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Local matrix product operators: Canonical form, compression, and control theory
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We present a new method for compressing matrix product operators (MPOs) which represent sums of local
terms, such as Hamiltonians. Just as with area law states, such local operators may be fully specified with
a small amount of information per site. Standard matrix product state (MPS) tools are ill-suited to this case,
due to extensive Schmidt values that coexist with intensive ones, and Jordan blocks in the transfer matrix. We
ameliorate these issues by introducing an “almost Schmidt decomposition” that respects locality. Our method is
“e-close” to the accuracy of MPS-based methods for finite MPOs, and extends seamlessly to the thermodynamic
limit, where MPS techniques are inapplicable. In the framework of control theory, our method generalizes
Kung’s algorithm for model order reduction. Several examples are provided, including an all-MPO version of the
operator recursion method (Lanczos algorithm) directly in the thermodynamic limit. All results are accompanied
by practical algorithms, well-suited for the large MPOs that arise in DMRG for long-range or quasi-2D models.
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I. INTRODUCTION

While it is now well understood how matrix product
states (MPS) can approximate 1d ground states [1-7], matrix-
product representations of operators (MPOs) remain less un-
derstood. MPOs feature prominently in modern implementa-
tions of the density matrix renormalization group (DMRG)
[2], yet we lack a complete understanding of the resources
required for an MPO approximation of a complex (but lo-
cal) operator, an important ingredient for several problems
of current interest. For instance, DMRG calculations of 1d
systems with long-ranged interactions or 2d cylinder geome-
tries are hampered by the large bond dimension of MPO
representations of the Hamiltonian. Complex operators also
arise during the Heisenberg evolution of simpler ones, so
efficient numerical representations would have wide ranging
applications in the study of quantum thermalization and the
emergence of hydrodynamics.

While a MPO can formally be treated as a MPS in a
doubled Hilbert space, this neglects the special structure of
Qperators like Hamiltonians: they are a sum of local terms,
H = Z i, where H is localized around site j. If the stan-
dard MPS compresswn algorithm via Schmidt decomposition
(i.e., singular value decomposition) is directly applied to oper-
ators, this structure leads to an ill-conditioned thermodynamic
limit, in which some of the Schmidt values become infinite. In
1d, locality gives rise to the following simple property that is
the basis for our results. When a 1d system is partitioned into
left and right halves, any local operator can be written as

H=Hole+ 1. @He+ ) halii @, (1)
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where ﬁz ,g Tun over traceless operators localized on the
left/right halves respectively, with coefficients A,;. The first
two terms contain the part of the operator supported on
strictly one or the other side of the partition, whose magnitude
grows linearly with system size, while the third term con-
tains the terms in the operator straddling the partition. This
immediately suggests a compression scheme: approximate
the intensive part h,, using a singular value decomposition
(SVD), whose rank will determine the bond dimension of the
MPO, while leaving the extensive terms untouched. Doing
so manifestly preserves locality, which will allow us to take
the limit of infinite system size, addressing the long-standing
problem of efficiently representing operators in the thermo-
dynamic limit [8—12]. This idea was discussed in Ref. [9].
However, the coefficients /4, and the resulting singular value
spectrum, depend on the choice of operators hj . and a priori
there is no reason SVD truncation should be optimal. In this
work we provide the simple “fix,” which makes the procedure
optimal: the compression is performed only after the MPO is
brought to a canonical form in which Tr[hL Rh R] X 84p. The
main result of this work is an compression algorlthm for both
finite and infinite MPOs (iMPOs) which works for physical
Hamiltonians with virtually any type of interaction.
Canonical forms play a crucial réle in MPS compression
and many other algorithms, but the naive generalization of the
MPS definition to MPOs fails to capture the locality structure
of Eq. (1) (for this reason, naive SVD truncation of an MPO
in the same manner as MPS generically destroys locality.) We
therefore adapt the MPS technology of “canonicalization” and
compression algorithms to the class of “first degree” MPOs,
which includes short and long ranged Hamiltonians. As a
byproduct, we provide a rigorous analysis of the convergence
of well-known iterative “canonicalization” algorithms for in-
finite MPSes. We also present a noniterative compression
algorithm specific to the type of iMPOs that occur in DMRG
calculations, which exploits their upper triangular structure to
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efficiently handle MPOs with bond dimensions on the order of
several thousands. Finally, we detail an intriguing connection
to notions from control theory: our compression scheme is a
generalization of Kung’s method for model-order reduction
via balanced truncation [13]. Whenever possible, we provide
rigorous proofs of our statements. Our results apply to both
finite MPOs and infinite matrix product operators, although
we put more emphasis on the infinite case.

This work is organized into two parts: the first three sec-
tions are a “practical handbook” for compressing finite MPOs,
followed by a more sophisticated treatment of infinite MPOs.
The practical handbook starts with an overview of the key
ideas of MPO compression in Secs. II and III reviews standard
facts about MPOs to set notation. We then provide all the
concepts and algorithms needed for finite MPO compression
in Sec. IV, along with a quick numerical example. We then
transition to infinite MPOs, which require a somewhat more
detailed and mathematical treatment. Section V specifies the
class of “first degree” MPOs our method applies to, and shows
their Jordan block structure is completely fixed by locality.
Section VI is devoted to canonical forms and algorithms to
compute them. We give the algorithm for compressing infinite
MPOs in Sec. VII. Section VIII reveals the peculiar structure
of the operator entanglement of local MPOs, which we use
to show the error from our compression scheme is e-close
to optimal. We also show that the change in the sup norm is
small under compression. Section IX goes on to reinterpret
our compression algorithm within control theory. We provide
a few examples of iMPO compression in Sec. X: compress-
ing operators with long-ranged interactions and computing
Lanczos coefficients for operator dynamics. We conclude in
Sec. XI. Appendices prove statements from the main text
and describe how all elementary algebra operations can be
performed on MPOs.

II. THE IDEA OF COMPRESSION

To introduce the key ideas, we first present them on the
level of operators, then later translate them into the language
of MPOs. Consider a local operator H on N sites. As men-
tioned in the introduction, we can split the system into left
and right halves at some bond, which gives the regular form
of an operator

X
H=H 1z + 1, ® Hg + Z Mph? @ h
a,b=1
-~ - -~ 1 -~ - -
= (1, hy Hy) M (Hg hg 1R)", ()
1

where we have introduced vectors of operators ZL /r on the
left and right, and the matrix M keeps track of the coefficients
which straddle the cut. This decomposition is not unique—we
can insert basis transformations to the left/right. So, roughly
speaking, we will require (2) be a Schmidt decomposition by
ensuring that M is diagonal and that the components of the
vectors are mutually orthogonal. One can then compress H by
truncating the Schmidt spectrum—but there is a slight wrinkle
due to locality.

To understand the extra structure present in a local opera-
tor, let’s consider an example. Let

N
Heg =Y JXXpt1 + KX Zyj1 Xoi2 + hZ,,  (3)

n=1

where )/(\,, and Z, are operators acting on lattice site n. He g is a
linear /gomt/)ination of strings, sucﬂ as - ® il ® ig RX3Q
X4 ®1s @1 ®---. If we split H,, across a bond n in the
middle, we can write it in regular form (nonuniquely) as

he = (X, X, X 1Z0),
hg = Xot1, Zynp1 Xug2, Xug1),

M = diag(J, K, K), 4
n
H = ZJX,HXk + KXi 27k 1 Xy + hZL,
k=1

and with ﬁR similar to ﬁL. We see Hp g differs from the ﬁL /R
in two respects: first, it’s norm diverges linearly with system
size (it is extensive) and second, it contains terms arbitrarily
far from the partition. So in order for the Schmidt compression
to be well defined in the thermodynamic limit and preserve
locality, it is eminently reasonable to single out Hy g and treat
them separately in a Schmidt decomposition.

This motivates the generalization and modification of
canonical forms and Schmidt decompositions for the case of
local operators.

Definition 1. A local operator in regular form Eq. (2), is in
left canonical form if

(We L) =8" 0<ab<y, )

where (;\\, B) == T’r\[;ﬁ B) / Tr[1] is the inner-product for op-
erators and /; := 1. Right canonical form is the same with
L < R. N

Notice that we have excluded H; /z from the definition. If
an operator is both left canonical and right canonical on a
bond, then we can form the “almost” Schmidt decomposition
by an SVD decomposition M = USV'.

Definition 2. Suppose H is a local operator and suppose it
is both left and right canonical at a bond. Then the almost-
Schmidt decomposition of H is

X
ﬁ:ﬁL®iR+iL®ﬁR+Z~9aﬁz®ﬁa’ (6)
a=1
for some real numbers s; > 55 > -+ = 5.

This is not a true Schmidt decomposition because we
have excluded Hy g; (h{ IR Hy /g) is generically nonzero. This
seeming imperfection will actually prove to be a feature,
leading to concise algorithms and an truncation error e-close
to optimal with respect to both the Frobenius and operator
(induced) norms (see Sec. VIII.) Once we know the almost-
Schmidt decomposition of an operator, compressing it to a
bond dimension x’ < x is easy: simply restrict the sum in
Eq. (6) to run from 1 to x’ instead of x. Our task is now
to translate this idea from the level of operators to concrete
computations and algorithms in the language of MPOs.
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FIG. 1. A finite-state machine that generates Eq. (3).

III. REVIEW OF MPOs

Matrix product operators (MPOs) arise in DMRG as a
pithy representation of 1d Hamiltonians. This section will
review a few essential facts about finite and infinite MPOs for
the reader’s convenience and to set notation. The well-known
construction of MPOs comes from viewing a Hamiltonian
as a finite-state machine [2,14], which we illustrate with an
example.

Consider He 2 from Eq. (3) again. All of the Pauli strings
needed to generate He_g. can be described by a finite state
machine, shown in Fig. 1. (We will see below this machine
can be improved.) The MPO itself is the adjacency matrix of
the finite state machine:

hzZ
JX

o |, (7
KX

1

S O o)
o o o)
o Nyo|o

where the hat on the matrix We_g indicates that its components
are operator-valued. The Hamiltonian on the open chain [1, N]
then has the compact representation

I:I\eg. =4 We.g.We.g. te We.g. r, (8)
N matrices
where £ := (1 03 0)and r’ := (0 03 1) are c-number vectors,

also called “boundary conditions.” They encode the instruc-
tions “start at node i” and “end at node f.” The multiplication
of MPOs in (8) is a matrix product in the auxiliary space and a
tensor product in the physical space, such that physical indices
of the nth matrix in (8) acts on lattice site 7.

The example above is a so-called infinite M}l\’O (IMPO):
the whole operator only depends on one matrix W, regardless
of the system size. A regular MPO is made of inhomogenous
matrices

H=tWOW® ... WMy, ©)

where WO, e W™ are distinct matrices and need not be
square, with W® of size x "1 x x™ so that matrix multi-
plication makes sense.

In a local Hamiltonian, each term begins and ends with
strings of identities, which gives rise to the first two terms in
the regular form of an operator, Eq. (2) above. This property is
encoded by the distinguished nodes i and f in the finite state
machine Fig. 1, and is reflected by the block structure of the
MPO (7). We therefore restrict ourselves to a special class of
(1)MPOs which manifestly maintain this local structure.

Definition 3. An (i)MPO is in regular form if each matrix
has the block upper triangular structure

i ¢ d
=0A/b\ (10)
0 0 1

where the first and last blocks have dimension 1 for both rows
and columns.! Furthermore, we require that the boundary
conditions are of the form

=1 % %), r'=& % 1) (11)
where * denotes an arbitrary block.

The shape of W in (1) is thus entirely determined by the
shape of A. For iMPOs, 4 is a square matrix of size x X x
where  is called the bond dimension. (Some authors instead
define the bond dimension as the size of W, Xx + 2.) Operators
in regular form are represented by (i)MPOs in regular form,
and all (i)MPOs in this work will be in regular form.

The usual diagram notation for tensor networks cannot
capture the block structure of (10), so we simply work with
equations, making them index-free whenever possible. In
the rare exceptions, the auxiliary space is indexed by Latin
letters starting from zero to highlight the block structure:
a,b,c---=0;1,2,...x;x + 1.

The class of (i)MPOs in regular form is closed under
addition, scalar multiplication, and operator multiplication.
These constructions are computationally straightforward and
more-or-less well-known. They are collected in Appendix E
for the reader’s convenience.

Physical operators admit many distinct MPO represen-

tations; MPOs have a large gauge freedom. An opera-
tor H=4eW®D...W®™pr can also be represented by H=
CWD ... W™ whenever there are matrices L©, ..., L™

that satlsfy the interlacing conditions

WOLW = LoDy g1 O =g ¢ =L™Mp. (12

In the infinite case, all the L™’s are equal to some L, so the
gauge transformation resembles a similarity transform:

WL=LW. (13)

To preserve the regular form (10), all gauge matrices must be
block triangular,

t | r
L|s]. (14)
0|1

L=

S| =

Note that L need not be square but only shaped to be com-
patible with (12) or (13).? In particular, W’ and W may have
different bond dimensions.

!Structurally, disasin gle operator, and¢and b are operator-valued
vectors.

2Some authors define a less general class of invertible gauge
transformation W’ = LWL~", which precludes L from changing the
bond dimension.
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For instance, we can gauge transform We,g, to
X

0
0

||ﬂ
}:
N)

=
I
S N|©
N~
By >

15)

=)

which encodes I-?e.g, more simply than We,g. This previews our
end goal: given a MPO (and an error tolerance), how do we
compute the smallest MPO that encodes the same operator?

IV. FINITE MPO COMPRESSION

Now that we have reviewed MPOs, we give a “practical
handbook” for compressing finite matrix product operators.
We proceed expeditiously: first upgrading canonical forms
and “sweeps” to MPOs, then giving the compression algo-
rithm, and lastly a brief numerical example. Readers familiar
with matrix product states will find that our compression
method amount to a small—yet conceptually significant—
modification of standard MPS algorithms. As the subsequent
treatment of iMPOs will revisit all the concepts here in greater
detail, many technical details are postponed for later sections.

A. MPO canonical forms

Just as with matrix product states, the main tool for ma-
nipulating matrix product operators is the idea of canonical
forms. They are choices of gauge that make the rows or
columns of the matrix W orthogonal, an essential step for
controlling the errors from compression or carrying out the
DMRG algorithm.

We define canonical forms in terms of a condition on
the matrix itself, then show that canonical MPOs represent
canonical operators. R

Definition 4. An MPO H = ¢W® ... W®™Mr is in left
canonical form if, for each n > 1, the upper left block of W™,

5 1 c "
(n) ._
o .= < %)) , (16)

has orthonormal columns:

Vb, e < x™, Z (W, W) = 5. (17)
a=0

Forn = 1 we instead require ([¢W(],, [£WD],) = 8. for all
b,c < X(l).

An MPO is in right canonical form if, and only if, its
mirror® is in left canonical form. Right canonical forms are
always directly analogous, so we focus on the left-handed
case.

Let us now see why left canonical MPOs describe left
canonical operators, in the sense of definition 1.4 If we split an

3A MPO is mirrored by (I) transposing each matrix W™, (II)
exchanging £' <> r, (III) reversing all auxiliary indices (0 < x + 1,
1,....x < x,..., 1), and (IV) reversing the physical positions.

4 Actually the two definitions are entirely equivalent, but we show
only one implication for concision.

MPO in left canonical form at a bond n, then we can multiply
the matrices together to put the operator into regular form:

ﬁW — ((W(l) . W("))(W\('#l) . W(N)r)
= @ k" H™)(He helz)" (18)

Standard form for MPOs implies that the vectors of operators
are related by the recursion relation

@ R — @0 7)) 19)
If the MPO’s are in regular form, then V(”, ...V have
orthonormal columns, so by induction,

(i i) = Sapy, 0 < a, b < ™, (20)

where ELO :iL Left canonical form for MPOs there-
fore ensures that all components but the last of the vector
(]lL,hL,HL) are. orthonormal—and imposes no constraint
whatsoever on H;. So MPO canonical form implies operator
canonical form, definition 1.

Now that we have defined canonical forms for MPOs, our
next task is compute them. One can always find a gauge
transform, Eq. (12), to bring a finite MPO to left canonical
form and, just as in the MPS situation, we can compute
the change of gauge via a QR decomposition. Suppose W
is an MPO in regular form of dimensions (1+ x + 1) by
(14 x'+ 1) with V given by (10). If we group indices as
Viwayp» Where 0 < Lo < d? indexes the standard orthonormal
basis of A, then V can be interpreted as a matrix with shape
d*(1+ x) x (14 x)). Performing a (thin) QR decomposition

gives
= (T e\ er(1 T\(1 t
V‘G X)‘(o X/)(O R)’ @D

where R is upper triangular.
Definition 5. Define the block-respecting QR decomposi-
tion of W as

ORIW] = OR (22)
with
R 1 ¢ d 1 ¢t 0
o=|0 A B»|.R=|0 R 0 (23)
0 0 1 0 0 1

where the upper left block comes from (21). Therefore Q isin
left canonical form, and R is upper triangular.

With this, we can define a sweeping procedure to put a
finite MPO into left canonical form:

WOWOWS .. (24)
QR ) M) p(HTT T 3)

LOVRMIWPW®R ... (25)
— eé(l)[R(l)W(D]WG) L (26)
R , SHTAHR PO T3
= LQV[QPRPWD ... (27)
— eé(l)'Q\@)[R(Z)WG)] . (28)

By the definitition of the block QR decomposition, the
first 1 + x™ columns of each O™ are indeed orthonormal.
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Moreover, {R\D, ..., R™} specifies a gauge transform from
£, W™ r} to {£, 0™, R™Mr}. We summarize the procedure
as algorithm 1.

Algorithm 1. Left Canonical Form for finite MPOs.

Procedure MPOLEFTCAN {£, {W™}Y_  r}
RO « ¢

1:

2

3. forne[l,N]do
4 (O™, R™Y « QR[R"DW ®)]
5. return {£, {0"}V_, RMr}, {R™)}

> Eq. 21)

Note that algorithm 1 is almost identical to a standard
“right-sweep” that brings an MPS to its left canonical form,
except that the block-respecting QR decomposition is used in
lieu of normal QR.

B. Finite MPO compression

We can now give the compression procedure for finite
MPOs. Suppose we have a finite MPO on sites [1, N]. We
first bring the whole chain to right canonical form

Ay = eWOWE W,

by the mirror of algorithm 1. To truncate at bond (n, n + 1),
we first bring sites [1, n] to left canonical form

ZWRWR WRWR -~-WRI'
= (WLRWR'“WRWR“'WRF

. WL R(”) WR WR r.

sites [n+1,N]

LW W, -
sites [1,n]

(Superscripts have been suppressed for clarity.) The block
structure of R is fixed by block QR decomposition, Eq. (23),
and we can always decompose it as’

1 0 0 1 ¢t 0
R"=MR ,M=[0 M O|R=|0 1d O
0 0 1 0 0 1

(30)

We then perform an singular value decomposition of M and
write

M=USV',S=diag(s; =>s>-->s,), 31

where the middle blocks are unitary: UTU = V'V =1d,.
Combining (30) through (31), we obtain

By = WODQWspuntDg i (32)
where

0" :=W"u, P"D.=VIRWIMY (33

SHere and below, we use the short hand diag(1, A, 1) = A for block
diagonal matrices, with sans-serif letters for the middle block.

are still left and right canonical, respectively.® Therefore
Eq. (32) is left canonical on the left, right canonical on the
right, and the central matrix S is diagonal—so it is an almost-
Schmidt decomposition, Eq. (6), as desired.

We can now reduce the bond dimension by dropping the
smallest singular values, as well as the corresponding columns
of O and rows of P. The compression scheme is summarized
in algorithm 2. The truncation is combined with a left sweep,
so the returned MPO is left canonical.

Due the presence of “sweeps” in the algorithms, it is not
immediately clear how to generalize them to the infinite case,
nor is the precise relation to truncations by “true” Schmidt de-
compositions clear. We will address these points in Secs. VII
and VIII below. We note that our compression scheme is
e-close to optimal, in a sense we make clear below.

C. An example

To demonstrate the utility of our compression scheme, we
give a brief numerical example. Specifically, we compress
a Hamiltonian with long-ranged interactions and show our
method is quite comperable to the standard “MPS” compres-
sion technique, i.e., treating the operator like an MPS in a
doubled Hilbert space. We note, however, that our “MPO”
compression technique outscales the naive “MPS” technique
because it contains only intensive values in the entanglement
spectrum.

Algorithm 2. MPO Compression

procedure Compress {£, W™, r}, n
£, {W"}, r < RIGHTCAN[L, (W™}, r]
R« ¢
forn=1,...,N—1do

1: > Cutoff n
2

3

4

5. (W™,R) < ORIRW"]

6.

7

8

> Eq. (23)
(M,R) <R > Eq. (30)
(U,S, V') < SVD[M]

: x < max{a:s, >nh 1 < {0,1,...,x, x +1}.
9: Q(") <~ [W\L(n)U]O:XH,I
10: R < [VTR/]I,O:)(-H

11: (O™, R) < ORIRWM]
12:  return £, {O™}, Rr

It is well known that a two body interaction V (i — j )(5,-5 s
where V(r) = Z;(:l ajA’ is a sum of x exponentials has
an exact MPO representation with bond dimension y.” Our
algorithm will automatically discover this structure even if the
MPO is initially presented in a nonoptimal form.

We therefore select a more challenging example with
power-law interactions:

o~

N
Hl = Z Jkanm/Z\k’Z\nZ\m +];,mZanv (34’)

k,n,m=1

Right canonical form is preserved because R’ only affects the top
row while leaving the bottom yx + 1 rows orthonormal, as required
for right canonical form.

"See Eq. (42) for an example.
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(a) 10°
=
5 .2
= 107 F
=]
]
£
A 1
o] 10" ¢
3
m - W o Wc ‘MPO’
ol - Wp  — W, MPS’
10 = | 1 1 1 1 1 1
0 5 10 15 20 25 30
o Site n
= 2 = 2
§ 10 = 10
=107 < 107
k= =
ElO_lo %10—10
09) n

FIG. 2. Compression of a finite MPO representing the Hamilto-
nian (34). (a) The bond dimensions for: W the naive MPO repre-
sentatlon of Hy; WL, the left canonical representatlon by algorithm 1;
WC, the compressed MPO by algorithm 2, and W/, the result of the
standard MPS compression. [(b) and (c)] The Schmidt spectra of Wc
and almost-Schmidt spectra of WC at the sites denoted by the triangle
and square, respectively. The numerical precision was taken to be
can = 107'2 for canonicalization and ¢ = 10~* for compression.

where J,,, = |n —m|™?> and J,=In— m|™. In (34) and
below, we include a three-body term to test our algorithms
beyond the domain of two-body Hamiltonians, which was
addressed in previous work [12]. The results are shown in
Fig. 2.

The compression in Fig. 2 follows algorithm 2, and takes
place in two stages. First, a right-sweep with block-QR
decomposition (algorithm 1) performs a preliminary bond
reduction: it only reduces bond dimensions if columns are
linearly dependent. Then a left-sweep of almost Schmidt
value truncation results in a more significant compression.
We compare the resulting bond dimensions with those ob-
tained from a standard MPS compression (which does not
preserve the block structure) and find them essentially iden-
tical. In fact, the whole entanglement spectrum from the
almost-Schmidt decomposition closely matches the one from
the true Schmidt decomposition. The only difference is the
first two Schmidt values are extensive and not present in
the almost-Schmidt spectrum.®. We return to this point in
Sec. VIII below, when we discuss operator entanglement.

This concludes our discussion of compressing finite MPOs.
We now move on to infinite matrix product operators.

V. LOCAL INFINITE MATRIX PRODUCT OPERATORS

We now transition to infinite matrix product operators.
The discussion proceeds analogously to the finite case above.

8Such an precise match of the spectra holds only for simple
Hamiltonians; in general, however, we have the interlacing relations
(90).

However, working with infinite operators requires additional
care, and our discussion will become corresponding more pre-
cise and detailed. Indeed, before we can define and compute
canonical forms, we must examine exactly what it means for
an infinite MPO to be local. We will precisely define and
characterize a good class of operators—operators of “first
degree”—which (1) includes local physical Hamiltonians and
(2) are described by “local” iMPOs.

Locality is a nontrivial requirement for a physical operator.
It is accompanied by a host of properties, such as an extensive
norm, and that spatially-separated terms should commute. For
Hamiltonians, perhaps the most important consequence of
locality, however, is the existence of thermodynamic limits:
the ground state energy and other thermodynamic observables
grow as first-order polynomials in the size of the system,
i.e., extensively. We would like to be able to work with and
compress all such local Hamiltonians. As characterizing the
class of iMPOs with extensive ground states is quite difficult,
we will instead work with a class of operators characterized by
an extensive norm, which includes virtually all local physical
Hamiltonians. As an analogy, just as local Hamiltonians of
interest contribute a constant amount of energy per site, we
work with operators that are described be a constant amount
of “information per site.” We will often call such operators
“local as iMPOs” or simply “local.”

A. Norm and transfer matrices

The norm of an operator is a starkly different object than
that of a state. States, of course, are normalized, so the norm
of a generic iMPS should be 1 in the limit N — oo. This is
rooted in the iMPS transfer matrix, where a standard result
[3] shows that the largest eigenvalue is nondegenerate with
eigenvalue A = 1, after normalization. In contrast, the space
of operators admits many different norms, and this choice
must often be resolved by physical considerations. When one
is interested in ground state energies and static expectation
values, the sup norm is usually the correct choice. However,
for questions of quantum dynamics in the common setting
of infinite temperature, the Frobenius (aka Hilbert-Schmidt)
norm is the natural one, which is relatively easy to compute.

In this work, our “default” norm will be a Froben,i\us norm
per unit length. For a translation-invariant operator H, call its
restriction to N sites Hy and define

~ Tr[H, Hy]
NH||F = hm <HNaHN> = lim —2X——, (35)
N—o0 Tr[]l ]

where the subscript “F” is a reminder that this is essentially
the Frobenius norm.” The norm is normalized so that ||I||z =
1, unlike the usual Frobenius norm where the norm of the
identity is the dimension of the space. We will be interested
in iMPOs where this norm is extensive. Despite this choice of
norm, we prove in Sec. VIII that our compression algorithm
behaves well with respect to the sup norm as well—so our
choice of norm is suitable for both dynamics and statics
applications. We will therefore refer to (35) as the norm of
an operator in this work.

“We note that this norm is not submultiplicative: see Appendix D.
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To compute the norm of an operator expressed as an
iMPO, we must recall the definition of the transfer ma-
trix. The space of single site operators forms an algebra A
with an inner product (-, -) such that (1, 1) = 1. We fix an
orthonormal basis A = span{O, : 0 < o < d} (indexed by
Greek letters «, B, ...) starting with Oy = 1. For example,
one might take the algebra of spin—% operators with the basis
of Pauli operators {i, X , ?, f}. Then the real algebra over
this basis gives Hermitian operators and the complex algebra
gives all operators. For Fermlons Tr[cte] = Tr[nTA] =1, so
one orthonormal basis is {]l «/_ t, V26, Z=1- 2n} with
complex coefficients. In such a smgle site basis, any operator-
valued matrix W becomes equivalent to an vector of c-number
matrices {W,} defined via

W = Zaawa s We)ap := <5ou Wab>' (36)

Definition 6. Suppose W is an operator-valued square ma-
trix that acts on the auxiliary vector space V of dimension
x. Then the W transfer matrix is a linear operator on V ® V,
defined as

Ty =Y Wa® W (37)

where the bar denotes complex conjugation.

It is sometimes convenient to identify V ® V with the space
of square matrices. Then Ty, acts on matrices X € V ® V on
the left by

XTy = ZWJXWO(, (38)

where W, is the Hermitian conjugate as usual. By Choi’s
theorem [15], transfer matrix are always positive operators:
whenever X is positive semidefinite, so is X Tyy .

The transfer matrix gives a simple formula for the norm of
an operator in terms of its MPO representation. On a lattice of
N sites, the norm squared is

|Hy| 1% = (&) (T )" (rr). (39)

where £ := L@ Landrr :=F®r.

The only way that (39) can give rise to an extensive norm,
(35), is if the iMPO transfer matrix Ty (37) is dominated by
some nontrivial Jordan block with eigenvalue 1.

To build intuition, we first consider the simple example

ﬁ:ZCZwithW=<g 519, (40)

such that (1,d) =0 and (d,d) = p. Of course, ||Hyl||% =
N p. Then the transfer matrix Ty is a 4 x 4 matrix

1 0 0 p 1 p|0]0

01 0 0 0 1]0lo0
Tw=1o o 1 ol 0o o110 | ©“V

00 0 1 0 0101

where ~ denotes a similarity transform (but not a gauge
transform). Taking powers TV{,V , (39) shows that the Jordan

block is clearly responsible for the extensive norm.'® This
behavior should be generic; all local operators should have
an extensive norm. However, not all iMPOs in regular form
satisfy (35) because, even though such a Jordan block always
exists, it may not dominate the norm (39) as N — oo. The
remedy is to precisely define the what it means for iMPOs to
be “local as an iMPO.”

B. First degree operators

This section will carefully define the class of first degree
operators. Before giving the mathematical definition, let us
provide some motiviation.

A natural class of iMPOS which are local by any rea-
sonable criterion are those whose finite state machines do
not involve any loops, such as Fig. 1. Such iMPOs represent
operators where each term has identities on all sites except on
a contiguous block of at most x sites. This structure implies
that the ground state must be extensive. These operators can
be readily characterized as follows:

Definition 7. An iMPO W is strictly local if its A block is
strictly upper triangular.

However, this definition has important drawbacks: the
property of A being strictly upper triangular is neither gauge
invariant, nor robust under small perturbations—which in-
evitably arise as numerical errors from compression. This
definition is therefore an inadequate starting point to define
a good class of local operators.

As mentioned earlier, the cure is actually to consider a
larger class of operators. We will define this class first in
terms of the transfer matrix and we will show by the end of the
section that these are the operators with extensive norms (35).
Specifically, we make a condition on the spectral properties of
the A block of their iMPO Trepresentation.

Definition 8. Suppose W is an iMPO in regular form (10),
and Ty is the transfer matrix corresponding to its A block. W
is called first degree if |A| < 1 for all eigenvalues A of T,.'

The name “first degree” anticipates proposition 2, which
states that first degree operators have extensive norm
||0N|| # = O(N). Physically, this definition amounts to the
requirement that there is a decomposition (1) where the op-
erators hj  fall off with exponentially-localized tails.

By definition 8, the set of first degree iMPOs is a topolog-
ically open set, and is therefore numerically robust, but also a
superset of strictly local iMPOs. Indeed, strict locality implies
that the T4 matrix is also strictly upper triangular and thus
nilpotent (all A = 0). To give an example of an first degree
iMPO which is not strictly local, consider

i+k

Hip = ZZX [1 oZ |Visar 42)

j=i+1

10The other two blocks do not contribute to the extensive norm, but
can become relevant when the operator has an extensive trace; see
Appendix A for details.

""We note our definition is closely akin to the idea of an “inter-
action” in the mathematical physics literature. See, e.g., Chap. 6 of
Ref. [16].

035147-7



PARKER, CAO, AND ZALETEL

PHYSICAL REVIEW B 102, 035147 (2020)

whose iMPO representation is

R 1 X 0
WFD = 0 oaZ /Y\ (43)
0o 0 1
The only eigenvalue of 7 is ||?, so
N o] < 1
WHepnllp ~ {N? ol =1 (44)

oY fa| > 1

s0 Wep is first degree if and only if |a| < 1. In this sense, the
definition of first degree operators is tight. (Note that Hgg only
has extensive ground state energy for o < 1.) The spectral
nature of the definition also makes the class of first degree
iMPOs invariant under iMPO gauge transforms (see lemma 1
in Appendix A).

We caution that the class of first degree Hamiltonians is
quite vast. It includes all operators that are usually classified
as “local Hamiltonians.” For instance, it include all k-local
Hamiltonians, but also Hamiltonians with long ranged in-
teractions with exponential falloff. In general, we expect all
physical Hamiltonians are first degree operators, but not all
first degree operators are physical Hamiltonians. For example,
projectors are first degree operators which do not make sense
as Hamiltonians. See Appendix E for an example of another
non-Hamiltonian first degree operators.

A slight drawback of our broad definition first degree
operators is that—unlike strictly local operators—they are
not closed under commutation (the commutator of two first
degree operators can be “second degree”). Nevertheless, one
can show (see Appendix E) that if W is first degree and W’
strictly local, the commutator [W, W] is still first degree. This
is sufficient for our applications, including operator dynamics
(see Sec. X below).

C. The dominant Jordan block of Ty

We now show that the transfer matrix of first degree iMPOs
have the dominant Jordan block structure required for an
extensive norm (35). From the finite state machine picture,
we know that the iMPO always maps the initial state to the
initial state, and the final state to the final state. Intuitively,
the dominant Jordan block encodes the fact that these are the
“most important processes” in the state machine, rather than
running around loops in intermediate states.

We begin with an intermediate result which will be crucial
to establish canonical forms in Sec. VI below.

Proposition 1. Suppose that W is a first degree iMPO and
consider its upper left block

s _ (1 @
V._((; A). (45)

Then the transfer matrix 7y has a unique dominant left eigen-
value of unity with an eigenvector X of the form

1 x
XTy =X, X=<xT X)' (46)

All other eigenvalues A satisfy [A] < 1.

Proof. Since V has block sizes (1, x), the transfer matrix
Ty has block sizes (1, x, x, x?) in the natural basis.'> More-
over, it is block upper triangular in that basis:

1 * * *

0 Zo 0 * A
0 0 Ay | A=@A. @

0 0 0 T4

Ty =

so the eigenvalues of 7y are those of the diagonal blocks.

By first degreeness, all eigenvalues A of the T block
have |A| < 1. A technical linear algebra fact, lemma 2 from
Appendix A, shows the same is true for the Ay and A blocks.
The dominant eigenvalue of 7y is therefore A = 1 from the
trivial upper left block of Ty .

To find the eigenvector, we compute X 7y, which yields

1 co +xAg
<c$ +Axt Y cle+efxA, +AlxTe, + AZXAO,) (48)
So x and X are determined by
x[I — Ap] = co, (492)
X[d -T4] = Q, (49b)
0= chca + clea +Alx%ca. (49¢)

o

As the eigenvalues A of Ay and T4 satisfy |A| < 1, the
operators on the left-hand sides of (49) are invertible and
solutions x and X exist. The dominant eigenvalue therefore
has the form (46). |

Intuitively, in terms of the state machine, the leading eigen-
vector of 7y is dominated by the “initial to initial” process. It
is worth noting that (49) can be written as Y — )" AIYA, =
0O, which is reminiscent of the discrete Lyapunov equation
Y — ATYA = Q which occurs in control theory. This is a first
indication of a nice connection, which we shall detail in
Sec. IX below.

We now “enlarge” the leading eigenvector of 7y to form
the dominant Jordan block of Ty, which is responsible for the
extensive norm, Eq. (35). N R

Proposition 2. Suppose W is an first degree iMPO for H
with order-unity trace: tr[H] = O(1). Then there is a vector z
such that the matrices

(X z ,_ (0 O
2= (X §)oawaz=(g ) oo

[with the same X from Eq. (46)] span the dominant Jordan
block of Tyy:

ZTw ZTw)=(Z Z)) <(1) ‘1’> (51)

for some real nl’l\mber p 2 0. The norm, Eq. (35), is then
extensive with [|Hy||% — pN as N — oo.

This proposition is easily generalized to traceful operators
at the cost of a more complex Jordan block structure. The
proof, given in Appendix A, is similar to the one for propo-
sition 1, but somewhat more technical.

12§chematically, T ) @ 1 ® x) =1 ® x ® x ® x2).
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TABLE I. Properties of different set of iMPOs: strictly local
(SL), first degree (FD), and the set of general (Gen) iMPOs without
restriction.

Property SL FD Gen
Leading eig.val. of T A=0 A< A< o0
Norm ||Hy||% ~N ~N ~AN
Open Set X v v
Closed under commutation. v X v
Canonical form (see Sec. VI) VA 4 X

We note that X, z, and p can be calculated from W, but
computational tractable formulas use canonical forms, and
await us in Sec. VL. Intuitively, the reason for the extensive
norm is that the overlaps of ££ with Z and rr with Z’ are both
1, so if W is first degree then

1 N0
T ~ (1 0)<O ‘f) <1> = Np. (52)

Therefore first degree operators, as anticipated by their name,
have (Frobenius) norm which is a first degree polynomial
inN.

In summary, we have identified a well-behaved class of
local iMPOs—first degree operators—that are general enough
to contain most operators of interest, and satisfy the physical
requirements of an extensive norm. Crucially, first degree
iMPOs are qualitatively distinct from generic infinite MPSes:
their transfer matrix do not have a unique dominant eigen-
value, but rather a dominant Jordan block (whose eigenvalue
is fixed to unity without normalization). Table I recapitulates
these results. The distinction between a unique dominant
eigenvalue versus a Jordan block is of paramount importance
as we upgrade canonical forms from states to operators.

VI. CANONICAL FORMS FOR INFINITE MPOs

This section discusses canonical forms for infinite matrix
product operators. We first show that canonical forms exist:
any first degree iMPO admits a choice of gauge that brings
it to left canonical form. Actually computing such a gauge
transform is rather subtle. We first give a general-purpose
algorithm, based on QR iteration, with fast convergence for
generic iIMPOs. Most iMPOs constructed to represent an
analytical formula have a special property: they are upper
triangular. In this case, canonicalization can be done by an
more efficient, iteration free method. We also show that once
an operator is in canonical form, it is easy to read off its
norm. To our knowledge, canonical forms for operators have
not been defined before, perhaps because of the nontrivial first
degree requirement.

A. Existence of iMPO canonical forms

The definition of canonical form is much the same as in the
finite case.

Definition 9. An iMPO W is in left canonical form if its
upper left block V has orthonormal columns: Vb, ¢ < x/,

X

D Wb, Wae) = Spe- (53)
a=0

An iMPO is in right canonical form if its mirror is left
canonical.

Definition 9, the definition of iMPO c/alnonical form, is
closely related to the MPS case. Precisely, W is left canonical
as an iMPO if, and only if, V is left canonical as an MPS. We
can thus import many properties from the case of states. For
example, (53) can be written in terms of the transfer matrix
[defined in (38)] as

i, Ty = Y ViVe =Idp,, . (54)

So W is left canonical whenever Ido, 7 is a left eigenvector of
Ty with eigenvalue 1. This fact is exactly what allows us to
prove that canonical forms exist.

Proposition 3. Let W be a first degree iMPO. Then there
exists a matrix L that which specifies a gauge transform

W,L =LW (55)

so that WL is left canonical.

The proof itself is given in Appendix B, but we briefly
outline the idea. Proposition 1 tells us that, for any first degree
W, the dominant eigenvector of 7y is X7y = X. Suppose
that we could take the “square root decomposition” X = K'K
with some invertible matrix K. Then we could enlarge K to
L = diag(K 1) and use it as a gauge transform W, = LWL
Such a W, is left canonical:

4T, = Z(K*)'@'KTKQK—I

=K HXKk'=1d,

where V, = KVK ! is the upper left part of W, To turn this
into a genuine proof, one must deal carefully with the case
when L is not invertible—and this is precisely what we do in
Appendix B.

To demonstrate the utility of canonical forms, we now give
a simple formula for the norm of an (i)MPO. For any traceless
operator, we can easily “improve” the canonical form via the
gauge transform

s |, s:=1[A0—I1""b. (56)
1

Llc = 1

(Also see lemma 4.) This will gauge away the identity com-
ponents of the last so that
({.d) = 1.b) =0, VI<a<y, (57)
Doing this makes the dominant Jordan block particularly
simple. R N
Proposition 4. Suppose W is an iMPO for H in left canoni-
cal form where (57) holds. Then the dominant Jordan block of
W is given by (50) and (51) with X = Idjo ;1,24 = (Aap. by) +
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(€, d), and

Jim IHNIIZ/N = p = (bas ba). (58)

The proof is immediate from matrix multiplication. In
practice, then, one should compute the intensive norm of an
iMPO by bringing it to left canonical form, gauging away
identities in b by (A8), and applying (58). The intuitive reason
this works is that, in left canonical form, orthonormality
pushes all the weight in each term to the last site (e.g.,
0.3X,Y2Z3 — X,Y>[0.3Z3].) The norm is then simply the sums
of the squares of the weights of the ending sites. The condition
(57) ensures that all the edges incident to “f” in the automata
are identity-free, i.e., no terms can “end prematurely.”

The finite case is directly analogous. A finite operator H
whose MPO is left canonical with each W™ also identity-free
in the last column has norm

N X(ﬂ)

=3 | @, +Z(7, . (59

n=1

2
||Hn |7

B. QR iteration

We now present a general-purpose algorithm to gauge an
iMPO W into left canonical form. Recall that if we can
decompose the dominant eigenvector XTy = X as X = R'R,
then R is exactly the gauge transform we need. Any algorithm
along these lines must follow the strategy: (I) find X, (II)
decompose it to find R, and (IIT) deal with the case where R is
not invertible. We will see that (I) and (II) are straightforward,
but (IIT) requires considerable care.

Because X is the dominant eigenvector, it is simple to com-
pute using the power method. If X, := X, Ty, then X;, — X
as n — oo. The speed of convergence is controlled by the gap
to the second-largest eigenvalue. Unlike in the MPS case, the
second-largest eigenvalue is typically far less than 1, so X,
converges quite fast. We have therefore achieved (I).

To decompose X, we need to take the square-root. Simply
taking the matrix square-root of X via eigendecomposition
or Cholesky decomposition will severely reduce the precision
(from 107'¢ to 10~ with the standard floating point), which
is undesirable. To sidestep this, we use the technique of QR
iteration, wherein each application of 7y is performed by
taking a QR decomposition. Precisely, let Wo =W and for
n > 1 inductively define

Qan = @[Wn—l]’

Let R, denote the restriction of R, = diag(ﬁ,, 1) to the upper
left blocks (and similarly for Q,). We have

ZV*Rn RV, =Zi€§<én)2(én>a§,ﬂ ©1)

W, :=R,W. (60)

SO (ﬁ R,, DTy = R R This computes the application of
the transfer matrix whlle maintaining the factorized form,
giving the limit:

RiR, =X, =5 X =R'R. (62)
One could then gauge-transform by R = diag(ﬁ 1) as W,.R =
RW to find a left canonical W, . We have now achieved (II).

Algorithm 3. iMPO Left Can. Form: Iterated QR

: procedure LeftCanQRIter W, n > n: desired precision
L < Idg,,+1
£ < 00 > Current error
while ¢ > n do

1

2

3

4 > Repeat until convergence
5. (Q.R) < ORW)

6

7

8

9

Eq. (21)
W <—RQ
L < RL
€ <—ﬂR—

return Q, L

Id || if R is square else co

The above procedure is no more than a simple adaption
of a well-known standard method in the iMPS context [5],
and suffices to compute canonical forms for generic iMPOs.
However there are many reasonable iMPOs for which it fails
badly (we will encounter them in the application discussed in
Sec. X, Fig. 4 below). The essentialproblgm is that conver-
gence X, — X does not guarentee R, — R, especially when
X is a singular matrix. This is the main obstruction to achiving
(III). Algorithm 3 presents the “practical solution” to this
conundrum. The idea is to apply a gauge transformation after
every QR step, i.e.,

Wo=0iR, Wi =R 01, W, = OoRy, W =R,0, ...

Then Wl is related to Wo by a gauge transform R1W0 WIRI,
and W2 to WO by R2R1WO WiR,R,, etc. The desired gauge
transform to a canonical form will be approached by the
product L, = R,R,_| ...R;. An important advantage of this
method comes from bond dimension reduction: to see this,
suppose that Wy has bond dimension x but linearly dependent
columns, so that Q;, R; can have shape (xo+ 2) x (x1 +
2), (x1 +2) x (xo +2) respectively, with x; < xo."” As a
result, W; will have a smaller bond dimension y;. Thus t,Ile
first few iterations will reduce the bond dimension of W.
Eventually, the bond dimension will stabilize, and R, will
become a square matrix, and invertible in most situations,
thereby ameliorating the problem (III).

Unfortunately, there are still pathological cases where this
algorithm will fail as well, but it gives a good balance
between speed, applicability, and ease of implementation.
Appendix B proves the conditions under which algorithm 3
converges, supplies nonconverging counterexamples, and a
more complex algorithm which we prove always converges
(algorithm 6). We reiterate that algorithm 3 will work almost
always in practice, and the fool-proof algorithm is only used
to handle rare exceptions.

We remark that the above discussion on iMPO canonical
forms (including Appendix B) can also be regarded as a
careful treatment of iMPS canonical forms. To our knowledge,
the subtlety involved in the convergence of QR iteration has
not been thoroughly discussed previously, since it appears that
the matrices encountered in iMPS calculations are always in a
generic class for which any QR iteration scheme converges.

3This is known as “rank-revealing” QR, and can be done by
removing vanishing rows of R and the corresponding columns of Q
after running some standard QR routine, for example.
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C. Upper triangular algorithm

When an iMPO is an upper triangular operator-valued
matrix—as is often the case when MPOs are constructed to
represent an analytical Hamiltonian—it is possible to put it
into canonical form with a noniterative algorithm. In some
sense, algorithms for canonical forms are a generalization
of the Gram-Schmidt algorithm, where elementary row- and
column-operations are replaced by gauge transforms. In the
upper triangular case, however, gauge transformations are so
close to elementary row/column operations that we can adapt
Gram-Schmidt directly. The result is a noniterative algorithm
that uses an upper triangular solver to compute the gauge
transform one column at a time.

Suppose we have an upper triangular MPO

W,

Wy = w2 o (63)

and assume, for induction, that the first M column vectors
W, - - - Wy_; are already orthonormal. We want to modify
Wy — fv\;w to be orthogonal to all previous columns. To do
this, we apply a gauge transformation which is the identity
except for the Mth column:

1 0 ro

Ry = S . (64)

1

The transformation WM = RMWM—1RA_,II is then easily com-
puted'* and maintains the upper triangular form, while only
affecting columns M and beyond. In particular, setting sy = 1
temporarily,

M-

R P

ot Z radyea (65)
a=0 a=0

where e, 1s the standard basis vector (e,), = &5, and dM =
W)y = WMM is the diagonal component of the Mth column.
In Gram-Schmidt, the last term is absent, and one would
simply set r, = (W, Wy) to orthogonalize the columns. We
need only make a slight modification to account for the last
term.

Orthogonality against column b < M is the condition

M—1

0= (W, W) + ) _(—

a=0

(B, By) + (W, dyrea))ra.  (66)

'4The inverse R,,' has the same form as Ry, but with r,, —
Sy —> I/SM.

—r, and

This is just a linear equation Kr = ¢ where

(Whar Watn),

cp = (Wp, W),

Kha = 8/7[1 - (673)

(67b)

the Kronecker § comes from the induction hypothesis
(Wp, Wy) = Spa, and K is lower-triangular. Therefore we can
easily solve for r = K~ '¢ by back-substitution to find the r;’s,
giving an W), orthogonal to previous columns. We can use
the final free parameter, sy, to normalize. The effect of s, on
column M is

-~/

Wy, — Wy, = E(wM dyew) + dyey,  (68)

. . I AN A . .
The normalization condition 1 = (w),, w) implies

sy = | W W) (69)
1 —{dum, du)

The first-order condition ensures the denominator is nonzero.

We have thus solved for the gauge transformation Ry,
to orthonormalize column M against the previous columns.
Of course, this gauge will modify the columns beyond M,
but those are treated in subsequent steps. The procedure is
summarized in algorithm 4 and has a total cost of ox?)
operations. In each loop, we perform a triangular solve and
a matrix multiplication. The triangular solve costs O(x?) and,
since R is almost the identity matrix, we can apply it in time
O( Xz) as well. With the outer loop of size x, we have a total
cost of O(x?).

Algorithm 4. iMPO Left Can. Form: Triangular

Require: W upper triangular
1: procedure LeftCanTriangular W

2: Ry < Iiiq

3 for M € [1, x] do

4 Ky = 8pa — (Wab, WMM) , mkelO,M —1]

5 =" W W), mel0,M—1]

6: r<— K¢ > O(x?) triangular solve
7 R<—1Idiyys1, Ry <1, me[0,M—1]

8 W < RWR™',R; < RR; &> only O(x?)

9 s < Eq. (69)

10: R < 1Idiyy+1, Rum <5

11: W < RWR™',R; < LRy &> only O(x)

12:  return W, Ry

Several remarks are in order. First, this algorithm has an
easily curable instability, which arises when s3; in (69) is
vanishingly small. This means W), — dyey is also vanishing.
Consequently, in terms of the state machine, the Mth state
cannot be reached from the initial state, so one should simply
discard the Mth row and column of W (as well as the Mth row
of the gauge matrix), and carry on.

Second, most upper triangular MPOs encountered in prac-
tice in DMRG have have no diagonal components. In this
case, W is often strictly upper triangular, whereupon K = 1,
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the linear system becomes trivial, and the algorithm essen-
tially reduces to normal Gram-Schmidt."

Third, this algorithm is easily generalized to the case of
extended unit cells, which occur frequently in applications
to 2d DMRG. Let us sketch how this extension works. An
iMPO with an extended unit cell with N sites is composed
of repeating blocks [WOW® ... W®™] Gauge transforms
are now collections of mg}rices Ii, ..., Ry which satisfy
intertwining relations R,_ W™ = W™R, forn € Z/NZ. So
we must now carry out the algorithm where the matrices
R, and R,_; on each side are not the same. After a gauge
transformation for column M using R,’s with the same form
as (64),

M—1
by =y — Y B, + Ve (70)
a=0
The new orthogonality condition is the linear equation
MR = C where M is a x x x lower-triangular block matrix
where each block is N x N:

My,
My My
M = ) ) , (71a)
My, My
1)
1 Mab
(2)
M, = | Mab ,  (71b)
1
(N-1)
Mab 1
C = (cch...cX)T, (71¢)
coi=(c) €@ .. M) (71d)
MO = (T W, (71e)
¢ = @én)’ @ﬁ’;’). (711)

Again, when W are all strictly upper triangular, the
system is trivial and R = C. In general, however, this linear
system is solvable in O(N x?) operations by exploiting the
special structure of M. Specifically, as each M, is almost
tridiagonal, one may solve M x = ¢ in O(N) with a combi-
nation of forwards and backwards substitution.'® This allows
M to be solved by forwards substitution as

Ri=@r, - r)h, (72a)
a—1

re = M, |:cg - ZM,,m,}. (72b)
b=1

15We caution that it is still necessary to row-transform the j > M
columns at each step, so the algorithm is distinct from a simple QR
factorization.

1%In particular, let oy and B, be such that x; = ax; + ;. Put
(aer, B1) :=(1,0) and recursively compute oy = — Méﬁ)/l)ak,
Brr1 = Pr + (cr/1). Then x; = Byy1/(1 — ay41) and the other x;’s
follow from x; = ax; + By

One can thus solve for R in  OWNy?)
operations.

The other parts of the algorithm are simple to adapt, and
the total cost to find the left canonical form is O(N x3), linear
in the unit cell size N. This is a highly practical algorithm for
compressing the iMPOs that appear in 2d DMRG.

In this section we have shown that first degree iMPOs
can always be brought to canonical forms. We then gave two
algorithms for computing them, one which converges well
for almost all local iMPOs, and one which is specialized to
upper triangular iMPOs. Appendix B gives a yet-more-general
algorithm, which is guarenteed to converge for all first degree
iMPOs. We now proceed to compression of infinite MPOs

which, unlike canonicalization, hews closely to the finite case.

VII. COMPRESSION OF iMPOs

We now explain how to compress infinite MPOs. The
algorithm is directly analagous to the finite case: use canonical
forms to make an almost-Schmidt decomposition of the oper-
ator, then truncate the almost-Schmidt values. Subsequently,
Sec. VIII will show it is virtually optimal by bounding its
error and Sec. IX will link operator compression to problems
in control theory.

Suppose Wg is an iMPO in right canonical form. Using the
gauge from lemma 4, we may impose ¢y = (1, ¢) = 0 without
loss of generality.!” There is then a gauge transform between
right and left canonical form,

CWg = W,.C, (73)

and ¢o = 0 implies C = diag(1 C 1) is block-diagonal. (To
ease bookkeeping, we treat Wi and W, as square matrices of
the same dimension, though the algorithm works equally well
for nonsquare iMPOs.) The SVD of C = U SV, now implies

USV Wi = WUSVT, (74)

where U and V are unitary. Therefore we can use them to
gauge transform W p into

Q = UTWLU and P := VTVAVRV , (75)

which are left and right canonical, respectively. Furthermore,
(74) implies that they are related by the gauge transform

0S = SP. (76)

Consequently, we obtain a mixed canonical form for the
iMPO:

~

By = Wl Well - -
DWW - - -
= W W, USV WgWg - --

=...Q0SPP--- . (77)

17 Actually we only need the ¢ part and set s = 0. in Eq. (A8).
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In the second line above, we inserted an L matrix at —oo and
moved to the center using (73); in the fourth line, U and V' are
moved to —oo and +00, respectively.'®

Compression of iMPOs must be done on all bonds simul-
taneously and self-consistently, otherwise errors are incurred
even when the compression is exact. To ensure this self-
consistency, suppose for now that only x’ < x singular values
are nonvanishing.!” Then

S = PP'S = SPP' = PSP, (78)

where P is the projection matrix to the first x’ indices in the
middle block

3
IP>ab = {O b

and S’ = diag(sy,...,s,). We can then us the fact that,
in mixed canonical form, the position of § can be freely
translated to any site using (76). We can then use (78) to
“conjure” up projectors at every bond of (77):

aec{0,1,...

xLx+ 1)
otherwise (79)

Hy = Qésﬁﬁ .. (80)
= ...PPTOPP'OPS' P PPP PPP'...
=...QQSPP ..., 81

where 0' = PTQP and P’ = P*PP now have bond dimension
x'. Either Q" or P’ can be returned as a compression of the
original iMPO; one may make a choice keeping in mind that
Q' and P’ are approximately left and right canonical, respec-
tively. Since we have assumed that the singular values beyond
x' vanish exactly, this is an exact compression. When this is
not true, there will be some finite error (see Sec. VIII) but the
procedure is unchanged. algorithm 5 gives an implementation,
which we reiterate works also for nonsquare matrices.

Algorithm 5. iMPO Compression

1: procedure iCompress W, n

WR <~ RIGHTCAN[W]

Wi < RWxR™! so that ¢y = 0
W,,C <« LEFTCAN[W]

(U, S, V") < SVD[C]

0.P < U'W,U, VIWgV

x' < max{a €[1, x]:s, > n}
0.5, P < P'QP,, P'SP, P1PP

return P

> Cutoff n

>Use ¢ from Lem. (18)

>Defines P (79)

D AR AN ol

>One could also return Q

VIII. OPERATOR ENTANGLEMENT AND ERROR
BOUNDS

In this section, we discuss the error resulting from com-
pressing an operator. The first stage in our analysis will be to

!3These operations incur O(1) errors near the boundary, which are
negligible for an iMPO.

“In this case, the optimal compression error is zero, but the
procedure itself is identical to the case where the singular values are
numerically small.

show that, just as the singular values of an MPS are closely
related to the entanglement, the almost-Schmidt values of an
MPO are closely related to the operator entanglement entropy.
We will immediately apply this relation to answer a practical
question: how accurate is our compression algorithm? We
will derive a quantitative bound on the error and show the
algorithm is e-close to optimal. Finally, we will show that the
change in the sup norm is small under compression and hence
our compression algorithm is suitable to use when finding
ground states.

A. Relation to operator entanglement

To assess the accuracy of our MPO compression scheme,
we require a point of comparison. For this, we recall that all
MPO’s can be thought of as (noninjective) MPSes, and can
be compressed via the true Schmidt decomposition. We will
refer to this as the “MPS” compression method. For iMPOs,
the iMPS method will simply fail, due to the Jordan block
structure and the reasons detailed in Section VI, as well as
below, so our compression scheme has no obvious competitor
in the infinite case. On a finite chain, however, both methods
are valid, and it is meaningful to compare the MPO and
“MPS” methods.

It is well-known that the matrix product compression of
a state is intimately related to its bipartite entanglement
spectrum. The same notion can be defined for an operator
H viewed as a state. If we consider a finite chain [1, N] and
make an entanglement cut on bond (n, n 4 1), then the (true)
operator Schmidt decomposition is

X
H=Y 10{e0; T[0fi0)] =6  (82)

a=—1

(and the same for R), where the 5L’s and 6R’s act only on
the left or right of the cut respectively. The Schmidt values
A_1 =X =---Ay > 0 are unique and positive.”’ Note that
we do not normalize )", A2 to unity.

The reason the MPO compression scheme works is the
close, quantitative, resemblance between the almost-Schmidt
decomposition, Eq. (6), and the true Schmidt decomposition,
Eq. (82). To see this, we start with the almost-Schmidt de-
composition and convert it to the true one. Suppose we have
an almost-Schmidt decomposition (definition 2):

H=H @Ig+1,@He+ Y s @ h

1
=, hy Hp) S (Hr hg 1), (83)
1

where S = diag(s; > --- > s,) is a diagonal matrix built
from the almost-Schmidt values and {iL/R,iz}/R, o ,Zf /R}
are already orthonormal. All we need to do to get to the
true Schmidt decomposition is to add Hy s to the list and

20The irregular index convention for the A,’s will prove convenient
below.
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orthonormalize. Explicitly, we apply a Gram-Schmidt update:

1 0 0
(]lL hL HL) = (]lL hL HL/,) 0 Id P, (84)
0 0 M
where (ﬁ ﬁL) ensures  orthogonality  and
NL ||HL|| IF = ||PL|| # enforces normalization, so that
{IL hL, .. hf ,H ’} are now orthonormal. Doing the same on
the right s1de the operator now becomes
PPN Ng pr O —
H={,h H)| 0 S p, |Hhelp)". (85
0 0 M
M:=

It follows that the true Schmidt values, i.e., the entanglement
spectrum, is given by the singular values of the matrix M.
The essential point is that M and S are almost the same
matrix—and so their spectra are as well. We compute the
precise relation between the singular values of M and its
matrix elements in Appendix C with rank-one updates, and
import those results to here for show the optimality of our
method.

The dominant feature of the entanglement spectrum is the
separation_of scales between extensive and intensive values.
Suppose H comes from a translation-invariant MPO on N >>
1 sites, and our entanglement cut is at some bond (n,n + 1)
near the middle. Then the matrix elements of M have a
separation of scales:

Ni, Nz € O(N),  s4,pp, Pr € O(1). (86)

Without the p’s M would be diagonal. There would then
be two extensive singular values namely N7 and N7, and
X intensive ones, s%, R x Appendix C shows that the
extensive/intensive separation remains after the p’s have been
taken into account:

AR eOWN), AeO(),a=1,...x. (87)

This result illustrates again why the MPS compression scheme
must fail with iMPOs: the extensive Schmidt values diverge
in the thermodynamic limt. Normalizing the Schmidt values,

that is, considering o, := A./,/> A,z,, would not be helpful:
for any a > 0, 0, € O(1/N) vanishes in the thermodynamic
limit, so that the normalized spectrum retains no nontrivial
information about the operator.

Intuitively, the separation of scales is a consequence of
locality. Indeed, the two extensive Schmidt vectors are very
close to HL ® 1, g and 1, L ® HR—exactly the operators that the
block structure of our MPOs keeps track of “for free.” In other
words, the local MPO construction automatically keeps track
of the extensive part of the spectrum (to a good approxima-
tion), and we need only deal with the intensive part. This is
precisely the role of the almost-Schmidt decomposition.

B. Comparison of MPO and “MPS-style”’ compression

We now make to a quantitative comparison between MPO
and “MPS-style” methods on a finite chain. If we compress
an operator from bond dimension y down to x’ with either

scheme, the new operators are

Y 205 ® O,

a=—1

Hyips =

p
Hypo = H @ T + 1, @ Hp + ) _ sl @ I,
a=1

respectively. The orthogonality properties of the decomposi-
tions tell us

X
\H — Hwws|lz = Y 22 :=ews(x),  (88)
a=x'+1
R R X
IH — Hweoll7 = ) s :=empo(x).  (89)
a=yx"+1

To compare these, we use the eigenvalue interlacing relation
(derived in Appendix C)

sa>)\a>sa+2s Vde[l,x—z]- (90)
We can therefore conclude

< emps(x’ — 2). On

This means the difference between our scheme and the MPS
scheme is within two Schmidt values, which is negligible,
since in practice one always truncates sufficiently deep into
the spectrum that s, is small.

Since the MPS truncation scheme is known to be optimal
[7], we can make the error from our MPO scheme ¢-close to
optimal, by truncating at x’ large enough that |s,, — s, 5| <
e. There is no strict guarantee that this is possible, but for
physical operators the entanglement spectrum usually be-
comes a continuum with increasingly small separation. It is in
this sense that our truncation scheme is e-close to optimal. We
remark that the error analysis above applies to the truncation
of a finite MPO on an individual bond. It would be interesting
to analyze the global error of an iMPO compression, but we
expect it to be almost exactly the same as the iMPS case.

In summary, the MPO compression scheme only cap-
tures the intensive Schmidt values, avoiding the pathological,
extensive parts of the entanglement spectrum. As a result,
we obtain an excellent approximation to the optimal “MPS”
compression while preserving the locality structure.

emps(x") < empo(x”)

C. Ground state error bound

We conclude this section by discussing the special case of
Hamiltonians. We will show that the change in the ground
state of a Hamiltonian under compression is small and, just
as one would expect, the error is proportional to the weight of
the truncated singular values.

To frame the question, let us back up for a second. We
envisage two common applications for our compression algo-
rithm: compressing operators for use in infinite-temperature
dynamics, and compressing Hamiltonians whose naive MPO
bond dimensions are too large for DMRG. For the first, the
figure of merit for the compression error is the change in
the Frobenius norm of the operator—which we have already
shown is small and proportional to the sum of the truncated
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singular values. For the second, however, the figure of merit is
the change in the sup norm

. (V]|00| W)
107 := sup ————

, 92
w (VW) o

or, perhaps more physically, the ground state energy. Our task
for this section is to show the change in the ground state
energy is also small under compression®'.

As mentioned above, the class of first degree operators
to which our algorithms apply is broader than the class of
physically reasonable Hamiltonians. For instance, there are
projectors which can be represented with small bond dimen-
sion MPOs which are first degree, but whose ground states en-
ergies are not extensive. If one feeds in an first degree operator
which is a “non-Hamiltonian” with a superextensive ground
state energy, then the error in the ground state energy may be
very large. However, while this is mathematically true, such
operators do not make sense as physical Hamiltonians. We
therefore exclude them for consideration and restrict ourselves
to operators which are sums of terms with support on at most
k sites.** This allows us to give the following bound.

Proposition 5. Suppose H is an operator on N sites with
on-site dimension d and at most k-body interactions. Suppose
H can be written in the form

X
H=HAg+1He+ Y 1M, ©3)
a,b=1

where each 71\§ is a unique tensor product of on-site operators
(such as a Pauli string XY X Z or ¢'¢c'¢ for fermions).

If we take the singular value decomposition M = U Sy T
and define Oy, := h U, Og := VRThR, then for ' < x, we can
define the compressed Hamiltonian

’

X
H :=H1p+1,Hp+ ) 0fs.0%. (94)

a=1

where {s; > s, > .-+ > s} are the singular values. Then the
change in the ground state energy SE satisfies

X
Y < dHIH =l (95)

a=y'

SE < ||H —H'||; <

The proof is given in Appendix D.

In other words, the change in the ground state energy from
truncation is proportional to the truncated singular values. It
is crucial that this error does not involve N, the number of
sites, so one can easily take the thermodynamic limit to find

2'We note that small changes to the Hamiltonian can cause dra-
matic changes to the ground state wavefunction. For example, if the
Hamiltonian is e-close to a first-order phase transition, like H =
> - %)2 +XX , then an € change (such as eZ ) in the Hamiltonian
will completely alter the ground state, even though the change in the
ground state energy will still be e-small. Far from phase boundaries,
the ground state wavefunction and its expectation values should
change continuously with the Hamiltonian.

22Similar bounds apply to broader classes of Hamiltonians, but
require greater technical complexity.

that, in an infinite system, the change in the ground state
energy from truncating on every bond is also small. We also
note that, although we have expressed this bound in terms of
operators for convenience, this bound also applies to our MPO
compression algorithm. Thus one may take a Hamiltonian,
write it in a suboptimal MPO representation with a large
bond dimension, then compress it to a small bond dimension
and run DMRG or other algorithms to find its ground state
energy with only a small error. This is particularly useful
in the case of long-ranged interactions or two-dimensional
problems, where the MPO dimensions for the naive MPOs
are can be impractically large.

IX. RELATION TO CONTROL THEORY

Remarkably, our MPO canonicalization procedure is a gen-
eralization of an extremely well-studied problem in the field
of control theory known as “model order reduction.” With this
connection in mind, one can use highly optimized libraries
from that community to compute MPOs compressions for
general two-body Hamiltonians. The relation to control theory
was noted previously in Refs. [11,12]. Morally, one can think
of writing the interaction potential as a sum of decaying
exponentials. The MPO, in turn, can then be written as the
sum of the small bond dimension MPOs for each operator.
Our compression procedure is a strict generalization of this
technique: if the input to our algorithm is a two-body interac-
tion, then it automatically reproduces the sum of exponentials
technique. On the other hand, higher-body Hamiltonians do
not obviously map to the problem solved in control theory, so
it would be interesting to pursue whether our procedure has
useful implications for control theory.

The control systems setting is a ‘“state-space” system:
a dynamical system whose state is parameterized by a x-
dimensional vector x(¢) with linear dynamics in discrete time.
The dynamics are defined by the update rule

x(t) = Ax(t — 1) + Bu(t),

(96)

y(@) = Cx(t) + Du(t),
where u(t) is an n;-dimensional vector of possible “input”
perturbations, y(t) a n, dimensional vector of “outputs,” and
A is a matrix of size x X x,Bis x x n;, Cisn, x x,and D is
n, x n;. The data can thus be bundled into a (n, + x) x (n; +
X ) matrix (i g), which was the motivation for our MPO

block conventions. One also defines transfer function of the
system, G(t) := CA'B, an n, x n; matrix which describes the
linear input-output response at time 7.

Two fundamental questions arise in the control theory
setting. (I) Given a set of observations G(¢), what state-
space system (A, B, C, D) can reproduce the observations? (II)
Given a state-space system of dimension yx, can we produce a
state-space system of lower order x’ < x which approximates
G(t)? This problem could arise, for example, when modeling
a complex electrical circuit, where x(t) parameterizes the
voltages on wire segments, which we wish to approximate by
a simpler “lumped element” circuit with fewer components.

It is easy to see that a state-space system is equivalent to
a MPO in the particular case of a two-body Hamiltonian. A
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two-body interaction takes the general form

H=Y" Z 02VP(x — y)P?, 97)

x>y o,f=1

where {1} U {/O\)‘f o, and 1y {f’;ﬂ }Z’:l are orthonormal sets
of operators on sites x and y respectively. On the other hand,
each set of matrices A, B, C as in (96) define an MPO in
regular form via

T=0C,b=BP,A=A1,d =0,

where O = (0® ), and P = (PP )2":1. It is not hard to check
this MPO represents the Hamiltonian (97) if and only if

[CA"B]™ = V(r).

These data are in precise agreement with that of state-space
system, with the transfer matrix G(¢) of the state-space encod-
ing the two-body interaction V(r). One could easily include
on-site terms as well, in which case d would be nonzero.

With this mapping, we see that problems (I) and (II) are
equivalent to finding an MPO which reproduces a desired two-
body interaction, and approximating an MPO by one of lower
bond dimension. In the control theory literature, (I) has been
solved by an algorithm of Kung [13], and (II) by “balanced
truncation”[17], which we focus on here.

The starting point of the balanced truncation algorithm
is the “controllability” Gramian X and the “observability”
Gramian Y,

X =) ABBT(ATY,

(98a)
k=0

Y =) (AhHtcicar. (98b)
k=0

They are determined by the discrete Lyapunov equations
AXA" =X — BB, (99)

A'YA=Y —C'C. (100)

We can identify these as the fixed point condition for the
left/right eigenvectors of the right/left transfer matrix Tr/;
of W (c.f. Ty above) in the particular case that A = Al. The
controllability Gramian X is nothing other than the relevant
block of the dominant eigenvector of the transfer matrix, and
similarly for 7, and Y.

The idea of balanced truncation is to use the gauge freedom
A — gAg~!,C — Cg~!, B — gB, under which the Gramians
transform as X — gXg', ¥ — g/ 'Yg~!, to demand that the
Gramians be equal and diagonal: X =Y = diag(X). This is
called the balanced condition. The ¥ are called the “Hankel
singular values” for reasons we will explain shortly. In oper-
ator language, this is nothing other than the almost-Schmidt
decomposition Eq. (6) with values s, = Z,. In balanced trun-
cation, the model is then reduced by keeping the largest X,
which is known to be optimal with respect to a particular
norm, the “Hankel norm” [18].

Indeed, with this mapping in mind, the balanced trunca-
tion algorithms found in the literature are equivalent to the

canonicalization procedure discussed here: solve the Lya-
punov equations for the Gramians X, Y (equivalent to finding
the dominant eigenvector of transfer matrix), compute the
Cholesky decompositions X = RR" and ¥ = LL", and then
SVDUZXV = L'R,and let g = X~'2VR™!.

Why are they called Hankel singular values? This brings
us to Kung’s algorithm, which obtains an approximate state-
space representation given the desired output G(t) ~ V(7).
For simplicity, let’s consider the simplest n; = n, =1 case,
arising for instance from a density-density interaction H =
> i =0 itV (r)m;. It is easy to see that in the mixed-canonical
form at bond (0,1), the left / right operators can be chosen to
be b, =n_;, hiy =4y for i >0 so that H = Zi,j hV(3i+
Jj+ l)iz\{e. The middle tensor then takes the form

V(3) V() V()
V@) v3) V@©)
V5 V@) v3) |

M= (101)

which is by definition a “Hankel matrix,” with singular values
M = UZXV consequently referred to as the Hankel singular
values.

The connection results in highly optimized routines to
compute the optimal A, B, C from the desired V using the
Hankel structure. These are provided, for example, in the
MATLAB CONTROL SYSTEMS TOOLBOX as BALRED, IMP2SS and
in the SLITCOT library Ref. [19] as ABO9AD. The latter has
a convenient PYTHON API provided in the “CONTROL” library
Ref. [20], which we have used with great success for quantum
Hall DMRG [21].

While the equivalence is clear in the two-body case, what
is the control theory interpretation of canonicalizing and trun-
cating a more general MPO? This seems like an interesting
question.

X. iMPO EXAMPLES

This section provides two numerical examples of iMPO
compression. This is where our almost-Schmidt compression
scheme truly shines, as the standard “MPS”-type truncation
schemes do not work at all in this regime. Indeed, to our
knowledge, our algorithm is the only one known to work for
general iMPOs. We first give a “proof-of-concept” example
for long-ranged Hamiltonians and then give an iMPO imple-
mentation of the Lanczos algorithm.

We consider the three-body Hamiltonian

ﬁ2 = Z Z Zz—x2121+ijjya J = r2 ,

neZ x,y>0

(102)

with power-law interaction. To encode the Hamiltonian
(which has a formally infinite bond-dimension), we give the
power-law interaction a large spatial cutoff R: J, := 0 for r >
R, which we vary, so that the pre-compression bond dimension
is x = 2R. The precompressed iMPOs have a block structure
specific to three-body interaction; for example, when R = 3,
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FIG. 3. Compression of the iMPO representing (102). The
almost-Schmidt spectra of iMPOs representing H, with spatial cutoff
R ranging from 32 to 512. As R — oo, the largest s, converge to a
pointwise limit, while the long tails rapidly decays (so the latter are
finite-R artifacts). (Inset) The bond dimensions of the iMPO before
and afterwards with a cutoff of ¢ = 107, Other numerical thresholds
are the same as Fig. 2.

we have
1|Z 0 0] |
01T 0|/AX 0 0
0 0 T|HX 0 0
00 0|LKX 0 0
=~ = 103
0 1T 0|nz (103)
0 0 1T|hrnz
0 0 0|nsZ
| 1

We then compress them the iMPO compression routine (al-
gorithm 5) which calls the upper triangular canonical form
subroutine (algorithm 4). The results are given in Fig. 3. For
any reasonable tolerance, as R — oo, the compressed bond
dimension stabilizes to a tiny value, thanks to the rapid decay
of the almost Schmidt values. It is also interesting to examine
a compressed MPO (from y = 2R =256to x' = 4):

1 Z Z | |
0.1781 0.749X  0.114X
0.7421 | 0.11X 0.0117X
0.1781 Zl
07421 | Z
1
(104)

Remarkably, while the strict locality of the uncompressed
MPO is compromised, the block triangular structure of (103)
is intact. We can clearly see that each power-law is approxi-
mated by a sum of exponential decays governed by the 2 x 2
matrix on the diagonal block of (104). Here we have applied
a gauge transform after compression to make the MPO upper
triangular, but this is not possible in general as the SVD step
will destroy “triangularizability.”

Our final example is somewhat more involved: an iMPO
implementation of the Lanczos algorithm. The Lanczos algo-
rithm is originally from numerical linear algebra, where it is

used to tridiagonalize a matrix. However, it was recognized
in the 1980s [22] that it provides an exact mapping from
many-body dynamics problems to 1d quantum mechanics
problems on a semi-infinite tight-binding model. (This is
known as the “recursion method”, see Ref. [23] for a review.)
Recent work by some of us [24] has found there are deep
connections between the Lanczos algorithm, thermalization,
operator complexity, and quantum chaos.

The Lanczos algorithm is a simple iteration. Suppose H
is a Hamiltonian and O is a Hermitian operator. Conceptu-
ally, the Lanczos a algorithm constructs the Krylov subspace
span{O, [H, O], [H, [H O ..} and 1terat1ve1y orthonor—
malizes it. More premsely, we start from O_ 1 =0, Oo = 0
by := 0, and for n > 0, we define recursively

A\ [ﬁ 6}1] - bn7161172

0, := b, 'A, where b, := ||A,||"/>. (105a)

The b,’s are known as the Lanczos coefficients, and it
is well-known that {00, .. O } is an orthonormal basis of
the n-dimensional Krylov subspace These objects are highly
relevant for the operator dynamics O(t) = /' Oe~" | and it
is desirable to compute as many of them as possible.

For generic many-body problems, exactly computing n
Lanczos coefficients requires 0O(e“") resources. Now, when-
ever H and O are representable as iMPOs, the whole Lanczos
algorithm can be implemented using iMPOs using elementary
operations from Appendix E and the intensive norm formula
(59). If Oy is first degree and H is strictly local, all iMPOs
generated in the process will be first degree, so our compres-
sion scheme can potentially reduce the computation cost of
the Lanczos algorithm.

We benchmarked our iMPO implementation of the Lanc-
zos algorithm, with the paradigmatic chaotic Ising chain,
see Fig. 4. Remarkably, we observe that the resulting bond
dimension of the operators O,, grows only polynomially:

x[0,1 =0(n), a~?2 (106)

shown in Fig. 4(c), while one would naively expect exponen-
tial growth. This means that, in principle, one could reach
n = 60 — 80 with moderate hardware, far beyond 30-40 by
the exact method [24].

Practically, however, numerical precision becomes a lim-
iting issue. Due to the iterative nature of the algorithm, any
small compression error in O, is magnified on subsequent
steps. One can see from Figs. 4(d) and 4(e) that the 0 S
singular value spectrum has a gap where the almost Schmidt
values fall off by several orders of magnitude. A truncation
targeted at the gap will be essentially lossless. However, the
smallest singular value above the gap decreases rapidly with
n, eventually reaching machine precision. Beyond that point,
the singular value spectrum will look continuous with no
apparent gap, and any further truncation will induce errors that
grow quickly—as shown in Fig. 4(b). One could account for
this by dynamically increasing the working precision along
with n. Although this is harder to implement and slower, the
resource cost would still grow only polynomially with n, a
qualitative improvement over the exact method, so long as
(106) continues to hold. It will be very interesting to elucidate
the reason of such an advantageous bond dimension scaling.
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FIG. 4. Results of an iMPO implementation of the Lanczos
algorithm, applied to H= % > wZiZyiy — 1.05Z, + 0.5X,, and 0=
>, Z,. (a) The Lanczos coefficients b, computed by the iMPO
implementation with SVD truncation threshold &, compared to the
exact method (“ED”) of Ref. [24]. (b) Error in the b,’s at precision &
(compared to “ED” values). (c) Bond dimension of the operators 5,,.
The growth rate is roughly O(n?). (d) The almost Schmidt spectra
of 510. A large gap is visible at a ~ 60 where s, drops by ~107°.
(e) The almost Schmidt spectra of Ox. The gap is barely visible
even with the smallest ¢; the error starts to grow rapidly around
the same n.

XI. CONCLUSIONS

In this work, we have endevoured to promote matrix-
product operators to “first-class citizens” amoung compu-
tational techniques. Our primary focus was the physically
relevant case of local operators, operators that tend to the
identity at spatial infinity. Locality of an operator imposes
a constraint upon its matrix-product representations, namely
a certain upper triangular block structure. We then adapted
the standard tools and techniques of matrix-product states to
this framework. In particular, we generalized the notion of
left and right canonical forms to the MPO case in a way that
respects the local structure, and gave efficient algorithms for
computing them. These lead naturally to a novel compression
scheme for MPOs that also respects locality and is almost as
optimal as SVD truncation is in the MPS case. We treated
both the finite and infinite cases and proved the correctness
of our techniques wherever possible. To showcase the utility
of these new techniques, we included two brief applications:
computing the Lanczos coefficients of operator dynamics,
and compressing long-range (i)MPOs. In summary, this work
enables all standard operations of matrix-product states to be
performed on explicitly local matrix-product operators.

On a practical level, these results are applicable both to
simulating quantum dynamics in 1d and solving strongly
correlated systems in 2d. In 1d, this compression scheme
should enable hydrodynamic coefficients, such as diffusion

or conductivity, to be calculated using Krylov space tech-
niques. The idea is that the Green’s function G(w, k) may be
well-approximated by information contained in the Lanczos
coefficients [23,24]. Above we computed these for an example
model at k = 0 (translation invariant sums), but one may work
at arbitrary wavevector by slightly modifying the form of the
MPO to

_ T T d
W=0 A b (107)
0 0 1

This application will be the focus of future work. In 2d,
DMRG studies on infinite strips can be limited by the large
bond dimension of the Hamiltonian operator. However, since
these Hamiltonians are constructed “by hand,” it is reasonable
to expect that, in many cases, they can be highly compressed.
Moreover, as they have an upper triangular form, this com-
pression can be carried out quite efficiently. Alternatively,
one could use an “over-compressed” Hamiltonian as a pre-
conditioning step to find an approximate ground state before
carrying out the full DMRG algorithm. In any event, the
operator-centric tools developed in this work should bring
immediate practical benefits to a variety of applications.

We wish to close with a few speculative remarks on our
theoretical results. Operators are more than merely states in
a doubled Hilbert space in at least two ways: (I) they have
an algebraic structure and can thus be multiplied, and (II)
they can be local. One perspective on this work is that local
operators, as we have defined them, are the analog of area law
states, with a bounded amount of information per site. The
standard notions of quantum information theory, especially
the entanglement spectrum, struggle to capture the nontrivial
local structure of operators—which is what led us to define the
“almost-Schmidt decomposition.” It is unclear how general
this notion is. For example, how do we treat “second degree”
and “multilocal” operators that arise naturally as products
such as HH (used in computing energy fluctuations in DMRG
[10])? Can it be extended beyond 1d?

Curiously, the algebraic nature of operators is almost com-
pletely absent from this work. After all, locality is a by-
product of the operator algebra, namely the condition that
spatially-separated operators tend to commute. It is natural
to speculate that a deeper “quantum information theory of
operators” would be intimately connected to the operator
algebra structure and yield greater benefits for computation.
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APPENDIX A: PROOFS FOR LOCAL MPOs

This Appendix proves statements about local MPOs from
Sec. V of the main text. Our main goal is the proof of the
forms of the dominant Jordan blocks, proposition 1, but we
begin with a series of technical lemmas.

Lemma 1. _Suppose W and W' are related by a gauge
transform LW = W'L, and W is first degree. Then W' is also
first degree.

Proof. The block triangular form (14) of the gauge matrix
L implies the submatrices A and A’ are related by LA = AL
Then, by the definition of the transfer matrix, we have

LT XL]T, ZATL XLA,

= Z L'A)'XAL=L"(XTy)L.  (Al)

Now, suppose W’ is not first degree, then there is X such
that XTy = AX with [A] > 1. By (Al), Y :=L'XL is an
eigenvector of Ty w/i\th the same A, which contradicts the first
degree property of W. |

Lemma 2. Suppose spec(Ty) is strictly inside the unit disk.
Then so is spec(Ap).

Proof. Suppose not. Then there is a (generalized) eigen-
value o € spec(Ag) with |o| > 1. This eigenvalue must be in
some Jordan block

J= (A2)
o 1
o

with some (generalized) eigenvector Apv = ov. Then w :=
v @ visan eigenvector Ty, w = lo|*w. So

(w, T w) = o*¥ > 1, VN. (A3)

For each component A,, 0 < o < d?, of;\\, let T,[X] :=
(Ag)'[X]A,. Each of these is a positivemapand T = ), T,
SO

TAN =T0N+ Z Ty - Ty, (A4)

opy e,y an

Jo; £0
Since the composition of positive maps is positive,
(w, Ty, - Tyyw) >0. So (A4) implies (w, TVw) >
lo|*¥ — oco. But all the eigenvalues of Ty are less than
1, so (w, TV w) — 0, a contradiction. [ |

Lemma 3. Let

A B

T = (O C) (AS)
be a block upper triangular matrix such that A and C are square
matrices. Let A € spec(A) \ spec(C) and (x y)T = A(x y)bea
left eigenvector. Then x # 0 and satisfies xA = Ax, so x is a
left eigenvector of A.

Proof. (x y)T = A(x y) means xA = Ax and xB +y = Ay.
Now suppose x =0. Then y #0, and yC =Ly, so X €
spec(C), a contradiction. |

Lemma 4. Suppose W is an first degree iMPO. Then there
exists a gauge transform?3

1 ¢t 0
W = LWL 'whereL= [0 Id s (A6)
0 0 1
such that
L 1 0 d
Wy=(@I,W)=|0 Ay O (A7)
0 0 1
In fact, A’ = A is unchanged.
Proof. A direct computation shows
= (Ag—Id) by, t :=co(Ag — Id)! (A8)

give the desired gauge transform. The inverse (4g — Id)~!
exists by lemma 2. |

We now have all the tools needed to unravel the Jordan
block structure of MPOs. We prove proposition 2 in the
special case where the operator has subextensive trace, and
subsequently sketch the more general case.

Proof of proposition 2. The idea of the proof is to explicitly
find the dominant Jordan block (i.e., the Jordan block that
gives the leading contribution to the norm) using the block
structure of Ty . Unfortunately, just as in (41), there are two
other “spurious” eigenvectors whose eigenvalue is also 1. Just
as the dominant Jordan block is responsible for the extensive
norm, they give rise to the extensive part of the trace. For
a traceless operator, they form an invariant subspace that
does not contribute to the extensive norm—hence the name
“spurious.”

We first impose the condition of tracelessness. Without loss
of generality, we work in the gauge of lemma 4, and note that
A is unchanged so the first degree property is maintained. On
a finite system of N sites, the trace is given by

Tr[Hy] = eWr = (1€ £, DWW (ro 7 1T
=ry+ £X+1 + Ndy + €’A6Vr/

=Ndy+O0(1), N - oo, (A9)

where we used the standard boundary conditions (11) and
used lemma 2 for the last asymptotic. Therefore
1 ~
Nlim N Tr[Hy] = 0 <= dy = 0 in gauge (A6). (Al0)

We now exhibit all the generalized eigenvectors with eigen-
value 1. For concision, we rewrite W as

s _(V T\ 5._(d
(0 ) 7-G)

23When using this to compute the norm via Eq. (58), one should
only compute s and set¢ = 0 so that left canonical form is preserved.
When compressing iMPOs, one should instead set s = 0 and use
only £.

(Al1)
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with block sizes 1 + x and 1. Similarly to Eq. (47), we have

Tlo Tlo Ul|F
011 010 00
| oo alo oo
w=1=9T0 01 070 (A12)
olo olo & |o
010 0l0 01

for some U, where the block sizes are (1 4+ x)>, 1+ x, 1+
X, 1, and

F:=>"f,®f, (A13)

We observe that Ty is the sum of “reduced” and “spurious”
parts

v U U F
1o 4 o o 1 0\
TW - 0 0 KO 0 ® (0 1) =:Tiea ® Tsp-
0 0 0 1

(A14)
The spurious block T, has eigenvectors E and E T, where
Eup = 8400p,4+1 and, in particular, Egy = 0.
The dominant Jordan block comes from 7;.4. Consider the
truncated operator

truncated __
T;ed -

(A15)

coc oA
co2 gl
o2lox
coc oo

By proposition 1 and lemma 2, it has a unique eigenvalue
1 (the rest have [A| < 1). By lemma 3, the corresponding left
eigenvector of T4 is (after rescaling)

/_XZ
Z "(z o>

for some z and where X is the unique largest eigenvector of
Ty from Eq. (46). Then we have

(A16)

(Z'Ty ZTy) = (Z' Z)(é ‘f),z: (8 ?) (A17)

where p:=XF =37 | Xab(?a, ?,,). (In practice, one
should compute p using Eq. (5§8) which makes use of canon-
ical form.) All the other eigenvalues of Ti.q, and indeed all
other eigenvectors of Ty are those of Ay and Ao, and satisfy
|A| < 1 by first degreeness. We have thus found the dominant
Jordan block of Ty, as well as the “spurious” eigenvectors.

We are now ready to compute the norm [|H ||12\, using
the transfer matrix formula (39). We expand ££ in the left
generalized eigenbasis of Ty :

W= (aZ +bZ) +(E+CE"+ S ,
—~—

A=1 Jordan block

(A18)

A=l ‘spurious’ [Al<1

where S is a linear combination of generalized left eigenvec-
tors with eigenvalues |1| < 1. It follows that

OTY (rr) = Nap(Zrr) + O(1) = Nap + O(1)  (A19)

as N — oo, since ry41 = 1 by the regular form. It remains
to determine the coefficient a. For this we look at the 00-
component of (A18). First, ST,y —> 0 by the definition of S.
Meanwhile, (47) and (A12) imply (STw )oo = Soo. Therefore
Soo = 0. For the other terms of the RHS, we have Zj, = 1 by
(A16) and (46), Zyp = 0 by (A17), and Eyp = 0. On the LHS,
the regular form (11) requires (£€)yp = 1. Therefore we have
a=1and

||Hy||2 = €T rr = Np + O(1). (A20)

|

As noted above, the condition that the trace is subextensive
can be lifted. N

Suppose W is an first degree iMPO for H. Then the
transfer matrix 7y has maximum eigenvalue unity with a
generalized eigenspace V| of dimension four. This may be
Jordan decomposed as follows.

Case 1. Vi = J3 @ J, if Tr[Hy] = O(N), i.e., the trace is
extensive. R

Case2. Vi =, ®J; @ Ji if Tr[Hy] = o(N), i.e., the trace
is subextensive.

Without loss of generality, we adopt the gauge from lemma
4. Define block matrices of size y + 1 x x + 1

(X =z (0 ¢t (0 0
R

and Z, = Zf where X is the dominant eigenvalue of T, z is

the same as above, and ¢ = (1,0, ..., 0) is a vector of length
x . These span the dominant generalized eigenspace:
Z,' Z,' 1 d d P
Z |z 0 1 0 d
z|"=1z|[lo o 1 4] (A22)
Z, Z, 0 0 0 1
e

where d is the extensive part of the trace: Tr[ﬁN] = Nd
and the dagger is because Ty acts on the right. The Jordan
decomposition M = SJS~! is then

(case 1)
1 00 0 o 0 0l
1
-0 a4 o0
-0 11 0’ g 2 ’
0O 0 1 1 3 0 d 0
0 0 0 1
£ 2d* p O
(A23)
(case 2)
1 1 0 0 0 % 0 0
o 1 0 0 1o 0 o 1
T=1o o 1 o] S=lo o 1 of “*¥
0 0 0 1 1 0 0 0

Case 2 is, of course, the same as the above proof, where Z;
and Z, span the “spurious” dimensions and the Jordan block
of size 2 is responsible for the extensive norm. In case 1,
however, those two dimensions are now mixed together. One
can compute

EOTY (rr) = N*d* + N(p — d) + O(1). (A25)
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The Frobenius norm is then no longer extensive as is has been
“polluted” with the trace. Nevertheless, the largest eigenvalue
is still unity and the matrix Z; overlaps with the dominant
Jordan block.

The proof for these statements is directly analogous to the
above proof with the single modification of Eq. (A12) to

F

Ty = (A26)

olo olo ol
olo oo —|&
olo ol ol
olo —|lo o
o|2lo|o ol
—lo oo o

APPENDIX B: PROOFS FOR CANONICAL FORMS

This Appendix provides a sufficient condition for the con-
vergence of the QR iteration in algorithm 3 for first degree
MPOs, and proves the existence of left canonical forms.

It is clear from the definition of canonical forms that only
the upper left submatrix V of an iMPO W will be actively
involved. Indeed, any gauge transform of the submatrix LV =
V'L can be easily promoted the iMPO level:

ﬁvggvazgiﬁgﬁ;ﬁ. (B1)

Ly W W! Ly

Hence we focus on V and its gauge transforms.?* From this
point of view, the QR iteration algorithm 3 is defined by the
following recursion:

Ro = 1djo 1, (B2a)
Voot i= OuR,, Vn > 1, (B2b)
Vi := R,y (B2c)
L,:=R,...Ry, (B2d)

where (B2b) is a (normal) QR decomposition as defined in
21).

_We also point out a simple fact: two gauge transforms
LW =W'L and L' W’ = W’L  can be composed to obtain a
new one: L'LW = W"L'L.

Lemma 5. QR iteration produces a sequence {Vn} that are
each related to V be a gauge transform:

LV =VL,. (B3)

__ Proof. Eq. (B2b) implies the gauge transform RV =
ViR, for any m > 0. Then (B3) follows from Eq. (B2d) by
composing the gauge transforms. |
Algorithm 3 enjoys also a close relation to the “small”
transfer matrix:
Lemma 6. For any n > 0,

Idjo ()" = L} L,, (B4)

where V has bond dimension X, that is, (1 4+ x) rows and
columns.

24 Accordingly, the notation in this Appendix will differ form the
main text in that gauge matrices acting on V will not have an overline.

Proof. We again proceed by induction on n. The base case
n = 0 is trivial. For n > 0, we have

Idjo(T)" = (L L,_)Ty
_ZvT
_ZL

- ZLn 1R1‘1-sz-,aQn,aRnLn—l

|n IV

T
—l,& n loan—]

= Z Lj, Qj,,a Qn,aLn
o

= L,L Ln ’

where we used the induction hypothesis, (38), (B3), (B2b),
(B2d), and the definition of QR, respectively. |

We now address the sufficient condition for the conver-
gence of QR iteration. First we must remove some arbi-
tranness in QR decomposition. For instance, W= QR =
(— Q)( R) are both valid, but such freedom can introduce un-
helpful oscillations in n preventing convergence. To this end,
we require our QR subroutine to be positive rank-revealing, in
the following sense:

Deﬁnmon 10. Suppose V have 1 + x columns and column
rank 1+ x', where 0 < x’ < x. The QR decomposition rou-
tine Q R « QR[V] is called positive rank-revealing when the
following are guaranteed,;

(I rank-revealing: Qhas x" 4+ 1 columns and R has x’ + 1
rows,

(II) positive: if x’ = x (full column rank), R has positive
diagonal elements:

Ry>0,a=0,...,x. (BS)

These requirements can be fulfilled, for example, by the
Gram-Schmidt procedure applied to the columns of V.

Proposition 6. Let W is a first . degree iMPO of bond di-
mension ¥, and let the sequence (Wn, Ly, Ry)n>1 be generated
by positive, rank-revealing QR starting from w. Suppose
further that the leading eigenvector X of 7y is an invertible
(1 + x)x (1 + x) matrix. Then the iteration converges and
brings W to left canonical form.

The proof will follow a after a few lemmas.

Lemma 7. Letm > 0. Let T,, be the space of m x m upper
triangular matrices with positive diagonal elements and let P,
be the space of m x m positive definite matrices. Then

T,>L+— L'LepP, (B6)

is a homeomorphism.

The continuous inverse is constructed explicitly in standard
linear algebra textbooks.

In general, the QR iteration with rank revealing will pro-
duce a sequence of W,’s with reducing bond dimensions,
X0 = X1 = .... However, when X is nonsingular, no strict
bond dimension reduction can occur:

Lemma 8. Under the same hypotheses of proposition 6, all
the W,, s have the same bond dimension as W. N

Proof. By the gauge transform (B3) and lemma 1, W, is
also first degree. So we can apply proposition 1 and let X,, be
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the dominant eigenvector of 7y,: X, Ty, = X,,. Then the gauge
transform (B3) implies

(L)X, LTy = LIX,L,, (B7)

similarly to (A1). This means that L X, L, = X by proposition
1 (the constant is fixed by the 00th element). For X to be non-
singular, L, must be a square matrix, so the bond dimension
does not change. |

We remark on a useful consequence of lemma 8: since
no rank reduction will happen, we only need the QR to be
positive, not necessarily rank-revealing. This can be fulfilled
by numerically stable implementations of QR based on Givens
rotations or Householder reflections.

Proof of preposition 6. By the definition of positive rank-
revealing QR, and lemma 8, for any n > 1, R, € Ty4,, and
thus L, € Ty,,. Now, Lemma 6 and proposition 1 imply that

(B8)

- n—00 1 y
LiL, =Idp ()" —> X = (y, Y).

Note that (L,)oo = 1 for all n. Eq. (B8) implies that X is
positive semi-definite. Since we assume X is nonsingular, X
is positive definite. Then, lemma 7 implies that L, — L for
some invertible L, and the QR iteration converges as follows:

~

V, =1L, \7L71 — LVL™" = ‘7L,

Rn = Ln-HL — Id[o x+1]»

Qn = n—lR; - VL y
so that V; is a left canonical MPS. Promoting to the iMPO
level using (B1) completes the proof. |

Proposition 6 establishes the existence of left canonical
for all “generic” first degree iMPOs, in the sense that X is
nonsingular. We now treat the singular cases:

Proposition 7. Let W be a first degree iMPO and such that
the leadlng eigenvector X of 7y is positive semi-definite of
rank 1+ x" < 14 x. Then there is gauge transform LW =
W'L is such that W’ has bond dimension x’ and such that X’
is positive definite.

Proof. We will construct the gauge transform by compos-
ing two gauge transforms, and still work on the level of V.

First, we perform a Cholesky step followed by eigende-
composition:

X_lx_lOl 0 1 x
W X) T \xf 1dJ\o X—xTex/\0 Id

1 0 1 X +
:(xf UT)X] <0 U) =L X]L, (Bg)
where U is unitary and X; = diag(1, oy, ..., 0, ) where
0, >0 ifa<y/,
0,=0 1fa>)(. (B10)
Since L is invertible, we have the gauge transform
Vi :=LVL™! (B11)

so that the leading eigenvector of 7y, becomes the diagonal
matrix X;. Thus the aath component of the equation X, Ty, =

X becomes

X
00 =Y 0u((Vbar (V1 )ba). (B12)
b=0

When a > x/, 0, =0, so every term on the RHS must also
vanish. Now for b< x/, o5 >0,s0 (V1 )ba = 0. Namely, we
showed that V; has the block- diagonal form:

-~ vy 0
[0,x']
Vi= ( 0 *),

where V' has shape (1 + x’) x (1 + x'). This implies that Vi
can be gauge transformed to V' by a projector:

(Id,,1 0V = V'(Idpo 0)

It is easy to check that 7y, has leading eigenvector X, =
diag(1, o1, ..., 0y ), which is nonsingular. Composing the
two gauge transforms (B11) and (B14) and promoting them
to the iMPO level completes the proof. |

Now we can finally prove the existence of left canonical
form for all first degree iMPOs.

Proof of proposition 3. By proposition 7, we find first a
rank-reducing Ly and W' so that LOW W’ Ly and W' satisfies
the assumptions of proposition 6. Then the QR iteration must
converge and bring W/ to a left canonical W, by some gauge
transform L1W W,L. Composing the gauge transforms
gives LW = WLL with L = L{Ly. [ |

(B13)

(B14)

Algorithm 6. iMPO Left Can. Form: General

1: procedure Precondition W, n

2 X <« EIGMAX(Ty) > Find max. eigenvector
3 x, U X «X > Eq. (B9)

4: x' < max{a: o, > n?}

5 x, U < [Xo)icasy’s [Yaplicasy’ 1<o<x

6

1 x O 1 —x O
7: L < U o0],L <« u- o0
0 1 1

8: return LWL, L

9: procedure LeftCan W, n

10: W, Ly <~ PRECONDITION(W, n)
11:  W,L, <« QRITER(W, )

12: return W, LiL

> n: tolerance

> Alg. 3

Note that the above proof and that of proposition 7 provide
a foolproof algorithm to compute the left canonical form:
first precondition the MPO by reducing its rank, then use
QR iteration. We provide an implementation in algorithm
6. This algorithm is provably convergent for all first degree
iMPOs, and has comparable numerical precision and stability
to the QR iteration algorithm 3. (Recall that any method of
taking the square root of X directly reduces the precision from
107! to 10~8 with standard floating point; QR iteration is
required for high precision.) The main drawback of algorithm
6 is its efficiency: the preconditioning routine involves two
eigenvalue problems: finding the leading eigenvector X, and
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(almost) diagonalizing it. It is often more expensive than
the QR iteration itself. This brings us to a natural question:
why could not we prove the existence of left canonical form
for all first degree iMPOs (proposition 3) directly using QR
iteration? After all, the rank-revealing QR can also reduce
bond dimension and potentially serve the role of the precon-
ditioning step. The answer, unfortunately, is that there are first
degree iMPOs for which the QR iteration fails.
Example 1. Consider the spin-half iMPO

R 1 0 Z
W = aZ X |, (B15)
1

where || < 1 so that W is first degree. However, applying
algorithm 3 to it will yield

R 1 0 Z 1 0 0
W, = oZ o'X|, L,= o«" 0. (B16)
1 1

Everything seems to converge, but lim,_, W,, is not left
canonical! In fact, lim,_, L, is singular, which makes the
argument in the proof of proposition 6 inapplicable. The ori-
gin of this failure is that, the middle state of the state machine
is not reachable from the initial state, so the middle row and
column can be removed altogether. (This is precisely what
the PRECONDITION routine in algorithm 6 does.) However, the
rank-revealing QR fails to detect this, because W has full
column rank.

We close this Appendix by noting that the above theory for
the convergence of QR iteration can be improved. Indeed the
assumption of proposition 6 can be certainly relaxed. It will be
interesting to find a sufficient and necessary condition of con-
vergence, and improve the efficiency of the preconditioning
step.

APPENDIX C: EXACT ESTIMATES OF SCHMIDT VALUES

We study the singular values of the matrix M defined in
(85) (which form the entanglement spectrum of an MPO) by
repeatedly applying a rank one perturbation.

First, we consider the submatrix

My = ( Vi ’g*) )

where S = diag(s; > --- > s5,) so that

M3M0=<8 Sz) < R)(NRPR) (C2)

is a rank one perturbation of diag(0, s] , sz, ...). A standard
result then shows that the singular values of My, denoted
Mo = 1 2= M2 2= ... [y, are given by the positive roots of the

equation
N a2
Shay A ©
w — ur—s;
This implies the interlacing relation
Mo 281 2 U1 282 200 2 Sy 2 Hy. (c4)

For the largest singular value, (C3) further implies

P&l* N;? P&l
+ <1< + 3>
Xa: 1 — St Z 1o — St
leading to the following estimates:

NZ +UpglP 457> pd = NE +lppl®. (C5)

In particular, the separation of scales (86) implies /L(Z) = 0O(N)
and uj-, = O(1).

In a very similar fashion, we now go back to the full matrix
and consider

0

i
MM = (MOMO O) +| o JOpi A (co)
N,
L
which is similar to
145
D, . + <N )(qL M), (C7)

under conjugation where D, = diag(u%, cees ,uf( ), qp =
U(0 p;)7, U being a unitary matrix such that UMMjU" =
diag(p,(z), /L%, ey Mi) Applying rank one perturbati'or'l again
to (C7), we obtain the following equation determining the
singular values of M:

X

N2 Fiis
Tt L 21: ozt (C8)

This implies the interlacing relation
Al Z o Z2ho 2 Uy 200 2 My 2 Ay, (C9)

which, combined with (C4), gives (90) in the main text.
Similarly to (CS5), we can bound A_; as follows:

22N+l = NF
,1<N2+IIPLII+MO

(C10a)
(C10b)

Under the separation of scales (86), A_; = ®(N) is exten-
sive.

We also need a useful lower bound for largest singular
value XA¢. For this, we note that (C8) implies

a2
o =45

<1+

(C11)

which is a quadratic inequality (of A2). Its solution entails

205 = ug+NE A+ llg, I (C12)
2= N2 a1 + 42|
> 2min (ug, N7 + llg,|1*) — 2u0lq}].  (C13)

Now, under (86), /L(Z), ./\fL2 € ®(N) and ¢g; € O(1), so we con-
clude that A3 € ©(N) is also extensive.
APPENDIX D: HAMILTONIAN ERROR BOUND

This Appendix discusses the relation between the norm we
have used throughout this work and the standard sup norm.
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Recall that the sup norm is
~ (VIHHY)
1|2 = sup ~——— "
) (V)

For convenience, we work in this section with the nonscaled
Frobenius norm, which we denote with a lowercase “f”:

\HIIF := Te[HH] = Tr[1] - ||H|[;.

D)

(D2)

With our default inner product, if O is an operator supported
on S C Z, aset of size |S| = k, then

. T[0'0] Ti[0.05] IOI>
010y = MO 0L _ 05051 _ 177y (D3)
Tr[/] Tr[]1®k] dk
Quite generally, ||5||S < ||5||f. So (6|5) = 1 implies
10112 < 11011} = d* (D4)

for an operator supported on k sites.

We now prove proposition 5. The idea is that each term in
the Hamiltonian, being local, can only change the ground state
energy slightly. The total change in the energy is then bounded
above by the number of terms times the size of each term,
which, we know to be small since they have small singular
values. One could prove analagous bounds broader classes of
Hamiltonians, such as long-range interactions, but this might
require a significant amount of “technology” to specify the
class of operators under discussion. Nevertheless, we expect
the essential point to remain unchanged: for Hamiltonian-
class operators, the change in the ground state energy is O(1)
times the weight of the truncated singular values.

Proof of proposition 5 We will assume that Ey = ||H 2
is the ground state of the Hamiltonian, though in principle it
could also be the ground state of —H. As each term is unique,
the operators on the right and left sides are both orthonormal:

(Hg|H?) = 8, S € {L,R). (D5)

As each term is supported on at most k sites, it follows from

(D4) that
| = ©6)

It is a standard fact about extremal eigenvalues that if H=
H' + §H and Ej = ||H |5, then

= |Ej — Eo| < |18H]],. (D7)

By hypothesis
2
X

ZoLsa DAL

a=y'

|58 | = (D8)

N

We can now separately bound each term in the sum using
locality:
Ac Ac |12 < Ac Ac |12
|1030]; < [10L0%l[
X 2
> U“VPHH

a,b=1 f
— Z Uachb(Uec)*(ch)* Tr [ﬁfiﬁlglﬁzﬁlg]
abef

— Z UaCVCb(UeC)*(ch)*dkaaeSbf

abef
X X
— dk Z |Ua0|2 Z |Vcb|2
a=1 b=1
=d*,

where we have used (D4) several times and the last two equal-
ities follow from orthogonality of the H’s and orthogonality of
the columns and rows of U and V, respectively.

Combining our inequalities, we have

X

< 2 sllopog][; < d*

a=yx'

X
||8H |2 Y osi. (DY)
a=yx'

APPENDIX E: ELEMENTARY OPERATIONS

This Appendix discusses how to perform the standard alge-
braic operations—scalar multiplication, addition, multiplica-
tion, and commutation—for local MPOs. These are standard
operations and are discussed in various places in the literature,
but we review them here for completeness.

Suppose below that A € R is a scalar and operators (91 and
02 are represented by iMPOs

o~

R 1o 4\ _ _ 1 ¢ 4
WiO=(0 A b | WiOil=|0 A b | ED
0o 0 1 0 0 1

respectively with finite-automata as follows.

A,

Here, (i,, M, f,), n = 1, 2 stand for the initial state, the x
middle states, and the final state.

The scalar product is straightforward: each term needs to
be scaled exactly once as it moves through the automata. This
can be done by scaling all the edges that are incident to the
final (or initial) state.

’ﬂ Ay, /ﬂ
m&
in M,
A,

At the matrix level,

o 1 & A 1 e Ady
WO l=(0 A, i |=|0 A b (E2)
0 0 1 0o o0 1
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These two choices preserve left and right canonical forms,
respectively.

Addition of iMPOs is essentially the direct sum of the
matrices:

1 ’(?1 ?2 21—2
o 0 A, 0 b,
WO+ 0o = | 0‘ i 3 (E3)
0 0 0 i

The operation of multiplication is more_involved. The
multiplication of two local operators, say C’)l > X and
(52 =) Y; is “bilocal” or “second degree”, with arbitrarily
long strings of identities between sites with information:
0,0, =3, Z;/Ozof(\iilvf’;rzv +
iMPO as

This is represented as an

W[0,0,] = (E4)

coor
o o =)X)
o =yo <)
=) <) =< N

The T’s on the diagonal are an unavoidable consequence of
being “second degree”: W[0102] norm o N? in a system of
size N.

It is insightful to look at the generic “product automata.”

(We have dropped the d terms and also the self-loop on
M M, for clarity.) One should interpret the products on edges
as the tensor products of the ancilla space but products in the
physical space. For example, “b;A;” has components

G140y = Z LB (A, (ES)

where f7 5 are the structure constants of the on-site algebra A.
The nonlocality of the product comes only from the shaded
parts of the automata. What if we were to simply remove the
troublesome parts? This motivates a definition.
Definition 11. Suppose O and O, are two strings of single
site operators (Pauli strings in the spin-1/2 case) with support
on sites [aj, b;] and [ay, by] respectively. The nondisjoint

product is

. 0,0, if[a, bi]1N[as, br] # 9,
(910022{ 102 if[ag, byl N ay, by] # (E6)

0 otherwise.

The definition extends to any local operators by linearity. At
the MPO level, this is just the nonshaded part of the above
diagram.

Terms with disjoint spatial support always commute, so the
“nondisjoint commutator” is the same as the normal one:

[01,0,] =000, —0, 0 0,. (E7)
This means that the commutator is local whenever (51 O] (52
is. Therefore strictly local operators form a closed algebra
under commutation.

First degree operators are not closed under commutation,
as we now demonstrate by counterexample. This is a con-
sequence of the fact that the class of first degree operators
includes operators which do not make sense as local or phys-
ical Hamiltonians. These can have bizarre properties from a
ground state perspective, such as superextensive ground state
energy, which lead in turn to other strange issues such as
the nonclosure under commutation. The subset of first degree
operators which are physical Hamiltonians should be free of
these issues. R

For the counterexample, suppose H; has an iMPO repre-
sentation

=)

(E8)

Il
c o=
o Q))
=)~y o

where O = 9(i+2) = (8 8) is an on-site projector ma-
trix and take ¢ € (2/4,2'/2). The norm of H; is ||H,||* =

> o O = > Neo(c?/2)Y < co. However, the norm of
the product diverges:

IH @ HI* > Y 00PN =) (¢*/2)" =00,  (E9)
N=0 =

since ¢ > 2!'/4. The divergent terms here are not from the
diagonal ones but from an eigenvalue ¢*/2 > 1 of T4. So not
only can the product of two first degree iMPOs be strictly
nonlocal, but the norm-per-unit-length is not even submul-
tiplicative: there are cases where ||O;Os|| L ||O1[|1|O:]]. It
would be interesting to find the largest closed subalgebra of
the first degree operators.

Thankfully, the commutator of a first degree operator with
a strictly-local operator is well-controlled, which is what en-
ables us to perform the Lanczos algorithm within first degree
operator, so long as the Hamiltonian is strictly local—the most
physically relevant case.

Pr0£0smon 8 If (91 is strictly local and (92 is first degree,
then [O1, O,] is first degree.

Proof. 1t is sufficient to show (91 ©) (’)2 is first degree.

Let the iMPOs for the operators be given by Eq. (E1). In
particular, A is strictly upper triangular. From the product
automata above, we can see that the A block of (’)1 ® (’)2 is
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given by
Ay 0 TAy @b 0
o A As o be
A= 0 0 A\lAz A\l/b\z ’b\lA\z P (EIO)
0 0 0 A 0
0 0 0 0 A,

where “multiplications” such as A A, again stands for the
tensor product in ancilla indices and multiplication in the
physical indices. This is block-upper triangular, so the transfer
matrix 7y is also block upper triangular, and it’s spectrum
is the union of the spectra of the transfer matrices of the

diagonal blocks of A. Since A; and A A; are upper triangular
with zeros on the diagonal, the maximal eigenvalue of their
transfer matrices is also zero. Since A, is first degree, the
maximal eigenvalue of its transfer matrix is some A < 1, so
the maximal eigenvalue of T, is also A. This completes the
proof. |

As a practical matter, then, one should compute the com-
mutator of two MPOs via Eq. (E7). It is advisable to compress
the operator after each product and again after the difference.
In circumstances where O; and O, are Hermitian or anti-
Hermitian, the two nondisjoint products are related by a
Hermitian conjugate and a sign, and need to be computed only
once.
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