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Topological bulk states and their currents
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We provide evidence that, alongside topologically protected edge states, two-dimensional Chern insulators
also support localized bulk states deep in their valence and conduction bands. These states manifest when local
potential gradients are applied to the bulk, while all parts of the system remain adiabatically connected to the
same phase. In turn, the bulk states produce bulk current transverse to the potential difference. This occurs even
when the potential is always below the energy gap, where one expects only edge currents to appear. Bulk currents
are topologically protected and behave as edge currents under an external influence, such as temperature or local
disorder. Detecting topologically resilient bulk currents offers a direct means to probe the localized bulk states.
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I. INTRODUCTION

Since their discovery topological materials have been very
well studied theoretically [1-8]. More recently, however, the
study has moved beyond theory. There is now a great deal
of work focused on finding real materials with topological
characteristics [9-11]. If we were able to harness topological
materials for technological applications, the resilience of edge
states would make them extremely attractive for a number of
applications, from frictionless directed transport of currents,
to transistors, amplifiers, and detectors [12—16]. Though many
of the topological materials discovered so far are unsuitable
for use in technologies for reasons such as their toxicity, it is
believed that about 27% of recorded inorganic crystals have
a topological nature [6], so maybe one day a material will
be found that meets all the criteria for a practically useful
topological material.

Among topological materials, Chern insulators (CIs) are of
much interest due to their theoretical simplicity [17] and the
fact that they can be realized in the laboratory with cold-atom
technology [18-22]. When two-dimensional Cls have sharp
boundaries they develop gapless edge states [1-5]. These edge
states support edge currents that have a number of remarkable
properties. They flow without losses, flowing freely around
imperfections on the edge with no backscattering. Further,
their conductivity is quantized by the Chern number, which
is a topological invariant that characterizes the system. The
common view of CIs is that it is these edge states that
make them interesting, while the bulk is simply insulating.
In this paper we challenge the idea that ClIs are composed
of robust edge states surrounding an inert bulk. We focus on
the bulk of the CI and, by studying the influence of locally
varying potentials, we find and characterize currents in the
bulk of the system. These currents arise from a continuous
distortion of the valence band that gives rise to localized bulk
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states. To understand their origin one can view the bulk of a
homogeneous Chern insulator as a perfectly entangled state of
pairs of edgelike currents, adding up to zero net flow. Potential
gradients modify those states, progressively disentangling the
hidden currents through a transfer of population. The bulk
states share the robustness of edge states. Beyond this, they
have an enhanced tunability and no geometric constraints
imposed by the shape of the system. Hence, in addition to
being interesting, they potentially point the way to another
approach for designing technologies based on topological
materials, which will perhaps be easier to engineer.

The paper is organized as follows. In Sec. II we recap the
physics of the edge of a CI and we derive the topological edge
current in terms of the Chern number v. We also summarize
our main findings concerning bulk currents in CIs. In Sec. III
we consider a concrete lattice model of a CI, the Haldane
model [23], and we show the presence of topological localized
edge and bulk currents. In particular, we demonstrate the
robustness and topological character of the bulk currents. In
Sec. IV we perturbatively calculate the effect a potential gra-
dient has in one-dimensional (1D) and quasi-2D topological
systems. We demonstrate that such potential gradients result
in localized modes in the bulk, which are crucial for the
appearance of localized bulk currents. Finally, we sum up in
Sec. V.

II. EDGE AND BULK CURRENTS

In this section we present the possible currents that can
emerge in a CI. We first determine the currents supported by
the localized edge states of a CI by considering it in the contin-
uum. We model the edge physics of a CI with an isolated, one-
dimensional, fermionic Hamiltonian H = v f_oooo dp s(p)a;a »
[17]. The annihilation and creation operators for momentum
D, a; and a,, obey a linear dispersion relation, £(p) = p,
that extends to infinity. In equilibrium at temperature 7, the
occupation of the edge states depends on momentum and
chemical potential u as n(p) = (e®P~#/T 4 1)~1 Holes in
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the negative energy modes are quasiparticles with positive
energy and momentum, which we write as b; = a_p. In units

of e?/h, the net particle current is

Legge = %/ﬂ deln(e — p) —n(e + w1 (1)

Evaluating this integral, we find that a uniform chemical
potential V (r) = —u acting on a material with Chern number
v induces a current
v

Legge = E,bh 2
localized at the edge, which is robust against temperatures and
local disorder. This current can be thought of as the difference
between the current at nonzero chemical potential and the
current at half filling. If the system is defined on a cylinder,
then the two edges contribute two opposite currents due to
the counterpropagating edge modes, thus giving rise to a total
Zero transverse current.

The main result of this paper is that, surprisingly, if the
chemical potential is nonuniform and varies over the lattice
system, it creates topological currents in the bulk of the
material. Specifically, any small potential gradient VV (r)
induces a local perpendicular bulk current

v
Iouk(r) = s—ao|VV ()], 3

2
proportional to the Chern number v and the lattice constant
ao. The bulk current can occur without the presence of gapless
states in the bulk. It is observed even when the potential is so
small that it cannot close the insulating gap, cause a phase
transition, or locally destroy topological order. Hence, these
currents emerge not due to the population of new conducting
orbitals above the Fermi level, but because of a particular
restructuring of the valence band states. The particular struc-
ture of the valence states in a CI that support a nontrivial
Chern number also give rise to localized bulk states, as we
shall see in the following. Furthermore, these bulk currents
share the topological protection of edge currents against finite
temperature as well as local disorder. Unlike edge currents, the
bulk currents have a direction and geometry that are tunable
with the potential V (r), unconstrained by the form of the
sample.

Before analyzing the bulk currents in a concrete lattice
model (Sec. III) and deriving them (3) through perturbation
theory (Sec. IV), we first consider how they emerge in the
continuum through an effective quantum field theory. For an
integer quantum Hall system with Chern number v we can in-
vestigate the presence of bulk currents through their effective
description in terms of a Chern-Simons theory [24,25]. In the
absence of a boundary, the action that describes the system is
given by

v
S[A] = — / d*xdte" A, 8.A;, 4)
4r
where A is an Abelian vector potential. The electric current

density [26,27] is given by

. OSIAl v

bulk = E = " 0,A;, %)

which is supported exclusively in the bulk as the system has
no boundaries. When u = x, k = y, and A =, we obtain the
continuous version of formula (3), where the current Iy, is
perpendicular to the gradient VAy and Ap =V is the local
potential. In the following, we shall investigate the properties
of bulk currents in a microscopic lattice system and analyze
the physical reason that gives rise to their presence.

III. CURRENTS IN LATTICE MODELS

In this section we investigate the emergence of topological
edge and bulk currents in the Haldane model, a 2D Chern
insulator defined on a hexagonal lattice. This allows us to
verify the validity of Eq. (3) and probe the stability of bulk
currents in the presence of finite temperature and disorder.

A. Lattice currents

Consider a lattice model of free fermions {c;, c?}, with a
quadratic Hamiltonian

H= ZA,, cle (6)

The Hermitian matrix A;; contains both hopping terms i # j
as well as on-site potentials i = j. We particularize to sys-
tems with a cylindrical symmetry. The periodic coordinate is
labeled x, the height on the cylinder is y, and both coordinates
have finite lengths L, and L,.

We regard the cylindrical problem as a one-dimensional
model with translational invariance along the x coordinate,
and a large one-dimensional “unit cell” of size L,. We Fourier
transform the fermionic operators along the periodic coordi-
nate x, introducing the momentum coordinate p,

R N 0

The momentum takes discrete values p = 27xn/L, for n =
1,2,..., L, and the index j € {1, 2, ..., L,} labels the po-
sition in the unit cell. The Hamiltonian separates into a sum
of contributions H(p), one for each momentum p,

H=Y H(p) =YY Aup)cip ®)
4 p gl

The diagonalization of matrix A;(p) € C&*L with a unitary
matrix Uj,,(p) provides us with the fermionic eigenmodes of
H(p),

dy Z Ujn(p)c], - ©)

The correlator between any two points in real space, (x,y)
and (r,s), is a function of the correlations in momentum
space. In thermal states, these mode occupations will follow a
Fermi-Dirac statistics, (dm pd,,, ) =n7(En(P))SmmSp,p, and
we may write

Z U (Wi (P (Em(p)), (10)

mp

ccrs—

with an implicit dependence on the temperature and the
chemical potential, via the Fermi function nr ,,(¢).
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FIG. 1. Edge currents of the Haldane model as a function of
temperature 7 and chemical potential u. (a) Hexagonal plaquette
of the Haldane lattice model. Arrows denote hopping directions for
which v;; = +1 in Eq. (14). (b) The Haldane model on a cylinder
showing the direction of the edge currents and the line / used to de-
fine I.qg.. (c) Edge currents vs chemical potential for kg7 = 0.1t; and
10z,. At low temperatures the current is independent of temperature
and follows Eq. (2); at large temperatures it tends to zero. (d) Edge
current vs temperature for u = 0.2¢; and 3.2¢;. When p is small the
edge current is stable against temperature. These results are obtained
for a cylinder with L, x L, = 300 x 30.

The continuity equation for the site occupancy operator
n; = cfci provides us with a definition of the particle cur-
rent J;; flowing from i to j as dn;/dt = Zj Jij. Through

the Heisenberg equation dn;/dt = —i[n;, H], this expression
particularizes for quadratic Hamiltonians to
D Jij=—iY Amlcci chenl. (11
J m,n

Given that the commutator evaluates to [cjci,c;cn] =

Taking expectation values provides us the average current
between any two neighboring sites of the lattice,

Vi) = 2Im{Agc]e)). (13

We will need to study currents that flow over extended regions,
such as the edge or the bulk of the system. In these cases
we first define a boundary or line / and compute the average
current by summing all the J;; that start in a given site i and
cross that line.

B. Haldane model on a cylinder

Haldane’s Chern insulator [23] is a fermionic hopping
model of the form Eq. (6) defined on a honeycomb lattice with
the Hamiltonian

H=Y tclcj+ ) nelcfe;+ Y Vce. (14)
(ij) (i i

(i)

Figure 1(a) sketches the hexagonal plaquette of the model,
illustrating the real-valued nearest-neighbor hopping #; and

the complex-valued next-nearest-neighbor hopping #, that has
direction v;; = %1 and phase ¢.

The Haldane model has two gapped topological phases
with Chern numbers v = +£1, as well as a trivial phase where
v = 0. It is possible to cross between these phases by tuning
¢, 1, and t,. Without loss of generality, we show numerical
results for the Chern insulator phase with v = +1, using #; =
1,5, =0.1,¢ = 7 /2.

The Haldane model is defined on a bipartite lattice, with
two triangular sublattices A and B, colored red and blue in
Fig. 1(a). It is convenient to write Hamiltonian (14) using two
sets of fermionic operators {a;, aj} and {b;, blT}, denoting sites
in the A and B sublattices. As specified in Sec. III A, we embed

Sim CI_T ¢y — 8inc’ i, we identify the current operator as our problem i.n a cylinde.r and perform a lj“ouri.er transform
along the periodic coordinate x. The Hamiltonian for fixed
Jij = —i(A;; c:fcj —Aji c;ci). (12) momenta H (p) adopts the form
|
H(p) =] Ki(p)Wjp+ V] Ko(p)¥ i1, + He, (15)
with
1 (41 cos(p + p) + Va(j) n(e? +1)
Kl(p)z _( —ip . ) (16)
2 ne " +1) 4ty cos(p — p) + Vi (j)
(e + e 19=P)) 0
K = : , , 17
2(p) ( ) (e 4 65 (17)

and ;= (ajp bj,)"-

Since the unit cell of the honeycomb lattice contains two
sites (one in each sublattice), a one-dimensional cut of the
lattice [cf. Fig. 1(b)] gives us 2L, sites and 2L, different
eigenvalues of H(p), &,(p) form =1,2,...,2L,. We refer
to these as the “bands” of the model.

In the topological phase v # 0, the cylinder supports two
sets of edge states, with a gapless and approximately linear

(

dispersion relation, w o p. There are two edge modes for
each p, each of them localized at a different boundary of the
cylinder and with group velocity in opposite directions, as
sketched in Fig. 1(b).

C. Edge currents

To study the edge currents we specify a line transverse
to the boundary of the system / [cf. Fig. 1(b)] and analyze
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FIG. 2. Spatial variations of the local potential give rise to bulk
currents. The local potential is kept always below the energy gap,
so the whole cylinder is always in the same topological phase.
(a) Within a central band the potential linearly increases and de-
creases, with its maximum at the center of the cylinder. (b) The
currents / as a function of height on the cylinder y. We observe bulk
currents (blue bars) traverse to the y axis around the whole cylinder
with local strength that depends on the magnitude and sign of the
potential gradient VV/, in agreement with Eq. (3). We also compute
the total current along the top (orange diamond marker) and bottom
(green circle) halves of the cylinder, finding that they are equal to the
total change of potential along those regions. Data are presented for
a cylinder with L, x L, = 1000 x 30 at T = 0.

the total particle current across that line. The net particle
current from “left” (L) to the “right” (R) on the top edge is
a sum of current operators legee = ZiGL’ ieR (Jij), connecting
vertices i and j on both sides of the line. Using Eqgs. (10) and
(13) we have computed these currents for thermal states with
temperature 7 and chemical potential p.

Figures 1(c) and 1(d) show the evolution of the edge
currents loqee as we vary the temperature 7 and the chemical
potential u. At low temperatures kgT < t;, the edge current is
proportional to the chemical potential V (r) = u and satisfies
legge = viu/(27), agreeing with Eq. (2) in Sec. II. We also ob-
serve that the current is invariant over a broad range of temper-
atures T, as expected [28]. Finally, the edge current vanishes
when the temperature or the chemical potential approach the
insulator gap. This is caused by the creation of particles and
hole excitations in the conductance and valence bands.

D. Bulk currents

Let us now investigate how the bulk of a Chern insulators
reacts to inhomogeneous potentials, and in particular how
new currents appear with a local potential that changes along
the cylinder V (y). The investigation is limited to potential
strengths that are weaker than the insulator’s energy gap,
which means that V(y) cannot induce a topological phase
transition at any point on the cylinder. Moreover, we set the
potential to zero at the boundaries V (0) = V(L,) = 0, so that
according to (2) no edge currents are excited legge = 0 and we
can focus strictly on the bulk physics.

Our first example is a potential that forms a triangular ramp
along the cylinder, as shown in Fig. 2. This potential has a
uniform gradient VV along certain bands around the cylinder
and changes sign at the peak. In the bands where the gradient
is not zero, we observe currents that flow orthogonally to the
gradient, with constant strength and a sign that depends on

0.2
ﬂ 0.1
| 0.0 =~

—0.1

FIG. 3. Bulk currents localized on potential steps at y = L,/4
and y = 3L, /4. This is achieved by a stripe of potential around the
cylinder. The currents are zero everywhere except at the potential
steps, up to a regularization by the lattice spacing. Data are presented
for a cylinder with L, x L, = 1000 x 30 at T = 0.

the sign of the gradient [cf. Fig. 2(b)]. In contrast, the regions
where the potential is constant exhibit no net current.

The previous example suggests that the CI reacts to a po-
tential gradient by developing bulk currents. We will confirm
this idea through a quantitative study of these currents. To do
this we change the potential from a ramp to a double step
function

+w, Ly/4<y<3L,/4,

0, else. (18)

Vir) = {
This function creates two potential steps at y = L,/4 and y =
3L, /4 as cartooned in Fig. 3(a). From Eq. (3) we would expect
a potential step to produce a delta function current localized
on the jump (regularized in the simulations by the lattice
spacing), with a strength proportional to the height of the step
w. A numerical study confirms this prediction, showing two
bulk currents narrowly localized around the stripe boundaries,
y=L,/4 and y = 3L, /4. These two currents have the same
strength, but flow along opposite directions, as shown in
Fig. 3(b).

In Fig. 4(a) we investigate quantitatively the relationship
between the strength and sign of the localized currents I and
the value of the potential jump w. For small w, currents
scale linearly with w as would be expected from Eq. (3). We
suspect that, similar to edge currents, the bulk currents are
direct manifestations of the nontrivial topological properties
of the model. If this is true, the currents should depend on
the Chern number v of the system and vanish when we cross
into the nontopological phase. To confirm this we introduce a
dimerization potential [23]

Va=MY (ala; - bib)) (19)

that breaks the topological phase for |M/t,| > 34/3|sin¢|. As
shown in Fig. 4(b), we indeed find that bulk currents disappear
when we enter the v = 0 phase with a dimerization potential
M = 0.91,. In both the trivial insulator and topological phases
greater values of w close the band gap and allow trivial,
nontopological currents. Finally, Fig. 4(c) confirms the linear
growth of the bulk currents with the potential gradient, even
for very small values of w.
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FIG. 4. Systematic investigation of the dependence of the bulk
currents on the topological properties of the system. We study
a cylinder with a central stripe of increased potential [illustrated
in Fig. 3(a)]. (a) Bulk currents scale linearly with the potential
gradient when the system is in a topological phase M =0, v =
+1. (b) Outside the topological phase, M = 0.9¢;, v = 0, the bulk
currents vanish in the gapless region, consistent with Eq. (3). (c) In
a phase with nonzero Chern number, M = 0, localized bulk currents
appear even for exponentially small steps w/¢;. Computations were
carried out on a system of size L, x L, = 1000 x 30 at T = 0.

The topological nature of bulk currents manifests also
in a resilience to thermal excitations and disorder. First,
Fig. 5(a) shows the same temperature dependency for bulk
currents as we saw for the edge currents [Fig. 1(c)]. Second,
Fig. 5(b) confirms that bulk currents are largely insensitive to
local random potentials V (r) = §, with § drawn with uniform

0.2 ( ) 0.2
a

0.1 )
T = 0
5 0.0 (Nk: .

—0.1 —0.1

0.9 —0.2

1072 107" 10 10! 1072 107" 10" 10!

kpT'/t, Wais/ T

FIG. 5. Investigating the robustness of the bulk currents. We
study a cylinder with a central stripe of increased potential, illustrated
in Fig. 3(a). Bulk currents are robust against (a) temperature and
(b) disorder (here, T = 0). Data for (a) are presented for a cylinder
with L, x L, = 1000 x 30, while (b) is presented for a cylinder
L, x L, = 10000 x 30. Disorder is averaged over 100 samples and
error bars on the mean (/) are only noticeable around the energy gap.

probability from the interval § € [—wygis, wqis]. Note that in
both cases—temperature and disorder acting on edge or bulk
currents—the topological currents can only survive a pertur-
bation with a strength below the insulator gap, for otherwise
the system may develop particle and hole excitations that
partially cancel the currents.

E. Currents and localized states

It is well known that edge currents arise from states that are
exponentially localized on the edge of the system. A natural
question is whether the states participating in bulk currents
share the same localization properties. We characterize the
localization strength with the inverse participation ratio (IPR).
The IPR,, , for the mth eigenstate v, , with quasimomentum
p is the fourth moment of the wave function

PR, , = D 1Y, 01 (20)
y

States with a large value of IPR are strongly localized in space.
We can obtain more information from the IPR by considering
where states are localized in the system. To study this we
define the asymmetrical IPR F,, ,,

L
Fm,p = nT,M(Sm(p)) Z |1/fm,p0’)|4 Sgn(y - 7}’) (21)
y

This assigns a positive value to states primarily localized in
the lower half of the cylinder and a negative value to those
localized to the upper half. It weights each state by its fermion
occupation nr,, (¢, (p)) in order to indicate which states actu-
ally contribute to the particle current. At zero temperature and
chemical potential 7 = p = 0 this will assign a zero value to
all states above ¢ = 0.

We have investigated both quantities for a cylinder with
a stripe potential, Eq. (18). Figure 6(a) shows the IPR for a
cylinder with a stripe potential, confirming two distinct sets
of localized states. First, there are highly localized gapless
states that live on the boundaries of the cylinder. Considering
these gapless states, in Fig. 6(b) we see the positive dispersing
branch is localized in the lower half and the negative dispers-
ing branch in the upper half. Since the potential is zero at the
boundaries V (0) = V(L,) = 0, these states are symmetrically
filled and give a zero net edge current.

In the bulk, the potential stripe splits the bulk modes into
two groups, one for each of the homogeneous local poten-
tial regions in the cylinder. This separation, best illustrated
in Fig. 6(c), opens a window in the valence band of bulk
states, with a minigap of size roughly ~w for #, < #; [cf.
Figs. 6(a)-6(c)]. Within this small window, we find a new
family of topological localized bulk states, connecting the
two valence bands. As in the case of edge states, Fig. 6(c)
shows a positively dispersing branch localized in the lower
half and a negatively dispersing branch in the upper half. It
is these states that give rise to the bulk currents, as we argue
in the next section. However, unlike edge states, which live
in the insulator gap, these topological bulk states result from
a continuous distortion of the original valence bands around
p =~ 7. Moreover, the strength of the current is not driven by
changes in the occupation of states as localized bulk states are
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FIG. 6. The spectrum of the system showing localization mea-
sures of the states. The valence and conductance bands are displayed
together with the edge states. The setup is a cylinder with a central
stripe of increased potential, as shown in Fig. 3(a). (a) The IPR,
Eq. (20) is shown for all states in the system, highlighting strongly lo-
calized edge states as well as localized bulk states. Inset: Dispersion
relation of the full spectrum. (b) The asymmetrical IPR F,, ,, Eq. (21),
plotted for states close to zero energy and momentum. (c) Zooming
in on the states localized within the bulk, we can infer they give rise
to bulk currents.

always filled. Instead, increasing the size of the potential step
w distorts the spectrum and widens the bulk energy windows,
adding more states onto the fully filled localized bands shown
in Fig. 6(c) and increasing the current it supports. On the
other hand, as the potential gradient is reduced to zero, we
numerically observed that the bulk current goes to zero and
the corresponding states become completely delocalized. This
interpretation will be further confirmed by perturbation theory
in the following section.

0.5 (®) —w Ly
b o ~
= 0 0000000 00000
bQ_-_CL;
—0.5
1.0y(b)
—0— w=0.
0.75 w = 0.2
=05 w =04
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0 &
1 2 3 4 5 6
J

FIG. 7. Population distribution of a simple SSH chain inside the
step potential of Eq. (23). (a) The #; coupling connects pairs of
alternated sites, or dimers. An example of such is formed by the
pair of sites (b, as), shown inside the dashed circle. The two edge
sites are disconnected from the rest of the chain. (b) The population
density is evenly distributed inside each dimer, except for the dimer
at the potential step. To illustrate the population imbalance at the
step we show w = 0.2, 0.4, 0.8. The edge modes are occupied or
unoccupied depending on whether they have negative or positive
potential, respectively, with an average population 0.5 between them.
Data are show for a chainof L, =6 atT = 0.

IV. BULK CURRENTS FROM PERTURBATION THEORY

In this section we show how localized cylinder modes can
give rise to localized bulk currents. To that end, we analyze the
momentum p = w modes of the Haldane model on a cylinder.
For these modes Hamiltonian (15) becomes

L

H(m) =1 Z(b}aw +H.c.)
j=1

+1, ) (2idlajy — 2ibibj. + He)
J

+ Y Va(ala; + Vi(j)blb;]. (22)
j

It consists of a 1D Su-Schrieffer-Heeger (SSH) chain with
perfectly dimerized first-neighbor tunnelings #; inside an
inhomogeneous potential V,, V,, and with complex second-
neighbor tunnelings #,. We consider a single potential step as
the simplest potential configuration that hosts localized modes
in the bulk,

-w, j<L/2,

Va(j) = Vi(j) = {+w, i L o

A. Analysis of the 1D SSH chain

We begin by studying the SSH model that appears when
we only have #; couplings inside a potential step, with , = 0.
In this limit, all fermions are localized in dimers, which are
pairs of sites (b;_;, a;) connected by a #; coupling, as the
two sites inside the dashed circle in Fig. 7(a). There are
also two localized edge modes, each formed by a single site.
These two edge modes are decoupled from the #; terms of
the Hamiltonian and have populations n; and ny subject to
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the constraint n; 4+ ny = 1 due to half filling. As all fermions
are localized in dimers, there can be no correlations between
neighboring dimers, i.c., (aTbj) =0.

The dimer modes in the bulk are degenerate and their
population is evenly distributed between their two sites,
np,_, =ng, =1/2, as shown in Fig. 7(b). Because they are
degenerate in energy they can rearrange themselves into delo-
calized modes along the regions with equal local potential [cf.
Fig. 6(a)]. However, the dimer modes located at the potential
step, which we will refer to as step modes, have a different
local potential at each dimer site. Therefore they have a
different energy than the rest of the bulk modes. Moreover,
there is an imbalance in the population of their two sites of
the order of the potential step w as we show in Fig. 7(b). Since
the step modes are nondegenerate, they are always localized
at the step for 1, < 1.

B. Localized currents in the cylinder

For small next-nearest-neighbor couplings #, < t; we can
study the Hamiltonian modes of Eq. (22) using a perturbation
theory analysis. The full mathematical derivation is carried
out in the Appendix. As the next-to-nearest-neighbor coupling
t, is nonzero, the bulk modes are no longer localized inside
dimers, but in triplets of neighboring dimers. That is, if we
define a single dimer mode localized at sites (b;_1, a;) as |j),
then the modes for small #, < t; are

) = 1) +Elj— D)+ Elj+ 1), £y bar i—z

(24)
This small delocalization of all bulk modes induces correla-
tions between neighboring dimer sites (a;b ;) that depend on
the differences between the energies and populations of the
two neighboring dimer modes [cf. Eq. (A11)].

Coming back to the analysis of the Haldane Hamiltonian
inside a cylinder, we can use Egs. (10) and (13) together with
the dimer mode correlations (a;b ;) to study the two-point
currents along a cylinder generated by the p = mw modes. In
the homogeneous potential regions we have shown that all
dimers are degenerate and have the same population imbal-
ance. Therefore, (aj.b ;) = 0 and there are no currents inside
those regions. However, the localized modes at the edges of
the chain and at the potential step have nonzero correlations,
resulting in localized currents at the cylinder boundaries and
the potential step, respectively. For small couplings #, < #;
and potential steps w « 1, these localized currents are

Ly = —4—,

Iedge = 2t2 . (25)

We show in Fig. 8(a) a sketch of the unit cell of the cylinder
model and the couplings inside of it. Figure 8(b) shows
the localized currents around the cylinder boundaries and
potential step due to the localization of the edge and step bulk
modes for momentum p = 7.

C. Dispersion relation

The SSH chain with 7, <« #; couplings explains how lo-
calized modes give rise to localized currents on the cylinder.

B ST SN SRi S Sasny G 1)
50 ~ :
-1
0.2
! 0.15
50 0.1
y 0.05
0

FIG. 8. Currents in the Haldane cylinder with a potential step w,
arising from the Fourier mode p = 7. (a) Inside the dashed-dotted
rectangle we show a sample of periodic unit cell, for which we
also show the couplings inside of it (#;: dashed and continuous
lines; t,: arrow lines). The other continuous and dashed lines are
the #, couplings of the whole Haldane model inside a cylinder.
(b) Localized bulk currents and edge currents for a step potential
w = 0.1. Data presented for L, = 6, T = 0.

However, we know [cf. Eq. (1)] that a Chern insulator only has
currents when it has modes with nonzero dispersion relation.
We can analyze the dispersion relation of the SSH chain
modes by introducing a momentum offset p = 7 + §p into
the Hamiltonian modes of Eq. (15). By treating this offset
as a small perturbation potential V, [cf. Eq. (A16)], we can
compute the dispersion relation of a mode [v;) as

dE; E; 8p) —E;
9Ej )~ tim j(mr +8p) — E;()
dp p—0 sp

AV s
_ wlVlv) 06)
ép
For small steps w « t; and couplings t, < t;, we find for the
localized step and edge modes

acp oy — 1622 ey v (27
dp t dp
with the sign depending on which cylinder boundary the
mode is located at or whether the step mode has positive
or negative energy. These results, although for a different
potential, quantitatively agree with the dispersion relation of
the modes shown in Fig. 6.

V. CONCLUSIONS

Summing up, we have found that the bulk of a Chern
insulator can exhibit topological localized bulk states when
a gradient of a potential is present. These localized bulk states
can support bulk currents. They share an intrinsic robustness
against temperature and local disorder with edge currents.
However, while edge currents are confined at the boundaries
of the material, bulk currents are defined by gradients of local
potentials and can adopt any shape, extension, and strength.

We qualitatively and quantitatively verified our numerical
findings with perturbation theory. In this way we show that
the bulk currents result from the disentangling of normal bulk
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modes caused by the presence of a potential gradient. Such
a disentangling of modes in a topological material creates
localized bulk modes that support the corresponding bulk
currents. Our investigation of topological bulk currents opens
the door to further studies in more complex models, such as
fermions with spin [1], topological superconductors, or topo-
logical phases with interactions. Furthermore, bulk currents
can be access in experiments, as detailed in the optical lattice
proposal [29].

Finally, our work suggest that localized bulk states can
be used in the same applications as edge states, with greater
versatility and without the need for complex sample fabrica-
tion and shaping. To this end, it is important to emphasize
that, even though much of our quantitative study has been
implemented with stepwise functions, this is not required for
the implementation. Bulk currents may appear wherever there
is a potential gradient, and a strong combined topological
current may result from a weaker potential variation that
spreads over a whole band of the material (cf. Fig. 2).

In accordance with the EPSRC policy framework on re-
search data, this publication is theoretical work that does not
require supporting research data.

ACKNOWLEDGMENTS

We would like to thank Sofyan Iblisdir for the initial
suggestion to investigate the edge currents of the Haldane
model and for exciting conversations throughout the project.
We would like to thank José Garré-Rubio for exciting conver-
sations. We would like to thank Jaakko Nissinen for pointing
the IQHE connection given in (5). This work was supported
by the EPSRC Grant No. EP/R020612/1, Spanish Projects
No. PGC2018-094792-B-100 (MCIU/AEI/FEDER, EU),
No. PGC2018-094180-B-100 (MCIU/AEI/FEDER, EU), No.
FIS2015-63770-P (MINECO/FEDER, EU), CAM/FEDER
Project No. S2018/TCS-4342 (QUITEMAD-CM), and CSIC
Research Platform PTI-001.

APPENDIX: PERTURBATION THEORY

As mentioned in the main text, it is interesting to note that
at momentum p = m the model reduces to an approximate
SSH model with complex second-neighbor tunneling ampli-
tudes #, that we can treat in a perturbative approach,

H = Hy +V;,
L

Hy =1 Z(b;dj+1 + H.c.)
j=1

+ Y WValhala; + Vo(bbjl,
J

V,=10,) (idlaj; —2iblbj +He). (Al

J

We analyze the case of a potential step of Eq. (23) at zero
temperature as the simplest one that shows both localized bulk
and edge currents. The step is located between sites b, | and

T

al.

TABLE 1. Relevant values of 9, ¢, x, € to first order in w for
negative energy modes. L (j = 1) and R (j = L,) are the left and
right edge modes, respectively, and the mode located at the potential
step has j = s.

J i 6;- Xi- &j-

L 0 21'% 1 —w

2 —i% iz% 0 -t —w
2<j<s—1 —iz% iz% 0 - —w
s—1 —iz% i% 0 —t —w
s e e I NG
s+1 —i% 12’1—1 0 —t+w
s+1l<j<Ly —iz% ’.2’721 0 —h+w
L, —iz% i% 0 —t +w
R —Zi% 0 -1 +w

1. SSH chain modes

The eigenmodes of the unperturbed Hamiltonian H, are
localized dimers of the form

lj» =)o = (@ja} — B;-1b}_)I0),

lj: o = (Bj-1a} + a;b’_I0), (A2)

with «;, B; > 0, and |j, —) the mode with lowest energy.
Additionally, there are two modes located at the edges of the
chain,

IL)o = ajl0), IR}y = bj |0). (A3)

All dimer modes have o; = §;_; =1 /+/2 and therefore
their population is evenly distributed between the two dimer
sites, except for the dimer located at the potential step, which
satisfies for small steps w < 1,

— r—w_i(l i) 0<w_2
“=N2 AU ") " tf)
Bot = —— —i<1+i)+o<“’—2) (A4)
S_l_«/Zr(r—w)_\/E 2t tlz ’

with r = /1 + w?.

The energy of the dimers at the step is ¢, = £r, while the
energy of the rest of the bulk modes is 8? . = £ — w if they
are located in a region with —w homogeneous local potential
and 8?i = =£t; + w if they are located in a region with +w.
Additionally, for this step potential, the edge modes have
energies £ = —w, &% = +w. A summary of the energies of
the simple SSH chain can be found in Table I. Note that the
bulk dimer modes that are not at the step are degenerated.
Therefore, they can rearrange themselves into delocalized
modes along the bulk, as shown in Fig. 6.

2. First-order perturbation expansion

Using these simple modes of the unperturbed Hamiltonian
we can show that the perturbation potential V, does not modify
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the energies of the edge and dimer modes at first order,

€1 o= (N dloVilis¢)o =0, Vjell, L] ¢e{+ -},

(AS)

because V; connects terms in different dimers. However, the

modes of the Hamiltonian are modified by perturbation po-
tential as

k. ¢'loV,
oo =lidot+ Y M

.20 0 B k !
k.sk)‘ﬁ,#ajvd, -] ¢ 4

|k, ¢")o. (A6)

Because V; connects only second-neighbor sites, a perturbed
dimer mode |j, ¢)o consists of a linear combination of itself
and its neighboring ones |j £ 1, ¢)o.

3. Correlations inside the chain
Let us compute the contribution of a sin le perturbed

eigenstate to correlation terms of the type (a;b;) that join
neighboring dimers. We define

Oip = (j» phab;lj, ).

9io = (. dhal_bj_1lj. ¢)1. (A7)
For the lowest-energy modes ¢ = —, we find
—loVilj, =)o

— 0
Ejt1.—

G+ 1,
—loalb;lj + 1, =)o-L

j_

(J+ 1 +loVilj, —o

9.,_ = 1‘2(

+02(j, —loab;lj + 1, +)o p—
j- T Ei+y
e B
(A
o;ip;+a; i—
— 2ityojorjy w’ (A8)
ey — g
Jj— J+1+
pi- =0(j =1, —loal_bj_1]j, —)o~—F— :
: &‘j —8/ 1,—

. . (J =1, +loVilj, =)o
+t2(.] - 1’ +|0a—j’_1bj71|.]s _>0 0 Ot 9
j- ~Ej-1+

. oi_1o; — BiaBio1
J J J J
= 211‘20[]‘_1,3]'_] 0 0
PR

. Biaj+aj_18j-1
+2it; Bj2Bj-1——; 0 ;
i —¢& 14

(A9)

where the fractional terms do not contribute if the denomina-
tor is zero. In Table I we present relevant values of 6;_, ¢;_
for the perturbed SSH model.
With this we can compute the expectation value of the
correlations between dimers,
(@lb)) = Y Ojpn(eip) + @je1on(ejing),  (A10)
¢=+.—

with n(g4) the occupation of dimer mode j¢, which follows
Fermi-Dirac statistics. Therefore the correlations between

dimers are

(a;bj) = 91'7 + Djt1,—
= 2it(Bj1ej11 + o B;)

1 ooty
x( Pi- ﬁfo - ) (A1)
&Y ey — gV
j+1 Jjt+ Jj— J+1L+

This correlation is zero if the two neighboring dimer modes

have the same energies 8? o = 8?_, 8? i+ =& +, and a bal-
anced population density distribution S j,l,B = ojojyg. This
is the case for all correlations between dimer modes in the
same potential region. However, the potential step modifies
the energy and population distribution of the dimer mode
inside it, thus that mode has a nonzero correlation between
itself and its two neighboring dimer modes. The same happens
for the edge modes, which are intrinsically different from the
bulk modes and a nonzero correlation appears between them

and their respective neighbor dimer modes.

4. Two-point currents in the cylinder

These correlations give us access to the two-point currents
between sites in the lattice. We can use Egs. (10) and (13)
together with the perturbed dimer modes to compute the
contribution of the p = m momentum modes to the localized
currents along the cylinder. At the potential step we find two
localized currents, one at each side of the step, of the form

t 2
= _22_11) + O(Z‘2w—2>v
151 H

Ias—lybs—l

¢ 2
Iob, = —22—"’ + 0(12 = ) (A12)
4
At the cylinder boundaries we find
loy oy =28, Iy b, =20, (A13)

However, at the bulk of the cylinder, the correlations between
dimer sites are zero, so there are no currents along its bulk.

5. Dispersion relation at p = &

The dispersion relation tells us how much the energy of a
single mode changes when we vary the momentum,

@(p) _ i £+ 8p) — £(p).

5 (A14)

We can model this energy change at momentum p = w by
introducing an offset potential term V), in the perturbed SSH
Hamiltonian that models an offset in the momentum p =
7 + §p. Then, analyzing how much this potential modifies the
mode energies at p = m, we can write the dispersion relation
of the SSH model as
di(p_ ): (.]7_|1Vp(8p)|]7 _>17

5 (A15)

045424-9



CHRIS N. SELF et al.

PHYSICAL REVIEW B 102, 045424 (2020)

with the offset perturbation potential

L
V, =opn Y \(—ialb; + He) +26pn Y (ala; — blb))
J J
+8ph Z(—a}aHl +bibj1 4+ He). (A16)
J

We define for each mode |j, ¢),

xi = ¢hala; —bi_ b 1)lj, o),

of = (j, phajajlj, o),

o] = (j, Blibl_,bjlj, o),

o = (j,phd)_,alj, o),

) = (j, plib}_ybj 1), )1, (A17)

then, the dispersion relation (A15) of a mode |j, ¢); is
de;
d—'llj’ =24 Im{9j¢ =+ (pj¢} + 2t2Xj¢

+2nRe{—0f, — T, + ol + 1) (AlB)

To first order in #,, the elements 0, ¢, o, T are purely imagi-
nary, so the dispersion relation is

d8j¢ —

o (A19)

1 Im{9j¢ + §0j¢} + 2l2Xj¢.
In Table I we present relevant values for the dispersion relation
of the negative energy modes. We find that the dispersion
relation of the mode localized at the potential step is

de,_ why w?
—— = —6—4+0[tb— ), A20
p ” + (2 t12 ) ( )
while the edge modes have
d d
L _ 6, LR~ g (A21)
dp dp

The bulk modes all have zero dispersion relation except for

the localized modes neighboring the edge and step potential

sites,
d82_

deg_y_  degy - dep, - ,
—_ = = — = —Ih.

dp dp dp dp

(A22)
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