and the kinetic term of H. can
be refermionized as
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[a s

n=cL,cR

u\h

VIR, 0+ Y v 08, ()

v =sL, sR

via the identity V¢ (x)/4m = W (x)¥(x). The Kondo terms in H. are also refermionized as

, : 8J¢
JirS: Z[WQQ(O)\V/CR(O)e’v 20 L Hel4+ S

kK

and the bias voltage term H,, becomes

ﬁSz[‘IJQ(O)\If’sL(O) + W L0)W g 4 (0)], (B3)

H, = % / B dx[V2K V) (x) + /1= 2KV (x)]

—eV\/—/

L

2

Using V) (x) = \/;Z > C;L,ke"k", the refermionized Hamilto-
nian in a momentum representation of Eq. (6) can be readily
obtained.

APPENDIX C: DERIVATION FOR RG EQUATIONS OF THE
KONDO-LUTTINGER SYSTEM UP TO TWO-LOOP ORDER

In this section, we calculate the RG equations for
the Kondo coupling Jyz and J* to the two-loop order
of Eq. (6). With the RG equations, we identify that the
one-channel Kondo to two-channel Kondo quantum criti-
cal point is at the Luttinger parameter K = 1/2. In ad-
dition, we set i =1 throughout the derivation of the
RG equations.

We begin with the action of Eq. (6), given by

s, :/dl’ Z vk c;:kcihk—i— Z vrk cfkc;,k

n=cL,cR; v =sL, sR,
k k
Jir , s
/ =200
== | drSe Y (el yClppe’V T 4 He)
k. k'

\/_ﬁfdrS Z(CLLkC/vL,k+C;;,kC;R,k)7

_ e / dt f (Voo dx. 1

To find the RG corrections to the coupling constants, we
integrate out the higher-frequency modes of the fields (such as
ck or @) in the action to obtain a low-energy effective action
S= describing the low-energy behavior of the system, which

dx[\IlfL,k(x)\Il’cL,k(x) — CR k(x)\I!/CR (O] + eVl — ZK/ —V(p(x)

(

is given by

JLR i ST 30500
Sir=— A dtS; Z(ch (CoR. k,e 20"

x (V27O 4L He), (C2)

where ¢~ 4+ @< = @, ¢>/< is the higher-frequency (fast mode
A’ < k < A)/lower-frequency (slow mode k < A’) part of ¢,
and (---). denotes the averaging with respect to only the
fast mode in Sj. Thus, the first-order RG correction for Jiz

becomes
ANTF  dig 1
Jir(A) = Jir(A)| — — =|1- JiR,
LR(A") = Jrg( )<A/> = ( 2K> LR
(C3)

where A is a running energy cutoff, A’ = A —dA and
dl:—dln|%| =—dTA. From Ref. [39], we know that
the scaling dimension of S, is 1/2K, which can be ac-
quired from the correlation function of S, (S.(7)S;(0))
s /K Therefore, the first-order RG corrections for §J° are
glven by

dsJ* 1
= ——348J% C4
dl 2K )

Since the fermions in Jiz and 8J° terms are decoupled,
there are no one-loop order contributions to the RG equations
of Jig and 8J°. So we go forth to compute the third-order
corrections to 8J° and Jyp from the third-order cumulant
expansion,

as;_§(<sK) — 3(SK)2.(Sk) = + 2(Sk)2)

=3 ISt (C5)

where (---)¢ denotes the averaging only including the con-
nected diagrams. It is found that there are two third-order
terms, (S7 Ss-)¢ and (S3,.)¢, which give the correction

>
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to 8J%,
1
8855 25((S§LR5511)> - 3(53LR> (Ss7:)= + 2(Ss,0)2 (Sore)=) = 3 <S]LRS8] )
1 J?, 8J7 . . . ) ,
== 34 o | ATdT AT RIS (S-S N{[V1 Ok, (DU () (eI

F YR (O (O] (T Wy (T VT @ VI

+ Y 00y (0) -

So the correction to §J% is

Vi, Ok, (O])7} x 3.

NPV
8 (ﬂ£)2

8(8J°) =

kiw,io’

eiwl(r”—r) eiwz(r”—r’)

+ —

T (O)Y7,(0) — ¥ (09, (0)

(C6)

> / drdt'dt” /

Qmiy?

eiwl(r—r”) eiwg(t”—t/)

da)lda)z |:eiw|('[—r”) eiwz(r’—r”)

—in wy—in

w; —in wy—in

w) —in wy —1in

el (@' =7") eiwz(r”—r):|

w; —in wy—in

iw— Ek iw — Ek

ia)—ek iw' — &k

iw— Ek iw — Ek

. / s i L . ' . ” Y
(etw(rr ) e i@ (t'—=1") e*tw(r —1) e i@ (t—1') e*lw(rfr )eflw (/-1 ))
X

—f &) f(—er)

—f(—e)f(er)  [f(—e0)]?

_J58T [
-8 (ﬂﬁ)z; (ex — m)(ex + 1)

S(ex)

RS [ fe)
-8 (/313)2; & +n

& —M

[f(e0)] ]

(e +mec—n) (e +m)? (8 —n)?

WA

42nvr ) €D

Following a similar approach, the other third-order correction proportional to (§J7)° is given by

(6J%)°

(S3). =
x [Y 1 (2, (2) —

x [Y 1 (3),(3) —
leading to

Wi @ 0)s = —

Following a similar procedure, we can obtain the third-order
corrections to Jyr as well. There are also two corrections to
Jrr coming from (S7.5,,)< and (S3 ). The correction to J g

from (S2.5,,)< is

(8J) 1k
8Jig = ————dI, C10
LR 8 or) (C10)
and the other correction from (S;’LR)C is
J3
8Jpp = —— 8 — Cl1
T T 4Qmvp) (1D
Defining the renormalized Kondo couplings -2 = > JLR and

52— — 8%, and collecting all the corrections of J;g and 8J,

of ‘the first to the third order, we conclude that the RG equa-
tions to the third order for J; gz and §J%, as shown in Eq. (8).

YL @0, (2) + YRk YR, (2) —
LWL B) + YR B, 3) —

1

(8J%)3
8(2mvr)

3!

/ d11dnd v T [S.(1DS:(2)S. 3w, v, (1) — 1 (D, (D) + Yt (DY (D — Yl (D, (D]

Yl Vg, (2)]
Vil Bk, BN x 31, (C8)

/ drdt (W3 @Y, O)-,

(C9)

APPENDIX D: RG EQUATIONS VIA
BOSONIZED HAMILTONIAN

In this Appendix, provide derivations of the RG equa-
tions via using the bosonized Kondo-Luttinger Hamiltonian
of Eq. (2), which is valid for both K < 1/2and K > 1/2.

The bosonized Kondo-Luttinger Hamiltonian takes the
form

H = Hy + JrrS cos< ) + 8J%S, 0. s, (D1)

K

D vlVou P + D vp[Veu ()P
n=c,f v=s,sf

(D2)
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1. RG equation for §J* from J2,48J*
The correction from the J7z3J° term for 8J; is given by
! igr(Tp) i¢f(r2)

3112 By
8(8J%) =— yzszRSJz/drldfzdtsz[S+(t1)S*(Tz)Sz(fs)](e e VK 0u¢4(13))>

1 ) ra)  igp(m) fd)f(rl) id)f(rz)
=—§JLR3JZ/.dT1dT2<€ VK e VK )>e VK e VK d‘L’3SZ(‘L'3)aX3¢S<(‘C3)

1, W\ W\ T e\ ot ,
=_— _J2sJ & = s e dt,dt,d TS, (13)0:, ¢ (73)
g K (u) (M) <u> <M> / TR A

1 2 .z 1 d/‘L, ral gt </
= §JLR5J % W dt3S,(13)0x, 05 (73)

! ; : 1ol t <,
= Z]ZR(S Fdl f dt}S/(})0, b7 (1)), %)

where jig = Jpr(u/' /)" VE and 857 = 877 (' /u)/?X. Here, we have approximated In(u/u')~dl with di =
—dp/p and dp = p' — p by Taylor expansion, and 7 — t//(u'/i), x — x'('/w), and S, — S;(u’/u)1/2K. Jir(A) =

Jir(A) (V2T Oy = (A/A)1 =K p(A). Note that in the short-time limit T ~ a < p (a being the lattice constant),
we may get rid of the double time integrals dt;d > above by introducing a short-time cutoff 79 ~ a/vy, and absorbed it in j
via a redefinition.

2. RG equation for §J* from (8J%)3
The third-order correction for 8J° from (8J%)? is given by
3
8@J°) =— ;(51”)3 / dt1d1d T3 T [S:(11)S:(12)S: (13) (x5 (71) 055 (72) 055 (T3))

— Loy / drde (0, )0.,(0) . —— / dT3S.(23)0: = (1), (D4)
7 R

where (S,(7)S,(0)) = ﬁ. Also, we may use the relation 0.¢s = (—i/vr)d-0;, where ¢ and 6, are conjugate variables, and

(6,(7)65(0)) ~ In(t)/2. We therefore have the following relation,

f drdt (3,47 (17)d,07 (0) = (— v}?) / dttdT (3,407 (0)3, 67 (1))

=(- UJ:Z)/dr*aﬂej(f)ej(on. (D5)

Combining the above relations, we obtain

1 M W 1/K ' 1/2K
5(aJZ)=—§(aﬁ)31n [-}(-) (—) /drgsz(fg)ax¢;(zg)

M M M
1
= G0l [ avs g, (D6)
where 1/ v} is absorbed in the redefinition of § j°. Finally, the RG equation for § j° is given by
dsj* 1
= _2(§7° 3‘ D7
T g8/ D7)
[
APPENDIX E: THE NONEQUILIBRIUM unit time, is derived from the Heisenberg equation of motion
CURRENT FORK < 1/2 of the refermionized Hamiltonian [Eq. (6)],
In this Appendix, we supply the detailed derivations of d(N)  2ie
the nonequilibrium (finite bias) charge current for the Kondo- I =—e = h (IN, H,. + H,, + Hy})), (ED)
Luttinger system [Eq. (18)] for K < 1/2 via the nonequilib-
rium Green’s function technique. where
The steady-state charge current, defined as the charges N —N dx
passing through the Kondo dot from the left to right lead per N = % = / 2—V¢>f(x), (E2)
z 7
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and with the transformation, Eq. (5),

N = / g—;[«/ﬁw}(x) + V1 =2KVg(x)]

, + dx
= VK> (el icls — ¢ ipacini] + / Z[«/l —2KVe(x)]. (E3)
k
Therefore,
j Ji
1= (| NS D€l eV O e | ). (E4)
k&
With
’ ’ i/ L— 1<
\/EZ[C ZL,kCcL,k cR KCer k1> Sx Z(CCL erwe VIO 1 He) | ) = ZRZRC{GRLJ(%(” )},
k kK ] kK
dx ’ i/ L — 1 <
/ E[“/ T— 2KV, S Y (clf eV E 2O +He) | ) = (NE - ﬁ) > “Re{Gj (. 1)), (ES)
kol ] kK
[
we obtain an integral equation as follows,
J
1=K 4— — eJLR Re{G ., (t,t E6 Gt —1') = = Z dti G o (t —11)gy (1 —
{ RL,kk( 5 )}5 ( ) L ”

k, k'

where Gy, (1.1 = i(c ch(f )Se()C o o (1)e! ik =200y g
the lesser Green’s function for ¢, JeR k-

To evaluate the nonequilibrium current, we employ the
equation of motion method to solve the lesser Green’s func-
tion Gz 4 (t — 1),

. d t !

i Cre it = 1)
T d

=<Tt[sx(t)ccR,k,(z)el xm20 - el )D

= igi (T Sx (1 )e o o ()], (E)])
+ i]LTR Z (TSx()C g o (1) RO (1)
-~

—i /L 20k
X ch po(t)e ™V k=200 >]>

= —&xGloy it — 1 )— = Z Gyt =1, (ET)

where G 0 (t — 1) = —i{T[Sx(t)e g ()N T=20S, (1))

CZR, (e ¥~2¢()]). We also define the noninteracting left
lead time-ordered Green’s function g’L. «(t —t'), which obeys
the following equation,

d
(lﬁ " gk)gt“(t — 1) = =8t =1, (E8)

Combing Egs. (E7) and (ES), the time-ordered right-left
Green’s function Gy, ., (t —1') can be expressed in terms of

(E9)

where the Jy g term gives the self-energy correction to either
the left or right Green’s functions. Note that we have already
set i = 1 for convenience and will put it back in the final
form of the current. Assuming a uniform bias voltage Vi g
is applied in the left/right lead with a finite jump in voltage
at the dot, V;, = V/2 and Vg = V/2, the system is now in the
nonequilibrium situation. Accordingly, we extend Eq. (S3) to
the nonequilibrium case, which is expressed in terms of the
contour-ordered Green’s function G§,; ... Equation (E9) has
the same form in nonequilibrium except that the intermediate
time integration runs on the counter ¢ with t; being the
contour time,

Gre i (T, )= — Jix Z[dTlGRkk”(T Tl)ng(Tl»f)

k//
(E10)

In the weak tunneling limit, the Jy g is treated as a pertur-
bation term in the Hamiltonian, we can expand the Green’s
function Gfe,k/k”(f’ 71) and keep the lowest order, which
is (Sf)g;’k/k,,(r, 71)b°(7, 71), Where gﬁe,k,k,,(r, 71) is the free-
electron Green’s function of the right lead, and b°(t —
t') = (Tl[e"“/g‘”(”e_i\/p‘/’(’/)])o is the boson phase-phase
correlator. Here, (---)o denotes that the expectation value
is calculated only with respect to H, without the contri-
bution from the J;; term in the Hamiltonian where the
boson field appearing as a phase, and G, (7, T') now
becomes

Iir

L

Gt T') =

(s2) / A1 85w (T, TP (T, T1)8 1 (1, T).

(E11)
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Since we are interested in the steady-state nonequilibrium
transport, the transient behavior, which happens when the
system initially turns to nonequilibrium, is neglected here.
The time t for the nonequilibrium case starts at T = —oo,
and follows the Keldysh contour from t = —oo to T = 400,
and finally returns to T = —oo. Applying the Keldysh con-
tour, the lesser Green’s function Gy, ., (f —t) can be writ-
ten as a real time integral and its analytical form is shown
in Sec. IV A.

Because we are discussing the steady-state case, it is
legitimate to set ¢ — oo. Thus, we have gy, (f —1)+
Giw(t —11) = grp(t — 1), D't — 1) = b (t — 1) — b=(t —
t1). Since b~(At) =b"(—At), we obtain b'(t —t) =
b=(t; —t) — b=(t —t;). Furthermore, Gy, ,,(t —1’) can be
put into ’

J [ee]

Grrunlt —1') = %(Sf)/ dn[gr et —t)gr (= 1)
+ gru(t — 18] 1 (1 —1)b=(t —11)
+ gru(t = 1)L (1 —1)[b=(ty — 1)
— b=t =)l (E12)

J

JHe
! \/_( )h (2nhvp)2

f / derdep[f(er — eV/2) — f(ex +eV/2)] f " dtb(ryereesr,

The nonequilibrium current / now is given by

. 1 fJL_R ) dwdo’
I_f<4 )w %:// Q)
x Re{[g v ()87 1 (@) + &g (@)L 1 (@)D~ (0 — )

+ 8ru (@)8L 1 ()b~ (0 — &) — b~ (o' — w)]}.  (E13)

Since b=(At) = [b=(—A1)]*, b=(w) should be a real func-
tion. With the general relation between various types of
Green’s functions (g, g%, g, ¢°) held in any given sys-
tem, g — g* = g~ — g~, we have the identity Im[g"] = (g~ —
£5)/2, so the current [ takes the form

_ 1 f‘ﬁ dodo’ B
I“/_(4 )MZ ;// @y @ 1)
— F(@ — p)lmigy o (@)lImlg]  (@)b" (& — ).
(E14)

Here, we have used the the following equalities, g ; 4 (@) =
—2if(w— MR/L)Im[g’k/qu,k,,(w)], where g’R/LYk(a)) =[w—
(ex — Mr/L) + in]~!. In the thermodynamic limit L — oo, an
explicit closed form of I can be obtained as

(E15)

Once we perform the integral over energy and time, we readily obtain the nonequilibrium current formula shown in Eq. (18).
If we go beyond the first-order perturbation, the second-order contribution to the Green’s function G%; .. (t, T’) is

J = e
Girpn(7 7)) = 12< ZR> Z /dt dv1d (T [Sie g (D) * 2Ol (e g, (m)e VR =20

k', ki, ka,
k3, ks

. l_z K _: i_z " .
X CILJ{}(.L_Z)CCRJ{4 (_L.z)eu/ X (p(TZ)CC‘—R,kH(T”)e i % (T )])gc

¢ (T, 7). (E16)

We examine one of the diagrams from the second-order perturbation term G2 ,.,(t, '), which is

J /" pe
= —2< LR) (s3) Z/dr”dndrzgw(r T)B (T, T1)g7 1, (T15 T2)gR s, (T2, T)B (12, )7 1 (7, T).

L

ko, ks

If we choose the Keldysh contour, the contribution of A to the nonequilibrium current is proportional to [jZ,(V/T

(E17)

)1/K72]2 at

low temperatures. Actually, it is found that the contribution to the differential conductance from the nth-order perturbation term

is proportional to [j7,(V/T)VK=2]".
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