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We study quantum-charge and spin-transport properties and the effects of in-plane strain on the charge and
spin currents in a phosphorene monolayer using an adiabatic pumping regime. To achieve this goal, we proposed
a device with three external ac gate voltages as oscillating potential barriers that are responsible for the generation
of dc pumped current. Using exchange magnetic field induced by proximity effect of a ferromagnetic insulator,
we determine the conditions in which fully spin-polarized current and pure spin current (with zero charge current)
can be obtained. It is shown that the pumped current in the three-barrier case is about two times greater than the
pumped current in a two-barrier system. The effect of strain is investigated and it is found that the spin current
increases up to two orders of magnitude by applying the uniaxial strain which shows that the proposed device has
high sensitivity to strain and could be used as straintronic devices such as strain switches and strain sensors. Also,
in the same conditions, the pumped current in phosphorene is two, four, and five orders of magnitude greater than
the pumped current in MoS2, silicene, and graphene, respectively. These properties show that phosphorene can be
considered as a two- dimensional (2D) semiconductor with great potential for the fabrication of novel spintronic
and straintronic devices that can overcome some of the limitations exhibited by conventional 2D materials.
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I. INTRODUCTION

In recent decades, 2D materials have attracted great atten-
tion due to beneficial attributes and promising potential for
fabrication of nanoscale electronic devices with high perfor-
mance and low waste of energy. Graphene, as a first 2D ma-
terial with numerous applications, due to having zero-energy
band gap and a small on/off ratio, leads to limitations for
tuning of spin transport in spin-based devices like spin field-
effect transistors [1]. So, researchers have looked for proper-
ties of other 2D materials from the graphene family such as
silicene [2], germanene, and transition-metal dichalcogenides
(TMDs) [3] for use in quantum transport. MoS2 as a famous
TMD, although having an energy band gap, due to relatively
low carrier mobility and large spin-orbit coupling has some
restrictions for using in integrated circuits with high speed [4].
Recently, phosphorene as a monolayer of black phosphorus
(BP) resolved these restrictions due to having a widely tunable
band gap, weak spin-orbit coupling, high electron and hole
mobilities, high conductivity, and high on/off ratio [5–8].
High anisotropy in the nature of phosphorene, due to a puck-
ered structure, is responsible for unique electronic and optical
behaviors compared to other conventional 2D materials [4,5].
Hence, this material can be a desirable candidate for elec-
tronic devices with successful operations [9] versus silicon
or graphene-based devices [10,11]. Fortunately, phosphorene
is synthesized experimentally through several methods, in-
cluding liquid exfoliation and mechanical cleavage [12,13].
These particularities make it more favorable in thermal and
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electrical transports [5,14–16] and in the field of spintronics,
photovoltaics, and optoelectronics [9].

The above-mentioned significant properties of phospho-
rene encourage researchers to investigate the effects of strain,
electric, and magnetic fields on the charge and spin transport
through this material. It was shown that the conductance
anisotropy of phosphorene is largely tunable by an external
electric field and this field reverses the directions of minimum
and maximum conductance [17]. Also, the electric field has
different effects on the edge states with an even or odd number
of the chain in zigzag phosphorene nanoribbons that introduce
this material for fabricating of field-effect transistors [18].
The colossal modulations in the conductivity are observed
in a phosphorene nanoribbon in the proximity of a benzene
molecule under certain conditions of strain and doping [19]. In
addition, the strong dependence of electronic conductivity of
the phosphorene monolayer on strain is reported [20]. More-
over, quantum transport in phosphorene is studied through
the modification of strain-induced band gap [21]. Recently,
spin-dependent conductance and Hartman effect have been
studied in monolayer phosphorene in the presence of an
exchange field [22]. Furthermore, spin filtering can occur in
phosphorene nanoribbon in the presence of a ferromagnetic
strip and an external electric field [23]. Also, the design of
phosphorene spin valves [24] and the fabrication of field-
effect transistors based on few-layer phosphorene [12] have
proved the beneficial effects of this material to be widely used
in next-generation electronic devices [5–8,12].

Quantum pumping is a prospect for generation and control-
ling of spin and charge transport by using periodic variation
of physical parameters such as ac gate potential without
using an external bias [25]. In this phenomenon, electronic
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FIG. 1. (a) Top and (b) side schematic views of a quantum
charge- and spin-pumping device based on phosphorene monolayer.
Three oscillating potentials V1(t ), V2(t ), and V3(t ) are applied in
regions I, III, and V to generate dc current. For excluding the
permeate of gate current, we use an insulator layer shown in yellow
for each gate. Also, two exchange magnetic fields with parallel or
antiparallel configuration induced by proximity effect of two ferro-
magnetic insulators (shown in red) are applied in regions II and IV to
induce spin-resolved current. The black arrows indicate the direction
of exchange magnetic fields which show parallel configuration in this
figure.

waves interfere with each other due to the phase difference
between ac gate voltages and thus a dc current flows in
the system. This method was proposed by Thouless from a
theoretical approach [26] but with realization of this theory
in a quantum dot [27], it has been widely investigated in
nanoscale systems [28–32]. For example, the pure spin current
has been theoretically studied in graphene nanoribbons in the
adiabatic pumping regime [33]. When the transmission time
of carriers throughout the system is much lower than the
period of oscillating voltages, the adiabatic quantum pumping
regime is valid. Charge pumped current is investigated in an
open quantum dot [28], mesoscopic system [30,31], and in
a monolayer graphene sheet in the presence of a magnetic
field [34] or defects [35]. The spin and valley pumping cur-
rents can be generated in silicene and MoS2 monolayers due
to a perpendicular electric field in the presence of an exchange
magnetic field [36,37]. Furthermore, spintronic devices that
work based on the pumping method can have a significant
effect on the data transfer speed in quantum computing and
energy saving [32,36]. However, the quantum pumping trans-
port in the phosphorene channel has received no attention.

In the present paper, quantum pumping properties are stud-
ied in a phosphorene monolayer in which three ac gate volt-

ages, as potential barriers, are applied on the system and two
ferromagnetic insulators are used to induce exchange mag-
netic fields. We find conditions in which fully spin-polarized
current and pure spin current (with zero charge current) can
be obtained. It is shown that increasing the number of barriers
has a significant effect to increase the magnitude of charge
current in phosphorene. Also, we show that in the presence of
uniaxial tensile strain (applied in the armchair direction), the
pumped spin current increases up to two orders of magnitude
which indicates that phosphorene is not only suitable for
spintronic applications but also it is suitable for straintronic
applications such as strain switches and strain sensors. A
comparison between the charge pumped currents in phospho-
rene and the other well-known 2D materials shows that the
charged pumped current in phosphorene is several orders of
magnitude greater than that of graphene, silicene, and MoS2.
The results presented here will be valuable for researchers
to consider phosphorene monolayer as a promising candidate
for straintronics and also for producing spin transistors with
a dominant performance, extremely low power consumption,
and large processing speeds.

The rest of the paper is organized as follows. In Sec. II,
the Hamiltonian of the system and analytical formula based
on scattering matrix (S matrix) are presented for calculating
charge and spin-dependent currents. In Sec. III, numerical re-
sults of charge- and spin-pumping properties of phosphorene
and the influence of strain on pumped currents are presented
and discussed. Finally, a summary and conclusion are given
in Sec. IV.

II. MODEL AND HAMILTONIAN

We consider a quantum pumping device consisting of a
phosphorene monolayer with width w as shown in Fig. 1.
To pump current, three oscillating potentials are applied
in regions with yellow and to generate spin-resolved cur-
rent, two exchange magnetic fields induced by proximity
effect of ferromagnetic insulators are used (see Fig. 1).
The Hamiltonian of this system in a tight-binding model is
given by [22]

Ĥ = Ĥ0(k)⊗σ̂0 − λ̂0⊗Mσ̂z + eVλ̂0⊗σ̂0, (1)

where σ̂0 and λ̂0 are a set of Pauli matrices, M is the normal-
ized strength of exchange magnetic fields, −e is the electron
charge, and V is the value of oscillating potentials. Using a
two-band model for the Hamiltonian of phosphorene proposed
in Ref. [38], we can write the Hamiltonian Ĥ0 in Eq. (1) at the
� point as [38]

Ĥ0(k) =
(

u0 + ηxkx
2 + ηyky

2 δ + γxkx
2 + γyky

2 + iχky

δ + γxkx
2 + γyky

2 − iχky u0 + ηxkx
2 + ηyky

2

)
, (2)

where u0 = −0.42 eV, ηx = 0.58 eVÅ
2
, ηy = 1.01 eVÅ

2
,

δ = 0.76 eV, χ = 5.25 eVÅ, γx = 3.93 eVÅ
2
, and

γy = 3.83 eVÅ
2
, which are obtained from the hopping

parameters in tight-binding calculations [38]. The effects of
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applied uniaxial strain can be taken into account through
the modification of hopping parameters and, as a result,
modification of the above-mentioned constants [38]. The
modified hopping integral t under strain effect, by using the
Harrison rule, is as follows [39,40]:

t/t0 ≈ 1 − 2(αxεx + αyεy + αzεz ), (3)

where t0 is the hopping integral, εi (i = x, y, z) are the strain
components, and the coefficients of αi are related to the
geometrical parameter in undeformed phosphorene [41].

The Hamiltonian in Eq. (1) can act on wave function
�σ (k) = ψ (k) ⊗ ξσ , where ψ (k) and ξσ are the eigenvec-
tors of momentum (related to the conduction-valence band)
and spin subspaces. The modulation of oscillating potentials
breaks both time reversal and spatial symmetries and gener-
ates pumped current. The oscillating potentials are considered
as V1(t ) = V01 + δV1 sin(ωt ), V2(t ) = V02 + δV2 sin(ωt + ϕ),
and V3(t ) = V2(t ). Here V01 and V02 are the static part of
potentials, δV1 and δV2 are the ac amplitude, ω is the frequency
of oscillation, and ϕ is the phase difference between the left
and central/right potentials. In the pumping device shown
in Fig. 1, we have five regions I, II,...,V (including three
oscillating potentials and two ferromagnetic wells). We can
confine each individual region with boundaries y1 j and y2 j

( j = I, II,...,V) [42]. Then by using wave functions �σ (k)
in y < y1 j , y1 j < y < y2 j , and y > y2 j [22] and applying the
boundary conditions at y1 j and y2 j (not shown in figure), the
reflection and transmission coefficients can be obtained for the
incident wave from the left side of region j as follows:

r j = 2i(λλ′ cos θq − λ2 cos θk ) sin[qy(y2 j − y1 j )]e2iky (y1 j )e−iθk

A1
,

(4)

t j = −2λλ′(sin θk )(sin θq) exp[−iky(y2 j − y1 j )]

A1
, (5)

where

A1 = exp[iqy(y2 j − y1 j )][1 − λλ′ cos(θq − θk )]

− exp[−iqy(y2 j − y1 j )][1 − λλ′ cos(θq + θk )], (6)

ky is the y component of the wave vector for
incoming/outgoing waves to the region and qy is the y
component of wave vector inside the region, kx is the x
component of the wave vector that is preserved throughout
the region due to invariance along this direction and
λ, λ′ = 1(−1) is defined for electron (hole) carriers. In
Eqs. (4)–(6), qy depends on the magnetic field (M) and gate
potential (V ) and can be obtained by using the eigenvalues of
the Hamiltonian Ĥ . The eigenvalues and qy are given by

E = eV − σM + u0 + ηxk2
x + ηyqy

2

±
√(

δ + γxkx
2 + γyqy

2
)2 + (χqy)2 (7)

and

qy =

√√√√−b1 ±
√

b2
1 − 4a1c1

2a1
, (8)

where

a1 = ηy
2 − γy

2,

b1 = −2
(
E − u0 − eV + σM − ηxk2

x

)
ηy − χ2

− 2
(
δ + γxk2

x

)
γy,

c1 = (
E − u0 − eV + σM − ηxk2

x

)2 − (
δ + γxk2

x

)2
.

(9)

In Eqs. (4)–(6), the phase factors θk and θq, in the polar
coordinates, are as follows:

θk = arctan

(
χky

δ + γxkx
2 + γyky

2

)
, (10)

θq = arctan

(
χqy

δ + γxkx
2 + γyqy

2

)
. (11)

The scattering matrix for each region is defined by Sj =
[(r j, t j )T (t ′

j, r′
j )

T ], where the superscript T stands for trans-
pose, r′

j and t ′
j are reflection and transmission coefficients

for incident electrons from the right side of the region j,
respectively [42]. Using the individual S j , the S matrix for
whole system can be determined as S = S1S2, ..., S5. Then
the pumped current can be obtained with a general for-
mula [36,43],

Iσ
k = ωe(sin ϕ)δV1δV2

2π

∑
α=1

∑
β=1,2

Im

(
∂
(
Sσ

αβ

)∗

∂V1

∂Sσ
αβ

∂V2

)
, (12)

where index α is related to outgoing modes from the left lead,
β is related to incoming modes to the channel from left and
right leads [44], and index σ denotes the spin direction. Con-
sidering the weak pumping regime, V0 � δV0, the derivations
∂Sσ

∂Vi
become independent of time. Because of including all

of the quantum states for a specific value of Fermi energy,
summation over kx is required. Using kx = −k sin φ and ky =
k cos φ, where φ is the incident angle of electron to barrier,
the summation can be converted to an integral over φ (see
Appendix A for more details) and the total pumped current
can be written as

Iσ = lim
w→∞

∑
k

Iσ
k = w

2π

∫ +kmax
x

−kmax
x

Iσ
k (kx )dkx

= w

2π

∫ π
2

− π
2

Iσ
φ (φ)dφ. (13)

The spin current, charge current, and spin polarization can be
defined by the following relations:

Is = I↑ − I↓, (14)

Ic = I↑ + I↓, (15)

and

Ps = |I↑| − |I↓|
|I↑| + |I↓| . (16)

Here I↑ and I↓ are spin-up and spin-down currents, respec-
tively. The above equations show that (a) if I↑ = −I↓, charge
current is zero and pure spin current is observed, (b) if I↑ =
I↓, unpolarized current exists, and (c) if I↑ = 0 and I↓ �= 0
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FIG. 2. Schematic view of the band structure of phosphorene monolayer when an electric potential or an exchange magnetic field is
applied in central region. (a) Electric potential causes both valence and conduction bands to move as much as eV0. (b) Exchange field breaks
spin degeneracy and causes to move spin-up (-down) bands as much as −M (M). The red (blue) color corresponds to the spin-up (spin-down)
bands.

or I↓ = 0 and I↑ �= 0, the fully spin-polarized current can be
achieved.

III. RESULTS AND DISCUSSION

In this section, we present a numerical study based on
equations given in Sec. II. For numerical calculation, we
consider a sheet of phosphorene with width w = 10 μm and
three oscillating potentials are applied in regions with the
same length L = 15 nm as shown in Fig. 1. For simplic-
ity, we consider u0 = 0 and thus Ec = 760 meV and Ev =
−760 meV where Ec(Ev ) is the value of the minimum of
conduction (maximum of valence) band energy [22]. Also,
two exchange magnetic fields, induced by proximity effect of
two ferromagnetic insulators, are applied in regions between
the oscillating barriers with the same length W = 30 nm (see
Fig. 1). Moreover, we consider the static part of potential
energies eV01 = eV02 = eV03 = 1875 meV, the ac amplitude
of them eδV1 = eδV2 = eδV3 = 0.1 meV, and their oscilla-
tion frequency ω = 5 GHz. The phase difference between
the first potential barrier and second/third ones for having
maximum dc pumped current is chosen as ϕ = π/2. The
normalized value of exchange magnetic field is considered as
M = 200 meV.

To better understand the effect of external electric potential
and exchange field, Fig. 2 shows a schematic view of con-
duction and valence bands of the phosphorene-based device
under influence of electric potential and exchange field. In the
presence of electric potential as shown in Fig. 2(a), the spin
degeneracy remains unchanged but both bands move as much
as the height of the potential barrier (i.e., eV0). Applying
exchange field, spin degeneracy breaks down which causes
spin splitting as shown in Fig. 2(b). In this case, the exchange
field acts as a barrier (well) for carriers with spin down (up).
Also, if the direction of magnetization is reversed, the spin-up
and spin-down bands act reversely.

In the absence of exchange fields (M = 0), the pumped
spin-resolved currents I↑ and I↓ versus the Fermi energy are
shown in Fig. 3. Regarding values of the band gap of phospho-
rene and external potentials, we consider an allowable range
of Fermi energy (i.e., E > 800 meV) for incident electrons to
flow throughout the system. It is observed that spin-up and
spin-down currents are completely coincident for all values of
the Fermi energy because the exchange field does not exist and
thus spin splitting cannot occur. The graphs of pumped cur-
rents have oscillatory behavior that the negative and positive
values of currents show electrons flow in systems from left
to right and right to left, respectively. Interestingly, the high
pumped current (more than 50 μA for spin-up and spin-down
currents or 100 μA for charge current) is a beneficial aspect
for phosphorene-based nanodevices proposed in the present
paper. Note that the charge current graph is the same as the

800 850 900 950 1000 1050

-30

-15

0

15

30

45

60

μ

FIG. 3. Pumped spin-resolved currents I↑ and I↓ versus the
Fermi energy E in the absence of exchange fields.
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FIG. 4. Pumped spin-resolved currents I↑ and I↓ versus the
Fermi energy in the presence of exchange fields with parallel config-
uration and normalized strength M = 200 meV. Upper (lower) panel
shows spin-up (spin-down) current.

spin-up- and spin-down-current graphs but its value is the sum
of spin-up and spin-down currents [see Eq. (15)].

In Fig. 4, we plot the pumped spin-up and spin-down
currents in the presence of exchange fields with parallel con-
figuration and normalized strength M = 200 meV. As shown
in this figure, the exchange fields break the spin degeneracy
and cause the pumped current to be spin polarized. For energy
interval 800 < E < 970 meV, spin-down current is zero and
we have only the spin-up current. This is because the exchange
fields raise the spin-down energy band and, as a consequence,
this interval of energy is forbidden for electrons with spin
down. So, as a result, this system acts as a spin-up filter device.
The spin-up filter is perfect because the spin-down current is
zero. Also, it can work in a wide interval of electron Fermi
energy. It is worth noting that the Fermi energy can be tuned
by changing the top gate voltage [45]. Increasing the exchange
field, one can obtain spin-filtering current in a greater interval
of electron energy. Furthermore, by reversing the direction of
exchange fields, one can have a polarized current with spin
down and the system can work as a perfect spin-down filter.

Figure 5 shows the spin current, charge current, and spin
polarization in a small interval of Fermi energy (i.e., 1016–
1028 meV). Here we consider exchange fields with parallel
configuration and normalized strength M = 200 meV—same
as Fig. 4. As shown in Fig. 5(a), the points indicated by A (B)
show the values of Fermi energy at which spin-up (spin-down)
current is zero and, according to Eq. (14), fully spin-polarized
current could be obtained because at these points the spin
polarization Ps is equal to ±1 [see Fig. 5(b)]. In this case, the
proposed device could work as a spin-up filter for Ps = +1
and spin-down filter for Ps = −1. The points indicated by
black represent the values of energy at which both spin-up and
spin-down currents are equal, so unpolarized current exists
in these points. The spin polarization as a function of the

FIG. 5. (a) Pumped spin-resolved currents I↑ and I↓, (b) spin
polarization Ps, and (c) pumped charge and spin currents versus the
Fermi energy.

Fermi energy is shown in Fig. 5(b). It is observed that spin
polarization Ps changes between −1 to +1 by variation of
Fermi energy and one could adjust the spin polarization of
pumped current at a desired value between −1 to +1 [37].
Spin and charge currents (Is and Ic) are depicted in Fig. 5(c).
The points indicated by C represent the values of Fermi energy
at which spin current is zero, hence the pumped current is
unpolarized. At points indicated by D, the charge current
is zero and, according to Eq. (15), spin-up and spin-down
currents are equal with opposite directions. Hence, at these
points, we have pure spin current. As an interesting result, the
proposed pumping device not only works as a spin filter but
also works as a pure spin device.

The pumped spin current versus the Fermi energy is
shown in Fig. 6 for parallel and antiparallel configurations

800 850 900 950 1000 1050 1100

-20

-10

0

10

20

M  = - M 
(b)

1            2

-50

-25

0

25

50
M  = M (a)

1          2

μ

FIG. 6. Pumped spin current Is versus the Fermi energy in the
presence of exchange fields with (a) parallel and (b) antiparallel
configurations.
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-50

0
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100 Three barriers

FIG. 7. (a) Top and side schematic views of a device with two
oscillating potentials. Pumped charge current Ic in the absence of
exchange fields versus the Fermi energy for a pumping device with
(b) two and (c) three oscillating potentials.

of exchange magnetic fields. It is observed that if the ex-
change magnetic fields are parallel, as shown in Fig. 1, the
spin-pumped current has nonzero values for E < 970 meV,
which is due to the spin-up current as shown in Fig. 4.
Note that in this configuration, spin-down current is zero for
E < 970 meV [see Fig. 4(b)]. For the case of antiparallel
configuration, the spin current (also spin-up and spin-down
currents) is zero in this range of energy (E < 970 meV). This
is because if we suppose that an electron with spin up is
injected to the system from the left side and the first (second)
exchange field has an antiparallel (parallel) magnetization
related to the electron spin direction, the first exchange field
acts as a barrier for this electron, as shown in Fig. 2. Also,
in this configuration, if an electron with spin down is injected
into the system, the second exchange field acts as a barrier
for this electron. Hence, for an electron with each type of
spin direction, one of the exchange fields raises the electron
energy band and causes placement of this range of energy
in the band-gap interval. As we can see in Fig. 6(b), for
E > 970 meV there is a nonzero current for antiparallel
configuration because this range of energy does not place in
the band-gap interval.

In this paper, we propose a pumping device with three
oscillating potentials. Now we compare the pumped current
of this device with a conventional two oscillating potential
device [36,44] and the results at the same conditions are
shown in Fig. 7. A schematic view of a pumping device with
two oscillating potentials is shown in Fig. 7(a). As shown in
Figs. 7(b) and 7(c), the pumped current for three potentials is
about two times greater than that of two potentials. Thus, by
increasing the number of potentials (from two to three), one
could significantly enhance the pumped currents. We know
that the phase difference between oscillating potentials and
thereby unequal scattering of carriers cause generation of a

1110 1140 1170 1200
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0

2

4

ε = 0
y

1110 1140 1170 1200
-20
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1110 1140 1170 1200

-200

0

200

400
ε = 15%

y

μ

1110 1140 1170 1200

-10

0

10 ε = 5%y

FIG. 8. Pumped spin current versus the Fermi energy in the
presence of uniaxial tensile strain with different values of εy applied
on armchair direction (y direction, see Fig. 1). Here the static part of
the potentials is chosen as eV01 = eV02 = eV03 = 2300 meV.

pumped current. So, in the case of three potential barriers,
charge carriers spend a longer time in the barrier regions,
which causes the scattering time to be longer and, as a result,
the pumped current increases. The pumped current for a
two-barrier device can be obtained in the limiting case of a
three-barrier one, when the length of right barrier and right
ferromagnetic region of three-barrier device go to zero (see
Appendix B).

Although there are many studies in the literature related
to the effects of strain on transport properties in 2D materials
(see e.g., Refs. [21,46–50]), there are only a few studies on the
role of strain in quantum pumping in these materials [51–53].
We now study the effects of strain on quantum pumping in
phosphorene and the results are shown in Fig. 8. This figure
shows the effects of uniaxial tensile strain on pumped spin
current for different values of εy(εy = 0.05, 0.1, and 0.15).
Here, the graph of the unstrained system (εy = 0) is shown
in the figure for comparison. As we can see in this figure, the
pumped current significantly enhances by applying the strain.
For instance, for strain with εy = 0.15, the maximum pumped
current increases by two orders of magnitude relative to the
unstrained system, which shows high sensitivity of pumped
current to strain. As another result, the proposed device based
on phosphorene could also be used for straintronic devices
such as strain sensors and strain switches. The pumped current
enhancement, in the presence of strain, is due to the density of
states increment in the phosphorene channel and hence the
increment of accessible states for carriers [54].

Now, for showing the prominence of phosphorene-based
pumping devices other than common 2D materials, we com-
pare the pumped charge current of phosphorene with graphene
and silicene. In Fig. 9, the pumped charge current ver-
sus the Fermi energy is plotted for graphene, silicene, and
phosphorene in the presence of three potential barriers. The
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FIG. 9. Pumped charge current in the absence of exchange
fields versus the Fermi energy for (a) graphene, (b) silicene,
and (c) phosphorene-based pumping devices with three oscillating
potentials.

calculations are made for the same conditions except, due to
the large (1.4 eV) energy gap of phosphorene, the range of
energy in Fig. 9(c) is selected greater than Figs. 9(a) and 9(b).
It is seen that the maximum value of charge current magnitude
in phosphorene is four and five orders of magnitude greater
than those of silicene and graphene. This is because of an
intrinsic anisotropic behavior of phosphorene due to its puck-
ered structure and its long phase-coherent that is, effective
in transport properties [55]. Furthermore, the pumped charge
current in the phosphorene-based device is two orders of
magnitude greater than the current in MoS2-based device that
has been studied recently [37]. This is because of the higher
mobility and less effective mass of carrier in phosphorene than
MoS2 [10,37]. From the technological point, the measure-
ment and manipulation of pumped charge and spin currents
with microampere order in phosphorene [56] are simpler
than nanoampere currents in graphene [44]. So these results
present the advantages of phosphorene-based devices versus
graphene-based ones and introduce this material as a good
candidate in spintronics and straintronic applications [9,10].

IV. SUMMARY AND CONCLUSION

In this paper, we have studied the spin- and charge-
pumping properties in a monolayer phosphorene using S-
matrix approach. Here we have proposed a pumping device
with three external ac gate voltages as oscillating potential
barriers that are responsible for generating the dc pumped
current. In the presence of exchange field induced by proxim-
ity effect of ferromagnetic insulators, we have determined the
conditions in which fully spin-polarized current and pure spin
current can be obtained. It has been shown that three-barrier
pumping devices have some advantages relative to two-barrier
ones such as higher pumped currents. We have also studied

the effect of strain on pumped currents and shown that the
strain causes an increase of the pumped currents by up to two
orders of magnitude. As a result, the proposed device could
be used as strain sensors and strain switches, which are two
important devices in straintronics. A comparison between the
pumped current in phosphorene and some other 2D materials
shows that the pumped current in phosphorene is two, four,
and five orders of magnitude greater than the pumped current
in MoS2, silicene, and graphene, respectively, which is due
to the anisotropic behavior and the high carrier mobility
of phosphorene. The results of this paper could motivate
researchers to consider phosphorene as a promising candidate
for fabricating spintronic and straintronic devices with low
power consumption and large processing speeds.
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APPENDIX A

Here we explain the method for changing the integral vari-
able in Eq. (13) from kx to φ. Using Eq. (2), the eigenvalues
of the Hamiltonian Ĥ0 are given by

E0 = u0 + ηxkx
2 + ηyky

2 ±
√(

δ + γxkx
2 + γyky

2
)2 + (χky)2.

(A1)
Substituting kx = −k sin φ and ky = k cos φ and solving

the above equation, we have

k =
√

−b ± √
b2 − 4ac

2a
, (A2)

where

a = (ηx sin2 φ + ηy cos2 φ)2 − (γx sin2 φ + γy cos2 φ)2,

b = −2(E0 − u0)(ηx sin2 φ + ηy cos2 φ) − (χ cos φ)2

− 2δ(γx sin2 φ + γy cos2 φ),

c = (E0 − u0)2 − δ2.

(A3)
Since k depends on φ, derivation of kx can be written as

dkx =
[

− (sin φ)
∂k

∂φ
− k(cos φ)

]
dφ, (A4)

where

∂k

∂φ
=

[(−b′ − 2bb′−4a′c
2
√

b2−4ac
) − 2a′k2]

4ak
, (A5)

and

a′ = ∂a

∂φ
= 2(sin 2φ)[(ηx sin2 φ + ηy cos2 φ)(ηx − ηy)

− (γx sin2 φ + γy cos2 φ)(γx − γy)],

b′ = ∂b

∂φ
= (sin 2φ)[−2(E0 − u0)(ηx − ηy) + χ2

− 2δ(γx − γy)].

(A6)
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APPENDIX B

The S matrix for the three-barrier system can be written as

S = [(r, t )T (t ′, r′)T ], (B1)

where the reflection and transmission coefficients for incident
electrons from left side of system are, respectively, given
by [42]

r =
(

rb + t ′
br4tb

1 − r′
br4

)
+

( t ′
bt ′

4
1−r′

br4

)
r5

( tbt4
1−r′

br4

)
1 − (

r′
4 + t4r′

bt ′
4

1−r′
br4

)
r5

(B2)

and

t =
( tbt4

1−r′
br4

)
t5

1 − (
r′

4 + t4r′
bt ′

4
1−r′

br4

)
r5

, (B3)

and the reflection and transmission coefficients for incident
electrons from the right side can be written as

r′ = r′
5 +

t5
(
r′

4 + t4r′
bt ′

4
1−r′

br4

)
t ′
5

1 − (
r′

4 + t4r′
bt ′

4
1−r′

br4

)
r5

(B4)

and

t ′ =
( t ′

bt ′
4

1−r′
br4

)
t ′
5

1 − (
r′

4 + t4r′
bt ′

4
1−r′

br4

)
r5

, (B5)

respectively. In Eqs. (B2)–(B5),

rb =
(

r1 + t ′
1r2t1

1 − r′
1r2

)
+

( t ′
1t ′

2
1−r′

1r2

)
r3( t1t2

1−r′
1r2

)

1 − (
r′

2 + t2r′
1t ′

2
1−r′

1r2

)
r3

, (B6)

tb =
( t1t2

1−r′
1r2

)
t3

1 − (
r′

2 + t2r′
1t ′

2
1−r′

1r2

)
r3

, (B7)

r′
b = r′

3 +
t3

(
r′

2 + t2r′
1t ′

2
1−r′

1r2

)
t ′
3

1 − (
r′

2 + t2r′
1t ′

2
1−r′

1r2

)
r3

, (B8)

t ′
b =

t ′
3

( t ′
1t ′

2
1−r′

1r2

)
1 − (

r′
2 + t2r′

1t ′
2

1−r′
1r2

)
r3

, (B9)

where r j and t j ( j = 1, 2, ..., 5) are the reflection and trans-
mission coefficients for incident electrons from the left side
of region j and r′

j and t ′
j are the reflection and transmission

coefficients for incident electrons from the right side of region
j. Note that in Eqs. (B2)–(B9), for convenience in writing,
we have used j = 1, 2, ..., 5 to show the number of regions
of the system instead of j = I, II,..., V (see Fig. 1). In the
limiting case, when the length of right potential barrier, L,
and right ferromagnetic well, W , go to zero, the three-barrier
pumping device becomes a two-barrier one. In this case,
r4 = r′

4 = r5 = r′
5 go to zero, and t4 = t ′

4 = t5 = t ′
5 go to 1

and Eqs. (B2)–(B5) reduce to Eqs. (B6)–(B9), which show
the reflection and transmission coefficients for the two-barrier
system. Now, the S matrix for the two-barrier system can be
written as S(2b) = [(rb, tb)T (t ′

b, r′
b)T ] and the pumped current

for this system is given by substituting S(2b) into Eq. (12) and
using Eq. (13).
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