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Many-electron redistribution in n-doped semiconductor nanostructures under
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The study of an external force triggering the many-electron redistribution in nanostructures is of importance
for both theoretical and practical interest in condensed matter physics. Hence, the goal of this contribution is
to theoretically investigate the influence of an external electric field (EEF) on the ground and excited states of
a system of many-electrons confined in GaAs/AlGaAs nanostructures. To deal with the many-body issue, we
employ a Yukawa-like potential in a two-electron framework, while it is proposed to explore the challenging EEF
contribution by analyzing its effect on the electronic center-of-mass framework. Thus, while the Yukawa-like
potential allows us to model the many-electron interaction in the range from 1017 to 1023 electrons/cm3, via
the adjustment of a simple screening parameter; the center-of-mass approximation also allows us to describe
easily the effect of the EEF separately. Internal electronic distributions in nanostructures of various sizes and
electronic concentrations are obtained and discussed for EEF of variable magnitude. This alternative approach
enables us to decouple the electron-electron and the EEF interactions, which is useful in determining the origin
of the observed features. We show that this theoretical framework is well suited to get relevant information in
semiconductor nanostructures of practical sizes and realistic doped levels.
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I. INTRODUCTION

Recent advances in nanofabrication and the technology
of semiconductor nanostructures, such as quantum wires
(QWRs) or quantum dots (QDs) [1–3], promise a wide spec-
trum of potential applications. The latter are possible due to
the deep modification of the nanostructure physical properties,
such as sharp density of states, ballistic electronic transport, or
enriched optical properties that are quite different to those of
the bulk material [3,4].

In particular, because QWRs possess both transversal
quantum confinement and longitudinal ballistic transport, ex-
tensive experimental and theoretical studies [5–8] have shown
their high potential to be applied in the next generation of
optoelectronic and electronic devices [9–12]. In most of the
nanostructure-based devices, the activation of such properties
involves the application of an external voltage (Vext), which in
turn produces an EEF (Eext). It is then crucial to deeply under-
stand its impact on the internal electronic reconfiguration and
the related modification on the QWRs and QDs properties.

Due to the issues related to the modeling of large (mi-
crometric) wires and high electronic concentrations (around
1017 electrons/cm3), most of the reported works address the
study of an EEF on semiconductor nanostructures of small
(nanometric) size, containing just one or a few electrons.
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So, when addressing QWRs, usually a transverse EEF is
applied (along the short, nanometric, QWR cross-section)
and single electronic or excitons redistribution, known as the
Stark effect, are usually reported [13–19]. For example, for
semiconductor QDs an electronic Stark shift (in the opposite
direction to the EEF and towards lower energies), changes
in the photoluminescense emission and optical absorption
have been reported [17,18,20]. However, the most common
configuration, when the EEF is applied along the wire remains
much less studied mainly because it implies dealing with
relatively large sizes and many-body electron-electron (e-e)
interactions, which is a quite challenging issue.

In recent publications, we proposed the use of a Yukawa-
like-interaction to deal with the many-body problem, which
allows us to describe the e-e interaction in n-doped semi-
conductor nanostructures of typical electronic concentrations
and realistic lengths [21,22]. By using this formalism, for
example, valuable information about the Wigner molecule
formation in QWRs, such as critical electronic-densities or
optimal geometries were reported for different semiconductor
materials. In the present work, we study the effect of an Eext

on the electronic distribution in semiconductor GaAs/AlGaAs
nanostructures. To this end, the e-e is handled as in Ref. [22]
while the Eext is decoupled by applying it to the elec-
tronic center-of-mass framework of the entire e-e interacting
system.

Hereafter, we solve the Schrödinger equation by decou-
pling the e-e relative framework from the center-of-mass
one of the total electronic distribution. In the two-electron
framework, two nonrelativistic electrons in GaAs wells
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FIG. 1. Schematic illustration of the GaAs nanostructure of
length Lz and cross section Lx · Ly, embedded into a matrix of
AlGaAs. All the plots in this paper are only for schematic purposes
and not to scale.

embedded into an AlxGa1−xAs matrix are considered. The
e-e interaction is described by a Yukawa-like potential, which
captures the effect of many carriers through a screening
parameter κ . By modifying κ , we can establish the carrier
density n associated with the intentional n-doping level of
epitaxially grown GaAs/AlGaAs nanostructures. The effect
of a Coulombic Vext, associated to the Eext, which is applied
on the center-of-mass framework of the e-e global interacting
system is theoretically investigated.

II. THEORETICAL MODEL

A. Uncoupling the frameworks

We consider a square GaAs QWR embedded in a AlGaAs
matrix (see Fig. 1). The time-independent Schrödinger equa-
tion for the two-electron wave function �(�r1, �r2) ≡ � is given
by [21,22]

− h̄2

2m∗
e

∇2� + (Veff + Vext )� = E�, (1)

where h̄ ≡ h/2π , h is the Planck constant, m∗
e is the effective

electron mass, and Veff = Ve-w(x, y) + Ve-e(r) is the electro-
static interaction potential. Here, Ve-w (electron-wall) accounts
for the transversal x and y finite square well potentials, and
Ve-e (electron-electron) is the longitudinal (along the z-axis)
Yukawa-like interaction, which has the mathematical form

Ve-e(r) = e2

4πεε0

exp [−κr]

r
, (2)

where ε = ε0εr , with ε0 and εr being the vacuum permittivity
and the dielectric constant of the material, respectively. Here r
is the electron-electron separation distance (along the z-axis)
and κ the screening parameter, given by [23]

κ =
√

2e2n

ε0εkBT
, (3)

with e the electron charge, n the electronic density, kB the
Boltzmann constant, and T the temperature. For simplicity,
we consider the pair of electrons to be located along the
z-axis. Thus, their relative distance is given by r = z1 − z2 and
Ve-e(r) = Ve-e(z).

The Coulombic Vext in Eq. (1) is associated with the
external potential along the z-axis, given by

Vext(z) = eEext(z1 + z2), (4)

TABLE I. Parameters of the GaAs and AlGaAs bulk materials,
used in this work to solve Eqs. (12) and (13).

Parameter GaAs AlxGa1−xAs

2Ry 10.78 meV 15.12 meV
aB 10.26 nm 7.67 nm
m∗

e 0.0665 me 0.0857 me

Ve-w 0 186.42 meV
εr 12.9 12.247
T 300 K
x 0 0.23

where Eext is the external electric field. To solve Eq. (1), we
consider the position of the center of mass R = (z1+z2 )

2 and the

reduced mass μ = m∗
e

2 . Then by using

z1 = R + r

2
, (5)

z2 = R − r

2
, (6)

one can redefine the operators and Vext in terms of r and R as,

∇1 = ∇r + 1
2∇R, (7)

∇2 = −∇r + 1
2∇R, (8)

Vext(z) ≡ Vext(R) = eEext2R. (9)

Then, Eq. (1) can be rewritten as[
− h̄2

4m∗
e

∇2
R + Vext(R) − h̄2

2μ
∇2

r + Veff(r)

]
� = E�. (10)

By introducing � ≡ �i j = χi(R)γ j (r), Eq. (10) takes the
form[

− h̄2

4m∗
e

∇2
R + Vext(R) + Ve-w

]
χi(R)γ j (r)

+
[
− h̄2

2μ
∇2

r + Ve-e(r)

]
χi(R)γ j (r) = Eχi(R)γ j (r), (11)

where the energy E = ER + Er contains the contributions
from both frameworks. Eqquation (11) can be reduced to the
two independent and simpler equations[

− h̄2

4m∗
e

∇2
R + Vext(R) + Ve-w

]
χi(R) = ERχi(R), (12)

and [
− h̄2

2μ
∇2

r + Ve-e(r)

]
γ j (r) = Erγ j (r). (13)

Here, Eq. (12) contains the EEF contribution in the center-of-
mass framework and Eq. (13) the e-e and e-w contributions in
the two-electron relative framework. In Table I the parameters
used to solve these equations are summarized.

B. Center-of-mass framework solution

Equation (12) is solved by considering infinite barriers at
the edges of the structure (on the z-axis, where Ve-w = 0), and
the Eext is applied along the z-axis on a particle of mass 2m∗

e .
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For such conditions, the solution is analytical, and has the
form

χi(R) = Ai

(
(2eREext − ERi )m

∗
e

h̄2
( eEextm∗

e

h̄2

)2/3

)
C1i

+ Bi

(
(2eREext − ERi )m

∗
e

h̄2
( eEextm∗

e

h̄2

)2/3

)
C2i, (14)

where Ai, Bi are the Airy functions, C1i and C2i are normal-
ization constants, and the index i = 1, 2, 3, . . . defines the
quantum state. In this paper, we only analyze the ground
(i = 1) and first excited state (i = 2).

By considering the infinite barrier boundary condition

χi(± Lz

2 ) = 0 and defining α = m∗
e

h̄2 ( eEextm∗
e

h̄2 )
−2/3

, we get

Ai([eEextLz − ERi ]α)C1i + Bi
(
[eEextLz − ERi ]α

)
C2i = 0,

(15)

and

Ai([−eEextLz − ERi ]α)C1i + Bi
(
[−eEextLz − ERi ]α

)
C2i = 0,

(16)

which can be used to determine the eigenenergies as a tran-
scendental equation. The ratio C1i/C2i can be calculated from

Bi
(
[eEextLz − ERi ]α

)
Ai

(
[eEextLz − ERi ]α

) = Bi
(
[−eEextLz − ERi ]α

)
Ai

(
[−eEextLz − ERi ]α

) . (17)

C. Electron-electron framework solution

By considering infinite barriers at the nanostructure’s z-
edges, an error in the calculation is introduced, which is par-
ticularly important for QDs. Focusing on usual n-GaAs/metal
Schottky barriers, we estimated typical errors around 4–10%
for the smaller nanostructures studied in this contribution.
This error does not modify the main conclusions of this work.

The solution of Eq. (13), corresponding to the two-electron
framework [γ j (r), j = 1, 2, 3, . . .], can be numerically ob-
tained by using the finite differences method (e.g., see
Ref. [21]). Due to the strongly confined condition in the x-y
plane (Lx and Ly are set to 8 nm), we only consider the ground
state. The solutions are well known [24]:

ψ (w) =
{

Nwcos(wlw ) w � |Lw/2|,
Cwewmw + Dwe−wmw w � |Lw/2|, (18)

where w = x or y; Nw, Cw, Dw are normalization constants,

lw =
√

2μEw

h̄2 , mw =
√

2μ(Ve-w−Ew )
h̄2 , and Ew the eigenenergy.

III. EEF ELECTRONIC REDISTRIBUTION

We expect that an Eext acting on a negative distribution of
charge should shift it to the opposite direction to the EEF. As
we discuss further below, this is observed for the ground and
excited states (together with the deformation of the original
symmetrical charge distribution due to the interaction with the
edge of the wire) when we only consider the center-of-mass
framework. However, when the e-e and e-w components are

FIG. 2. 3D plots and 2D contour plots displaying the electronic
distribution inside a GaAs/AlGaAs QWR of dimensions Lx,y = 8 nm
and Lz = 1 μm. In the upper rows the distributions correspond to the
[(a) and (b)] ground (χ1) and [(e) and (f)] first excited (χ2) states
without an external force. The lower rows [(c), (d), (g) and (h)] shows
the effect of the EEF (of magnitude Eext = 1.5 × 10−1 V/cm), which
is applied along the −z direction on the electronic center-of-mass.

added to the EEF, the behavior becomes more complex for the
excited states’ distributions.

In Fig. 2, three-dimensional (3D) plots and two-
dimensional (2D) contour plots corresponding to the probabil-
ity densities for the ground (χ1) and first excited states (χ2),
as calculated from Eq. (12) are presented. In the lower row, it
can be observed the shift of the charge distribution produced
by an Eext of magnitude 1.5 × 10−1 V/cm. The plots in Fig. 2
correspond to a QWR of Lx,y = 8 nm and Lz = 1 μm. For
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FIG. 3. Schematic representation of the two different frame-
works used to model the total interaction inside the semiconductor
nanostructures, that is, the external electric field plus the e-e and e-w
interactions.

QDs (Lz around 10–20 nm) a similar trend is observed, but
higher Eext values are needed (Eext around 103 V/cm).

Without the influence of an EEF, symmetrical and trun-
cated electronic distributions are observed in the center-of-
mass framework, as expected. The truncated features in the
3D projections results from tunneling, discernible for small-
enough cross-section values (Lx,y < 30 nm), as finite barriers
at the GaAs/AlGaAs (x − y) interfaces were considered. The
symmetrical distributions are lost as the electrons redistribute
by the influence of EEF and by the interaction with the
infinite barriers at the z-edges [see Figs. 2(c) and 2(d) and 2(g)
and 2(h)].

IV. COUPLING THE FRAMEWORKS

What is of interest in this work is to describe the total
influence on the electronic density due to the external electric
field the e-e interaction and the quantization effects due to
the nanometric size of the GaAs/AlGaAs structures. The
EEF influence on the total electronic distribution [related to
|χi(z)|2] was described in the previous section. In Ref. [22],
the e-e Coulombic interaction and the quantum confinement
[related to |γ j (z)|2] were extensively examined by using an ef-
fective potential, which includes the Yukawa-like interaction
and the x-y confinement. In this section, we will describe the
electronic distribution by coupling both frameworks [related
to |χi(z)|2|γ j (z)|2], which is schematically illustrated in Fig. 3.

We first consider a QWR of length Lz = 1 μm, cross-
section Lx,y = 8 nm, and n1 = 1017 cm−3. To facilitate the
discussion, we consider two different EEF magnitude inter-
vals. One for weak EEFs (from 0 to 150 mV/cm, where
the charge redistributes without considerable influence of the
barrier at the z-edge, see Fig. 4) and the other for strong EFF

FIG. 4. Electronic distribution for the ground state (�11) of a GaAs/AlGaAs QWR of size Lx,y = 8 nm and Lz = 1 μm, which contains
both the external Eext (χ1) and the e-e and e-w interactions (γ1). For clarity, in the upper row, the profiles corresponding to each component and
the total distributions are displayed. The electronic concentration was set to 1017 cm−3 and the Eext was applied pointing to the −z direction.
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FIG. 5. (a) Dpeak, (b) 
L dependence of the charge distribution,
and (c) the probability density, for the ground state in a QWR for
different values of Eext (< 150 mV/cm, weak regimen). Here Lx,y =
8 nm, Lz = 1 μm, and n = 1017 cm−3.

values (above 300 mV/cm, where the z-barrier affects the
redistribution, see Fig. 6).

A similar weak/strong analysis can be done for others
nanostructure settings (but different values for the weak and
strong EEFs must be considered). For example, for Lz =
30 nm, Lx,y = 8 nm and n1 = 1017 cm−3 a strong EEF must
have a value larger than 5 kV/m (because of the strong
quantum confinement on the z-axis).

A. General behavior

In Fig. 4, the electronic probability density for the ground
state (|�11|2) for weak EEFs is displayed. For clarity, we
plot in the upper row [Figs. 4(a) to 4(c)] the profile of each
component of the distributions presented in the lower row
[Figs. 4(d) to 4(f)]: the EEF acting on the center-of-mass
framework [|χ1(z)|2, blue solid line], the e-e interaction and
x-y confinement in the e-e framework [|γ1(z)|2, red solid
line], and the coupled frameworks [|�11|2 = |χ1(z)|2|γ1(z)|2,
purple dashed line].

As can be observed in Fig. 4, the coupled system incor-
porates the electronic shift due to the EEF in a clear way.
The e-e interaction and the x-y confinement, which trigger the
formation of a two-peak profile (see Ref. [22]) is correctly
contained in the global |�11|2.

Dpeak, i.e., the distance between the two-peaks in |�11|2
[see Fig. 4(a)], is a parameter that describes the relative shift
induced by the EEF. In Fig. 5(a) this parameter is plotted for
different values of Eext in the weak regimen. As observed,
in the absence of an EEF Dpeak ∼ 400 nm and it slowly and
linearly decreases as the magnitude of Eext increases. Then,
basically the EEF transfers the charge from one of the two
peaks to the other (in this case, to the +z region), preserving
almost without changing the distance between the two peaks.

FIG. 6. (a)-(c) 3D electronic density plots, (d) 2D profiles, and (e) 
L dependence corresponding to the ground state of a QWR under
different values of Eext (>150 mV/cm, strong regimen). The dimensions of the QWR are Lx,y = 8 nm, Lz = 1 μm, and doping level n =
1017 cm−3.
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In contrast, if the shift of the electronic center-of-mass

L [see Fig. 4(b)] is considered, a notable displacement is
found, as displayed in Fig. 5(b). In Fig. 5(c), the continuous
modification of |�11|2 when Eext varies from 0 to 150 mV/cm
is presented.

For larger EEF values (Eext > 150 mV/cm) a different be-
havior is observed (see Fig. 6). As the charge is concentrated
in only one peak, on the +z region of the QWR, the main
effect of the EEF is to squeeze the electronic distribution
towards the +z QWR edge. Figure 6(d) shows the changes
in the probability density for the coupled system as a function
of Eext within the strong coupling regimen. As observed in
Figs. 6(a) to 6(c), for stronger Eext a disk-like charge dis-
tribution is induced. In such a case, the 
L asymptotically
shifts to a limited value (for the parameters used in the present
configuration 
L tends to ∼440 nm).

B. n-doping level dependence

In the previous sections, a value for κ corresponding to an
n-doping level of 1017 cm−3 was considered, which is a GaAs
doping level value usually used in devices and experimental
setups. It is also the lower electronic density that our model
can manage in a safe way (see Ref. [22]).

However, as higher doping concentrations can be easily
obtained in real semiconductor nanostructures (for further
applications), in this section we now explore the modification
of the electronic distribution by an EEF in a QD (Lz =
30 nm) and a QWR (Lz = 1 μm) with n-doping levels up to
1023 cm−3. In each case, an Eext in the weak range is used, as it
provides more information than the stronger one. We consider
both the ground and excited states �12, �21, and �22.

In Fig. 7 the profiles corresponding to �11 for a QD and
a QWR, for different values of Eext and as a function of
the n-doping level and their corresponding screening length
λ = 1/κ , are shown. As can be observed, the dependence
is more substantial for the QD, where a strong screening is
observed even for the lower concentration. The well-defined
independent two-peak distribution is a characteristic of QWR,
related to the formation of the Wigner molecule. As observed,
the molecule is destroyed by the EEF. We also observe that
largest values of Eext are needed for a QD to observe signifi-
cant changes in the electronic distribution, which is related to
the strong confinement of the carriers in the z-direction.

A simple way to quantify the effect of the Eext on the
redistribution of the charge is by calculating the amount of
charge transferred from one side to the other (marked as {I}
and {II} in Fig. 7) by the EEF. The electronic portion carried
from the {II}region to the {I}region depends on the n-doping
level and Eext, but it is evident in the QD for the values chosen
for Eext, as displayed in Fig. 7, where the percentage of the
original charge that is transferred is displayed for various
values (without a EEF, the distribution is 50%–50%).

To visualize the different effects of the EEF on the excited
states, in Fig. 8 the 2D contour plots of the probability
density for the ground and the �12, �21, and �22 excited
states are displayed for a QWR (Lz = 1 μm, Lx,y = 8 nm, and
n = 1017 cm−3). The left column in Fig. 8 corresponds to
Eext = 0 and the right column to the case when a moderated
Eext = 1.5 × 10−1 V/cm is applied. As can be observed, now

11
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93%
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1=2nm

2=0.1nm

3=0.01nm

4=0.002nm

FIG. 7. Dependence of the ground-state electronic distribution
with the n-doping level and a moderated Eext. The 2D profiles of
the left column correspond to a QD of dimensions Lx,z = 8 nm and
Lz = 30 nm. The right column correspond to a QWR of dimensions
Lx,z = 8 nm and Lz = 1 μm. In both cases, for the stronger value of
Eext (in the blue-continuous line) the percentage of charge in each
of the two-fold distribution is displayed. Vertical dotted lines help to
visualize the shift of the distribution.

the behavior is not as simple as the one seen in the ground
state.

As observed from Fig. 8, the electronic distributions dis-
play a symmetrical distribution with respect to the center of
the QWR when Eext = 0. However, when the EEF is applied,
the charge redistribution does not exhibit a simple relocation
at the QWR edge, which, as before, is only observed for the
ground state and just partially for �12. For �12, the charge
tends to be relocated at the +z edge of the wire, nevertheless,
most of the charge is localized at the third electronic distribu-
tion, not at the fourth, closer to the edge.

For �21, the charge redistributes in the opposite side of
the wire. That is, the electronic charge moves in the oppo-
site direction as one could expect. Furthermore, for �21 an
additional electronic distribution arises between the original
two-fold distribution when the EEF is applied. For �22 the
redistribution of the charge is even more complex but similar
to �21, as a new distribution appears and the charge tends to
redistribute at the −z side of the QWR.

Finally, one can also explore the effect that the electronic
density has on the excited states. In Fig. 9, the �12 excited
state of a QD and a QWR is presented for various n-doping
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FIG. 8. 2D contour plot showing the charge distribution in a
QWR for the ground (�11) and the three first excited (�12, �21,
and �22) states. The left column displays the distributions without
an EEF. The right column shows the effect of the application of an
Eext = 15 × 10−2 V/cm, which is set along the −z direction.

concentrations and Eext magnitudes (similar to Fig. 7, but for
an excited state).

Aside from the obviously larger number of nodes in the
electronic distribution, the general trend is quite similar to the
observed for �11 in Fig. 7: the n-doping level does not affect
the QWR as it affects the QD and the charge redistributes by
passing from one individual distribution to the next (to −z in
this case, with Eext pointing to +z). Given the behavior of �21

and �22 in Fig. 8, one could expect a more complex behavior
for higher excited states with the modification of the n-doping
level.
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FIG. 9. Dependence of the �12 excited state distribution with the
n-doping level and a moderated Eext. The 2D profiles of the left
column correspond to a QD of dimensions Lx,z = 8 nm and Lz =
30 nm. The right column corresponds to a QWR of size Lx,z = 8 nm
and Lz = 1 μm. In both cases, for the stronger value of Eext (in
the blue-continuous line) the percentage of charge in each of the
four-fold distributions is displayed.

V. CONCLUSION

In summary, we theoretically investigated the effect of an
EEF on the ground and excited states of a system of many
electrons confined in GaAs nanostructures. Our theoretical
approximation allows us to observe the effect of the EEF in
a easy way in nanostructures of various sizes and electronic
concentrations. This alternative approach also allows us to
decouple the e-e and the EEF interactions, which results as be-
ing useful in determining the origin of the observed features.
We showed that this approach is well suited to get relevant
information in semiconductor nanostructures of realistic sizes
and practical doped levels. Interesting and unexpected redis-
tributions by the EEF are observed for some excited states.
Experimental studies are in process to verify our predictions.
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