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Probing topological states through the exact non-Markovian decoherence dynamics
of a spin coupled to a spin bath in the real-time domain
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In this paper, we explore the decoherence dynamics of a probing spin coupled to a spin bath, where the
spin bath is given by a controllable 1D transverse-field Ising chain. The 1D transverse-field Ising chain with
free-end boundary condition is equivalent to a modified Kitaev model with nonlocal Majorana bound states in
its topological phase. We find that the non-Markovian decoherence dynamics of the probing spin can manifest
the topological structure of the spin chain. By controlling the external magnetic field on the Ising chain, we find
a close relationship between the topological phase transition and the non-Markovian dynamics in the real-time
domain. We also investigate the corresponding quantum entanglement dynamics in this topological system.
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I. INTRODUCTION

In condensed matter physics, the transverse-field Ising
model (equivalently the Heisenberg-Ising chain) not only
allows identification of quantum phase transitions [1,2] but
also has been experimentally realized through the CoNb,Og¢
compound [3], trapped ions [4-7], Mott insulator [8], and
Rydberg atom [9] etc., and therefore it has been widely
investigated. On the other hand, recent experiments with polar
molecules and ion chains provide a new direction for the
dynamics of many-body systems in the real-time domain. In
particular, the transverse-field Ising model has been revisited
in the investigation of nonequilibrium physics, such as dy-
namical quantum phase transition, through the time evolu-
tion of observables in the transverse-field Ising chain under
dynamical quench [10-13], the Loschmidt echo of a probing
spin homogeneously coupled to a transverse-field Ising chain
[14-16], and the decoherence dynamics of a transverse-field
Ising chain coupled to a thermal bath [17,18]. However, most
of these investigations are mainly considered for Markov
processes, while the dynamics of many open systems are often
non-Markovian dominated. In this paper, we shall investigate
the real-time non-Markovian dynamics for a transverse-field
Ising model in different quantum phases with different initial
states, through its coupling to a probing spin.

As it is well known, by Jordan-Wigner transformation,
the transverse-field Ising model can be mapped onto the
Kitaev chain model [19-22]. In the fermionic representation,
the well-known quantum phase transition of the model can
be understood as a transition from the weak-pairing BCS
regime to the strong-pairing Bose-Einstein condensate regime
[23,24]. The phase diagram can be classified according to
the topological order [23-26]. Moreover, the Kitaev model
possesses Majorana zero modes (Majorana bound states) non-
locally separated at the two ends of the open chain in the
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topologically nontrivial phase. The dynamical behavior of
quantum phase transition in the model must relate topologi-
cally to the nonlocal property of the Majorana zero modes.
However, the previous studies mainly consider the transverse-
field Ising model with periodic boundary condition where the
Majorana zero modes cannot be manifested. Meanwhile, even
though the solution of the transverse-field Ising model with
free-end boundary condition is exactly solvable, its eigenen-
ergies and eigenfunctions are determined by a transcenden-
tal equation which has not been analytically solved so far
[1,2,18].

In this paper, we will modify the transverse-field Ising
model such that the local magnetic field does not apply to
the last spin of the Ising chain. We find that such a modified
model can be solved analytically with the free-end boundary
condition for the eigenenergies and eigenfunctions. Moreover,
we derive the exact master equation of a probing spin coupled
to the transverse-field Ising model [27-35]. Through the in-
vestigation of non-Markovian dynamics of the probing spin
coupled to this modified transverse-filed Ising chain, one can
probe experimentally, for example with Ramsey interferome-
try, how the nontrivial topological properties of the transverse-
filed Ising model can be manifested in the real-time domain.
A great number of papers have been devoted to the study
entanglement close to topological phase transition, and there
have been indications that entanglement is enhanced near the
quantum critical point [36—39]. We also numerically explore
the non-Markovian dynamics of the entanglement entropy
which shows a diagnostic tool for the study of topological
phase transitions.

The rest of the paper is organized as follows. In Sec. II, we
introduce our modified transverse-field Ising model and study
its topological characterization. In Sec. III, we derive the exact
master equation of a probing spin coupled to the modified
transverse-field Ising model by using the path integral ap-
proach in the coherent state representation [27]. In Sec. IV, we
analyze in detail the non-Markovian decoherence dynamics
of the probing spin coupled to the modified transverse-field
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FIG. 1. A schematic diagram of the probing spin coupled to the
modified transverse-field Ising chain with setting the parameters of
the coupling constant and the external magnetic field as in Eq. (1).

Ising model by investigating two-time spin-spin correlation
functions in different phases of the spin chain, different spin-
spin chain coupling, different spin-flip energy, and different
initial states. The effects of topologically nonlocal property on
the non-Markovian dynamics are also clarified under different
conditions. In Sec. V, we solve the dynamics of the entangle-
ment entropy through the exact master equation in Sec. III.
We also find the close relationships between the dynamical
entanglement entropy and the topological phase transition in
the real-time domain. The relation between the entanglement
entropy and the two-time spin-spin correlation obtained in
Sec. IV is also presented. Finally, a conclusion is given in
Sec. VI. The detailed derivations of the formulas are presented
in the appendices.

II. THE MODIFIED TRANSVERSE-FIELD ISING MODEL
AND ITS TOPOLOGICAL STRUCTURE

To probe topological structure and dynamical phase tran-
sition through non-Markovian decoherence dynamics and
entanglement entropy in the real-time domain, we couple a
probing spin to a modified 1D transverse-field Ising chain as
shown in Fig. 1. The Hamiltonian of the system is

H =Hy+ H;+ Hp
N-1 N
= —wyo; — N0,0] — ZJJ-GJ’.‘U;H — Zhja?, (1)
j=1 j=1

where the first term is the Hamiltonian of the probing spin oy,
and the second term is the coupling between the probing spin
oy and the first spin o} in the modified transverse-field Ising
chain. The last two terms are the Hamiltonian of the modified
1D transverse-field Ising model, which is an N-site spin chain
with the nearest coupling J; and the local external magnetic
field h; with 07" being the Pauli matrices. Different from
the previous works on the conventional transverse-field Ising
chain with a period boundary condition, here we set the
transverse-field Ising chain to have a free-end boundary con-
dition so that its topological features can be presented on the
edge. However, as shown as early by Lieb et al. [1] and later by
Pfeuty [2], although the transverse-field Ising model with free
ends is exactly solvable, its eigenenergies and eigenfunctions
are determined by a transcendental equation which cannot be
solved analytically. Hence, we modify the model by setting
hy = 0, namely, the local magnetic fields do not apply to
the spin oy at last site. This modification makes the free-

boundary transverse-field Ising chain analytically solvable,
and meantime the topological structure of the system can still
be maintained as we will show later. The spin-flip energy wg of
the probing spin o and the coupling energy n between o and
o, are controllable. For simplicity, we also set J; = J, h; = h
i=1,....N—-1).

By applying the Jordan-Wigner transformation

o = (0F +io)) /2= [] emmenen (2a)
m<j

o7 = (0f —io)) /2= c; [] emener (2b)
m<j

O’j = 2c;cj -1, (2¢)

the total system can be transformed into a fermionic system:

H = —wya'a—1)—na" — a)(cf +c1)
N—-1
=Y Ucich, +Icicjn +hcle; +He).  (3)
j=1

Here we have ignored a constant term in the above Hamilto-
nian. As it is shown, after the Jordan-Wigner transformation,
the transverse-field Ising chain is reduced to the Kitaev chain
with the same hopping and pairing strengths [1,2,19,24], ex-
cept that the onsite chemical potential of the last site, j = N,
vanishes as an effect of the modification of the model, see
Eq. (3). We take further a Bogoliubov transformation to the
spin chain

N
be =Y (ukici + viic]) (4a)

i=1

N
by =Y (i + uje)). (4b)

i=1

such that Hp is diagonalized,

Hy =) ex(bbi — bib}), (5)
k

where b, and bl are creation and annihilation operators of
Bogoliubov quasiparticles (bogoliubons) with the spectrum

2 _ km = —
o = lyr+a—2icosE, k=12 N1
0, k= ko

. (6)

where A = h/J, and the zero energy mode kj is determined by
1 4+ 12 —2xcos ’% = 0. The corresponding wave functions
for the nonzero energy bogoliubons can be analytically solved

—J [(j — Dkr JA ik
ugj = Ny — sin U = Dim —i—(l——)sin% ,

€ | N €k
(7a)
—J [(j — Dk JA ik
Ukj:-/\[k ;sin % _<1+E)SIH]T s
(7b)
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and that of the zero-energy bogoliubon is

[ N(=ry! j<N .
o= W e =N Y

[N (=2 ! j<N
=G one

where Ny, N, are the normalization constants which are

given by
J2 k —1/2
Ny = {N|:1+2—2<1+cos —”)]} (9a)
€; N
11—\
N=5( ) o0

The detailed derivation is given in Appendix A. Thus, the
Hamiltonian of Eq. (1) can be expressed as

H=—wQa'a—1) =) Vi(a" —a)b] +b)
k

+ @b — 1), (10)
k
with
i A
—2n sin 47 —, k=1,2,...,N—1
V, = N(1+22—2).cos &7 . @1y

V()T k=k

The above analytical solution, Eqs. (6)—(8), is in fact a
consequence of the modification with iy = 0. In the case of
hy = h, no such analytical solution has been found in the liter-
ature (see Appendix A). Meanwhile, the modified transverse-
field Ising chain has some different characters from the Kitaev
chain. The difference is manifested first in the spectra of the
model with and without setting iy = 0, as shown in Figs. 2(a)
and 2(b), respectively. The resulting excited state spectra are
similar for the two cases, but their ground state behavior is
very different. The modified model always has zero-energy
states, independent of the value of A, while the zero-energy
states only exist in the region of A < 1 for large N in the
ordinary transverse-field Ising chain (or the equivalent Kitaev
chain).

Secondly and more importantly, the wave-function distri-
bution of the ground states in the two cases are significantly
different, except for A = 0 (no transverse field), as shown
in Figs. 2(c1)-(cy) and 2(d;)-(dy). Note that the zero-energy
bogoliubon state (¢, = 0) is twofold degenerate, with the
particle number bgbo =0 and 1, respectively. These two
states can be described by the left and right Majorana oper-
ators y, = —i(by — by)), yr = bo + b}y [19]. Figure 2(c;)—~(c»)
demonstrates the nonlocal separation of the two Majorana
zero modes in the topologically nontrivial phase (A < 1),
distributed asymmetrically in the two sides of the spin chain.
In particular, if A = 0, these two Majorana zero modes locate
perfectly at the end of the two sides of the spin chain,
just the same as that in the Kitaev model [19]. As A gets
increased, only the left Majorana zero mode wave function
spreads into other sites, while the right Majorana zero mode
remains unchanged due to the setting iy = 0, as shown in
Fig. 2(cy)-(cy). At the critical point A, = 1, the left Majorana

hy = hy=nh
@ g ® gy
6 6
4 4
2 2
05 10 15 20 05 10 15 20 *

FIG. 2. The spectrum for (a) the modified transverse-field Ising
chain (hy = 0) and (b) the ordinary transverse-field Ising chain
(hy = h) with N = 20. The wave-function distribution of the ground
state, |uo ;| (top) and |vg ;| (bottom) for (c) Ay =0 and (d) Ay = h
with varying from the topologically nontrivial phase A = 0 to the
topologically trivial phase A = 2.

zero mode wave function is uniformly distributed over all sites
of the chain but the right Majorana zero mode still remains
unchanged. However, for the Kitaev chain, the wave function
of the left and right Majorana zero modes are symmetrically
distributed over the chain for A < 1, see Fig. 2(d;)-(d). By
comparing Fig. 2(c;)-(c) with Fig. 2(d;)-(d,), we find that
the wave-function distribution of the left Majorana zero mode
is the same for A < 1 in both cases, but the wave-function
distribution of the right Majorana zero mode is very different.
When A > 1, for the modified transverse-field Ising chain, the
wave function of the left Majorana zero mode distributes more
on the right-hand side (r.h.s.) than the left-hand side (1.h.s.).
With continuously increasing A, the left Majorana zero mode
y. eventually condenses with the right Majorana zero mode
yr to the last site N so that the Majorana zero modes still exist
but no longer have the topologically nonlocal property. This
solution (A > 1) of the modified Ising chain is very different
from the Kitaev model in which there exists no longer a
zero-energy state for A > 1, as shown in Fig. 2.

We summarize the above topological properties of the
modified transverse-field Ising chain as follows: The con-
dition Ay = 0 makes the right Majorana zero mode always
localize at the end of the r.h.s. of spin chain, independent of
the value of A. Meanwhile, the wave-function distribution of
the left Majorana zero mode changes and moves from the
Lh.s. to the r.h.s. of the spin chain when the parameter A
changes from A < 1 to A > 1, which results in a topological
phase transition at the critical point A, = 1. This topological
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phase transition remains unchanged even in the limit N — oo,
because it is the local and nonlocal topological properties
of the Majorana zero mode wave functions associated with
the ends of the spin chain rather than its length. In fact, this
topological feature becomes more significant for the larger N,
where the nonlocality of Majorana zero modes is manifested
clearer [19]. On the other hand, practically 4y may not be
ideally zero, i.e., it may have some small but nonzero local
transverse field sy in experiments. However, a very small Ay
only causes a very small tail to the wave-function distribution
of the right Majorana zero mode over a couple of sites from
the right end of the spin chain. This small wave-function tail
does not change the above topological feature, as an evidence
of topological protection from local perturbation [19].

The above topological properties of the zero-energy states
can be understood more comprehensively through calculating
the winding number, which is used to identify topological
phases of matter [24,26,40,41]. To this end, we rewrite the
Hamiltonian of the spin chain in Eq. (10) in the pseudo spin
representation:

_ " _ifztk)  x(k) Ck
HB_Xk:(ck )P (x(k) —z(k))P<c,f>’ (12)

where

_ (z(k) — V22 (k) +22(k) x(k)) (13)
z(k) + /22 (k) + x2(k)  x(k)
and
x(k) = Jsin(km /N) (14a)
z2(k) = Jcos(kw /[N) — h + (h — j)Bk k,- (14b)

The winding number is defined as the line integral along a
close curve on the z-x plane

1 1
= E\/sz—_i_zz(zdx —.XdZ), (15)
as the total number of times that the curve travels
counterclockwise around the origin. Explicit calculation
shows that the winding number W =1 for A < 1, which
means that the spin chain is in the topologically nontrivial
phase, while it is in the topologically trivial phase with
W =0 for A > 1, although there is still zero-energy ground
state. This demonstrates a topological phase transition in
the modified transverse-field Ising chain associated with the
topological nonlocal feature, namely, a transition from the
topologically nontrivial phase to the topologically trivial
phase occurs when A passes through A, = 1.

In conclusion, the modified transverse-field Ising chain
exhibits a similar topological phase transition as the ordinary
transverse-field Ising chain, but the ground state energy and
its wave functions behave so differently in the two models. It
also demonstrates explicitly that the topology of the system
is determined by the detailed nonlocal properties of the zero-
mode wave functions, rather than the system spectra. Because
the modified transverse-field Ising model can be analytically
solved explicitly for both the eigenenergies and eigenfunc-
tions, we can also use it to study the exact decoherence
dynamics of the system through its coupling to a probing spin,
which is fully encapsulated in the spectral density J(w) =

27 Y, Vil?8(o — @) = 27 p(w)|V (w|*. Here p(w) is the
density of states of the spin chain that can be determined
from Eq. (6), and V(w) is the coupling amplitude of the
probing spin coupled to the spin chain that involves explicitly
all the eigenfunction distributions of the spin chain as given
by Eq. (11). This indicates that the topological properties
of the spin chain can be experimentally observed from the
decoherence dynamics of the probing spin, as we shall show
in the next sections.

III. THE EXACT MASTER EQUATION

The topological properties and topological phase transition
of the modified Ising chain can be explored through the non-
Markovian decoherence dynamics of the probing spin, which
is described by the time evolution of the reduced density
matrix of the probing spin. The reduced density matrix is
obtained from the total density matrix of the probing spin and
the spin chain by tracing out all possible states of the spin
chain

pa(t) = Trp[U (2, 1) pror (10)U ' (2, 10)], (16)

where U (t, ty) = exp[—iH (t — ty)] is the time evolution oper-
ator of the total system. Initially we assume that the two sub-
system (spin oy and the spin chain) are decoupled [42,43], that
is, Puot(to) = pa(to) ® pg(ty). Then in the fermionic coherent
state representation

(Erlpa(®)lp)

= / d1(60)d 1180 (6ol pa (0)|EYIC(E . £} 110, £, 10),
(7)
where &, &7, é}, &} are the eigenvalues of the fermionic
coherent states and are Grassmann numbers. The prop-
agator K(S}‘,S},tlfg,%*,to) is determined by the action
of the probing spin oy and the influence functional arose
from the spin chain [42]; the latter is obtained by integrating
out all the degree of freedom of the spin chain [27-35].
With a tedious derivation (see Appendix B), the exact master
equation for the probing spin coupling to the transverse-field
Ising chain is obtained

pa(t) = —ile(t, to)a' a, pa(t)]
+y(t, 10)[2apa(t)a’ — a'apa(t) — pa(t)a’al
+ (1. t0)la" pa(t)a — apa(t)a’ + a'apa(t)
— pa(t)aa’ 1+ A(t, to)a’ pa(t)a’
+ A*(t, t9)apa(t)a, (18)

where all the time-dependent coefficients are determined by
the generalized nonequilibrium Green functions incorporating
the pairing dynamics as follows,

e, )= %[U(l,to)U_l(t,to)—H.C.]ll, (19a)

1.
y(t, 1) = —E[U(z, 1)U (1, 1) + Heli, (19b)

Pt t0) = Vit t) — U, 1)U (t, 1)V (¢, 1) + Helyy,
(19¢)

Alt, to) = —[U(t, 1)U (t, 10)]12- (19d)
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The Green functions U (¢, ty) and V (¢, t) are 2x2 matrix
and satisfy the integrodifferential equations [27-35]

d . 1 0
EU(I’ to) — 21600(0 _1>U(f, fo)

—I—/ G, t)U(z,t9)dt =0 (20a)

Iy

T t
Vit t) = / dr, f do.U (v, 1)G (T, t)U' (1, ©2) (20b)
to fo

with the initial condition U (ty, #p) = I. The integral memory
kernels

G(t,to)=2Re[g(r,to)]<_ll _11> (21a)
G(t. 1) =18t 10) — 2Imigy . m)]}(_ll ‘11>, (21b)
where
dw o
st = [ S2r@e o, 220
2
do —iw(t—to)
gttt = [ S2@)f @, @2
T

and f(w) = [ef—1) 4+ 117! is the Fermi-Dirac distribution
of the spin chain at initial time #,. The spectral density of the
system,

J@) =21 ) [Vil8(0 — &) =2 p(@)V(@)P,  (23)
k

where V; and €, are given by Eq. (11) and Eq. (6), respectively.
The explicit form is given as follows,

2
Jw) ="l A= 0= 4 = (14 )]
21— 28,0 A <1
! {0 Az @9

in which the last term is contributed from the nonlocal Ma-
jorana zero modes. Note that when A > 1, the zero modes
have no contribution to the spectral density because the zero
modes move to the right-hand side of the spin chain and
therefore decouple from the probing spin. From Egs. (20a)
and (21a), it shows that the memory kernel is determined by
the effective spectral density J (A, w) = 2 Re[J(w)] plotted in
Fig. 3. Notice that except for the case of A = 1, there is a
gap in the middle of the effective spectral density, which will
induce localized bound states and prevent decoherence [31],
as we will discuss in detail in the next section.

IV. THE EXACT NON-MARKOVIAN DYNAMICS

A. The analytical solution of the retarded
and correlation Green functions

By coupling the probing spin oy with the spin chain
(see Fig. 1), we find that the dynamics of the probing spin
manifest the topological properties of the spin chain. As one
has seen, the renormalized Hamiltonian of the probing spin
and the dissipation and fluctuation coefficients in its exact

T4, w)
5
~ 4 B — A=1/3
A ;N -
R Doy A=2/3
o . 3 h \
I 1 | I I A=1
1 ) | ! Py
. ! —-—-- A=2
Y A N U T S N PR A=3

] ! ' v
A N AR TR
roa | | : : \ |
- AN | N
[ ﬂ | m o
1 H | i ' ! 1 '
L a " 1 w
0 5 10

l’ '
-10 -5
FIG. 3. The effective spectral density J (A, w) from the topo-

logically nontrivial phase (A < 1) to the topologically trivial phase
x>1).

master equation Eq. (18) are all determined by the Green
functions U(t,ty) and V(¢,t). The solutions of these two
Green functions fully depend on the density of states of the
spin chain as well as the coupling between the probing spin
and the spin chain through the spectral density of Eq. (24).
Their physical consequences can be seen more clearly in the
Heisenberg picture. After the Jordan-Wigner transformation,
the dynamics of the probing spin oy is described by the corre-
sponding fermion operators a(t) and a'(¢). Their Heisenberg
equations of motion, after eliminating the degrees of freedom
of the spin chain, lead to

%a(t) — 2iwpa(t) —2 / Relg(t, to)]la’(t) — a(r)ldT

=Y iVile ¥ be(to) + €' bl (19)] (25)
k

which is the generalized quantum Langevin equation [33],
where the third term is a damping and the right-hand side of
the equation is the noise force. Due to the linearity of Eq. (25),
its general solution has the form as

a®)\ _ a(to) bi(10)
(am)> =U(, t0)<zﬂ(to)> + ;Fk(tvt0)<bz(to))’ (26)

where a(ty), af(ty), bi(ty), and b;(to) are related to the initial
annihilation and creation operators of the probing spin oy and
the spin chain, respectively.

From Eq. (26), it can easily be shown that

(fa(),a'(®)})  {{a(®), alto)}) ) @7
(fa’@®),a" @)}  (fa' (@), alto)))

which is indeed an extension of the usual retarded Green
function incorporating with pairings. The equation of motion
of U(t, ty) is given by the integrodifferential Eq. (20a), which
can also be easily justified by substituting Eq. (26) into
the Heisenberg equation of motion (25). As shown in our
previous work [31], the modified Laplace transform U (s) =
ftO°° U(t, 1p)e "~ of Eq. (20a) is

U(t,t0)=<

s+ 2wy — X(s)
2(s)

X(s)

-1
U(s)=i< s—ZwQ—E(s)> . (28)
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where the self-energy correction X(s) is the Laplace transform
of the integral kernel in Eq. (20a)

(s) = / 4o T ®) stV 76 o) 7 é}m,w), (29)

2 s —w
and A(A,w) =P g—;’% is the principal value of the

integral. Applying the inverse transformation to Eq. (28), we
can analytically solve U (¢, ), which consists of a summation
of dissipationless oscillations arose from localized modes
(localized bound states) determined by the real part of the self-
energy correction to the probing spin, plus nonexponential
decays induced by the discontinuity of the imaginary part of
the self-energy correction cross the real axes in the complex
plane [31]

U)=Y" (ﬁgjg

Sp

Y(sp) e~ isp(t=to)
X(—sp)
/oo ﬁ J(S)efis(tfto)
20 27 [0} + 2A(s) — )5 + 2T ()P
y <(s—2w0)2 doj — 5 )

4a)(2) — 52 (s + 2wp)?

(30)

where {s,} is the set of the poles for the determinant of U(s)
located at the real axis, i.e., s — 2wy — A(sp) = 0, and

[s — 209 — A(s)J?

X(s) = [s — 2wp — A()]2 + A2(s) — A'(s)(s — 2ap)?’
(31a)
2
Yes) A%(s) (31b)

T 2AG)(A(s) — 5) + A(s)(s? — 4w?)

Both the dissipationless oscillations arose from the localized
modes (localized bound states) and the nonexponential decays
in Eq. (30) are fully determined by the spectral density.

On the other hand, {F (¢, tp)} in Eq. (26) is the noise source
which characterizes the noise force, the right-hand side of
Eq. (25) associated with the initial operators {by (%), bz(to)}
of the spin chain, and obeys the equation of the motion:

d . 1 0
ZFk(tv f) — 21600(0 _1>Fk(t, 1)

t —2ie, T
+/ G(t, T)F(z,1p)dTt =iV} <_€2iekr

e2iekt )
2ieyT |
Iy —e€ !
(32)
It is easy to find that its general solution is given by
) t 672i€kr e2i€kt
Fi(t,10) = le/ U(z, lo)(_e—ziw _ 2iekt>dt’ (33)

T e

which generates the nonequilibrium correlation Green func-
tion V(t, 7):

T
Vit =Y (Fi, m(b k(’°)> (be(10) BL(0)F it 10).

P bi(to)
(34)

The nonequilibrium correlation Green function V (¢, t) de-
scribes the particle-hole and particle-particle correlations

arose from the fluctuations of the spin chain. Notice that if the
flipping energy of the probing spin oy equals zero (wy = 0),
then as shown in our previous work [35], the nonequilibrium
Green functions U (¢, fy) and V (7, t) obey the following iden-
tities

Uit 1) =Uxn(t, ), U@, ) =Ux(, ),

Vi(r, 1) =Vu(r, 1) = =Vip(r, 1) = =Val(r,1). (35

Thus, the time-dependent dissipation and fluctuation coeffi-
cients in the master equation Eq. (18) are reduced to

Yt 1) =y (t, 1) =— Alt, t0) =[U(t, 1)U " (t, 10)]12,

that are solely determined by the retarded Green func-
tion U(t,1%). As a consequence, the dynamics process
will be independent of the initial state of the spin chain
if wy = 0.

(36)

B. Decoherence dynamics for different phase of the spin chain

Through the relation between the time-dependent dis-
sipation y(t, 1), A(t,%y) and the fluctuation coefficients
7(t,ty) in the exact master equation and the nonequilib-
rium retarded and correlation Green functions, U (¢, ty) and
V(t, ), we can analytically solve the non-Markovian dy-
namics of the probing spin oy, from which the topologi-
cal dynamics of the spin chain can be manifested in the
real-time domain. As we also discussed earlier, the spin
chain undergoes a topological phase transition from the topo-
logically nontrivial phase to the topologically trivial phase
when A changes across the critical point A, = 1. To under-
stand the manifestation of the topological phase transition
in terms of the real-time non-Markovian decoherence dy-
namics of the probing spin oy, we study the two-time spin
correlation

(o5)0i(t0)) = (da’ (t)a(t)a' (t)a(t)) — (2a’ ()a(t))
— (2a(to)a(ty)) + 1

by varying the value of A. For simplicity, we first set wy = 0
and n = J. The result of the correlation (o (t)o§(fp)) with
different A is shown in Fig. 4(a). Figure 4(a) shows clearly
a critical transition at A = 1. The two-time correlation keeps
oscillation between the positive and negative value in all the
time for A < 1, while although it also oscillates for A > 1
in the beginning, it will eventually approach to a stationary
value.

To understand the underlying mechanism of this transition,

(37)

we plot the real part of the determinant of U - (s) with
different X in Fig. 4(b), which determines the localized modes
of the probing spin. Notice that there are discontinuous parts
(the flat lines) in the function due to the nonzero values of the
imaginary part of U - (s) in these regions, and the imaginary
part is determined by the spectral density 7(s) in Eq. (24).
The discontinuous parts locate exactly in the regions where
the spectral density has nonzero value. As we have discussed
earlier, the poles {s,} that make 1 (sp)l_l = 0 form the local-
ized modes and contribute the dissipationless term in Eq. (30).
The locations of these poles are the intersection points of
Re[|U(s)|~'] and the horizontal axis with the spectral density
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FIG. 4. (a) A contour plot of the two-time correlation
(o5(t)o;(th)) by varying the time ¢ and A for n =J and wy =0,
where sy = 2J/h. (b) The inverse of the determinant of U (s) with
different A. (c) The two-time correlation (o (t)o((f)) with n =J
and wo = 0 for different values of A.

J(s) = 0 (the imaginary part of |U(s)|~" vanishes). In other
words, the different decoherence dynamics associated with the
topological phase transition is determined by these different
dissipationless-localized modes.

More specifically, we first consider the case of A = 0 that
the probing spin oy is only coupled to the left Majorana
zero mode because it perfectly locates at the left end of the
spin chain, as we have shown in Sec. II. In this case, there
are three localized modes [one pole located at 0 and two
symmetrically located at the positive and negative sides, as
shown in Fig. 4(b)]. Then the energy keeps exchange between

the probing spin o and the zero-energy bogoliubon of the spin
chain through the left Majorana zero mode. This leads to the
two-time correlation as a cosinusoidal oscillation for A = 0,
as we can see in Fig. 4(a).

Once A > 0, the probing spin oy will couple to not only
the left Majorana zero mode but also other modes with higher
energy in the spin chain, so its energy will also dissipate to
the nonzero continuous modes of the spin chain. This leads to
a nonexponential decay given by the latter term in Eq. (30).
In fact, in the topologically nontrivial phase (. < 1), Fig. 4(b)
shows that there are always three localized modes. Therefore,
after a short-time decay, the two-time correlation will reduce
to a dissipationless oscillation. As A increasing, the decay term
will become more and more dominant. When it reaches to
the critical point A = 1, all the localized modes vanish [see
Fig. 4(b) and Fig. 3]. Thus, the dissipationless term vanishes
in Eq. (30), and the spin correlation shows the maximum
decoherence effect.

On the other hand, in the topologically trivial phase (A > 1),
Fig. 4(b) shows that only one localized mode occurs at s, = 0.
This leads to the two-time correlation eventually approaching
a stationary value (no oscillation). Furthermore, if A keeps
increasing, the coupling term noyo; between the two subsys-
tems in the total Hamiltonian becomes relatively weak, which
results in the two subsystems being loosely affected to each
other. As aresult, we can see that the dynamics of the two-time
correlation becomes more and more stable as A gets larger and
larger, as shown in Fig. 4(c).

C. Decoherence dynamics for different spin-spin chain coupling

Notice that the coupling n between the two subsystems can
significantly affect the non-Markovian decoherence dynamics
which is fully determined by the density of states of the spin
chain and the coupling between the probing spin and the spin
chain through the spectral density Eq. (24). In Figs. 5(a), 5(b),
and 5(c), we plot the two-time correlation (o (¢)o(fp)) with
different values of n for the topologically nontrivial phase
(A = 0), the critical point (A = 1), and the topologically trivial
phase (A = 2), respectively. To understand these different
behaviors of the correlations in different coupling regions,
we plot again the real part of the determinant of U (s)
with the different corresponding values of 1 in Figs. 5(d),
5(e), and 5(f). Figure 5(d) shows that for the topologically
nontrivial phase (A = 0), there exist always three localized
modes, which are independent of the value of 1 (except
for the trivial case n = 0). The two-time correlation always
shows a cosinusoidal oscillation. Figure 5(d) also shows that
the change of n will affect the locations of the localized
modes, which determine the frequencies of the dissipation-
less oscillation. Because the stronger the coupling 7 is, the
easier it is to exchange energy between the two subsys-
tems and the probing spin is affected from the topologically
nonlocal state of the spin chain, the two-time correlation
shows the oscillation with the higher frequency, as shown in
Fig. 5(a).

At the critical point (A = 1), Fig. 5(e) shows that when
n < J, the real part of U - |(s) vanishes only at s = 0 where
the imaginary part has nonzero value [the spectral density
J(0) > 0, see Fig. 3]. Hence, there is no pole (localized
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FIG. 5. The contour plot of the two-time spin-spin correlation (o (¢)o;(f)) by varying the time ¢ and n/J for wy = 0 with (a) A =0,
(b) A =1, and (c) A = 2, respectively, and the inverse of the determinant of U (s) with different 5 for (d) A =0, (e) A = 1, and (f) A = 2,

respectively.

mode) in this region, and the two-time correlation decays
to zero monotonically, as a typical Markov process. On the
other hand, we find from Fig. 5(e) that there are two localized
modes when 1 > J, and thus the dissipationless oscillation
terms get contribution in the two-time correlation. As a result,
the dynamics of the probing spin oy undergoes a transition
from a Markovian process in the weak coupling region to
a non-Markovian process in the strong coupling region, as
shown in Fig. 5(b).

For the topologically trivial phase (A = 2), Fig. 5(f) show
that there is only one localized mode at s = 0 in the weak
coupling region as we mentioned in Fig. 4. But there are three
localized modes in the strong coupling region. Note that the
intersection points located between 2 < |s| < 6 in Fig. 5(f) are
not poles because the imaginary part of |U - |(s) has nonzero
value in this range, as shown in Fig. 3. In conclusion, the
two subsystems exchange energy in the beginning in the weak
coupling region (n < J), and then they reach the qualitatively
different steady states for the different topological phases of
the spin chain. When the coupling n between the two subsys-
tems gets stronger, the probing spin has to take longer time
to reach the steady state, while the two subsystems always
maintain energy exchange in the both phases of the spin chain
in the strong coupling region (n > J). Thus, the topological
effect of the spin chain to the decoherence dynamics of the
probing spin becomes insignificant.

D. Decoherence dynamics for different spin-flip energy

In the previous discussion, we only discuss about the case
that the probing spin oy has zero flipping energy (wo = 0), in

which the time-dependent coefficients in the master equation
are independent of the correlation Green function V (¢, t), as
shown in Eq. (34). In other words, for wy = 0, the deco-
herence dynamics is independent of the environmental noise
which is associated with the initial state of the spin chain.
To have a further understanding of the effect of the spin-flip
energy wo to the decoherence dynamics of the spin oy and
the consequence of the initial dependence of the spin chain,

we first plot the real part of the determinant of U - (s) again
for topologically nontrivial phase, topologically trivial phase,
and critical point in different coupling regions with different
values of wy in Fig. 6. Figure 6 shows that the increase of
wp always makes the locations of the localized modes away
from zero, which may affect the number of localized modes,
as listed in Table I. For the localized modes numbers a + b
listed in Table I, a is the number of the localized modes
located between —2|1 — A| < s < 2|1 — A| and b is that in

TABLE 1. The number of localized modes with different values
of wy, n, and A.

A< A=1 A>1
n<J,wp=0 340 040 1+0
n<J,0<w <o 340 X 240
n<J, o <wy < w 140 040 040
n<J, 0 < ap 142 0+2 0+2
n>J,wp=0 342 042 1+2
n>J,0<w) < w 342 X 242
n>J, w <aw 142 0+2 0+2
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FIG. 6. The inverse of the determinant of U(s) with different
values of w, in both phases and different coupling regions.

s < —=2(14+X) or s > 2(1 + A). Notice that these numbers
will change when w, crosses w; or w,, where

VA=) —r—n21=30)/2J%) r<1
(38a)

w] =

VO=Do —1+292/77)

VA DA+ =20 +30)/272) a <1
VA DA+ A= 202/07) =1

A1

W) (38b)

For special case A = 1, we have w; = 0, and for the case n =
J, we have w; = w,. Moreover, the amplitudes of the localized
modes located in these two regions have contrast behavior
as wo increasing. The amplitudes of the localized modes
decrease in the region —2|1 — A| < s < 2|1 — A|, while they
increase in the region s < —2(1 4+ 1) or s > 2(1 4+ A). This
can be seen clearly from Fig. 7 where the summation of the
amplitudes of all localized modes versus wy is plotted.

ZX(SP) n=0.5J, A=0.5J n=1J, A=0.5J n=2J, A=0.5J
ol T — 10 10 P
08l / 08 08—
06 | | 06} / 0.6
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FIG. 7. The summation of the amplitudes of all localized modes
versus wy in each phase and coupling region.

Nevertheless, for wg # 0, the decoherence dynamics is no
longer solely determined by the dissipation from U (¢, f,), but
also the fluctuations associated with the initial states of both
the probing spin oy and the spin chain through the correlation
Green function V (¢, t). To obtain a more comprehensive phys-
ical picture, we plot the two-time correlation (oo(t)oo(fo))
with different values of wg and different initial states of o for
the spin chain in the topologically nontrivial phase (A = 1/2),
the critical point (A = 1), and the topologically trivial phase
(A = 3), see Figs. 8(a), 8(b), and 8(c), respectively. The results
show that if the probing spin oy is initially in the high-energy
(spin-down) state, its energy will be dissipated into the spin
chain, and it tends to decay to the low-energy (spin-up) state.
If the probing spin oy is initially in the low-energy state, it
exchanges little energy with the spin chain and most likely
remains in the low-energy state. The larger the value of wy
is, the more apparent this phenomenon can be seen in the
region wy < w;, where the localized modes are all located
between —2|1 — A| < s < 2|1 — A|. However, for wy > w,,
the amplitudes of the localized modes become large with
increasing wy, so that even if the probing spin is in the high-
energy state, it becomes harder to dissipate its energy into
the spin chain [see the dashed green lines in Fig. 8(a) and
Fig. 8(b)].

Moreover, for wy # 0, the initial state of the spin chain also
affects the decoherence dynamics of the probing spin op. The
spin chain is assumed initially in thermal equilibrium state.
We plot again the two-time correlation for different phases
with the spin chain at initial finite temperature kg7 = 5J
in Figs. 8(d), 8(e), and 8(f). The results show that for the
high temperature, the two diagonal terms of the correlation
Green function V{1 (¢, t) and V5 (¢, t) are similar. As a result,
the two-time correlations of the two initial states become
closer to each other, as shown in Figs. 8(d), 8(e), and 8(f).
In other words, if the spin chain is initially at a relatively
high temperature, the dependence of the non-Markovian de-
coherence dynamics on the initial state of oy will diminish
because the thermal fluctuation dominates the non-Markovian
decoherence dynamics.

Putting all the above analyses together, we find that all the
parameters A, 1, and wy can induce different number of the
localized modes with different amplitudes and therefore affect
differently the non-Markovian decoherence dynamics associ-
ated with the topological states. In particular, for wy = 0 and
in the weak coupling region, the topological phase transition
can be significantly manifested in the dissipation dynamics of
the probing spin oy. In other words, the topological structure
of the spin chain can be observed through the non-Markovian
decoherence dynamics of the probing spin oy. On the other
hand, in the strong coupling region, the topological nonlocal
state is more strongly coupled to the probing spin so that the
topological effect in the non-Markovian dynamics becomes
more significant, as shown in Fig. 5. However, for wy # 0,
the noise effect gets involved into the decoherence dynamics,
which is strongly correlated with the initial state of spin oy
and the initial temperature of the spin chain. As a result, the
manifestation of the topological structure of the spin chain
on the non-Markovian decoherence dynamics of the probing
spin o is merged. Hence, we propose the experimental probe
of the topological structure of the spin chain through the
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(c) A = 3 at zero temperature and for (d) L = 1/2, (e) A = 1, (f) A = 3 at temperature T = 5J /kp.

decoherence dynamics of an external spin oy coupling weakly
to the spin chain at low temperature.

V. THE DYNAMICS OF ENTANGLEMENT ENTROPY

In this section, we study the dynamics of the quantum
entanglement. In the static case, the behavior of the entan-
glement has a universal character that the entanglement of
the system state would be enhanced near a quantum phase
transition and reach the maximum at the critical point. There-
fore, it can be used as an estimator of quantum correlations
[44] and as a detector to classify quantum phase transitions
[10,36,39,45]. It is also interesting to see how entanglement
developed in time when the system is far away from the
equilibrium state or ground state. Therefore, we would like
to further investigate the relation between the entanglement
and quantum phase transitions in the nonequilibrium region.

The entanglement between the probing spin oy and the
spin chain can be characterized by the von Neumann en-
tropy Sa(t) = —Tr[pa(¢)In ps(¢)]. The reduced density ma-
trix pa (¢) of the probing spin oy that obeys the master equation
Eq. (18) can be expressed as

(pa)11(t) = Vo (t, 1) + Una(t, 1)U (2, to){a’ (to)alto))
+Un(t, to)Un(t, to)lalte)a (o)) (39a)
(pa)n(t) = Vii(t, 1) + Uni(t, to)Unn(t, t0){a’ (to)alto))

+U 15(t, 1)U (2, 10){a(to)a’ (ty)) (39b)
(Pa)12(t) = (pa)s (1) = Ui (2, to){alty))
+U 12(t, to){a" (t)). (39c)

Moreover, we find that there is a relation between the
entanglement entropy S4(¢) and the two-time correlation
(o5(t)o§(to)) if the initial state of o is a pure state, which

is given by
R
Lo ot (o5 (1)o7 (10) (40)
2 ) .

We plot S4(¢) for wg = 0 and n = J with different values of
A in Fig. 9(a). In this case, we have V1 (¢, 1) = V (¢, t), then
the entanglement entropy is independent of the initial state of
the spin chain, as we mentioned in Sec. III. The probing spin
0y is assumed to be initially in a pure state. In the beginning,
there is no entanglement between oj and the spin chain, and
the entropy S4(f) equals zero. When ¢ > 1, the probing spin
oy begins to entangle with the spin chain due to the coupling
between them so that the entropy S4 increases from 0O in
Fig. 9(a). For A < 1, the entanglement entropy always keeps
oscillating, which means that the probing spin o and the spin
chain never reach the equilibrium state due to the existence of
localized modes [31]. The maximum value of such entangle-
ment entropy oscillation is always In 2, while its lower bound
rises as A increases. For A > 1, the probing spin oy will reach
equilibrium with the spin chain in the long-time limit, and
the entanglement entropy will approach to a stationary value
which decreases as A increases. Note that the entanglement
entropy approaches to In2 at A = 1, in agreement with the
expectation that there is maximum entanglement at the critical
point of topological phase transitions. We further plot the
entanglement entropy versus A under the long-time limit in
Fig. 9(b) to see more clearly its close relation with topological
phase transition. Figure 9(b) shows a qualitative change of the
entanglement entropy when the topological phase transition
occurs. It shows that the entanglement entropy can be used to
diagnose topological phase transitions in the nonequilibrium
regions.

However, for the case of wy # 0, the entanglement entropy
also depends on the initial states of both the probing spin oy
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trivial phase A > 1 is presented in Figs. 10(a), 10(b), and
10(c), respectively. The results show that the different initial
states of the probing spin oy induce very different behaviors
of the entanglement entropy, particularly for the high spin-flip
energy wy. This is because the probing spin oy with the
high-energy initial state is more favored to decay than that
with the low-energy initial state. For a small value of wy,
the probing spin oy initially in the low-energy state tends to
remain in the pure initial state, while oy which is initially
in the high-energy state tends to decay to the mixed state.
As a result, we can see in Fig. 10 that for wy = 0.5J (red
lines) and wy = 2J (green lines), the probing spin o with the
low-energy initial state |1) is less favored to be entangled with
the spin chain, while the probing spin o with the high-energy
initial state || ) is more favored to entangle with the spin chain.

On the other hand, for a larger value of w, the probing
spin oy initially in the low-energy state still remains in its
initial state, while the spin initially in the high-energy state
tends to decay to the low-energy state. In both cases, the
probing spin oy tends to evolve toward the pure state so that
the probing spin oy and the spin chain are less entangled,
as we can see from the result of wy = 5J (yellow line) in
Fig. 10. More importantly, we can see in Fig. 10 that for
wp # 0, the critical point does not always has the maximum
entanglement, i.e., the enhancement of the entanglement near
the critical region is suppressed in this case. We also plot

A

05 10 15 20 25 30 35

FIG. 9. (a) The entanglement entropy Ss(¢) forwy = 0andn =J
with the spin chain varying from the topologically nontrivial phase
(A < 1) to the topologically trivial phase (A > 1). (b) The long-time
entanglement entropy versus A.

and the spin chain. The entanglement entropy Ss(¢) for the
spin chain with the zero initial temperature in topologically
nontrivial phase A < 1, critical point A = 1, and topologically

the entanglement entropy in different phases with the initial
temperature of the spin chain kg7 = 5J in Figs. 10(d), 10(e),
and 10(f). The results show that the dependence of the initial
state of op also diminish in the high temperature due to the
thermal fluctuation. Meanwhile, the thermal fluctuation makes
the entanglement entropy increase, particularly for the high-
energy initial state ||) of og. These results for wy # 0 show
that the relation between the entanglement entropy and topo-
logical phase transition is less obvious due to the initial state
dependence and the thermal effect. Therefore, we find again
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FIG. 10. The entanglement entropy S, with different initial states of oy and different values of wy for (a) A = 1/2,(b) A =1,(c) A =3 1in
zero temperature and for (d) A = 1/2, (e) A = 1, (f) A = 3 in temperature T = 5J/kp.
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that to properly probe the relation between the entanglement
and topological phase transitions through the probing spin, it
is crucial to control the flip energy of the probing spin o small
and make the spin chain at low temperature.

VI. CONCLUSION AND PERSPECTIVE

The energy eigenfunctions of the conventional transverse-
field Ising model, or the equivalent Kitaev model, cannot be
analytically solved with the free-end boundary condition even
though in principle it is exactly solvable. We introduce a mod-
ified transverse-field Ising chain with zero local transverse
field at the last site of the spin chain (hy = 0) such that the
model becomes analytically solvable. Its spectrum as well as
its ground state wave-function distribution with those of the
ordinary transverse-field Ising model are comparable but are
also distinguishable. We show that different from the ground
states of the original spin model which has zero energy only
for A < 1 for large N, the twofold degenerate zero energy
ground states (zero modes) always exists in the modified
transverse-field Ising model for all the values of A, but the
modified model still has the topological phase transition at
A = 1, namely the zero energy ground state wave functions
have different topological properties for A < 1 and A > 1,
which cannot be seen obviously in its spectrum. We also
prove that the phase transition is associated with the change
of the topological winding number of the ground state wave
functions. Moreover, in the modified model, the results of
the ground state wave-function distributions indicate that the
right Majorana zero mode is always located at the right end
of the spin chain because sy = 0. The distribution of the left
Majorana zero mode is the same as that of the ordinary model
for 1 < 1 so that the two Majorana zero modes are nonlocally
separated (topologically nontrivial). While for A > 1 the left
Majorana zero mode in the modified model moves to the
right-hand side and eventually merges with the right Majorana
zero mode such that the zero energy Majorana modes become
topologically trivial.

We then propose a scheme to measure the topologi-
cal structure of the modified spin chain through the non-
Markovian decoherence dynamics of a probing spin in the
real-time domain by coupling the probing spin to the spin
chain. We derive the exact master equation of a probing
spin and analyzed in detail its non-Markovian decoher-
ence dynamics by studying the two-time correlation function
(o5 ()i (to)). We find that:

(i) In the topologically nontrivial phase, the topological
nonlocal property induces different localized modes in
comparison with the case in the topologically trivial
phase. These localized modes qualitatively change the
non-Markovian decoherence dynamics of the probing
spin so that the topological structure of the transverse-
field Ising chain is manifested.

(i) The coupling n between the probing spin and the spin
chain, and the flipping energy wg of the probing spin,
also affect the non-Markovian decoherence dynamics.
For strong coupling 7, the non-Markovian oscillation is
dominant in both phases so that the manifestation of the
topological phase transition in the non-Markovian deco-

herence dynamics of the probing spin becomes weak.
While for large spin-flip energy wy, the manifestation of
topological and nontopological phases is also suppressed
due to the noise effects associated with the initial state of
the probing spin and the temperature of the spin chain.

(iii) The dynamical entanglement entropy can be expressed in
the two-time correlation (o (t)o; (fo)) so that the entan-
glement entropy between the probing spin and the spin
chain can characterize the topological phase transition,
which is equivalent to the description of the decoherence
dynamics of the probing spin, but the later may be more
feasible for experimental realization.

As a result, the topological properties of the transverse-field
Ising model can be probed through the non-Markovian deco-
herence dynamics of a probing spin weakly coupling to it, and
the dynamical phase transition can be also explored in terms
of the dynamical entanglement entropy, as long as one keeps
the probing spin with a small spin-flip energy and the spin
chain at a low temperature.

The results presented in this work provide indeed a general
way to experimentally measure topological properties and
dynamical phase transitions in many-body systems in the real-
time domain, The decoherence properties of the probing spin
can manifest the topological structure and dynamical phase
transition of a many-body system because the decoherence
dynamics of the probing particle is fully determined by the
spectral density J(w) = 2w p(w)|V (w)|> which contains all
information of the many-body spectra and many-body eigen-
function distributions through the density of state p(w) and
the coupling amplitude V (w) between the probing spin and
the many-body system. Current measurement of topological
states are mainly carried out using surface-sensitive angle-
resolved photoemission spectroscopy (ARPES) for directly
observing surface states or the scanning tunneling microscope
(STM) to visualize surface states in terms of the quasiparticle
interference pattern in the energy domain. The decoherence
dynamics of the probing spin can be experimentally measured
with the time-domain single-spin Ramsey interferometry or
spin echo technique. Furthermore, controllable coupling be-
tween the probing spin and many-body systems also serves
as an alternative realization of the dynamical quench for the
study of nonequilibrium dynamics of many-body systems, in
particular the dynamical quantum phase transition. Therefore,
one can measure topological properties and dynamical phase
transitions in many-body systems in the real-time domain, in
terms of single probing particle measurement, which should
be more flexible in comparison with real-time many-body
measurements.
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APPENDIX A

We rewrite the Hamiltonian of the transverse-field Ising
chain with an arbitrary magnetic field at the last site (hy = h’)
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in the matrix form
N
Hp =Y (c[Aijc; + c[Bijcl + He), (A1)
i, j=1
where A;; = —h, Ajit1 = A1 = Biiy1 = —Biy; = —J/2 for
i < N,Ayy = I and all others are zero. If Eq. (5) holds, then
we have

[bk, Hp] = €xby, (A2)
which gives
N
€kl = Z(Mijji — v;Bji)
=1
N
€LV = Z(uijji — vgjAji). (A3)

j=1

By introducing (®P); = ug;i + vk
Eq. (A3) can be simplified as

Cbk(A — B) = Ek\yk

and (Wp)i = ug — vy,

V(A + B) = €,y (A4)
& (A — B)(A + B) = e2d,
T (A5)
V(A + B)A — B) = €V,
where the relevant matrices
(A+B)A —-B)
2241 A 0 e 0 0]
A 2 +1 A 0 0
0 A 2 +1 0 0
=J? . ) i
0 0 0 A1 N
| 0 0 0 VoA
(A6a)
and
(A—=B)A+B)
A2 A 0 e 0 0
A Ar41 A . 0 0
0 A M1 0 0
=J? . _ . .
0 0 0 M4+1 A
K 0 0 - A A%+1]
(A6b)
These matrices have the eigenenergies
e, =J(14 2% —2kcosq), (A7)

where all the normal modes g are determined by the following
transcendental equation,

—'sin[g(N — 1)] = (1 + A% — 21 cos g — A”*) sin(Nq).
(A8)

Specifically, we have the following solutions:
(i) For the case A’ = A, Eq. (A8) can be reduced to

sin(gN) = A sin[g(N + 1)], (A9)

which determines all the normal modes g. For A > 1, there
are N real roots, exhausting the normal modes. For A < 1,
there are N — 1 real roots and one imaginary root, as shown
in Refs. [1,2].

(i1) In our case A’ = 0 (the modified model), Eq. (A8) is
simply reduced to

(1422 —2xcosq)sin(gN) =0, (A10)

which gives a set of N — 1 solutions for sin(gN) = 0, i.e.,

km
N

and a special solution corresponding to the zero eigenvalue
determined by

G=—, k=1,2,....,N—1 (Al1)

(1422 —2xcosqp) =0 (A12)

for arbitrary X value.

(iii) Note that this solution is also different from the
transverse-field Ising model with period boundary condition.
For the period boundary condition, we have the additional ma-
trix element Ay = Ay; = Biy = —By1 = —J/2. Then, the
eigenenergies are still given by Eq. (A7) but the normal modes
are simply determined by

. gN
sin — = 0. (A13)
2
This gives all the N normal modes:
2k
qkz%, k=0,1,2,...,N—1, (A14)

in which the zero energy mode corresponds to k = O only for
A = 1. For other A # 1, ¢ # 0 for kK = 0. It shows that the
zero energy mode in three different cases are very different.
Now we focus on our modified model (hy = 0). For ¢, #£0,
W, and ®; can be solved, respectively, from the two matrices
by Eq. (A5)
Jjkm

(V) = o sinT (Al5a)

(@1); = —ﬂkej—k{sin [%} + Asin Jan} (A15b)

and then we can obtain the wave functions for the
nonzero-energy bogoliubons uy; = [(Pr); + (W);1/2 and
vk = [(®r); — (Wr);1/2, shown as Eq. (7). The two constants
o and B are determined by Eq. (A4) and the commutation
relation {by, bZ} = 1, and the result is ay = By = 2Ny, where
N is shown in Eq. (9a).

For € = 0, the eigenvectors of the two matrices are

(¥i,); = o8
(Px); = Bo(—2)~".

The two constants ¢ and S are determined by the commuta-
tion relations {by, b} = 1 and {by, by} = (b}, b} = 0 which

(Al6a)
(A16b)
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yield

N =
.M2

[(@)] + (w,)] =1

J

[(q>k0)j -

(w,)] =0, (A17)

N =
.MZ

1

J
and the results are g = 1 and By = 2N}, where N}, is shown
in Eq. (9b). Thus it is easy to obtain the wave function for the
zero-energy bogoliubon uy,; and vy, j, shown as Eq. (8).

APPENDIX B

We begin with Eq. (17) to derive the master equation. After
integrating over all the degrees of freedom of the spin chain
by path integral approach, we obtain the exact form of the
propagating function

K(&F, &5, t150, & t0) = N'(t) exp |:(§f ENJL, t0)<§,*)

ENTa(t, to)<§}’§)

+ (& &), to)<§/0*)

+ (&5

+ (& g, m)(?)}, (B1)

where A/(¢) is the normalization constant and J(z, o),
Ja(t, ty), and J5(¢, tp) are functions of the U (¢, 1y) and V (¢, t),
and their exact formulas are given in Ref. [35].

After substituting Eq. (B1) into Eq. (17) and taking the time
derivative on both sides, we have

(&rloa()IEy) =N(t)/du(éo)du(éé)@olpAIEé)

X K(E}k E}'ﬂtlg()’ (/)*7t0)

N(t) '\ Y
[ N T Ehe ro>(§&>

+ (& Epda, l‘o)<§ >+($ E0)J5(t, 10)

< <f°)+<s &)J'I(r,ro)(éf;)]- (B2)
& i

The propagator K(&7, & }, t|&, &, tp) acting on the Grass-
mann numbers &, & of the initial state can be transferred
into functions which only depend on the Grassmann numbers
& JQ S}‘ of the state at time 7. Then Eq. (B2) becomes

N(@)

Ny A+ BOgE

(Elpa(IE)) = <sf|pA(z>|§;->[

* J *i ’ d
+ C(t)sfa_g/ + D(1)&} 35; + E()&; %,

0
F B3
+ “)Sfasf V55 agj (B3)

where
[e3(v2)?
= = (B4a)
i | = v ?
2 _ . * . * _ . 2
B vz ( Mlﬂltvlvl)z v3(v2) Vi, (Bdb)
[wi]= — [vp]
C=—_F*— —Vip v (B4c)
[r > = vy |?
DZEZHWT—\'JWT-i-f)aVz (B4d)
i |? = [vi]?
-2 (Bde)
[wil= — fvi]
and
vi(t, to) = it o)l — I} (¢, o))z (B5a)
wi(t, t0) = [Ji(t, 10)]12 — [Ji(t, t0)]21. (B5b)

According to the three constraints: Trps = 1, ata’ =
aa = 0, and the eigenenergies of A are symmetric in sign,
Eq. (B4) can be reduced to

A= —% (B6)
B=Vy@t)—[U@¢, ) U (t,10)V(t,t)+Hely  (B7)
C=—F*=[U.t)U (. 10)]1 (B8)
D=E=V,@t)— (U@, to)U ', 1)V, t)+Hcly
HU @ 1)U (2, 10)]], (B9)
G=Vu@)— U@ 1)U, 10)(V(t,1) + 1)+ Heli.
(B10)

Then using the D algebra of the creation and annihilation
operators, we obtain the exact master equation
pa(t) = —ile(t)a'a, pa(0)]
+y(ORapa(t)a’ — a'apa(t) — pa(t)a'al
+7(Ola" pa(t)oy — apa(t)a’ +a'apa(r)

—pa(t)aa’l + At)a’ pa(t)a” + A*(t)apa(t)a.
(B11D)

The time-dependent dissipation and fluctuation coefficients in
the master equation are

B(1) + G(t)}

€(t) = i|:D(t) - 5

= %[U(t, 1)U~ (¢, 1)) — Heln (B12a)
) = G(t);B(t)
= —%[U(t, 1)U\, 1) + He i, (B12b)
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7(t) = B()
=Vut)—[U, 1)U (t, 1)V (t,1) + He i,
(B12¢)

A(t) =—-C()

~[Ut, 1)U (t, t0)]12-

(B12d)
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