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Planar topological Hall effect from conical spin spirals
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The planar topological Hall effect (PTHE) is known to arise from in-plane skyrmion tubes with an external
magnetic field applied in the plane of the charge current. Here, we propose that the PTHE can robustly appear
also from an unexpected source, the conical spin spiral, realizable in a variety of materials. We show that for both
in-plane skyrmion tubes and conical spin spirals, the PTHE is twofold symmetric with respect to the magnetic-
field angle, while it is fourfold symmetric for 90◦-rotated domains of conical spin spirals. We predict that the
symmetry and magnetic-field response of the PTHE can distinguish between the two scenarios, unambiguously
probing the nature of the antisymmetric spin-exchange interaction and the resulting magnetic texture.
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I. INTRODUCTION

Transport of electrons in chiral magnetic textures has
emerged as a central topic for exciting new physics and spin-
tronics applications [1–3]. In noncentrosymmetric magnets
and oxide interfaces, the chiral magnetic textures typically
originate from Dzyaloshinskii-Moriya (DM)-type antisym-
metric exchange interactions [4,5]. A noncollinear spin tex-
ture, such as the skyrmion crystal (SkX), possesses a finite
scalar spin chirality which produces an emergent magnetic
field and influences the electronic transport, inducing a topo-
logical Hall effect in metals [1,6–17].

In the planar Hall geometry, with coplanar magnetic field
and charge current, a field-angular modulation of the planar
topological Hall conductivity was proposed to originate from
in-plane skyrmion tubes (ISTs) when the DM interaction
has a finite component perpendicular to the plane where the
magnetic field is applied, as in noncentrosymmetric magnets
[18]. In several compounds and heterostructures with broken
structural inversion symmetry, the DM interaction is intrinsi-
cally two-dimensional (2D) in nature [15,19–21] and lies in
the plane of the applied magnetic field. In this scenario, the
planar topological Hall effect (PTHE) is unanticipated since
the formation of ISTs is not possible.

In this paper, we show that conical spin spirals (CSSs),
the underlying magnetic texture with DM vectors parallel
to the plane where the magnetic field is applied, can also
generate a significant PTHE. This finding opens opportunities
to elucidate transport properties originating in chiral magnetic
textures beyond skyrmions. We find that the PTHE from the
CSSs is twofold symmetric with respect to the magnetic-field
angle—similar to that from the ISTs—when only one of the
two orthogonal stripe arrangements is present. However, in
real magnetic materials, both stripe arrangements often coex-
ist and form labyrinthlike metastable domains, induced by de-
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fect pinning. The PTHE in the case of a mosaic of 90◦-rotated
stripe domains is fourfold symmetric, clearly distinguishable
from the PTHE arising from the ISTs. Based on the symmetry
and magnetic-field dependence of the PTHE, we formulate
strategies to characterize the nature of the antisymmetric spin-
exchange interaction, which is often difficult to understand
from only indirect experimental evidence. Moreover, the CSS
discussed here has the following potential technological ad-
vantages: (i) The PTHE in low-field regimes is proportional to
the applied magnetic field and thus could effectively amplify
the effect of magnetic fields on the Hall conductivity signifi-
cantly. (ii) The CSS has higher controllability than the IST in
terms of the spin helicity. For the CSS, one could select one of
the two spin helices by applying a magnetic field during the
cooling cycle, while for the IST the spin helicity is fixed by
the underlying crystal structure.

In Fig. 1, we show schematically the two spin textures
under consideration, viz., the CSS (with DM vectors lying in
the x-y plane, i.e., Dxy �= 0, Dyz = 0) and the IST (with DM
vectors lying in the y-z plane, i.e., Dxy = 0, Dyz �= 0). The key
difference is that the DM vectors lie in different planes. In
both cases, a finite scalar spin chirality χi jk = Si · (S j × Sk ),
the origin of the PTHE, emerges in some regions of the 2D
plane. A finite solid angle subtended by n̂(r) = S(r)/|S(r)|,
the orientation of the localized spin S(r), over an infinitesimal
loop in space in the continuum limit generates an emergent
magnetic field, which can be expressed in two dimensions as
Be

z = h̄
2e n̂ · ( ∂ n̂

∂x × ∂ n̂
∂y ) [1,13,22]. In our context of the CSS or

the IST, the scalar spin chirality χ and the emergent magnetic
field Be

z are also finite, and a PTHE is expected to appear in an
in-plane magnetic field.

II. MODEL AND FORMALISM

The transverse Hall response in the planar Hall geometry
[Fig. 2(d), inset] is studied here using the chiral magnetic tex-
ture of the top layer of a three-dimensional (3D) cubic system
having isotropic ferromagnetic exchange interactions and 2D
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FIG. 1. Schematic spin arrangements in a 2D plane for (a) the
CSS originating from in-plane DM vectors and (b) the IST origi-
nating from out-of-plane DM vectors. (c) Conical spin arrangement
along the green or yellow dashed line in (a). (d) In both plots (a) and
(b), three spins on some triangular plaquettes, as shown by the cyan
triangle in (a), subtend a finite solid angle in real space, creating a
finite scalar spin chirality, the source of the PTHE.

DM vectors. At zero field and a low temperature, the spin
texture is obtained by using Metropolis Monte Carlo (MC)
annealing [23,24], formulated using the spin Hamiltonian

H = −J
∑

〈i j〉 Si · S j − ∑
i Hin · Si − ∑

〈i j〉 Dαβ
i j · (Si × S j ),

where J > 0 is the strength of the ferromagnetic Heisenberg
exchange, i and j indicate nearest-neighbor lattice sites in 3D
space, Hin is the strength of the applied in-plane magnetic
field, and Dαβ

i j = D(α̂ × β̂ ) × r̂i j represents the DM vector
between i and j lying in the α-β plane, with D being the
strength of the DM interaction and r̂i j being the unit vector
between i and j. Below we consider two cases separately:
(i) |Dxy

i j | �= 0, |Dyz
i j | = 0 and (ii) |Dxy

i j | = 0, |Dyz
i j | �= 0. When

adding the in-plane field, the spin textures were obtained by
performing the MC evolution starting from the previously
MC converged zero-field low-temperature spin configuration,
without changing the temperature. See the Supplemental Ma-
terial [24] for details. Each field angle θ was measured with
respect to the x direction.

With the DM vectors lying in the x-y plane, Fig. 2(a) shows
the CSS texture, spontaneously generated by the MC method
in a 50 × 50 × 50 lattice with periodic boundary conditions at
Hin = 0.15J and θ = 0◦. The z = 50 layer, shown in Fig. 2(b),
exhibits a nonzero scalar spin chirality profile, presented
in Fig. 2(c), calculated via χ (ri ) = ∑

i jk∈p |Si · (S j × Sk )|,
where i, j, and k are the three sites of a triangular plaquette
p in the underlying square lattice. The Bragg intensity pro-
file I (q) = (1/N )

∑
i j〈Si · S j〉e−iq·(ri−r j ), where N is the total

number of lattice sites on the z = 50 layer, shows a small peak
at q = 0, indicating a small spin polarization [Fig. 2(c), inset],
a characteristic feature distinguishing a CSS from the regular
spin spiral which appears at Hin = 0.

To calculate the transverse Hall conductivity in the top
layer of the 3D magnetic system, we consider the double-

exchange Hamiltonian

HDE = −t
∑

〈i j〉
c†

iσ c jσ − J ′ ∑

i,σ,σ ′
(Si · σσσ ′ )c†

iσ ciσ ′ ,

where t is the nearest-neighbor electron hopping energy and J ′
is the exchange coupling strength between the itinerant elec-
tron σ and localized spins Si. The localized spin configuration
is generated using MC simulations. The Hall conductivity is
obtained via the Kubo formula

σxy = e2

h

2π

N

∑

εm �=εn

fm − fn

(εm − εn)2 + η2
Im(〈m| ĵx|n〉〈n| ĵy|m〉),

where fm is the Fermi function at temperature T and energy
εm, ĵx ( ĵy) is the current operator along the x (y) direction,
|m〉 is the mth eigenstate of HDE , and η is the relaxation rate.
We used t = 1, J ′ = 1, and η = 0.1 for the results presented
here, with no qualitative difference in the description for
other choices, as elaborated before [23]. MC averaging of
σxy was performed by considering 50 different spin texture
realizations, obtained at a low temperature, T = 0.001J .

III. PTHE FROM CONICAL SPIN SPIRALS

The Hall conductivity σxy for the CSS texture, versus the
magnetic-field angle θ , is shown in Fig. 2(d), displaying an
anisotropic behavior. The anisotropy arises from the stripes
being oriented along one of the diagonals. The field angle
where |σxy| is maximized (minimized) corresponds to a field
perpendicular (parallel) to the CSS stripes in Fig. 2(b). The
total scalar spin chirality χT [see the right y axis in Fig. 2(d)]
also displays a similar anisotropic behavior, confirming the
unexpected appearance of a finite PTHE from the CSS texture.
Since the DM vectors lie entirely in the x-y plane, the θ

dependence of σxy is identical for different thicknesses of the
material. In other words, for 2D DM vectors in the plane of
the magnetic field, the PTHE is independent of the thickness
of the magnetic material. The PTHE, at fixed magnetic field, is
found to decrease with increasing the periodicity of the CSS
texture, which is primarily governed by the DM interaction
amplitude, as described in the Supplemental Material [24].
The twofold symmetry of the PTHE exists as long as the
CSS texture is homogeneous, i.e., without rotated domains.
This phenomenon should appear at perovskite-oxide inter-
faces (e.g., manganite-iridate interfaces) where the interface
DM interaction originates from Rashba spin-orbit coupling
[5,19,23,25].

IV. PTHE FROM IN-PLANE SKYRMION TUBES

Now consider a second scenario, discussed previously in
Ref. [18]. In noncentrosymmetric magnets [26–28] and lay-
ered ferromagnets [29,30], the DM interaction might have a
finite component out of plane and an anisotropy, sizable in thin
films, that stabilizes the SkX phase in a plane perpendicular
to the magnetic field. The skyrmions form tubes with the
tube axis perpendicular to the plane of the DM vectors.
Therefore, some of these skyrmion tubes—those that coincide
with the top layer of the 3D lattice where the magnetic field
is applied—should produce a PTHE, as conjectured in the
context of MnSi [18]. Consider the DM vectors lying in the y-z
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FIG. 2. Spin texture and planar Hall response of the (a)–(d) CSSs and (e)–(h) ISTs. Color map of (a) the Sz profile and (e) the −Sx profile
in a 50 × 50 × 50 cubic system with the DM vectors lying in the (a) x-y plane and (e) y-z plane. A magnetic field of strength Hin =0.15J is
applied along the x direction in both cases. (b) and (f) Spin texture on the z=50 layer of the cubic system, revealing the CSS and the IST
textures. (c) and (g) Profile of the scalar spin chirality χ for the spin textures in (b) and (f), respectively. Insets in (c) and (g) show the Bragg
intensity profile I (q) in the 2D Brillouin zone. (d) and (h) Variation of the MC-averaged transverse Hall conductivity σxy (left y axis) and total
scalar spin chirality χT (right y axis) with the field angle θ for (d) the CSS and (h) the IST textures. The inset in (d) shows the geometry of
the PTHE with a charge current assumed to be running along the x direction, the Hall voltage measured along the transverse direction, and the
magnetic-field angle θ determined with respect to the current direction. Parameters used are J =1, S =1, D=0.5, and T =0.001.

plane. For a magnetic field applied along the x axis, a Néel-
type SkX is stabilized in the y-z plane, as in Fig. 2(e). The
IST on the top layer (z = 50) is shown in Fig. 2(f). The scalar
spin chirality χ [see Fig. 2(g)] is finite near the skyrmion
tubes, oriented along the x direction. A weak canting in the
Néel-type IST induced by a finite T is crucial for a nonzero
PTHE in the considered geometry for the IST. However, a
Bloch-type IST (found in MnSi), oriented diagonally, as in
Fig. 3, is expected to produce a robust PTHE at T = 0. Note
that the nonzero chirality produced by CSS survives at T = 0.
Figures 2(f) and 2(g) also show significant contributions from
the magnetic monopoles at the ends of the chiral bobbers
(see, e.g., Refs. [31,32]) that happen to exist on the top layer.
The Bragg intensity profile I (q) for the IST texture is in
Fig. 2(g) (inset). The transverse Hall conductivity σxy, plotted
in Fig. 2(h) with respect to θ , presents an enhancement when
the magnetic field is applied at an angle away from the IST
orientation direction, i.e., along the x axis.

V. MAGNETIC-FIELD VARIATION OF PTHE

To explore the differences in the PTHE between the CSS
and IST cases, we now study the variation of PTHE with
the external magnetic-field amplitude. The SkX phase, with
|Dyz

i j | �=0, |Dxy
i j | = 0, is stabilized in our cubic magnetic system

within a range of field amplitudes when applied parallel to the
x axis. Consequently, in topological Hall measurements, the
formation of the SkX phase is indicated by an enhancement
in the topological Hall conductivity within a sharp range of

magnetic fields. In Fig. 4, we compare the field dependence of
the PTHE response from the two kinds of chiral spin textures.

For the CSS, the transverse Hall conductivity σxy increases
with the magnetic field in the low-field regime (Hin � 0.16J)
and decreases in the high-field regime [Hin � 0.16J; see
Fig. 4(a)]. Such a nonmonotonic field dependence appears
because the CSS phase is stabilized within a broader range

FIG. 3. Schematic representation of an in-plane tube of the
Bloch-type skyrmion, propagating along a diagonal of the 2D plane.
The scalar spin chirality on the purple triangular plaquettes is finite,
and it can give rise to a PTHE at T = 0.
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FIG. 4. MC-averaged transverse Hall conductivity σxy vs
magnetic-field amplitude Hin for (a) a CSS texture at a field angle
θ = 0◦ and (c) an IST texture at θ = 180◦ on the z = 50 layer of the
50 × 50 × 50 lattice. Plots (b) and (d) show the variation of σxy for
(b) a CSS texture and (d) an IST texture with field angle θ and field
amplitude Hin. Other parameters are as in Fig. 2.

of fields, in between the normal spin spiral phase at zero field
and the in-plane ferromagnetic phase at very large fields, with
both of these limits having zero topological Hall conductivity.
Because of the high sensitivity at low magnetic fields, CSSs
might be suitable for practical applications. Figure 4(b) shows
a similar enhancement in σxy at all field angles θ , with minima
near θ = 45◦ and θ = 225◦, i.e., the alignment direction of the
CSS stripes.

Conversely, σxy for the IST enhances rapidly and
remains nonzero only within a sharply defined field range
0.08J � Hin � 0.2J . The field range for the IST texture is
smaller than for the CSS texture. Figure 4(d) shows the θ

dependence of the field variation in σxy, twofold symmetric,
with the minima located at θ = 0◦ and θ = 180◦, fixed by the
orientation of the ISTs.

VI. FOURFOLD-SYMMETRIC PTHE
FROM 90◦-ROTATED DOMAINS

In general, the spin spirals have two orthogonal solutions
which often coexist to form mazelike domain structures, also
known as labyrinth domains. These metastable domains can
be induced by pinning of the spin spirals by impurities. The
existence of such 90◦-rotated domains was reported in sev-
eral compounds (both bulk and heterostructures), including
thin ferromagnetic films [33–36] and noncentrosymmetric
magnets [7,37], in the absence of any magnetic field. In
Fig. 5(a), we show the spin texture with domains of CSS
textures formed on the top layer in a 100 × 100 × 20 lattice—
with a larger lateral dimension than the previously discussed
lattice—at low temperature T = 0.001J and in-plane mag-
netic field Hin = 0.06J , with the DM vectors lying in the x-y
plane. These domains were obtained as metastable solutions
of the MC evolutions. Typical spatial profiles of the scalar spin
chirality χ , as in Fig. 5(b), present pronounced features at the

FIG. 5. (a) MC spin texture of a CSS texture on the top layer
of a 100 × 100 × 20 cubic lattice, showing the coexisting domains
of two orthogonal CSS arrangements in an in-plane magnetic field of
strength Hin = 0.06J , applied along the x direction. (b) Profile of the
scalar spin chirality χ for the CSS domains in (a). (c) MC-averaged
transverse Hall conductivity σxy, after subtracting the zero-field
value, plotted with respect to the angle θ of the in-plane magnetic
field, showing a fourfold symmetry of the PTHE. Other parameters
are as in Fig. 2.

boundaries between the 90◦-rotated domains. The finite scalar
spin chirality at these boundaries can produce a topological
Hall effect even at zero magnetic field, as described in the
Supplemental Material [24] (see also Refs. [38,39] therein).

In an in-plane magnetic field, after subtracting the
zero-field contribution arising from the domain boundaries,
we find that the transverse Hall conductivity, MC averaged
over several domain configurations, exhibits a fourfold
symmetry with respect to the field angle θ , as in
Fig. 5(c). The four minima in |σxy–σxy(Hin = 0)| appear
at θ = (2n − 1) × 45◦ (n=1, 2, 3, 4). For the CSS texture
with only one diagonal arrangement, as in Fig. 2(a), if the
applied magnetic field induces a reorientation of the stripes
[40,41], σxy is also expected to reveal a fourfold-symmetric
θ dependence. Such rotated domains do not appear in
the IST case since the skyrmion tubes are arranged
perpendicular to the plane of the DM vectors, typically
fixed in a given material. Therefore, the observation of such
a fourfold-symmetric PTHE can convincingly identify the
CSS texture and exclude the IST texture. This approach to
identify magnetic textures by looking at the PTHE signal is
best suited for chiral magnetic textures which are periodic and
homogeneous since the fourfold-symmetric PTHE appears
from the coexistence of the 90◦-rotated CSS domains.

VII. DISCUSSION

We discussed 2D DM interactions and their resulting spiral
and skyrmion Néel-type textures. This could be realized in
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effective 2D lattices such as oxide interfaces and bulk 3D
systems with DM vectors lying identically in parallel 2D
planes. Moreover, for a DM interaction with both in-plane and
out-of-plane components, the resulting textures are Bloch type
[6–8]. The present description of PTHE is also applicable for
Bloch-type magnetic textures.

To conclude, we proposed the emergence of the topological
Hall effect from CSS textures when the magnetic field, charge
current, and DM vectors all lie in the same plane. The PTHE
generically develops from the real-space Berry curvature of
the CSS texture, and it appears in several magnetic materials.
We outline the distinguishing features of the planar topolog-

ical Hall response from two possible sources, namely, the
in-plane skyrmions and the conical spin spirals, which are
important to unambiguously probe chiral magnetic textures
and identify the nature of the antisymmetric spin-exchange
interaction.
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