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Superconductivity in Ce-based heavy-fermion systems under high pressure
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In this paper, the possibility of a superconducting state mediated by the valence fluctuations in Ce-based
heavy-fermion systems under high pressure is investigated for the extended periodic Anderson model. In this
extended version, an additional local Coulomb repulsion between the localized and conduction electrons is
included. In the framework of the projector-based renormalization method, we derive self-consistent equations
for the superconducting order parameters. Our numerical evaluation for a two-dimensional case specifies that
superconductivity in the heavy-fermion systems has a d-wave character and is mediated by valence fluctuations.
By use of some additional simplifications, a BCS-like equation is found; an effective pairing interaction then
is delivered. The interaction depends strongly on momentum and becomes dominant in the valence transition

regime.
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I. INTRODUCTION

Since the discovery of superconductivity in the heavy-
fermion compound CeCu,Si, in 1979 [1], the pairing mech-
anism is still a subject of controversy and has become one
of the most attractive problems in condensed matter physics.
Measurements in CeCu,(Si;_,Ge, ), show a small supercon-
ducting dome at small applied pressures (<1 GPa) close to
an antiferromagnetic phase [2]. Due to this closeness, one
believes that pairing, in this case, is mediated by spin fluc-
tuations [3-5]. When the pressure is increased, a second su-
perconducting dome with a higher critical temperature opens
at a higher pressure and it is believed that the superconducting
state in this regime is mediated by charge fluctuations [6-8].

The abrupt change of the valence of the Ce ion under
high pressure was qualitatively described by including a large
Coulomb repulsion Uy, between localized f and conduction
electrons [9]. Enhanced charge fluctuations caused by repul-
sive interactions in a multiband system were also proposed
as a possible mechanism of superconductivity in high-T7,
cuprates [10]. Motivated by further study of this mechanism
[11,12] the relationship between valence fluctuation and su-
perconductivity in heavy-fermion systems was initially put on
a theoretical footing by Miyake in 1998 by including an extra
term which represents the Coulomb repulsion Uy, between
the localized f and the conduction ¢ electrons in the periodic
Anderson model (PAM) [13]. Solving this extended periodic
Anderson model (EPAM) in three dimensions by a slave-
boson mean-field approximation, the authors in Ref. [14]
found that valence fluctuations were considerably enhanced
by a moderate strength of Uy, when the Coulomb repulsion
between localized electrons on the same site was assumed
to be infinitely large. The valence fluctuations occur if the

*Corresponding author: phanvannham @duytan.edu.vn

2469-9950/2020/101(24)/245120(12)

245120-1

f-electron level € is tuned relative to the Fermi level. In a
mean-field approximation, this special value of €/ is on the
order of half of the bandwidth. Associated with the rapid
valence change, d-wave superconductivity was found and
the authors pointed out the possibility of superconductivity
caused by valence fluctuations. This scenario could explain
various properties found in CeCu,Si,, at least qualitatively
[15]. Solving the one-dimensional EPAM by use of the den-
sity matrix renormalization group (DMRG), the authors in
Ref. [16] also obtained the valence instability. However, it
occurred when Uy, was larger than the conduction bandwidth
and the f-electron energy €, was deeper than the lower bound
of the conduction band. In this case, only singlet pairing
superconducting correlation functions were considered by
assuming that the investigated system can be described in
analogy to the single-band Tomonaga-Luttinger liquid. The
obtained results showed that in the sharp valence transition
regime, the superconducting correlation functions for singlet
pairing become dominant. This once more affirmed that the
EPAM can be used as a possible explanation of superconduc-
tivity due to the valence fluctuations.

Recently, the EPAM has also been studied in the dynamical
mean field theory (DMFT), combined with exact diagonal-
ization for infinite dimensions [17]. The obtained results are
in agreement with the ones found by the DMRG method.
The work was done by the same group for the EPAM in
two dimensions by applying the fluctuation-exchange approx-
imation. It showed that in the weak-coupling region (modest
strength of Uy.), a charge density wave was also unstable
which may cause superconductivity as well [18]. Therefore, it
is still unclear whether in the weak-coupling or in the strong-
coupling regime superconductivity due to the valence fluctu-
ations occurs in the EPAM. This means that other possible
theoretical methods should also be used to study this problem.

The influence of Uy, on the valence transition was first
discussed in the impurity Anderson model [19]. In a mean-
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field approximation, a discontinuous valence transition was
obtained for some large values of Uy.. For the PAM, there
exist some studies of the effect of Uy, on valence fluctuations
within Hartree-Fock-like approximations, slave bosons, and
large-N expansions [14,20,21]. In all these approaches, Uy,
could explain a rapid change of the number of f electrons
as the f level, €y, increases. Without Uy, the PAM was suc-
cessfully solved by a projector-based renormalization method
(PRM) in order to investigate the valence transition in the case
of fixed chemical potential [22,23]. In the case of small values
of vy, the f occupation drastically changes which shows a
breakdown of a mixed-valence state.

In this paper, we use the PRM [24] to investigate the
valence transition and superconductivity of the EPAM. The
PRM derives a solvable effective Hamiltonian by deriving
and solving renormalization equations using unitary trans-
formations. The method has already been used to study the
valence transition in the PAM [22]. Nevertheless, due to the
complicated process of deriving the renormalization equations
for the strongly correlated systems, various approximations
had to be applied and no solution could be obtained for de-
generacy vy = 2. To overcome these restrictions and simplify
the renormalization process we use an extended version of
the PRM based on choosing a suitable generator [25-28]. For
this generator, we can restrict ourselves to second-order renor-
malization contributions during the unitary transformations,
and instead of difference equations we obtain differential
equations which can easily be solved.

One of the greatest advantages of the PRM is the possibility
to investigate quantum phase transitions. Already with the
simplest version of the PRM with respect to perturbation
theory, a BCS-like equation was derived for the coupled
electron-phonon system [29]. In contrast to the Frohlich inter-
action [30] the deduced effective electron-electron interaction
for Cooper pairs did not contain singularities. Recently, the
competition of the excitonic and polaritonic condensations
in a microcavity, like the BCS Cooper pair superfluid state,
was studied by the PRM [28]. In order to describe quan-
tum phase transitions on both sides of the transition, one
often includes infinitesimally small symmetry-breaking fields
in the Hamiltonian. During the renormalization processes,
the symmetry-breaking fields gain weight. Thus, from the
fully renormalized Hamiltonian the order parameters can be
found. In our work, we present an application of the PRM
to possible superconductivity in the two-dimensional EPAM.
Self-consistent equations for determining the superconducting
order parameters are obtained. By use of some simplifications,
a BCS-like equation is found. Our numerical results for the
superconducting energy gaps with d-wave symmetry in the
two-dimensional system then will be discussed.

The paper is organized as follows. In the next section, we
briefly describe the EPAM, which is the PAM including the
Coulomb repulsion between conduction and localized elec-
trons. Section III introduces the PRM and its application to the
EPAM in a superconducting state. The numerical result for d-
wave superconducting energy gaps in two dimensions is also
discussed. Section IV is left to present analytical solutions for
the superconducting energy gaps with some simplifications. In
Sec. V, we discuss the nature of the superconducting mecha-
nism in the system. Finally, Sec. VI concludes our work.

II. EXTENDED PERIODIC ANDERSON MODEL
The extended periodic Anderson model (EPAM) reads

H=Er— )Y fifot+ D (Ex— g,k
i,o k,o

1 N
+V—=> (flews ™ +He)

\/N k,i,o

+Upe Y n il (1)

i,oo’

which describes a coupled system of conduction and localized
f electrons. The excitation energies of the f and conduction
electrons are denoted by &, and &y. u is the chemical poten-
tial. The hybridization Vi between localized and delocalized
electrons is given by the third term. Finally, the last term
represents the local Coulomb repulsion Uy, between f and
conduction electrons. Note that already an infinitely large
Coulomb repulsion between localized f electrons at the same
site was assumed. Thus, whereas cle (cks) are the usual
fermionic creation (annihilation) operators for the conduction
electrons, the operators f:lr ( fig) are the so-called Hubbard
operators [25]

fuo =1 TT (1=nf) = £ Di. @
6(#0)

Here, D;, is a local projection operator on f states which
guarantees that a local site i is either empty or singly occupied
with an f electron with spin index o. The Hubbard operators
obey unusual anticommutation relations, e.g.,

[ff, fiols = Dio- 3)

The spin index of the electrons, o, is assumed to be equal for
f and c electrons for simplicity.

To simplify the further calculation, we include the mean-
field parts of the Uy, term in the one-particle energies. With

n Al = n (ALY 4 AL s, )+ 8(n, )3 (AL,).

10" 10

we can rewrite the Hamiltonian (1) as

A s
H=c¢; qu‘,fm + Zsk Chy Cko
i,o k,o

1 .
+V— ( :-f,c » € R 4 He.)
75 2

+Use Y 8(n,)8(R,) — UpeN () 37), (@)
where 8(nf ) = nj, — (nj ), etc., and
e =&+ Upe(n) — .,
ek = 8k + Upc(f) — .

III. APPLICATION OF THE PRM
A. Renormalization equations in the superconducting phase

In our work on valence transition in the EPAM, the theo-
retical PRM was already discussed in some detail [25]. The
starting point is the separation of the Hamiltonian into an
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unperturbed part Hy and a perturbation H;. Thereby, the
perturbation H; is responsible for transitions between the
eigenstates of the unperturbed Hamiltonian #y. The main idea
of the PRM is to eliminate all transitions induced by #;. This
is done by starting from transitions with the largest transition
energies and successively proceed to the transitions with the
lowest energies. Thereby, a diagonal or at least a quasidiago-
nal Hamiltonian is obtained. Formally, the transformation to
a renormalized Hamiltonian #,, from which all transitions
with energies larger than some cutoff A have been eliminated,
is done by use of a unitary transformation

H, = O He™, (5)

where X, is the generator for the transformation.

Next, the PRM will be applied to the extended periodic
Anderson model (4) in order to discuss the possibility of a
superconducting phase close to the valence transition. The
EPAM is gauge symmetry invariant. Therefore, one has to in-
clude infinitesimally small gauge-symmetry-breaking fields.
An ansatz for the renormalized Hamiltonian H, at cutoff A
reads H, = Hox + Hi,, where

Ho = €f2 Zf]jgfka + Z Vi (il fro INL
k,o k,o

+ Y ek oy Cro + HG + Ex (6)

k,o

and

Hip=PH =P, ZVk,A (f ke +Hec))
k,o

+ P, Z Uk x+q,10% k+q,0 - (7
kq,o

Note that all parameters of H, may now depend on A as a
consequence of the elimination of all excitations with energies
larger than A. Moreover, in the unperturbed renormalized
part Ho , an energy shift £, and an additional hopping term
¥k.». between different f sites was generated [second term in
Eq. (6)], where

F g 1 R ] p— .
(fljg‘fk(f )NL = N Z f’;’fjag'k(R' R;) (8)
i, j(#0)

describes the nonlocal (NL) f particle-hole excitations. The
fourth part Hgﬁ in Hy , breaks the gauge symmetry. It has the
following form:

HG=-> (Aﬁﬁaf(’?ﬂikl +H.c).
af.k

Here, all possible two-particle and two-hole excitations of
conduction and localized electrons have to be included as a
consequence of the hybridization term in #3S . The four fields

Aﬁ’i (o, B = c or f) will play the role of the superconducting
energy gaps and depend on A.

Finally, the perturbation 4 , consists of two contributions.
Aside from the hybridization, a new density-like term of
conduction and f electrons is generated in the renormalization

procedure where
1 M A\ _igR,
kg0 = Na(c,tackﬂ,a);a(ﬁ;ﬁa/)e SN

P, is a general projection operator in the Liouville space,
which eliminates all high-energy transitions larger than A.
As already mentioned, the elimination procedure starts from
the original model H, which will henceforth be denoted by
H = H,—a and proceeds to the fully renormalized model at
A =0. For A =0, the perturbation H,; will completely be
used up for the renormalization of the parameters of Hg y—o.
The initial values of the A-dependent parameters are fixed by
the initial model. Thus, at cutoff A we have

era=¢€f, Yea=0, exr=¢x, Via=V,
Ukkiqn = Use,  Ex = —=NUs (n) ('), (10)
and for the gauge-symmetry-breaking fields
AL = 0F (11)

In order to derive the renormalization equations for the
A-dependent parameters, let us consider a renormalization
step from A to a somewhat smaller cutoff A — AA. The
unitary transformation reads according to Eq. (5) H;—_ax =
X212 H e=%ra1 where X, a;. is the corresponding generator of
the transformation. For the following, we restrict ourselves
to a weak-coupling theory. Thereby, the influence of 5
on X, a, will be neglected. Thus, X, A, agrees with the
corresponding expression from Ref. [25],

Xoan =Y ou(h AV cko — Hee)

k,o
+ Y Bekta(h AR kciq.o- (12)
kq,o
where
A, 0L — |A
o O, ARy = r—| “DVHA)»,

k(A — A 2])?
By k44,00 (A — | By k+q,1])
k(A — |Bi ktq.21)?

P k+q(r, AL) = Uk k+qr AR,

(13)
with
A = ef5 DV — 1) — ks
By x1q.. = €k1 — Ekiq.is (14)

where 7, = (1/N) > , ¥k.. The constant « in (13) de-
notes an energy constant to ensure that ox(i, AX) and
Br x+q(A, AL) are dimensionless. Both coefficients o (A, AL)
and By k4+q(A, AL) in X, A, are proportional to the energy
shell AA. In arecent review article [31] it was shown that such
a choice of X, A, leads to a declining decay of the coupling
parameters, in our case of Vi ; and Uy g, when A decreases.

In the limit AX — O only the linear terms in X, a,
contribute to the right-hand side of #;_a;. Defining X; =
X5, ax/AA one finds

dH;

dT = [XA,HA]- (15)
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Next, one has to evaluate the commutator on the right-hand
side. Here, not only operator expressions occur which are
already present in #, but also higher-order terms. In order
to trace them back to the operator terms of H; an additional
factorization approximation has to be employed. In particular,
also factorizations have to be included which lead back to
the superconducting pairing functions, i.e., (ak ,3 )#0
(o, B =c or f). Finally, comparing the generic dlfferentlal
of the left-hand side with the results from the evaluation
of the right-hand side, one arrives at the renormalization
equations. Defining &, = ax(A, AL)/AL and Py kiqsr =
Brk+q(A, AX)/AA they read

dSk - 2 ~
= 2DV + ) CN (@ UkrarBirais. (16)
q
dé‘f,x 1 . A
S = ;(m — P)a (f cko + Hoc)
2 e
-5 Z Vier@i [+ (e, 0]
2(1 = 2(n
N— Z Uk k+q.. Brtq ki
qk,o’
X {Ch s q.orChta.o)s (17)
dyx .
CM’* = —2W 181 (18)
dVx -
df = Ay (19)
dUj N
S BrkrqBrkqin (20)
di
dACC
—t = D(Aﬁ)\akl + Akxa kl)
di
¥ Z Uk krqr @1 (- ktq. Chra.t)
q
+ G (C—erq) s frra1)s 1)
dAy,
A fe ~ cf ~
T —(A 50w+ A )
1 o
ty Z Uk ktq.0. (@2 (f~(k+q). 4 Clctq.1)
q
+ 0k (C—erq) fiorq 1 )s (22)
dA/C 3
= AL+ DA d

1 i R X
tw Z Uk k+q,0. (@ktq.0 (f=k+q), 4 fictq,1)
q

— Ok g1 {C—(ktq), ) Cktq,1))- (23)

In Eq. (16), the function C};f (q) is a wave-vector-dependent
density-density correlation function for the f electrons

cll@ =y X bilsil, e m. )

ic” " jo
ij,oo’

Moreover, in deriving the above equations, the local projector
D, on the right-hand side of the anticommutator relation (3)
was approximated by its expectation value (D;,) =: D.

Suppose the expectation values in (16) are known. Then,
using the initial values (10) the set of differential equations
(16) can be solved. This gives the fully renormalized param-
eter. Using that #, ; vanishes for A — 0, the fully renormal-
ized Hamiltonian reads H;_.0 = Ho. -0 =: H with

H=25 Zf:(,ﬁm + Z P (i Sro INL
k,o k,o

+ Zék c;fwckg + ”Hﬁc +E (25)
k,o

and

¢ ==Y (Aol B, +He),

ap.k

where the tilde symbols again denote the fully renormalized
quantities at A — 0.

B. Expectation values

Note that the expectation values in the renormalization
equations are in principle defined with the Hamiltonian #;
since the factorization approximation was done at cutoff A.
However, it has turned out that they are best evaluated with the
full Hamiltonian # (for details see Ref. [31]). Here, we em-
ploy the invariance of traces toward unitary transformations.
Thus, for operator variables A follows

(A) = Tr(Ae PM) . Tr(Ae#%) 26)
T TrePH T TreBH
where we have defined A =lim,_.A(L) with AL) =
X Ae %, Thus, additional renormalization equations for
A()) have to be derived using the same unitary transformation
as before. For the one-particle operators in the expectation
values, we make the following ansatz [25],

ch (M) = xach, +yafi s
Fiy ) = =Dywscl, + X fiy- (27)

where the A dependence of c;a (A) and flja (A) was shifted
to the coefficients xx; and yg . Note that the A-dependent
operators fulfill the correct anticommution relations, provided

Il + Dlyal* = 1 (28)

is vfulﬁlled for any k and X, and the anticommutator (3),
[f:.z, f,»g]Jr = D;,, is again approximated by D = (D;,). The
operator structure of ciza (A) and fEU (A) was taken over from
the lowest-order expressions in 7 ;, and the values of xy ;
and y , for the initial model (A = A) are given by

Xea =1, yka =0. (29)

The renormalization equations for xix; and yy, are again
derived from the transformation step between cutoff A and
A — AA. We obtain the following differential equations:

dxk')\
di

. dyx.». -
= Dyx .0k, T = k. (30)
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Their solutions for A — 0 with the initial conditions (28) lead
to the fully renormalized quantities ¥k and J. Using Eqs. (27),
we can evaluate the expectation values

(e} cko) = 1Fk* el cko )iy + 1962 frod s
(A fao) = DSkl (e}, cxod sy + 13 fio )75

(] ko +Hec.) = —2Dud[{ef, ko) iz — DTHEL fuo)s]-
(1)

The superconducting pairing functions are given by

+ e Fa fir )z
+ 255k (ke et ) 70
+ 3 (o ) m
— 2D% 5k (fk  crt )
(Fxrar) = (% — D5 (Fwyen )
— B D(coxycur)g — (Fofindm)- (32)

What remains is to evaluate the expectation values formed
with #. Obviously, # is not diagonal due to the supercon-
ducting part 75 in expression (25). Therefore, we employ
a Bogoliubov transformation using again the approximation
[ﬁ,a, f:,]+ ~ D. Thus, H can be rewritten as

A=Y &gk
k,+

where {f(” and n,"’ are new fermionic annihilation (cre-

ation) operators of the quasiparticles. Their eigenenergies are

EF = [(u £/ @x)/21"* with & = up —dv,  (34)

(C—kwm) = xﬁ(c k¢Ck¢>

(fkifir) = D*nlc—xicin) 7

+ nfnf) + const., (33)

+(T)

where

u = & + ap + [DAI [ + | &g + DAL + A7)
and

o= (5 + |Ag) (@f + [DAT])

+ DAL + &7 ) + DAY PIDALT
_DZ(AicAlif,*Aic,*Aif + AIC(C*AlifAfA{f*)

From the diagonal Hamiltonian (33), one evaluates the free
energy in a simple form,

—BH BH

1 1
F=——InTre :—ElnTre’

2 _pex
—— Zln[l + e 7%k ] 4 const., 35)
K.+

from which the superconducting pairing functions can be
found. For example,

oF
BA(C*

aslf

— :t
2[1 2 (&) e

<C—k¢CkT)’;-l

Here, f(&) denotes the Fermi function for the energy
E. With the explicit expression of E]f in Eq. (34) one

finds

<C—k¢CkT) y
3 —2f(E5) Uk 5 ce
Z g {< Jﬁ)A"

[(@f + |DA{:|2)A§" — D*RY ALAY] }

2
:F —
+ @i
The remaining pairing functions in (32) can be found as

well. As before, the tilde symbols in Eq. (36) denote the
renormalized parameters in the limit A — 0, and

ax =& + D —¥) (36)

is the k-dependent excitation energies of the f electrons (y =

/N Y\ )
The normal expectation values in (31) can be easily found
as well. By neglecting all superconducting terms, one finds

-‘- 1

(CkoCko )y = Pl f(Ew),
ARy S (@)
(fkgfku>7.[ - —1 I % Zp f(d)p) (37)

Note that the denominator in the second relation follows from
the exclusion of doubly occupied f sites [22,25].

Expressions (31) and (32) together with (36) and (37) allow
us to evaluate all expectation values formed with 74, as long
as the fully renormalized parameters of 7 are known. On
the other hand, to find the renormalized parameters of H
by solving the renormalization equations (24) the expectation
values are needed. Thus, the total composed set of equations
for the expectation values and for the renormalization of 7,
has to be solved simultaneously. Starting by given expectation
values, one first can evaluate the renormalized parameters of
7L. With 7{, one then is able to evaluate a better approximation
for the expectation values, and so on. Having arrived at a self-
consistent solution, the obtained final Hamiltonian H allows
us to describe all superconducting properties.

C. Numerical results

In this section, the self-consistent solutions for the su-
perconducting phase for a system with N = 16 x 16 lattice
sites are discussed. As discussed before, we start from some
guess for the normal expectation values (nfy, (CiEkam% and
( f:'mckm + H.c.) and for the superconducting pairing func-
tions (c_kyckr), (C—kifkT>’ and (f—k¢fk¢)~ Solving the differ-
ential equations (16)—(24) with the initial conditions (10) and
(11), the renormalized Hamiltonian (25) in the superconduct-
ing state will be obtained. Next, we recalculate all expectation
values including the superconducting pairing functions by use
of the Bogoliubov diagonalization (33). The entire renormal-
ization procedure has to be repeated until a self-consistent
solution is gained. The symmetry for the order parameters
has to be put in by hand by choosing an appropriate k depen-
dence of the initial pairing functions. For example, to find a
solution with d,»_>-wave symmetry we choose (a_k Bky) =
Ag 8 (cosk, — cosk,), where o, B denote the c- or f-electron

operators. For the choice (o_i|Bkt) = Ag p(cos kx + cos k),
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FIG. 1. Maximum value of superconducting order parameter A'{;f
and of the f occupation number (7/) as functions of the bare f
energy €, for two values of Uy.. The other parameters are T = 10~
and V = 0.1. Note that only {#/) values are shown between 0.92
and 1.

we would imply s-wave symmetry. Note that only solutions
with d-wave symmetry are found which will be discussed in
the following.

Due to the rather small number of k points for the lat-
tice viewed in the calculations, only the maximum values
of k-dependent quantities will be discussed. In Fig. 1, the
maximum value of the superconducting gap A‘Q;x and the
density (/) of the f electrons are shown as a function
of the bare f energy €; for two values of Ug. As one
can see, in both cases a superconducting phase close to the
valence transition regime is found. In particular, note that
the superconducting phase already occurs in a region, where
the f valence (#/) deviates only slightly from the integer
valence (/) = 1. As is known, in this case the renormalized
f energy &, is located still slightly below the Fermi level.
For values of (7/) lower than (72/) = 0.9 the superconducting
phase disappears again. This result is in agreement with a
slave-boson mean-field treatment in Ref. [14] where the super-
conducting transition temperature with d-wave symmetry has
apeak at a value e;‘:, which is slightly smaller than the value for

€7 with the steepest slope of (#'). For e > e;‘., the transition
temperature drops rapidly down. Moreover, as in the one-
dimensional lattice [25], also for the two-dimensional lattice
the phase transition becomes sharper for larger values of Uy,.
Also, the superconducting phase becomes enhanced for larger
values of Up.. Thus, our results confirm that superconductivity
becomes more stable by stronger density correlations ~Up,
between localized and conduction electrons. Increasing Uy,
in the EPAM is crucial for finding a sharp valence transition
and d-wave superconductivity close to the valence transition
regime. This behavior can be explained in Sec. IV below.
Finally, note that the valence transition regime and thus the
superconducting phase shift to smaller values of &7, when Uy,
is increased. This is not found in the slave-boson mean-field
treatment mentioned above.

In Fig. 2, the energy gap AQ;X is shown as a function of
&y for different temperatures. Similarly to the one-dimension

0.006
¢ T=0.0001
0.004- == T=0.0010 il
T=0.0015
o B
<
0.002)- —
‘ ot | AN
98 07 206 05 204 03

&
FIG. 2. Maximum value of Aﬁf as a function of the bare f energy
€ for several values of temperature T at Uy, = 1,V = 0.1.

case, also in two dimensions a sharper valence transition
is found when the temperature decreases [25]. Thus, as ex-
pected, a more pronounced valence transition for lower tem-
perature also leads to an enhanced superconducting regime.

The pressure dependence in real systems might be sim-
ulated by changing either the bare f energy e, or the hy-
bridization V between localized and conduction electrons.
Therefore, in Fig. 3, the maximum value of Aif is also plotted
as a function of the hybridization V. Similarly to Figs. 1
and 2, where a superconducting dome is found as a function
of ¢y, in Fig. 3 a superconducting phase also appears in a
restricted range of V. This behavior can easily be understood
due to the influence of valence fluctuations. By increasing
the hybridization, the renormalized f level approaches the
Fermi level from below and leads to quasiparticles which have
both a strong localized and conduction electron character.
The chance of forming Cooper pairs between f holes is thus
enhanced [9].

0.006

0.004+-

max

fo

0.002-

FIG. 3. Maximum value of Aﬁf as a function of the hybridization
V for several values of the bare f energy €;. The other parameter are
Upe=1,T =102
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FIG. 4. Maximum values of (a) the superconducting energy gaps
and (b) the pairing functions as a function of T (U;. =1,V = 0.1,
and ¢y = —0.5).

If V is large enough, a large number of holes in the f
levels suppress the attractive pairing interaction of isolated
pairs of 4f 0 “holes” [9]. Furthermore, the “window” in which
superconductivity becomes stable is shifted to smaller V
values as ¢ is increased. Thus, when &/ is located far below
the Fermi level, the hybridization has to become larger so that
f electrons can interact with conduction electrons in order to
form Cooper pairs.

In Fig. 4, the T dependence of the superconducting gap
and the pairing functions, Af‘nﬁx and (o_ky Bt )max, 1 shown
for all possible combinations of Cooper pairs, i.e., «, 8 =
c, f. As expected, the overall temperature dependence of all
quantities is equivalent. The physical picture which arises is
the following. Superconductivity only exists for f occupation
(7' between (7/) = 0.9 and 1. Thus, the density of f holes
is still small, which leads to quite small pairing functions
(fx 1 fAM) for Cooper pairs created by f holes [green symbols
in Fig. 4(b)]. For (#/) > 0.9, the f-hole density is small,
which means that it is difficult to find enough f holes, which
can interact to form Cooper pairs. This is in contrast to the sit-
uation for conduction electrons which are delocalized. There-
fore, the probability for the pairing of conduction electrons
is dominant as shown by the black symbols in Fig. 4(b). For
the superconducting gap functions in Fig. 4(a) the situation
is reversed. In order to break the Cooper pairs between the f

holes, more energy has to be supplied than for pairs formed
by conduction electrons.

IV. ANALYTICAL SOLUTION

A. Normal-state parameters

For the two-dimensional lattice under consideration, self-
consistent superconducting solutions for the set of renormal-
ization equations can be found only for rather small systems.
In order to make sure that a N = 16 x 16 system is large
enough to mimic the thermodynamic limit, we want to con-
sider a simplified solution of the renormalization equations.
The results can be applied to larger systems.

To simplify the calculations, let us assume from the begin-
ning that the superconducting phase is closely connected to
the valence transition regime. According to Sec. III, such a
phase is found for f occupations (ﬁ'l.f ) between 0.9 and 1; i.e.,
the f occupation is slightly below integer filling. Thus, the
f-electron density-density correlation function

1 ~ ~ iq(R.—R;
@ =5 - il e
ijoo’
almost vanishes since the local density fluctuations are small.

Thus, we neglect the second term in Eq. (16) from the begin-
ning and Egs. (16), (18), and (19) reduce to

dey ), Ay,
L = 2DVi x@s A OV @i
dn k20K 1 dn kA Ok 1
dVi
— = Ak 10K - 38
'R k20K ), (38)

Note that these renormalization equations are the same as in
the normal state. Thus, for an analytical solution, we shall
proceed as in Ref. [32]. There, as a first approximation the A
dependence of the renormalized f level was neglected from
the beginning. Note that the spirit of this approximation is
similar to that used in the slave-boson mean-field theory.
Thus, we approximate A

Sf,)\—D)_/)\%g‘f—D):/%é"f, (39)

where the average f dispersion y will also be neglected.
To solve the renormalization equations (38), we first com-

bine the first two equations to
de,)L _ 1 dek,k
dh. D dr’

This differential equations has the solution

Ek,A — €k,
—0p
where we have used the initial condition (10). With (40), can
rewrite the last equation of (38) as

1 dVk.a
e+ Ek A — 28](,)\ dr

Ve = (40)

Qg = ; (41)

where the quantity Ay , was replaced by Ax ) = &7 + Dyx ) —

€k, due to approximation (39). Finally, inserting (41) into the
first equation of (38), one arrives at

d
d—)\{gﬁqk — @ +ex ey + DV]?,A} =0.
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The integration leads to a quadratic equation for gy ;. Using
the initial conditions (10) for A = A, the solution reads

(& + ex)ex + DV2.
(42)
For 2 — 0, the quasiparticles of the fully renormalized
Hamiltonian H do not change its (¢ or f) character as a
function of the wave vector k. Therefore, & jumps between

the two solutions of the quadratic equation (42) in order to
minimize its deviations from the original ¢,

812“\ & + ex)exs +DVkA =& —

& — Er texa  sgn(Ey — 8k,A)Wk’
2 2
Wi = \/(ek,A — B +4DV2, (43)

The second quasiparticle band is given by

Ef + ek sgn(&y — ek A)
2 2

Thus, for the normal-state properties, we have obtained a
renormalized Hamiltonian which reads

H= Z Bkl ko + Z xfup o +E, (45)
k.o k.o

ax = E&r + Dix = Wi, (44)

where the expression for E is given in Ref. [32]. Note that
in approximation (45), the renormalized Hamiltonian H de-
scribes a system of uncoupled quasiparticles where the f-like
quasiparticle excitations are no longer correlated.

The expectation values (#/) and (cfwckg) are formed with
the full Hamiltonian . Note that  and 7 are connected
by a unitary transformation. Therefore, the expectation values
can also be evaluated from the free energy formed with 7. In
particular, the relation

1 1 y
F=—InTre M = ——InTre " = F
B B

— _% > lin(1 + &) + In(1 + e #™)] + E
k

holds. Following the analysis of Ref. [31], one finds by
functional derivative

(cfmck(,) = %(1 + ) f (k) + %(1 —TWf(@k) (46)
and
R 1 5 1 -
() = 35 ;a =TS @) + o ;(1 + T (@),
47)
where 'y = sgn(&; — ex A )(Ef — ex,a)/Wk. In addition, a

self-consistent equation for the yet unknown renormalized f
level £ can be found,

Vi +
B —ep = ngn(g | kl? [f(8$k f(wk)]

For later use, we need the decomposition of the renormalized
one-particle operators ¢, (A — 0) and f, (1 — 0) into c;;a
and f:a. According to Eq. (27), we have

eh (0 — 0) = Xep, + 5y

AL (0 — 0) = —Djic], + iy (48)

Comparing with Egs. (46) and (47) leads to

- I —Tk
9k l* = .

~ 2:1+Fk
2 2D

| % |

B. Superconducting parameters

In order to find analytical solutions for the renormalization
equations (21)—(23), let us take advantage of the fact that the
main renormalization occurs when both the f band and the ¢
band are located close to the Fermi level. Suppose that for this
case the renormalization of the excitation energies is already
completed; the quantity Ay ,, which governs the hybridization
part (13) of the unitary transformation (12), may be replaced
by ANk = Ak’)hao = @k — k. With

_AO (L —

Ok, ~

|Ax|)

O R )

the differential equation (38) for Vy , then leads to
AR

i, =Vexp —————.
k(A —|Ax|)

Here, the constant k ensures that the exponent is dimension-
less. The quantity &, thus, reads

Vo(r—|A
g, = VOO WA

i |Axl)- (50)

Note that @ ; as a function of A shows a peaklike behavior
around A ~ Ay = @y — 8. This peaklike structure is mostly
pronounced for the lowest possible value of Ay, i.e., close to
the valence transition regime, when both @y and &y are small.
This feature of @ ; can be used for the integration of the
renormalization Eqs. (21)—(23). For the superconducting gap
functions one finds

2DV
A = — A
k
2V
ZUk kit Chrq ) (5D
2V 2v p
A = AN_kA{: - = Z Ukkra (-t iirar)s (52)
] oV VU
fe cc If k, k+q
A = (AY — DA, )AT_IV A
K k+q

X ({foterary ficrat) = (C—terqy 1 Chiar))- (53)

we have wused the relations A{:E = A;f and

(f_(k+q),¢ck+q¢) = (C—(k+q),¢fk+q,'r> and the A-independent
terms reduced from Uy k4,2,

Here,

U ktq ~ U 0(1Ax| — |Bi k44
< |Bk,k-~-q|2 )
xexp | ——= 4 ,
Kk (JAk| — |Bx x+ql)

Ulé,k-&—q ~ Uy 0(|Axiql — [Bikiql)

X exp <—

B 2
_ Bl > (54)
Kk (|Ak+q| — |Bk k+ql)
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Our aim is to find a closed set of equations for the gap
functions A{¢, Aif ,and A{:”. Therefore, on the right-hand side
of Egs. (51)—(53), the superconducting pairing functions have
to be expressed by the gap functions. In Eqgs. (51)—(53) they
are formed with the full Hamiltonian. Thus, using Eqgs. (31)
together with expressions (48) for ¥k and Jk, the pairing
functions can first be written as linear combinations of pairing
functions (c_xyckt)g, (f-xfer)s, and (f_k|ckq)qy, which
are formed with 7{. Finally, using Eq. (36) and similar ex-
pressions for the remaining superconducting pairing functions
(f-ky fir) 7 and (fxjckp)qg, one finds that in lowest order
the latter pairing functions are directly proportional to the
corresponding gap functions,

(c_k|Ckp)yy = gl,kAff, (f—k¢fk¢>7:[ = DgZ,kﬁﬁf’
(fxierr) gy = Dgs kAL, (59)
where
1-27(&5)
gik =D — (& i), (56)
+ k

Here, we have denoted v x = —(ux — 2@3)/~/Pk» Vox =
(ux — 280)//Pr. and Y3 = (ux — 2@kE)/+/¢x. Taking to-
gether Egs. (51)—(55), we have arrived at a closed set of
equations for the gap functions Aff, A{f , and Aic which can
numerically be evaluated for larger systems than was done by
the original equations of the previous section.

C. Numerical evaluation

In this subsection, we discuss our numerical results for the
superconducting energy gaps for a large system by solving
self-consistently Eqgs. (51)—(53) with the analytical results of
Egs. (43) and (45) and Egs. (46) and (47). This problem is
done in two steps. In the first step, Egs. (43) and (45) and
Egs. (46) and (47) are solved self-consistently by arbitrary
initial choices for the expectation values (n¢) (density of
the conduction electrons) and (ii/) (density of the localized
electrons). After a self-consistent solution is found, the ob-
tained results are used to continue to solve Egs. (51)—(53)
self-consistently to obtain the superconducting energy gaps.
In order to find d-wave superconductivity, we choose AZX’Z =

Ag’s (cosky — cosky) (where «, B denote ¢ or f) as initial
values of the superconducting energy gaps with amplitudes
ZAgﬁ . The self-consistent procedure is stopped, when con-
vergence is achieved. In the subsection, we keep the total
occupation number of electrons n = (n¢) + (#/) = 1.75 and
the dispersion relation of noninteracting conduction electrons
€k = —2t(cos ky + cosk,) as used before. We set 2t =1 as
a unit of energy in order to have the same bandwidth of
the conduction electrons as in the one-dimensional case [25].
Therefore, the present results and the one-dimensional results,
which have been discussed in the previous section, can be
compared. A two-dimensional system with N = 320 x 320
sites is investigated. The temperature is set to be very small,
T = 1073, The former typical values, Us. =1,V = 0.1, and
n = 1.75, are still kept.

At first, in Fig. 5 the dispersion relations of the two
quasiparticle bands are shown for €; = —0.53. The red (plus)

Energy([t]

ky
FIG. 5. Renormalized energies of the conduction electrons, &,
and of the localized electrons, @, as functions of momentum Kk in

the first quarter of the Brillouin zone at €, = —0.53 for Uy, =1,
V=0.1,and T = 1073,

symbols are for ¢ electrons and the green (cross) symbols are
for f electrons. Because of the hybridization, each quasipar-
ticle band has a jump at the crossover between &€, and the
unrenormalized ¢ dispersion gi A. For €; = —0.53, the jump
is located close to the Fermi level in which both conduction
and localized electrons contribute to the formation of the
Fermi surface. This picture describes the situation at a valence
fluctuation regime.

In addition to the result of the dispersion relations in Fig. 5,
the result for the superconducting energy gap A{f is shown
in Fig. 6 as function of momentum k in the first quarter of
the Brillouin zone for the same parameters as in Fig. 5. Note

k

X

FIG. 6. Superconducting energy gap, A{Zf , with d,»_»-wave
symmetry as a function of momentum k in the first quarter of the

Brillouin zone at € = —0.53 for Uy, = 1,V =0.1,and T = 1073,
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FIG. 7. Maximum value of the superconducting energy gaps as a
function of L for a two-dimensional system with N = L x L lattice
sites at €, = —0.53 for Uy = 1,V = 0.1,and T = 1073.

that the nodes of A{f are right in the diagonal direction of
the Brillouin zone and the relation A,{f K= —A‘k’? , if fulfilled.

Here the result is shown only for the superconducting energy
gap built by the localized electrons. However, d,>_,» symme-
try is also valid for the other possible superconducting energy
gaps Aff and A{(C as well as for the superconducting pairing
functions {c_ickt ), (c_kifm), and (f—k¢fk¢)~ The maximum
of the superconducting energy gap is located at the Fermi level
which corresponds to the jump in the dispersion relation of the
quasiparticle bands. In other words, the superconducting state
is dominant in the valence transition regime, in which some
f electrons become delocalized. The maximum position of
the superconducting energy gap is shifted in correspondence
to the shift of the jump position of the quasiparticle bands
in momentum space. This means that if the Fermi line is a
square with the corners at (£, 0) and (0, &7 ), the maximum
of the superconducting energy gap is located in the vicinity
of (+m, 0) or (0, &), which follows from the initial choice
of the d,»_,» symmetry for the superconducting energy gap
in self-consistent iteration. Furthermore, note that the su-
perconducting state is only found in a small region in the
momentum space, where the value of the superconducting
energy gap is large. Therefore, the assumption we have used in
(50) is applicable. The nonmonotonic behavior in Fig. 6 of the
superconducting energy gap as function of k is similar to that
of the superconducting energy gap in the high-temperature
superconductors, which might be mediated by magnetic fluc-
tuations [33-36]. In the present study, the superconductivity
is believed to be mediated by valence fluctuations.

By varying the number of lattice sites we have also exam-
ined the size effect of the superconducting energy gaps in our
problem. For instance, the maximum values of Aﬁﬁ (o and B
denote ¢ or f) are shown as functions of L (N =L x L) in
Fig. 7 for the same parameters as in Figs. 5 and 6. For small
L, the maximum of each superconducting energy gap first
somewhat decreases and then slowly increases till it reaches a
size-independent value as large L. Therefore, already a small
system is able to mimic the thermodynamic limit.

V. DISCUSSION OF THE RESULTS

Next, we want to discuss the origin of the superconducting
pairing mechanism. First note that according to Fig. 1 the
superconducting phase does not occur right at the valence
transition regime but somewhat below. That is, superconduc-
tivity already sets in when the renormalized f energy & is still
located somewhat below the Fermi surface ¢ and the f level
is still almost filled, (#/) < 1. To understand this feature one
first has to realize that the excitation spectrum for & and @ is
dominated at the valence transition by a hybridization gap of
order V. In the valence transition regime, &, lies close to the
Fermi energy and both &; and ¢f lie inside the hybridization
gap. On the other hand, the superconducting energies Slj &
would reduce to || and |&k| in the case of vanishing super-
conducting gaps Aﬁﬁ . Thus, no superconducting excitations
become important for k values close to the hybridization gap
since Ay = @ — & ~ O(V) would be too large. The situation
becomes different when &; lies somewhat below the Fermi
surface. In this case, the superconducting excitation energy

& ~ Lo + O(A“ﬁ )? reduces to a gap energy of order |A B

for the Fermi wavevector kr where @y vanishes, which is close
to the hybridization gap.

To find a superconducting gap equation for this case, let
us approximate the weights in Eq. (48) as follows: ¥k =~ 1
and Jix ~ O for k close to kr. This follows from the fact that
valence transitions are yet not dominant in this regime. Thus
according to Eqgs. (32) the superconducting pairing function
formed with the full Hamiltonian H can be approximated by

(cokyexp) = (c—kpcx Py = 1kAL,
(Foxy fir) = (Fxy ferd g = Dg2,kA£f,
(fokiekr) = (Frpert) gy = Dg3,kA£C~ (57

With Egs. (57) the relations (51)—(53) for the superconducting
gap functions reduce to

2DV [ - ;.
= (Af ——ZUkmgquLq) (58)
k

Wi .
A = (Af - = Z Uk k+q83. k+qA£+q) (59)

ACC
Ay =

Ax

<

AfC=~_ ~cc DAff
(= Y (g - paf)

_ K Z Uli,k+q (D ALY
N = \P82k+qPk1q
q

— 81k+qAlGy). (60)
Axk+q

From Egs. (58) and (59) we can eliminate the prefactor (A]‘;“ —
DA‘lff ) in Eq. (60) and arrive at

Z [2V2D(1 + D)
Ax

Ao 1
kK ™ RN

X e
Uk k+483 k+q Dk 14

\%4 ~ < cc
- mUﬁ,Hq (Dg2kraAY — 81,k+in§+q)]s (6D
where Ry =1+4DV?/Al. Using & > @&} and & ~

O] Azﬂ |) fork ~ kp, one easily finds that the relations g x >
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g1.x and gz x > g3k are always fulfilled. In this case, we have
g2k ~ [1 —2f(&E)]/2&, . This simplifies Eq. (61); thus

- DV Uy x
Ay = Z ) kg AL (62)

A =—= e kigAih, (63

and

- 2D*V okt _
A = § Xt Al 64
k= T RN Aira 82.k+q Bk g (64)

Note that Eq. (63) is a gap equation for the gap function A{:f
for the f electrons. This makes sense since the effective f
dispersion @y is crossing the Fermi surface leading to the
superconducting transition. Comparing Egs. (62)-(64), one
finds the following very simple relations:

Ay = —DA[. (65)

With D =1— (n/)/2~ 1/2 and Ay ~ O(V) one immedi-
ately sees that the absolute values of A} and A(¢ are approxi-
mately half of that of A{:f . This seems to be in nice agreement
with the numerical results in Fig. 7.

To discuss the superconducting feature mediated by the
valence fluctuations in the study, we rewrite Eq. (63) in the
following form,

A ff =- Z Vk k+q82 k+q k{uq, (66)
where
277/
eff 2DV Uk k+q (67)
kktq = ArAxs R

plays a role of the effective two-particle pairing interaction.
Equation (66) looks similar to the BCS-type self-consistent
equation for the superconducting order parameter in mo-

mentum space. fo{ +q becomes dominant if Uy x +q 18 large

and AxAgiqRx is small. The former situation happens if
the Coulomb interaction between the localized electrons and
conduction electrons is large leading to the sharp valence
fluctuation, whereas the latter corresponds to the small values
of Ay, i.e., at the momentum at which both quasiparticle bands
are located close to the Fermi level and close to each other, or
in the valence fluctuation regime. The superconducting phase,
therefore, appears and becomes enhanced due to the strong
valence fluctuations. Moreover, Vkeflf +q In Eq. (67) is strongly
dependent on momentum; a d-wave symmetrical solution for
the superconducting energy gap in momentum space, thus, is
stabilized [37].

VI. CONCLUSION

To conclude, we have discussed the possibility of super-
conductivity which is induced by enhanced valence fluctua-
tions in the Ce-based heavy-fermion systems under high pres-
sure. The enhancement of the valence fluctuations is modeled
by including a Coulomb repulsion term between the con-
duction and the localized electrons in the periodic Anderson
model (PAM). This two-dimensional extended PAM (EPAM)
is investigated by a recently developed projector-based renor-
malization method (PRM). In order to apply the PRM to the
superconducting state, small gauge-symmetry-breaking fields
are included in the EPAM. The renormalized Hamiltonian
of the EPAM in the superconducting state is found. After
being diagonalized by the use of the Bogoliubov method, this
Hamiltonian allows determining the superconducting pairing
functions of all possible Cooper pairs. By the use of some
additional simplifications, a BCS-like equation is found. The
resulting effective pairing interaction depends strongly on
momentum and becomes dominant in the valence transition
regime. Our numerical evaluation verifies that superconduc-
tivity in the heavy-fermion systems has a d-wave character
and is mediated by valence fluctuations.
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