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Thermodynamic and transport properties in disordered Kitaev models
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Effects of bond randomness and site dilution are systematically investigated for the Kitaev model describing
a quantum spin liquid with fractional excitations of itinerant Majorana fermions and localized fluxes. We find
that, in the high-temperature region where the itinerant Majorana fermions release their entropy, both types of
disorders suppress the longitudinal thermal conductivity while keeping the specific heat almost unchanged. This
suggests that both disorders reduce the mean-free path of the Majorana fermions. On the other hand, in the low-
temperature region, the other specific heat peak associated with the entropy release from the localized fluxes is
suppressed for both cases, but it is broadened and shifted to the lower-temperature side by the bond randomness,
while the position and the width are almost unchanged against the site dilution. Contrasting behavior is also
found in the thermal Hall effect under a magnetic field; the half quantization of the thermal Hall conductivity is
fragile against the site dilution, while it remains for the bond randomness despite the reduced onset temperature.
We discuss the contrasting behavior from the stability of the topological nature by calculating flux condensation
and the Majorana excitation gap.

DOI: 10.1103/PhysRevB.102.054437

I. INTRODUCTION

Among a lot of research on quantum spin liquids (QSLs),
which are quantum states without any conventional magnetic
orderings, the Kitaev’s seminal work on a localized spin
Hamiltonian with exact QSL ground states has brought break-
through innovations, not only in the field of magnetism, but
also for quantum information [1–8]. A promising realization
of the model was suggested for transition metal compounds
with the strong spin-orbit coupling [9], which has triggered
intensive experimental and theoretical studies over the decade.
In particular, the layered honeycomb compounds, such as
A2IrO3 (A = Li or Na) [10–17] and α-RuCl3 [17–26], have
been studied as the prime candidates for the Kitaev QSL.
While these compounds exhibit magnetic orderings at low
temperature, unconventional behaviors have been reported
above the Néel temperature [20,27–32] or in an applied
magnetic field [19,21,33–40], as the signatures of fractional
excitations: itinerant Majorana fermions and localized fluxes
[27,41–52]. Among others, considerable attention has been
attracted for the discovery of the half-quantized thermal Hall
effect in α-RuCl3 [53–55], as convincing evidence of the
chiral Majorana edge mode and non-Abelian anyons [2].

For further unveiling the intrinsic nature of QSLs, it is
important to clarify the effects of disorders that inevitably
exist in real materials. Such disorder effects were experi-
mentally studied, e.g., for solid solutions (Na1−xLix )2IrO3

[56–62], and the results were theoretically discussed as the
effects of bond randomness in the Kitaev model [63–65]. In
a more recent candidate H3LiIr2O3, which does not show any
magnetic ordering down to the lowest temperature [66], the
role of stacking fault or bond randomness due to fluctuations

of hydrogen positions was discussed [67–71]. On the other
hand, the replacement of the magnetic ions by nonmagnetic
ones has been investigated to clarify the effect of site dilution,
e.g., in solid solutions A2(Ir1−xTix )O3 with A = Na and Li
[58] and (Ru1−xIrx )Cl3 [72–74]. Theoretically, it was shown
that vacancies and dislocations induce local Majorana zero
modes in the Kitaev model [75–81], manifested in locally
induced magnetic moments and dynamical spin fluctuations
[51,82]. However, comprehensive understanding of the dis-
order effects has not been reached yet. In particular, less is
known for thermodynamic and transport properties despite
their importance for the identification of the pristine nature
of the Kitaev QSLs in experiments.

In this paper we study the effects of bond randomness
and site dilution in the Kitaev model using unbiased quantum
Monte Carlo simulations. In the high-temperature region, we
find that the longitudinal thermal conductivity is strongly
suppressed by both types of disorder, while the specific heat
peak is almost unchanged. This suggests that both disorders
suppress the mean-free path of the heat carriers, in this case,
the itinerant Majorana fermions. On the other hand, we show
that the two types of disorders work quite differently in
the low-temperature region. The other peak in the specific
heat is smeared and shifted to the lower-temperature side by
introducing the bond randomness, but for the site dilution, the
position and the width are hardly changed despite the reduced
intensity. We also find that the half-quantization plateau in the
thermal Hall conductivity is fragile against the site dilution
but tenacious against the bond randomness. We discuss the
contrasting effects on the topological nature by calculating the
flux condensation and the Majorana excitation gap.
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FIG. 1. (a) Schematic pictures of the Kitaev model with (a) bond
randomness and (b) site dilution. The blue, green, and red bonds
represent the x, y, and z bonds in Eq. (1), respectively, and their
thickness stand for the strength of the coupling constant Jj j′ ; the
white circles in (b) represent the vacancies. The orange hexagons
represent fluxes, each composed of the surrounding six spins, while
the pink one in (b) is a flux consisting of three hexagons around a
vacancy.

This paper is organized as follows. In Sec. II, we intro-
duce the Kitaev models with two types of disorder. We also
show the details of the quantum Monte Carlo simulations.
In Sec. III, we present the results for the disorder effects on
the specific heat (Sec. III A) and longitudinal and transverse
components of the thermal conductivity (Sec. III B). The
relevance to experiments are discussed in Sec. IV. Section V
is devoted to the summary.

II. MODEL AND METHOD

To address the disorder effects on the Kitaev QSL, we
consider the Kitaev model whose Hamiltonian is given by [2]

H = −
∑

〈 j j′〉γ
Jj j′S

γ
j Sγ

j′ , (1)

where Sγ

j is the γ (= x, y, z) component of the spin-1/2 opera-
tor at site j on a honeycomb lattice with three kinds of nearest-
neighbor bonds 〈 j j′〉γ as shown in Fig. 1. We introduce the
two types of disorders, the bond randomness and site dilution,
separately in Eq. (1). For the first type the exchange constant
Jj j′ is generated from a uniform random number in the range
of [J − ζ , J + ζ ], as schematically shown in Fig. 1(a). In the
following calculations, we consider the range of 0 � ζ/J � 1.
On the other hand, for the second type, we consider the
situation where some of the spins are randomly removed from
the lattice, and accordingly, Jj j′ connected to the vacancies
are set to zero, while the rest are taken to be uniform as J ,
as shown in Fig. 1(b). We denote the density of the vacancies
by ρ.

We study the thermodynamic and transport properties of
the disordered models by using a quantum Monte Carlo sim-
ulation in the Majorana fermion representation [41,83]. For
a given random configuration of {Jj j′ }, we measure physical
quantities for 100 samples among 20 000 MC steps (every
200 steps) after 10 000 MC steps for thermalization. The
calculations are performed for the 288-site cluster (L = 12
and N = 2L2) including vacancies under the shifted bound-
ary condition (see Supplemental Material in Ref. [83]); we

FIG. 2. (a)–(c) Temperature dependences of (a) the specific heat
per spin, (b) the entropy per spin divided by ln 2, and (c) the flux
density W̄ (see the text for the definition) for the systems with bond
randomness. The inset in (a) is the log-log plot for Cv/T and the
dashed line indicates ∝ T −1/2. (d)–(f) Corresponding results for the
systems with site dilution. The dashed lines in (f) represent the flux
density averaged only for six-site hexagons.

note that the finite-site effect is negligible for N = 288 [48].
The results with statistical errors are evaluated for 20 (10)
configurations of {Jj j′ } for the case of the bond randomness
(site dilution).

III. RESULT

A. Specific heat

Figures 2(a) and 2(d) show the temperature dependences of
the specific heat per spin, Cv , for the bond randomness and site
dilution, respectively. In the pristine case (ζ = 0 and ρ = 0),
Cv shows two peaks at TL ∼ 0.012J and TH ∼ 0.38J , at each
of which half of the entropy, 1

2 ln 2, is released as shown in
Figs. 2(b) and 2(e). This is a consequence of the thermal
fractionalization of quantum spins into itinerant Majorana
fermions and localized fluxes [41]. When introducing the
disorders, the high-temperature peak is almost unchanged for
both cases [84]. This indicates that both types of disorders do
not disturb the entropy release from the itinerant Majorana
fermions. In contrast, the low-temperature peak is signifi-
cantly suppressed by the disorders, and surprisingly, exhibits
contrasting responses to the two types of disorders: The peak
is smeared and shifted to the low-temperature side for the
bond randomness, whereas the peak position and the width
are almost unchanged by the site dilution.

The contrasting behaviors are also seen in the entropy.
By the introduction of the bond randomness, the change of
the entropy around TL becomes slow but it approaches zero
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in the low-temperature limit, as shown in Fig. 2(b). This is
consistent with the behavior of the flux density defined by
W̄ = 1

L2

∑
p〈Wp〉, where the local conserved quantity Wp is

given by Wp = ∏
j∈p 2S

γ j

j for each hexagonal plaquette p with
γ j being the bond component not belonging to the edges of
p at site j [2] [see Fig. 1(a)]: As shown in Fig. 2(c), W̄ is
suppressed by the bond randomness but approaches unity with
decreasing temperature, suggesting that the flux-free ground
state with all Wp = +1 is reached. The results indicate that the
entropy associated with the localized fluxes are fully released
even in the presence of the bond randomness in this range of
ζ/J . We note that this is consistent with the previous work
for the ground state that predicts a transition from flux-free to
random flux states at ζc/J � 0.96 [64].

On the other hand, in the case of the site dilution, the
entropy does not vanish at the lowest temperature calculated
here, as shown in Fig. 2(e). This is attributed to the flux
fluctuations in larger plaquettes generated by vacancies [see
Fig. 1(b)] as follows. In Fig. 2(f), we show the temperature
dependence of the flux density, which is computed for the
site-diluted system by W̄ = 1

L2

∑
p np〈Wp〉; Wp is defined for

all the plaquettes including larger ones than the six-sites
hexagon and np stands for the number of the original hexagons
included in the plaquette p. The result indicates that W̄ is
largely suppressed by the site dilution. To reveal the origin
of this behavior, we compute the average of Wp only for the
six-site plaquettes with np = 1 remaining on the site-diluted
lattice. As shown by the dashed lines in Fig. 2(f), this quantity
remains almost the same as in the pristine case, indicating that
all Wp = +1 for the np = 1 plaquettes in the low-temperature
limit. Thus, the suppression of W̄ is ascribed to fluctuations
of Wp for the plaquettes with larger np. This is supported by
considering the limit of ρ → 0, where each vacancy yields
a 12-site plaquette with np = 3. When we assume 〈Wp〉 = 0
for the np = 3 plaquettes and 〈Wp〉 = 1 for the others with
np = 1, W̄ should be 1 − 6ρ, which well explains the low-
temperature values of W̄ in Fig. 2(f) [see also Fig. 4(d)]. Thus,
we conclude that the residual entropy in Fig. 2(e) originates
from the residual fluctuations of the fluxes in larger plaquettes
yielded by vacancies. This appears to be consistent with the
small flux-binding energy ∼0.003J for an isolated vacancy
[75].

B. Thermal transport

Now we turn to the thermal transport properties. First,
we discuss the longitudinal component of the thermal con-
ductivity κxx, which is calculated in the same manner as
Ref. [48] (see also [85]). Figures 3(a) and 3(d) show κxx for
the bond randomness and site dilution, respectively [86]. In
the pristine case, κxx exhibits a broad peak around TH , which
indicates heat conduction by itinerant Majorana fermions
[48]. When introducing disorders, the peak is suppressed by
both types of disorders. In Figs. 4(a) and 4(c), we plot the
disorder dependence of κxx around the peak temperature,
in comparison to Cv and the kinetic energy of the itinerant
Majorana fermions per bond, K [41]. We find that while Cv

and K do not change largely for both disorders, κxx is strongly
suppressed. This suggests that the suppression of κxx is caused
by the reduction of the mean-free path l ∝ κxx/(vCv ) by the

FIG. 3. (a)–(c) Temperature dependences of (a) the longitudinal
thermal conductivity, (b) the thermal Hall conductivity divided by
temperature, and (c) the low-energy weight of the Majorana DOS in
0 < ω/J � 0.02 for the systems with bond randomness. In (a), no
magnetic field is applied but the data for (b) and (c) are the results
under the effective magnetic field h̃/J = 0.06. (d)–(f) Corresponding
results for the systems with site dilution.

FIG. 4. (a) Comparison between κxx , Cv , and K as functions
of the bond disorder strength ζ at T/J = 0.298. The data are
normalized by the values in the pristine case (ζ = 0). (b) Com-
parison between κxy/T/(π/12), W̄ , and Dlow in the presence of
the effective magnetic field h̃/J = 0.06 at T/J = 0.00298. (c) and
(d) Corresponding results for the systems with site dilution. In (d),
the dashed-dotted line represents 1 − 6ρ.
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disorders, assuming that K gives a measure of the velocity v

of the itinerant Majorana fermions.
Next, we examine the thermal Hall conductivity κxy in

a magnetic field. Following Ref. [48], we compute κxy in
the presence of the effective magnetic field [2] by adding
Hh = −∑

[ j j′′ j′]αβγ
h̃ j j′′ j′Sα

j Sβ

j′′S
γ

j′ to Eq. (1), where [ j j′′ j′]αβγ

stands for neighboring three sites; the neighboring pair j j′′
( j′′ j′) are located on α (γ ) bond and β is the component
neither α nor γ . For simplicity, the effective field is taken to
be uniform as h̃ j j′′ j′ = h̃, but in the case of the site dilution,
it is set to zero if any of involved sites j, j′, and j′′ is
vacant. Figures 3(b) and 3(e) show κxy/T at h̃/J = 0.06 for
the two types of disorders. In the absence of disorder, κxy/T
approaches the quantized value π/12 below TL [87], reflecting
the formation of the topological chiral QSL state under the
magnetic field [2,48]. When introducing the disorder, the
quantization plateau of κxy/T shows contrasting responses
to the two types of disorders. In the bond-randomness case,
although the onset temperature is reduced gradually while
increasing ζ , the quantization plateau remains for ζ/J � 0.8
as shown in Fig. 3(c). In contrast, it is fragile against the
site dilution; it disappears even for ρ � 0.04 in the calculated
temperature range, as shown in Fig. 3(e) [see also Figs. 4(b)
and 4(d)].

Let us discuss the contrasting behavior of κxy/T at low
temperature. In the pristine case, the topological chiral QSL
is realized by the flux condensation to the flux-free state with
gap opening in the Majorana excitation by the magnetic field
[2]. As shown in Figs. 4(b) and 4(d), the disorder dependences
of κxy/T at low temperature are similar to those of W̄ for both
types of disorders. This indicates the close relation between
the quantization plateau and the flux condensation. Note that,
for the site dilution, the flux-free state is destroyed well below
the percolation threshold ρc � 0.3 [88,89]. In addition, we
find that κxy/T and W̄ correlate with the gap in the Majorana
density of states (DOS) D(ω) [41]. In the absence of disorder,
the effective magnetic field opens a gap of 3

√
3

4 h̃ at T = 0
[2], which is � 0.078J for h̃/J = 0.06. The Majorana gap is
perturbed in a different manner by the two types of disorders.
This is clearly demonstrated by calculating the low-energy
weight of the Majorana DOS, Dlow = ∫ ωc

0 D(ω)dω, which is
an indicator of the gap in D(ω) by taking ωc smaller than
0.078J (we take ωc = 0.02J here). As shown in Fig. 3(c),
Dlow remains almost zero below the onset temperature of the
quantization plateau for the bond randomness, implying that
the quantization is retained by the Majorana gap. In contrast,
Dlow becomes nonzero almost immediately by introducing the
site dilution as shown in Fig. 3(f), and κxy/T deviates from
the quantized value correspondingly. See also Figs. 4(b) and
4(d). These distinct effects of two types of disorder on the
fractional excitations underlie the contrasting behavior of the
quantization plateau in Figs. 3(a) and 3(d).

IV. DISCUSSION

We discuss the relevance of our findings to experiments.
In (Na1−xLix )2IrO2, which is regarded as a bond-disordered
system, the peak of Cv/T is suppressed and shifted to low
temperature [57]. In H3LiIr2O3 for which the effect of bond

randomness was also discussed [67–71], Cv/T shows the
behavior proportional to T −1/2 down to 0.05 K [66]. Our
results provide a firm reference for understanding of these
experiments. Interestingly, as shown in the inset of Fig. 2(a),
Cv/T appears to asymptotically approach ∝ T −1/2 around the
low-temperature peak, but deviates from it at lower tempera-
ture by the flux condensation. This would urge one to perform
further systematic experiments and careful interpretation in-
cluding the effect of subsidiary interactions beyond the Kitaev
model. Meanwhile, in site-diluted systems A2(Ir1−xTix )O3

with A = Na and Li [58] and (Ru1−xIrx )Cl3 [72–74], Cv/T
shows a hump shifting to low temperature by increasing x;
interestingly, in the latter case, the hump remains at ∼3 K
where the magnetic order becomes vague [73,74]. This recalls
the reduced hump in Fig. 2(d), although the relation to the
quantum spin glass was discussed [65,90–97].

Meanwhile, unusual contribution in κxx was identified in
α-RuCl3 and ascribed to itinerant Majorana fermions [30].
Sample dependence was observed [31], which might corre-
spond to our results for κxx in Figs. 3(a) and 3(d). Recent ex-
periments on the thermal Hall conductivity also show sample
dependence [53–55,98]. A possible origin is the stacking fault,
which may lead to bond randomness rather than site dilution.
Our result in Fig. 3(b) suggests that the half quantization of
κxy/T is observed in high-quality samples with less stacking
fault. The systematic decrease of the onset temperature ac-
companying the suppression of κxx at high temperature, which
are predicted in our results, would be worth testing in future
experiments.

V. SUMMARY

In summary, we clarified that the two types of disorders,
bond randomness and site dilution, have contrasting impacts
on the thermodynamic and transport properties of the Kitaev
model, through the fractional excitations of itinerant Majorana
fermions and localized fluxes. In particular, we found that
the half quantiztion of the thermal Hall conductivity was
rather robust against the bond disorder but fragile for the
site dilution. Our results provide the systematic evolution of
thermodynamics and thermal transport for disorders, which
would be useful for identification of the Kitaev QSL in
candidate materials and also the effects from other subsidiary
interactions beyond the Kitaev model.

Note added in proof. After the completion of this work, we
became aware of a preprint [99], which focuses on topological
properties of the Kitaev model with bond randomness at zero
temperature.
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