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Seeing topological edge and bulk currents in time-of-flight images
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Here we provide a general methodology to directly measure the topological currents emerging in the optical
lattice implementation of the Haldane model. Alongside the edge currents supported by gapless edge states,
transverse currents can emerge in the bulk of the system whenever the local potential is varied in space, even if
it does not cause a phase transition. In optical lattice implementations the overall harmonic potential that traps
the atoms provides the boundaries of the topological phase that supports the edge currents, as well as providing
the potential gradient across the topological phase that gives rise to the bulk current. Both the edge and bulk
currents are resilient to several experimental parameters such as trapping potential, temperature, and disorder.
We propose to investigate the properties of these currents directly from time-of-flight images with both short-time
and long-time expansions.

DOI: 10.1103/PhysRevB.102.041123

Introduction. Two-dimensional Chern insulators are de-
scribed by a nonzero integer topological index, typically given
by the Chern number, ν [1–5]. At physical boundaries of
the system the Chern number changes from a nonzero value
inside the material to a zero value outside it. This change
can be interpreted as a topological phase transition, which
is manifested at the boundary of the topological system as
a one-dimensional gapless edge state [1–6]. As the change
in the Chern number necessarily takes only integer values
rather than the continuum the edge states are thus robust to
small perturbations and finite temperature. In the presence
of a constant chemical potential V (r) = V the particle-hole
imbalance in the population of the edge states gives rise to the
edge current

Iedge = νV

2π
, (1)

traversing along the boundary of the system [7–10]. The edge
currents provide a powerful tool to experimentally probe the
topological properties of the system.

Alongside the edge currents, the bulk of the Chern insu-
lator can support currents, whenever the local potential has
a nonzero gradient [10–12], as could happen if the system
was placed inside an electric field E . In contrast to the edge
currents, these bulk currents are not activated by moving
the Fermi level so that it occupies low-energy orbitals, such
as gapless modes. In our previous paper [10] we showed
that the application of a potential gradient in the bulk of a
Chern insulator produces a set of localized bulk states in the
valence and conduction bands, away from the edge modes.
Furthermore, they are localized along the potential gradient
and produce a current in the direction perpendicular to the
gradient. The emergence of these localized states is easier to
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explain for sharp potential gradients, such as a potential step.
In that case, the gradient divides the system into two regions
with different potentials and thus the system eigenmodes
tend to be either delocalized inside regions with the same
potential or localized in the boundary between these two
regions. Moreover, one could picture these localized states as
if the carried two chiral opposite currents that cancel each
other in the vanishing gradient limit, as their population is
balanced. For small nonzero gradients, below the energy gap,
this population balance is broken and one current dominates
over the other, thus giving rise to the topological bulk current
along the potential gradient. For more details, we refer the
reader to Ref. [10]. The intensity of these currents is given by

Ibulk(r) = ν

2π
a0|∇V (r)|, (2)

with a0 the lattice constant along the direction of the potential
gradient. Same as the edge currents, the bulk currents are also
quantized by the Chern number ν. In the case in which the
potential gradient was caused by a general electric field, then
the bulk current intensity would be proportional to the field
Ibulk(r) ∝ νE (r). The potential must vary on the scale of a0 for
bulk currents to flow. This is equivalent to the edge currents in
a discrete lattice system, where the chemical potential must be
varied by more than the finite size energy spacing of states in
order to observe edge currents. Similar to the edge currents the
bulk currents are robust against temperature and local disorder
[10]. In the case in which there is a net potential gradient, the
edge currents traveling along the system boundaries are

Iedge(r) = νV (r)

2π
. (3)

Unlike the edge currents the position and direction of the
topological bulk currents can be controlled at will by external
potentials. Hence, they offer a unique platform for developing
new technologies from transport currents that are directional
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and frictionless to programmable transistors, amplifiers, and
detectors [13–17].

A physical system where edge and bulk currents can natu-
rally emerge is optical lattice implementations of the Haldane
model [18–22]. Time-of-flight images enable the measure-
ment of the Chern number of this system thus allowing us
to confirm its topological nature [23]. In these experiments
harmonic potentials are used to keep the atoms localized in a
certain region, in addition to the Hamiltonian of the Haldane
model. This trapping causes a spatial variation in the local
potential. The effects of this smoothly varying potential on
the topological edge modes of the system have been well
studied [6,24]. Here we demonstrate that the variation of the
trapping potential across the bulk topological phase also gives
rise to interesting topological effects in the bulk, specifically
to protected bulk currents. Furthermore, the interplay between
edge and bulk currents can be obtained by time-of-flight
(TOF) images making their investigation directly accessible
to current experiments. We find signatures of the edge and
bulk currents in both the short-time and long-time expansion
images, thus offering novel and versatile means of probing
topological current physics.

Realizing topological edge and bulk currents in optical lat-
tices. To investigate the properties of the topological edge and
bulk currents we consider the implementation of the Haldane
model with ultracold atoms in optical lattices. The Haldane
model is defined on a hexagonal lattice with a fermionic mode
{ci, c†

i } living at each vertex of the lattice. The Hamiltonian is

H =
∑
〈i j〉

t1c†
i c j +

∑
〈〈i j〉〉

t2eiνi jφc†
i c j +

∑
i

V (ri )c
†
i ci, (4)

where t1 and t2 are the nearest- and next-nearest-neighbor
hopping strengths, respectively, φ is a complex phase, νi j a
parameter that is ±1 depending on the direction of the hop-
ping i → j, as shown in Fig. 1, and V (r) is a local potential.
For certain choices of parameters the Haldane model has a
topological phase with Chern number ν = ±1 as well as a
trivial phase where ν = 0 [25]. All results here are produced
for the parameters t1 = 1, t2 = 0.1, φ = π/2 that, at half-
filling and for V (r) = 0 give ν = 1 [23].

Motivated by initial theoretical work [23], several exper-
imental realizations of the Haldane model in optical lattices
have been achieved [18–22]. In these experiments the Haldane
lattice model given by (4) is engineered inside a harmonic
potential trap that keeps the atoms localized in a certain
region. We describe the harmonic trap as

V (r) = V0 + k

(
r

rmax

)2

, (5)

where V0 is an overall chemical potential, while k and rmax are
suitable parameters of the trap. Depending on the choice of the
constants V0 and k this potential can give rise to a “wedding
cake” structure, with three phases emerging at different radii
from the center of the harmonic trap, as shown in Fig. 1. Near
the center, r = 0, a trivial phase is nested with a lattice filling
fraction given by n = 1 and local Chern number ν = 0 as
all bands of the system are populated (we assume the local
density approximation is valid for broad enough traps as the
ones we used in our simulations so that the Chern number is

FIG. 1. Real-space occupations of the Haldane model inside a
harmonic trap. There are three clearly visible phases with densities
n = 1 (red), n = 1/2 (white), and n = 0 (blue). We are interested in
the flux of the currents crossing the radial dashed line. Upper detail:
Hexagonal plaquette of the Haldane lattice model. Arrows denote
hopping directions for which νi j = +1 in Eq. (4). Lower detail: Real-
space currents (arrows) between lattice sites. Intensity of the arrow
color denotes the intensity of the current. Parallel edge currents are
visible at the boundary of the topological phase, while the current in
the bulk has the opposite orientation. Data shown is for T = 0 and
a lattice with 1200 sites. The harmonic potential (5) has V0 = −2.1,
k = 5.6, and rmax = 13

√
3.

ν = ±1 whenever the local on-site potential falls inside the
energy gap). Next an annulus emerges with half-filling, n =
1/2, that corresponds to the Haldane phase with Chern num-
ber ν = ±1. Finally, far from the center, where the harmonic
potential is too large, a trivial ν = 0 phase is present due to
zero band population, n = 0. For the system sizes we study
only the n = 1/2 phase appears to plateau; however, a stable
n = 1 phase would also be present for larger systems [23].
The topologically nontrivial annulus configuration has two
boundaries neighboring the trivial n = 1 and n = 0 phases.
Moreover, the trapping potential varies radially across the
topological phase, as seen in Fig. 2. Hence, due to (1) and (2)
we expect edge and bulk currents to naturally emerge without
additional engineering of the system.

The density current, Ji j , flowing between two sites i and j
of the lattice is dictated by the continuity equation for single
site occupation [10]:

Ji j = 2 Im{Ai j〈c†
i c j〉}, (6)

with A the Hamiltonian matrix containing the hopping terms
and on-site potentials. From that we can determine the dis-
tribution of the current flowing across a cross section of the
lattice that goes radially from the center of the trap, as shown
in Fig. 1. The local profile of currents supported in the system
is shown as a histogram in Fig. 2. We observe that as the
harmonic potential has a smooth profile the edge states expand
over a large range of the system. Moreover, the smooth change
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FIG. 2. Occupation of lattice sites (circles) along a radial line (as
shown in Fig. 1) inside a harmonic potential trap (blue line), and local
currents across small bins (bars) in the same radial line, with r the
distance from the center of the trap. Three phases are clearly visible
from the occupations: n = 1 at the center of the trap, n = 1/2 in the
middle corresponding to an annulus of the Haldane phase, and n = 0
at the far end of the system. The total edge and bulk currents resulting
from the sum of the small bins are indicated with the three large bars.
The total edge currents are equal in magnitude, propagating in the
same direction (negative value), while the bulk current through the
n = 1/2 region is opposite (positive value) with double magnitude.
Data presented is for T = 0 and a lattice size of roughly 28 800 sites.
The harmonic potential (5) has V0 = −3, k = 9, and rmax = 60

√
3.

Inset: The width N of the topological phase increases linearly with
1/�V , where �V is the potential difference at the two boundaries of
the phase.

of the local potential in the bulk causes the bulk currents to
disperse over the whole topological phase.

In Fig. 2 we also plot the total edge and bulk currents as the
sum of the local ones; it is clear that the two edge currents are
equal and flowing in the same direction while the bulk current
is twice their value and flowing in the opposite direction. This
behavior is expected from assuming that the topological phase
is stable in the middle of the bulk, where the local potential
favoring half-filling n = 1/2, while the potential increases as
we move further out and decreases as we move closer to the
center of the trap. In this case two opposite potentials are
formed at the inner and outer boundaries of the system causing
the parallel edge currents traversing along the same direction
due to (3). At the same time the linear interpolation of the
potential between the two boundaries causes a bulk current
to be formed as dictated by (2). This bulk current is opposite
to the edge currents in direction but has the same magnitude,
because ∑

i:〈ni〉=1/2

a0|∇V (ri )| ≈ |V (router ) − V (rinner )|. (7)

Therefore, the sum of the bulk and edge currents is zero.
Finally, we observe in Fig. 2 (inset) that the width, N , of
the Haldane phase increases inversely proportional to the
potential difference, �V , between the two boundaries. This
possible control in the macroscopic properties of the system
can facilitate the manipulation of the density and spatial ex-
tension of the currents under investigation in order to improve
their visibility.

Detecting density currents with time-of-flight images. The
density currents of the atoms in the n = 1/2 phase of the

(a)

(b)

FIG. 3. (a) Densities of a sample of sites (inside dashed line)
at a stationary state inside a harmonic trap isolated by a mask.
Densities outside the sample are taken to be 0. (b) Relative density
difference �y(x, y; t ) inside a smaller region (dot-dashed line) after a
short-time expansion (t = h̄/t1) of the sites within the initial sample
when the trap is turned off. A clear pattern of density imbalances
is already observed, that corresponds to one up-going current inside
the Haldane phase and two down-going currents at its boundaries.
Data shown is for T = 0 and a lattice with 9800 sites. The employed
harmonic potential (5) has V0 = −2.1, k = 5.8, and rmax = 43

√
3.

optical lattice, as well as at its boundaries, can be directly
measured with TOF images. To distinguish between edge
and bulk currents we want to selectively obtain information
about particular regions of the optical lattice. For this we
can use TOF measurements following the release of atoms
from within particular regions of the system. Such selective
releases can be achieved by swapping the atoms within that
region to a different internal state that does not experience the
trapping potential. State-dependent manipulation such as this
has previously been employed in optical lattice experiments
to generate state-dependent tunneling among other effects
[26,27]. As a result, the atoms in these regions freely expand
and can be detected. This allows information, such as the atom
density and velocity distribution, to be obtained. Releasing
a small sample of lattice sites around the Haldane phase
can therefore tell us about the physics of the edge and bulk
currents.

We would like to investigate both the short-time and long-
time TOF images. A short-time expansion of a sample of sites
can already reveal the existence of the bulk and edge currents.
In this case we take a horizontal sample of sites, as shown
in Fig. 3(a), when the system is in a stationary state inside a
harmonic trap. Then, we remove the trap and let the atoms
inside that sample freely expand. After sufficiently small
times a distinctive population pattern is formed. By measuring
the relative inhomogeneities in the population after the expan-
sion �y(x, y; t ) = [n(x, y; t ) − n(x,−y; t )]/n(x, y; t ) we ob-
serve that there are more particles at the top of the sample in
the bulk of the Haldane phase region, while at its boundaries
the particles accumulate at the bottom of the sample, as
shown in Fig. 3(b). We measure the final population inho-
mogeneities in a smaller region than the original sample to
avoid regions where the final density vanishes. These particle
density differences point to the existence of a particle density
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FIG. 4. Density differences in the TOF images taken at different
phases of the system. The dotted lines mark the Brillouin zone
of the hexagonal lattice and the crosses show the location of the
Dirac points. Insets: Sketch of the rectangular region where particles
were sampled for the TOF image. The circular coronas show the
three topological phases in the system. (a)–(c) Relative difference
�yn(kx, ky ) for samples taken along the x axis of the lattice. Clearly
there are currents moving along the vertical direction, with the bulk
currents (b) traveling opposite to the edge ones (a), (c). (d)–(f)
Relative difference �xn(kx, ky ) for samples taken along the y axis of
the lattice. There are currents moving along the horizontal direction,
with the bulk currents traveling opposite to the edge ones. Data
shown is for T = 0 and a lattice with 9800 sites. The employed
harmonic potential (5) has V0 = −2.0, k = 5.5, and rmax = 38

√
3.

current propagating perpendicular to the local gradient of
the trap inside the topological phase in accordance with (2)
and two counterpropagating currents at the topological phase
boundaries as dictated by (1).

To obtain the signature of density currents from the
long-time TOF images we select smaller regions of the lat-
tice that isolate the bulk from the edge of the topologi-
cal phase. Relative differences in the velocity distribution
over the Brillouin zone for different regions of the trapped
sample can signal a net flux of particles traveling in a
certain direction. This is shown in Figs. 4(a)–4(c), where
the colormap pictures the relative difference �y(kx, ky) =
[n(kx, ky) − n(kx,−ky )]/n(kx, ky) in the TOF sampling of
rectangular patches along the x axis of the optical lattice (see
inset). A clear difference in the momentum population with
opposite ky is seen, indicating the existence of currents mov-
ing along the y direction of the lattice. Moreover, the direction
of movement in (b) is opposite to that of (a) and (c), in agree-
ment with Fig. 2. Figures 4(d)–4(f) show the relative density
difference �x(kx, ky) = [n(kx, ky) − n(−kx, ky)]/n(kx, ky) for
samples along the y axis of the lattice. In this case, currents
flow along the x axis, with the direction of the bulk currents
(e) opposite to the direction of the edge ones (d), (f). The
strength of the relative population imbalances is similar in the
case of the bulk and outer edge currents [Figs. 4(b), 4(c) 4(e),
and 4(f)] to those that have already been measured in several
ultracold atom experiments [28,29].

To determine the behavior of the currents observed in
TOF images under realistic conditions met in experiments
we study the stability of the currents against temperature,
local potential, and coupling disorder as well as variations
in the strength of the harmonic potential. These effects are

FIG. 5. (a) Stability of the edge and bulk TOF currents against
the temperature of the optical lattice. Currents decay when the
temperature reaches the energy gap of the Haldane model. (b) TOF
currents when the trap strength k/t1 is widened. For k/t1 > 2.5 all
three phases are present in the system and the edge and bulk currents
are stable. (c), (d) Mean TOF currents over 15 samples with local
(c) and coupling (d) disorder in the trap. The mean currents remain
stable even when the scale of the disorder is comparable to the energy
gap. Data shown is for T = 0 and a lattice with 9800 sites. The
harmonic potential (5) has V0 = −2.0, k = 5.5, and rmax = 38

√
3.

commonly present in optical lattice implementations. As the
edge and bulk currents have a topological origin we expect
them both to be largely resilient against these perturbations
[10]. To proceed we define the net TOF current as

ITOF =
∑
k∈BZ

kn(k), (8)

where we weight all the momenta inside the Brillouin zone
with the density distribution n(k) measured by the TOF
images. We sample regions of the lattice as in Fig. 4 to
distinguish between bulk and edge density currents. Fig-
ure 5(a) shows the behavior of the TOF currents (8) against
the temperature of the system. We observe that the topological
currents remain intact until the temperature is comparable
to the energy gap of the Haldane model. Usual tempera-
tures in cold atom experiments of the Haldane model are
∼0.2TF [19,26], within the region where we find edge and
bulk currents to be stable. In Fig. 5(b) we test the stability
of the currents against the strength of the trap potential
(5) parametrized by k/t1. For wide enough traps capable
of supporting the three phases of the system, we observe
stable TOF currents with intensity independent on the trap
potential. In Fig. 5(c) we add a local disordered potential
in the Hamiltonian with values randomly sampled from the
uniform distribution [−wlocal/2t1,wlocal/2t1], and in Fig. 5(d)
we multiply each coupling of the model with a value drawn
from the uniform distribution [1 − wJ/2t1, 1 + wJ/2t1] mod-
eling imperfections in the designed Hamiltonian. In both
cases we observe that the mean edge and bulk currents are
resilient to all these forms of disorder. The disorder present in
ultracold atom experiments in optical lattices is almost negli-
gible, well within the region of stability of the bulk and edge
currents.

Conclusions. To summarize, we have presented a general
and versatile way to investigate the currents of a Chern
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insulator with TOF images. In particular, we focused on
the behavior of the Haldane model simulated by ultracold
atoms in optical lattices. In the presence of inhomogeneous
potentials arising, e.g., by the harmonic trapping of the atoms
topological bulk currents emerge along with the edge currents.
The bulk currents are proportional to the gradient of the
local potential, which naturally arises in the optical lattice
experiment due to the harmonic trapping.

The topological origin of both the edge and bulk currents
make them robust against perturbations, such as inhomoge-
neous potentials superimposed on top of the lattice, errors
in the exact values of the couplings of the Haldane model,
variations in the trapping potential of the atomic cloud as well
as finite temperature. It also seems likely that the bulk currents
are robust against fermion-fermion interactions, though we
have not carried out a direct study. It was previously shown
that the Chern number of the Haldane model remains invariant
in the presence of both attractive and repulsive fermionic
interactions, even for large interaction strengths [23]. Since
the edge and bulk currents depend linearly on the Chern
number we expect them to also be unaffected.

Bulk currents are also more versatile than edge currents
and are easier to engineer and manipulate. More precisely,
while edge currents require control over the shape of a topo-
logical sample, which must be done through a precise loading
and hard potential walls, bulk currents are controlled by weak
potential gradients, which are easier to engineer, both when
created optically or by other electromagnetic fields. Hence,
their implementation with optical lattices would open the way
to employ them for quantum technologies [14,15].

In compliance with EPSRC policy framework on research
data, this publication is theoretical work that does not require
supporting research data [30].
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