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Ground-state properties of the K-I' model on a honeycomb lattice
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We investigate the ground-state properties of the K-I" model on a honeycomb lattice using series expansions
and numerical exact diagonalizations, where the model includes Kitaev (K) and symmetric off-diagonal (I")
interactions. Starting from the weakly interacting dimers on the specific bond, we strengthen the interdimer
interactions to the isotropically interacting system. We show that depending on I" and K, the dimer state survives
up to the isotropically interacting system, where the phase transition occurs or obeys a phase transition to a
magnetically ordered state at an anisotropic interaction. The results are summarized in the phase diagram. We
also show that the Kekulé dimerized state is unstable in the isotropic K-I" model.

DOLI: 10.1103/PhysRevB.102.024415

I. INTRODUCTION

The realization of a spin liquid state has been a central issue
in condensed matter physics. It has been shown exactly that
the ground state of the Kitaev model on a honeycomb lattice
is a spin liquid, i.e., Kitaev spin liquid (KSL) [1]. Two types
of Majorana fermions emerge owing to the fractionalization
of § = 1/2 quantum spins [1]. In relation to the appearance
of Majorana fermions, exotic features have been predicted in
thermodynamic quantities, spin dynamics, and transport prop-
erties [1-4]. There are several candidate materials, in which
the Kitaev interaction is realized [5-8]. Specifically, ¢-RuCl;
is a promising candidate material that supports the Kitaev
interaction between jei = 1/2 pseudospin moments [9—17].
To discuss the experimental features of «-RuCl;, effective
models have been proposed, which include not only the Kitaev
interaction but also other interactions such as the Heisenberg
interaction, symmetric off-diagonal interaction, and/or their
further-neighbor interactions. The strength of the interactions
has been evaluated using ab initio calculations and ab initio-
guided empirical approaches. According to these studies, it
has been argued that the nearest-neighbor Kitaev interac-
tion is the strongest, and the nearest-neighbor symmetric
off-diagonal interaction is the second strongest [18-22]. In
particular, effective models where these two interactions are
dominant have succeeded in reproducing the key experimental
features for the fractionalization of quantum spins quali-
tatively [18] and quantitatively [22]. These results suggest
that the effective model that consists of the nearest-neighbor
Kitaev (K) and symmetric off-diagonal (I") interactions on a
honeycomb lattice is a minimum model for «-RuCls. This
effective model is called the K-I" model [23-27].

Aside from the adequate description of «-RuCls, the K-T"
model itself possesses fascinating properties. From numerical
exact diagonalizations (ED) of a 24-site cluster, it has been
shown that the ground-state phase diagram includes various
states such as magnetically ordered states and KSL [28].
In particular, it has been pointed out that a quantum spin
liquid (QSL) state appears close to K =0 [23,24]. When
the K interaction on one bond is slightly stronger than the
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K interactions on the other two bonds, a first-order phase
transition occurs between QSL and KSL [23]. However,
when the anisotropy of the K interaction becomes stronger,
QSL is adiabatically connected to KSL [23]. The ab initio
calculations for «-RuCl; have also predicted that K and I
interactions on one of the three bonds are stronger than those
on the other two bonds [18]. These findings motivate us to
investigate the ground-state properties of the K-I" model by
including the anisotropy of the interactions.

In this study, we investigate the ground-state phase diagram
of the § = 1/2 K-I" model on a honeycomb lattice by employ-
ing series expansions [29,30]. Series expansions are based on
graph theories and can systematically include higher order
terms. Thus, series expansions are used complementarily with
ED. We adopt dimer series expansions, in which the interac-
tions on specific bonds are included in the initial state, and the
interactions between the dimers on specific bonds are included
perturbatively. We calculate the ground-state energy and its
first and second derivatives. We also calculate them with
24-site ED. By combining the results obtained using these
two methods, we investigate the stable ground state when the
interactions between the dimers become strong towards the
isotropically interacting system.

In Sec. II, we introduce the model and outline dimer series
expansions. In Sec. III, we explain the details of dimer series
expansions and show the numerical results. We discuss the
stable state when the interdimer interaction becomes strong
and the system changes from the anisotropically interacting
dimer system to the isotropically interacting system for given
K and T interactions. By summarizing the results, we obtain
the phase diagram. We show that depending on K and T,
the dimer state obeys a phase transition at an anisotropic
interaction or survives up to the isotropically interacting sys-
tem where a phase transition occurs. We also propose two
scenarios for the connection of QSL [23,24] to the dimer
state. In Sec. IV, we discuss a stable ordered state that has
discrete symmetry at the isotropically interacting system. For
this purpose, we adopt the 7g transformation [31] to the
K-T" model. We then perform dimer series expansions to the
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FIG. 1. (a) Kitaev-type interactions on a honeycomb lattice.
(b) 24-site cluster. Periodic boundary conditions are applied on the
dotted lines with common symbols. (¢) Schematic picture of dimer
series expansions performed in Sec. III. Ellipsoids denote the initial
spin dimers on Z bonds. Green and blue dotted lines denote the
interactions on X and Y bonds, which have the same strengths.
(d) Schematic picture of dimer series expansions performed in
Sec. IV. The T transformation [31] changes not only the geometric
pattern of X, Y, and Z bonds but also the interaction. The interaction
on each bond is transformed into the XX Z-type one, —KS,;”S;” —
LSS + SPs jﬂ ). Ellipsoids denote the initial spin dimers.

transformed model that has a Kekul€ structure concerning the
interaction. A summary is provided in Sec. V.

II. MODEL AND METHOD
The S = 1/2 honeycomb K-I" model is defined as

H= Y [KS"S” +T(s2s" +554)]. ()

(i)y=x,v.z

where (ij),—x vz denotes the nearest-neighbor pair on the
y bond of the honeycomb lattice, as shown in Fig. 1(a),
and o and B are the different spin components from the y
component. We set K = —cosf and I' =sinf, (0° <60 <
360°). Thus, 6 = 0° (180°) describes the Kitaev model with
a ferromagnetic (FM) [antiferromagnetic (AF)] interaction,
while 8 = 90° (6 = 270°) describes the I" model, which has
only the AF (FM) I' interaction.

To adopt dimer series expansions [29], we divide Hamilto-
nian (1) into the following perturbative form,

H =Hp’ + AHp', 2

where HY describes the unperturbed initial dimers on y
bonds, and 7—[11) describes the perturbative term with 0 < A <
1. Starting from the isolated initial dimers on y bonds, we
perform dimer series expansions with respect to AHp' up to
the eighth order. We calculate the ground-state energy per
unit cell, £, and its first and second derivatives, 0E /dA and
92E /91%. We also calculate these quantities with 24-site ED.

The 24-site cluster is shown in Fig. 1(b). We discuss the
ground-state property towards the isotropic point at A = 1.

III. RESULTS FOR DIMER SERIES EXPANSIONS

We set the initial dimers on the Z bonds, as shown in
Fig. 1(c), and investigate the stability of such a dimer state
towards the A = 1 isotropic system. Hamiltonian (2) reads

Hp® = ) [KSFS7+T(S"S)" + 578, )
(ij)z

Hp'= ) [KS7S7 +T(5%S” +8Ps;)]. @
(ij)y=xy

This situation is schematically shown in Fig. 1(c). For the ini-
tial state, we have four candidates: singlet dimer |s) = (|1 |)
— 1L D)/V2, triplet dimers i) = (11 4) + 14 1)/v/2,
) = (1 1) — il )/V2 and [) = (11 1) + il 1)/V2,
where the up and down arrows denote the spin up and
down states, respectively. Depending on 6, we adopt one
of them that possesses the lowest energy. For the initial
state, the parameter space is specified into three regions:
At 0° <6 < 135°, the |t;) dimer is the initial state; at
225° < 6 < 360°, the |t,) dimer is the initial state. At
135° < 6 < 225°, the |s) and |fp) dimers are degenerate,
which makes it difficult to perform dimer series expansions.

A.T>0

We first show E, 9E/dX\, and 82E/8A2 for ' >0
as a function of A. Figures 2(a)-2(d) show the typ-
ical behavior of these quantities up to sixth, seventh,
and eighth orders for 6 = 14.0° (K/T" = —4),33.7° (K/T" =
—1.50), 83.7° (K/T" = —0.11),and 113.2° (K/T = 0.43), re-
spectively. We adopt the |z,) dimer as the initial state. We com-
pare these quantities with those obtained with 24-site ED. For
0 = 14.0°,33.7°, and 83.7°, the ground-state energies up to
sixth, seventh, and eighth orders converge at 0 < A < 1. The
ground-state energies agree with those obtained with ED. For
6 = 14.0°, 0E /90X obtained with ED changes discontinuously
at A~ 0.9, where dE /90X up to sixth, seventh, and eighth
orders begin to deviate with an increase in 1. The results mean
that the |z,)-dimer state is stable at 0 < A < 0.9 and under-
goes a first-order phase transition at A & 0.9. For 8 = 33.7°,
92E/3)* obtained with ED steeply decreases towards A ~ 1,
where 92E /92 up to sixth, seventh, and eighth orders deviate
from each other with an increase in A. This behavior suggests
that the |f,)-dimer state is stable at 0 < A < 1 and undergoes
a phase transition at A = 1. For 8 = 83.7°, 82E/8)\2 obtained
using ED shows a small minimum at A ~ 0.55 and steeply
decreases towards A ~ 1. At A ~ 0.55, 32E /dA* up to sixth,
seventh, and eighth orders begin to slightly deviate with an
increase in A, which is caused by the lack of higher orders
of the dimer series expansions. We consider that the small
minimum at A ~ 0.55 is caused by the finite-size effect or the
vestige of a prominent minimum caused by a phase transition
at 6 > 90°, i.e., crossover behavior. The results suggest that
the |7,)-dimer state is stable at 0 < A < 1, and the isotropic
point at A = 1 is a phase transition point.

For 6 = 113.2°, E up to sixth, seventh, and eighth orders
begin to deviate from each other at A &~ 0.6 with an increase
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FIG. 2. For I' > 0, the typical behavior of E, dE/dX, and 3*E /3> obtained with dimer series expansions included up to sixth, seventh,
and eighth orders and with 24-site ED. 6 = (a) 14.0°, (b) 33.7°, (c) 83.7°, and (d) 113.2°.

in A. The ground-state energy obtained with ED also deviates
from them at A ~ 0.6. The first derivative obtained with
ED discontinuously changes at A ~ 0.6, where dE /A up to
sixth, seventh, and eighth orders begin to deviate. At A &
0.6, 3°E /31> shows a dip. With an increase in the order of
dimer series expansions, changes in E, dE /3, and 3°E /9d\>
towards A = 1 become clear, which suggests that dimer series
expansions fail. The results mean that the |#,)-dimer state is
stable at 0 < A < 0.6 and undergoes a second-order or a weak
first-order phase transition at A &~ 0.6. This phase transition
is related to the emergence of the 120° magnetically ordered

phase [23,24,28], because neither dE/dA nor 9°E/dA* ob-
tained with ED shows a singularity at A > 0.6.

B.T<0

Figures 3(a) and 3(b) show the typical behavior of E,
dE/9X,and 9°E /92* for ' < 0. We adopt the |#,) dimer as the
initial state. For & = 315° (K/I" = 1), E up to sixth, seventh,
and eighth orders begin to slightly deviate from E obtained
with ED at A =~ 0.55 with an increase in A, and 82E/8)\2
up to sixth, seventh, and eighth orders also begin to deviate.
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FIG. 3. For I' < 0, the typical behavior of E, dE /3, and 92E /9A* obtained with dimer series expansions included up to sixth, seventh,

and eighth orders and with 24-site ED. 8 = (a) 315° and (b) 246.8°.

The second derivative, 82E / 922, obtained with ED shows a
minimum at A & 0.55, which is notable compared to that at
A & 0.55 for & = 83.7° shown in Fig. 2(c). Thus, we consider
that phase transition occurs from the |¢,)-dimer state to the
ferromagnetically ordered state [28] at A &~ 0.55. Compared
to the results shown in Fig. 2(c), 3>E/dA> obtained with ED
does not show a steep decrease towards A = 1 but shows a
notable minimum at A >> 1 (not shown), where the system
approaches a spin chain that consists of K and I" interactions
on X and Y bonds. At A > 1, the K and I' interactions on
the Z bond act as relevant interchain interactions to the spin
chain, which leads to the phase transition to a magnetically
ordered state. When A is decreased from A > 1 to A ~ 0.55,
another minimum does not appear at 3°E /dA> obtained with
ED. In addition, on the basis of the abovementioned results,
we consider that the phase transition to a magnetically ordered
state occurs at A & 0.55.

For 0 = 246.8° (K/T' = —0.43), E, 9E /dX, and 32E /dA>
up to sixth, seventh, and eighth orders start to deviate at A =&
0.6 with an increase in A. These values increase and decrease
towards A = 1 depending on the included order. Close to A =
1, their changes become more conspicuous when the higher
order terms are included. The results mean that dimer series
expansions fail in A i 0.6. The second derivative, 92E / A2,
obtained with ED shows the local minima at A ~ 0.39 and
0.83. Thus, we conclude that the [t,)-dimer state becomes
unstable at 2 2 0.39.

C. Phase diagram

To determine the phase boundaries at A = 1, we calculate
9E /36 and 9%E /36% with 24-site ED and show the results
for ' >0 and T" < 0 in Figs. 4(a) and 4(b), respectively.

The discontinuity or cusp in JE/d6 appears at 0 =7° +
1° (K/T'= —8.14 £ 1.37), 105° £ 1° (K/T" = 0.27 £ 0.02),
and 109° £+ 1° (K/T" = 0.34 £ 0.02) for I" > 0, which indi-
cates that the first-order phase transitions in terms of 6 occur
there. The second derivative, 3°E /362, for I' > 0 shows dips
atf =33.2°+£0.1° (K/T'=—1.53£0.01)and 8 = 45.0° £
0.2° (K/T' = —1+£0.01). The results indicate that a weak
first-order transition or a second-order transition occurs there.
For I' < 0, the minimum in 8?E /362 appears at § = 255° +
1° (K/T = —0.27 £ 0.02), which corresponds to the phase
transition to the magnetically ordered state [28]. Although
KSL is expected to appear close to 6 ~ 0° and 360°, the
signs of the KSL phase boundaries are difficult to determine
because of the computational resolution.

Next, we calculate excitation energies at A = 1 with 24-
site ED [32], and show the results for ' > 0 and I" < 0 in
Figs. 4(c) and 4(d), respectively. At 7° = 1° < 6 < 33.2° +
0.1° the ground state is threefold degenerate. According to
the phase diagram of Fig. 3(a) in Ref. [28], this state is in
the spiral phase. On the other hand, according to the phase
diagram of Fig. 4(a) in Ref. [33], this state is in the 6-site order
phase with threefold degeneracy. The nature of the state in this
parameter region is still under debate. We have shown that
the ground state of this parameter region at A = 1 is threefold
degenerate and, as will be shown later, the threefold degener-
ate state extends to the anisotropic A < 1 region. At 33.2° &+
0.1° < 6 < 45.0° £ 0.2° the ground state is twofold degen-
erate. However, at 0° $ 6 < 7° £ 1°and 45.0° £0.2° < 6 <
105° £ 1°, the ground state is unique in the 24-site cluster. At
109° £ 1° < 6 < 135°, the ground state is sixfold degenerate,
which reflects the 120° magnetically ordered state [28,34].
At 225° < 0 < 255° % 1°, the spiral phase is expected [28].
The unique ground state at 255° £ 1° < 6 < 360° suggests
the ferromagnetically ordered state [28].
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We calculate E, E/dX, and 92E/dA> by systematically
changing 6. Thus far, the results forI' > Oand I" < 0 are sum-
marized in the phase diagrams shown in Figs. 5(a) and 5(b),
respectively. At 0° S 6 <7°+1° and 33.2°£0.1° <60 <
105° £ 1°, the |t,)-dimer state is stable at 0 < A < 1, and
the isotropic point (A = 1) is a phase transition point. At
7°+1° <6 < 33.2° £ 0.1°, the first-order phase transition
occurs from the |t,)-dimer state to the threefold degenerate
state with an increase in A. At 109° &+ 1° < 6 the results sug-
gest that a phase transition to the 120° magnetically ordered
state occurs [24,28,34]. At 135° < 0 for I > 0, dimer series
expansions fail. Figure 5(b) indicates that at 225° + 1° < 6 <
360°, the |t,)-dimer state is stable at 0 < A < 0.55, while
the ferromagnetically ordered state is stable at A > 0.55. At
0 < 255° £ 1° for I <0, the |t,)-dimer state undergoes a
phase transition to the threefold degenerate state. The [t,)-
dimer region is reduced with a decrease in 6 and disappears
at 0 = 225°. In the state for larger A than the [,)-dimer state,
no prominent peak appears in the static spin structure factor
up to A = 1 (not shown). To elucidate the characteristics, we
have to calculate a larger-size system.

The |t,)-dimer (|t,)-dimer) state at 0 < 6 < 90° (225° <
6 < 270°) shows various features compared with the |t,)-
dimer (|ty)-dimer) state at 90 < 6 < 135° (270° < 6 < 360°).
These differences are considered to be attributed to the addi-

tional frustration effects between K and I with opposite signs.
When we consider the strong I" limit, a spin configuration can
be fixed depending on the sign of I'. At 0° < 6 < 90° and
225° < 0 < 270°, the signs of K and I' are opposite, which
leads to the additional frustration effects against the spin

configuration in the strong I' limit. At 90 < 6 < 135° and
270° < 8 < 360°, the signs of K and I' are the same and, thus,
no such additional frustration emerges.

We now investigate the properties for 6 = 90° and 270°,
where the AF and FM isotropic I' models are realized at
A =1, respectively. It has been argued that a QSL state
appears close to K = 0 in the isotropic and anisotropic K-I"
models [23,24]. Figures 6(a) and 6(b) show E, dE /dX, and
92E /3> for # = 90° and 270°, respectively. Note that at
K =0, all coefficients of the odd order in the dimer series
expansions become zero because of cancellation. We compare
them with those for 8 = 6.3° (K/T" = —9.06) [Fig. 6(c)] and
353.7° (K/T" = 9.06) [Fig. 6(d)], where the systems possess
AF and FM T interactions, respectively, and are located close
to or on the KSL phase caused by the FM Kitaev interaction.

In these four states, the ground-state energies obtained
with the dimer series expansions converge and agree with
those obtained with ED. The first derivatives do not show
discontinuity. A difference appears in 3>E /dA%. For § = 90°,
9%E /3)* obtained with ED shows a small minimum at A &~
0.55, while for 6 = 6.3°, 3°E /9> shows a steep decrease
towards A = 1. For 6 = 90°, 3%F / 9.2 obtained with dimer
series expansions also decrease towards A = 1, and their de-
crease becomes slightly pronounced with an increase in the in-
cluded order. However, for 0 = 6.3°, 92E / 912 obtained with
dimer series expansions do not show such notable decrease
towards A = 1. The results indicate that at A = 1, the AF I”
model and the K-I" model at & = 6.3° are on a phase transition
point. At least, the |f,)-dimer state survives in the vicinity of

A =1 for 8 = 6.3°. For & = 90°, the obtained results allow
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FIG. 5. Phase diagrams for (a) ' > Oand (b) ' < 0. At(a) “3 FD
state,” this state is threefold degenerate (3 FD). At (b) “NPSSE” we
find no prominent peak in the static spin structure factor (NPSSF).
Symbols for the phase boundaries are determines from dE /dA and
9%E/0)? calculated with 24-site ED. Open circle means a jump
or a cusp in dE /06, which indicates a first-order phase transition.
Open triangle means a clear minimum in 82E /362, which leads to
a second-order phase transition or a weak first-order phase transition
in the thermodynamic limit. Blue cross indicates the first-order phase
transition point, while the red cross indicates the second-order or
weak first-order phase transition. Open square means a crossover
point where 3°E /A% shows a small minimum. Error bars are smaller
than the symbol sizes. Lines are guide for the eye. KSL phases,
which are expected to appear in the gray hatched area, are difficult to
determine because of the numerical resolution.

us to propose alternative scenarios. (i) The |z,)-dimer state
survives up to A = 1. (ii) The |z)-dimer state becomes un-
stable at A =~ (.55, and another state obeys a phase transition
at A = 1.

The second derivatives for 8 = 270° and 353.7° qualita-
tively show similar behavior. Specifically, 3>E /d1* obtained
with dimer series expansions decrease towards A =1 and
their decrease becomes pronounced with an increase in the
included order. However, 3°E /3> obtained with ED does

not show a decrease close to A = 1 but shows a minimum at
A & 0.55. The results suggest that the [t,)-dimer state becomes
unstable at A Z 0.55.

Finally, we discuss a small minimum in 92E/dA> for
I' >0 and K < 0, which is expressed by the open square
in Fig. 5(a). When the small minimum is caused by a
crossover, QSL in Refs. [23,24] adiabatically connects to
the |t,)-dimer state. If the small minimum would be caused
by a phase transition, QSL does not connect with the |¢,)-
dimer state. A future study is needed to obtain a definite
conclusion.

IV. STABILITY OF THE KEKULE DIMERIZED STATE

Our calculations have shown that in some regions, a phase
transition takes place at A = 1 where C3, symmetry is recov-
ered. This stimulates us to investigate a stable ordered state
that has discrete symmetry at A = 1. For this purpose, we
adopt the 7 transformation [31] to Hamiltonian (1). The 7
transformation transforms Hamiltonian (1) into an extended
X X Z Hamiltonian with a Kekulé structure shown in Fig. 1(d).
Note that the transformed Hamiltonian still keeps C3, symme-
try. As shown in Fig. 1(d), we make the initial dimers form a
Kekulé structure. We then apply dimer series expansions to
the transformed Hamiltonian by treating the interactions on
the mapped X and Y bonds as perturbation.

Figures 7(a)-7(e) show the typical A dependences of E,
OE/dA, and 3°E /9A%. We calculate these quantities with 24-
site ED. Because the initial dimer placement differs from
that performed in Sec. III, the A dependences of E, dE /A,
and 3°E/dA*> differ from those shown in Sec. III. For
0 =23.2°(K/T=-233atT <0) [(a)] and 66.8° (K/I" =
—0.43 at " < 0) [(b)], the ground-state energies up to sixth,
seventh, and eighth orders converge at 0 < A < 1. They agree
with the ground-state energy obtained with ED. For 6 =
23.2°, 0E /o) obtained with ED shows discontinuity at A ~
0.86, while dE/dA up to sixth, seventh, and eighth orders
begin to deviate at A &~ 0.6 with an increase in A. These
results mean that the Kekulé dimerized state undergoes a
first-order phase transition at A ~ 0.86 and becomes unsta-
ble at the A =1 isotropic point. For 6 = 66.8°, 3°E/d\>
shows a minimum at A ~ 0.96, which indicates that the
Kekulé dimerized state becomes unstable at A 2 0.96. For
0 =123.7° (K/T' =0.67 at T" > 0) [(c)] and 246.8° (K/I" =
—0.43 at I" > 0) [(d)], the ground-state energies up to sixth,
seventh, and eighth orders deviate at A =~ 0.4 and = 0.6,
respectively, and show divergencelike behavior with an in-
crease in A. The results indicate that the Kekulé dimerized
state becomes unstable before the system approaches the
isotropic point. For 8 = 315° (K/T'=1atT" < 0) [(e)], the
ground-state energies up to sixth, seventh, and eighth orders
converge and agree with that obtained with ED at 0 < A <
1. On the other hand, 3°E/dA* obtained with ED shows
a small minimum at A &~ 0.55, and 9?E /9> obtained with
the present dimer-series expansions begin to deviate there
with an increase in A. The results suggest that the Kekulé
dimerized state becomes unstable at A < 0.55. Dimer series
expansions and ED performed in this section argue that the
Kekulé dimerized state is unstable at A = 1 isotropic points.
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FIG. 6. The typical behavior of E, dE/dA, and 92E /dA? obtained with dimer series expansions up to sixth, seventh, and eighth orders and

with 24-site ED. 8 = (a) 90°, (b) 270°, (c) 6.3°, and (d) 353.7°.

V. SUMMARY

We have investigated the ground-state phase diagram of
the K-I" model on a honeycomb lattice using dimer series
expansions and ED. Starting from the initial dimers placed
on a specific bond, we have strengthened the interactions be-
tween the nearest-neighbor dimers and investigate the stability
of the dimer state. The results have been summarized in the
phase diagrams. We have shown thatat ' > 0 and K < 0, the
|#¢)-dimer state survives up to the isotropic A = 1 point where
the phase transition occurs or undergoes a first-order phase
transition close to the isotropic point. We have proposed two

scenarios for the connection of QSL [23,24] to the |t,)-dimer
state. At I' > 0 and K > 0, the |t,)-dimer state undergoes a
phase transition to the 120° magnetically ordered state with
an increase in A. When K/I" is increased atI' > 0 and K > 0,
the critical value of A decreases, and the |¢,)-dimer region is
reduced. AtI' < 0 and K < 0, the |t;)-dimer state undergoes
a phase transition to a ferromagnetically ordered state at
A & 0.6 with an increase in A. When K/|I'| is increased at
I' <0 and K > 0, the lower critical value of A decreases,
and the |t,)-dimer region is reduced. We have also shown that
the Kekulé dimerized state is unstable in the isotropic K-I"
model.
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FIG. 7. The typical behavior of E, dE /3, and 3?E /dA* obtained with dimer series expansions performed in Sec. IV up to sixth, seventh,
and eighth orders and with 24-site ED. 6 = (a) 23.2°, (b) 66.8°, (c) 123.7°, (d) 246.8°, and (e) 315°.
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