PHYSICAL REVIEW B 101, 235416 (2020)

Editors’ Suggestion

Optical resonance shift spin-noise spectroscopy

D. S. Smirnov

1.* and K. V. Kavokin ®2

1Ioﬁ’e Institute, 194021 St. Petersburg, Russia
2Spin Optics Laboratory, Saint Petersburg State University, 198504 St. Peterbsurg, Russia

® (Received 2 March 2020; accepted 18 May 2020; published 8 June 2020)

Quantum spin fluctuations provide a unique way to study spin dynamics without system perturbation. Here
we put forward an optical resonance shift spin noise spectroscopy as a powerful tool to measure the spin noise of

various systems from magnetic impurities in solids to free atoms and molecules. The quantum spin fluctuations
in these systems can shift the optical resonances by more than the homogeneous linewidth and produce huge
Faraday rotation noise. We demonstrate that the resonance shift spin noise spectroscopy gives access to the high-
order spin correlators, which contain complete information about the spin dynamics in contrast with the second-
order correlator measured by conventional Pauli-blocking spin noise spectroscopy. The high-order quantum
spin correlators manifest themselves as a comb of peaks in the Faraday rotation noise spectra in a transverse
magnetic field. This effect is closely related to the multispin flip Raman scattering observed in the Mn-doped

nanostructures.
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I. INTRODUCTION

The quantum spin fluctuations were first predicted by
Felix Bloch back in 1946 [1]. With the development of the
experimental techniques, the optical spin noise spectroscopy
appeared and eventually became a powerful tool for the
spin dynamics investigation in a broad class of paramagnetic
media, from atomic gases to semiconductors [2,3]. In typical
experiments, the spin fluctuations within the small volume of
a paramagnetic material produce a stochastic Faraday rotation
of the linearly polarized light, which probes the system, and
the spin noise spectra are obtained by the Fourier transforma-
tion of the time-dependent Faraday rotation.

In a magnetic field perpendicular to the probe beam, the
spin noise spectrum shows peaks at the Larmor frequencies
of the studied spins, similar to the optically detected magnetic
resonance. Quantum-mechanically the spin noise signal can
be considered as a result of the interference of the probe beam
with the light emission caused by spin-flip forward scattering
of the probe light [4,5].

In atomic gases, the dependence of the light scattering
amplitude on the spin state of an atom is provided by the Pauli
blocking of the optical transitions in certain polarizations,
defined by the probed spins orientation. This scenario is also
realized for electrons and holes in semiconductors with the
pronounced spin-orbit interaction, such as GaAs or CdTe [6].
In the charged quantum dots (QDs), for example, for the
electron spin-up or spin-down state, the optical transitions
to the singlet heavy hole trion state are possible for ot or
o ~-polarized light only, respectively. In thermal equilibrium,
the number of spin-up and spin-down electrons is the same
on average, but stochastic spin fluctuations produce a weak
Gaussian Faraday rotation noise, which is measured. This
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type of experiments can be called “Pauli-blocking spin noise
spectroscopy.”’

The small Faraday rotation angles in Pauli-blocking spin
noise spectroscopy make it difficult to detect the spin cor-
relation functions of the orders higher than two [7,8]. In the
same time, the complete information about the spin dynamics
including its intrinsic quantum properties can be obtained
from the complete set of the spin correlators of all orders
only [9-11]. As a minimal extension of the standard theories
the weak measurements of the third- and fourth-order spin
correlators were described [12,13].

An alternative connection between the spin system and
the light polarization is realized, for example, in diluted
magnetic semiconductors [14]. In this case, the probed spins
belong to the d-shell electrons of Mn?t ions, embedded into
the crystal lattice. Mn atoms do not create localized charge
carrier states, and their spins do not affect interband optical
transitions directly. However, their spins are coupled to the
spins of the conduction electrons and holes by the sp-d
exchange interaction. The corresponding coupling constant
is very large, of the order of 1 eV. Due to this interaction,
fluctuations of the magnetic-ion spins modulate the energies
of the interband optical transitions (most often involving
localized excitons), and this creates a polarization noise of
the probe light, so we call this type of experiments “reso-
nance shift spin noise spectroscopy.” The resonance shifts
for typical Mn>* concentrations are of the order of a few
millielectronvolts. Atomic-like hyperfine structure of Mn>*
spin levels was resolved in such experiments with the very
diluted CdMnTe quantum wells in weak magnetic fields [15].
The same mechanism is responsible for the observation of the
nuclear spin noise in GaAs [16,17]. Moreover the resonance
shift spin noise spectroscopy can be applied to any impurities
in the semiconductors or to the spins of nuclei of free atoms
and molecules.

©2020 American Physical Society
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The general arguments, which followed the first Pauli-
blocking spin noise measurement [4] establish the relation
between the spin noise spectrum and the spin flip Raman
spectrum. In the case of the resonance shift spectroscopy, this
relation apparently breaks down. Indeed, there exists a phe-
nomenon of the multi-spin-flip scattering, when the resonant
Raman spectrum of Mn doped nanostructures shows a comb
of up to 15 equally spaced peaks [18-20]. These spectra are
explained by the scattering via the virtual magnetic-polaron
states, and the observed phenomenon is therefore essentially
quantum [21,22]. On the other hand, the Larmor precession
of the spin fluctuation of one, several or many Mn?t ions
induces the peak in the spin noise spectrum at the single
Larmor frequency only, and not at its multiplies.

In this work, we show that the multispin flip Raman
scattering in diluted-magnetic structures is a counterpart of the
high-order quantum spin noise spectra, which can be observed
by means of resonance shift spin spectroscopy. We develop
a general theory of the resonance shift quantum spin noise
spectroscopy and describe in a unified way the spin noise and
Raman spectra. We demonstrate that the shape of the spectra
is different for the thermal and quantum spin noise. Detection
of the high-order spin correlators allows one to completely de-
scribe the spin dynamics, and to distinguish between Gaussian
and nonnormal spin fluctuations. In particular, we show that
for deep impurities in semiconductors and in atomic systems
the spin noise spectra strongly differ from the Gaussian noise
spectra.

The paper is organized as follows. In Sec. II, we derive
the general expression for the Faraday rotation noise spectrum
in the framework of the resonance shift spin noise spec-
troscopy. In Sec. III, we present a model of the semimagnetic
quantum wells and QDs, where we anticipate experimental
measurement of the higher-order spin correlators. In Sec. IV,
we establish the relation between the Faraday rotation noise
and Raman spin-flip spectra in different polarizations for this
specific system. In Sec. V, we calculate and describe the
spectra for the Gaussian spin noise and in Sec. VI, we describe
the nonnormal spin noise. Finally, we discuss the applications
of our theory to the different spin systems from the solid state
to free atoms and summarize our findings in Sec. VIIL.

II. GENERAL THEORY

Here we derive the most general expressions for the optical
signals in the resonance shift spin noise spectroscopy. We
denote the Hamiltonian of the spin system under study by
‘Ho, which can include the interaction with external magnetic
fields and with the environment. The spin system interacts
with the excited states of the system described by the Hamilto-
nian H.x., and we denote the interaction Hamiltonian by Hp,.
Thus the total Hamiltonian has the form

H(t) :HO+Hexc+Hint+V(t)’ (1)
where
VY = —P'Ee™™" + Hec., )

describes the optical excitation of the excited states. Here, P
is the dipole moment operator (in the Schrddinger representa-
tion), w, is the probe frequency, and E is the amplitude of the

incident electric field. The probe light induces a dipole polar-

ization, which is described by the Heisenberg time-dependent

operator P(¢). In Appendix A, we demonstrate that it has the

form P(t) = Py (¢), where ¥ (¢) is a dimensionless operator,

which satisfies the transparent equation

dy@) i, oy 1 5 _
YT EP Ee™ ™ — E[Hexc + Hin O (1) — y ¥ (©).

3)

Here we introduced the interaction Hamiltonian in the inter-

action representation

Hin () = M0 /19y e~ Mot /1 4

and an optical transition dephasing rate y. Equation (3) can
be formally integrated, and the result for the time-dependent
exciton polarization reads'

i .
H0=—P/ eion=rre
nJo

X T exp |:—% / ’ngc(t — ‘[/)dT/i|dT(PJ'-E). (@)
0

Here, 7 exp denotes the normal time ordered exponential
(later times on the left) and H_, () = Hexe + Hine(?) is an
effective time-dependent Hamiltonian of the excited states.
It is this part of the expression that contains information
about parameters of spin dynamics (H,). The obtained general
expression allows one to describe various physical systems
and experimental conditions. In the next section, we consider
a specific case, when this expression is greatly simplified.

The spin noise spectra are typically measured using the
linearly polarized light,

E = EOer (6)

where E is an amplitude of the probe light, and e, is a unit
vector along x axis. The optical Faraday and ellipticity signals,
F and &, respectively, are measured in the transmission or
reflection geometry. They are given by the real and imaginary
parts of the complex value [23]

F — i€ = E['E], )

Here, E’ is the amplitude of the emitted (or scattered) light. It
consists of the contribution from the elastic scattering and the
secondary emission by the exciton dipole polarization:

E' =daE + bP(1), ®)

where a and b are complex coefficients, which depend on the
geometry of the structure [17].

The Faraday rotation angle of the probe polarization plane
and the ellipticity angle are given by

F —i&
I 9

O — 16 =

©))

where Z = |E] I* is proportional to the intensity of the detected
light. Here we assume that the angles are small, 6pp < 1

I'This polarization operator is projected on ground state of Hexc.
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or, equivalently, |E]| <« |E;|. Usually the scattering is weak,
bP, < aEy, so by virtue of Eq. (8) we arrive to
0 17 & b P, 10
F+1E—E,—Ey~ (10)

This expression shows that the spin signals are proportional to
the exciton polarization along y axis.

The optical signals noise spectra are defined as the Fourier
transform of the correlation functions:

(91%5)9 = / (Or.e()0rE(t + 1)) dr. (11)

Here the angular brackets denote quantum mechanical averag-
ing and the subscript “s” denotes the symmetrized correlation
function

(0(0)0(z) + 0(1)6(0))

(0(0)0 (1)), = > . 12)

In the steady state, the averages do not depend on time 7, so for
the rest of the paper, we set t = 0 in the correlation functions.
The symmetrization is related to the fact that the detected
light is almost classical and the optical spin signals are self-
homodyned [24-26]. From Eqgs. (10) and (11), one can see
that the Faraday and ellipticity noise spectra are determined
by the Fourier transform of the correlation function of P,.
In Pauli-blocking spin noise spectroscopy, this correlator is
simply proportional to the spin noise spectrum. However, in
the case of the resonance shift spin noise spectroscopy, there
is no direct relation between them.

At the same time, the Raman spectrum of the scattered light
in polarization « is given by

S (@) = /oo (E(DEL(t + 1)) dr. (13)

In the general case the Raman spectrum consists of a §-peak
at w = w,, which does not carry information about the spin
system, and the rest of the spectrum S(w). It can be presented
as

SR+ w,) = |b|2/m<P;(0)Pa(r)>e"9fdr. (14)

Thus we arrive again at the Fourier transform of the polariza-
tion correlation function.

The Faraday rotation noise spectra and Raman spin flip
spectra are generally expressed through the polarization cor-
relation functions [see Eqgs. (10), (11), and (14)], while the
polarization is given by the general Eq. (5). In the next section
we formulate a specific model, where these spectra can be
easily measured.

III. MODEL

Let us specify the system, which we are going to study in
detail to obtain the specific expressions for the polarization,
which can be used to calculate Faraday rotation noise spectra
and Raman spin flip spectra.

As a model system for the resonance shift spin noise
spectroscopy we consider a II-VI semiconductor quantum
well doped with manganese. The spins of Mn?* atoms can
be optically monitored via a localized exciton resonance. We

assume that the excitons are localized at defects, in QDs,
or at imperfections of the interfaces of a quantum well. In
this case in Eq. (1), Ho is the Hamiltonian of Mn>* spin
system, Hex is the exciton Hamiltonian, H;, describes the
interaction between exciton and Mn?* spins. The Hamiltonian
Hx. describes the whole fine structure of the excitonic levels,
and includes the electron-hole exchange interaction. The spin-
dependent part of the interaction of magnetic atoms with
excitons stems from the exchange interaction with electron
and hole in the exciton. The general form of this interaction

is [27]
Hine = ﬁZ[ W S +Zw§;’,S§ } (15)

where i enumerates Mn2* spins I;, S¢ and S" are the electron
and hole spins in the given exciton, respectively, g, ; and a)ex ;
are the corresponding exchange interaction constants with the
Cartesian index o = x, y, z. Due to the different symmetry of
the electron and hole Bloch wave functions in the I valley,
the electron exchange interaction is isotropic, while for the
heavy hole it is not. This anisotropy plays an important role
for this system and has the same origin as the anisotropy of
the effective g factor.

We focus on the Voigt geometry, when external magnetic
field is applied along x direction, perpendicular to the optical
axis z. The Mn?* spin Hamiltonian takes a form

Ho = 2.1, (16)

where

I=3I amn

is the total spin of N Mn atoms in the exciton localization vol-
ume and 2; = gupB/h is the Larmor precession frequency
in the magnetic field B with g being the g factor and ug
being the Bohr magneton. We assume the Mn concentration
to be small enough to neglect their exchange interaction. This
corresponds to the Mn concentration of a few percent or less.

We stress that we consider here the optical transitions to the
localized exciton state, while other types of transitions, e.g., to
the trion or to the biexciton state can be described in a similar
way. Let us make some other simplifying assumptions, which
make the theory transparent and the results very illustrating.
First, we neglect the transverse hole g factor, which is usually
very small [28]. Second, we assume that the x projection of the
electron spin does not change. This means that the magnetic
field is not weak, and the electron Zeeman energy exceeds the
1nteract10n strength with the random spin components /; , and
I; .. In fact, Mn>* spins can be partially polarized along the
magnetic field at low temperatures, and can create the effec-
tive exchange magnetic field along the same direction, which
can greatly exceed the external magnetic field for electrons.
Below for simplicity we consider only one electron spin state
(say, Sy = +1/2). This implicitly assumes that the splitting
of the electron spin sublevels exceeds the homogeneous and
inhomogeneous widths of the optical resonance. Under these
assumptions we arrive to the optical V-scheme, which is
shown in Fig 1. Here the exciton vacuum state |g) can be
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FIG. 1. Quantum fluctuations of the Mn?>" spins (magenta ar-
rows) in the exciton localization volume (green) randomly shift the
exciton transitions energies. The states are characterized by the heavy
hole spin (red arrow) J, = +3/2, while the projection of the electron
spin (blue arrow) on the magnetic field does not change.

excited by o or o~ polarized light to the exciton state with
the heavy hole spin J, = £3/2, respectively.

Without the exchange interaction with the magnetic im-
purities the two excitonic states are degenerate, so that the
exciton Hamiltonian reads

Hexe = Awohexc, (18)

where wy is the resonance frequency and 7.y, is the occupancy
of both exciton states. The exchange interaction leads to the
splitting of the two resonances, which we describe by

Hin = fiwe3SIL. (19)

Here we neglect the total shift of the two resonances due to the
exchange interaction with electron (wg, ; = 0) and consider
the hole exchange interaction along the z axis only [27].
Also for the simplicity we use the “box” model, setting equal
exchange interaction constants for all Mn?* spins within the
localization radius of the exciton: wex . = (2/3)Wexbq, -

Under these assumptions, the two excitonic states are not
mixed. As a results, the circularly polarized o* probe light
induces the exciton dipole polarization with the same helicity
P.(t) = [FP.(t) — iPy(t)]/\/E. From Eq. (3) we find that

dPy (1)
dt

= —ilon £ 0ult) = iy IPe(t) + £ |dPEse™,
(20)
where d is the optical transition dipole moment (see
Appendix A). This equation clearly shows that the spin polar-
ization I,(¢) shifts the exciton resonance energy wg, which al-
lows one to optically monitor Mn>* spin fluctuations. In fact,
it follows from Eqgs. (4) and (16) that I,(t) = cos(2p.t)I; +
sin(£2.1)1,, but we prefer to keep the general notation ,(z),
which is valid for arbitrary spin Hamiltonian H,.
It is useful to solve Eq. (20) in the adiabatic approximation.
Provided 2; < y the Mn spin dynamics is slow as compared

with the exciton polarization relaxation. In this case one can

consider I,(¢) as a parameter, which yields

e—ia),,l

Po(t) = 4P E: @D
h o wy L Wl (t) — w, — iy

This expression shows that (i) Mn spin polarization shifts the
exciton resonance frequency, and (ii) the relation between
Mn spin polarization and the exciton dipole polarization is
nonlinear. The latter makes it possible to detect high-order
spin correlators using the resonance shift spin spectroscopy.
Indeed the correlation functions of the polarization have the
form

o0
(P{(0)P(1)) = E{Esxe™™™ Y (£1)" Cu (IO (),
n,n'=0
(22)
where
d 4 —Wey n-+n'
Co = 2L () 23)

B (wo — wp +iy) (@ — wp — iy
One can see that the second-order correlation function con-
tains the contributions from the spin correlation functions of
the high orders. So do the Faraday rotation correlation func-
tion and Raman spin flip spectra. This gives the experimental
access to the high-order spin noise spectra.

Generally, I,(t) in Eq. (21) should be considered as the
Heisenberg operator. Only when I is a large classical vector,
the corresponding operator can be replaced with its expecta-
tion value.

The adiabatic approximation can be often violated (see
Sec. V C), making one to use the general expression (5) for
the polarization. For Mn>* spin system it reduces to

| |2 e}
Pi(l‘) = E —iwpt / ei(w,)—wo)r—yr
h 0

x T exp |::Fia)ex/ L(t — T/)df/]dt. (24)
0

Here the inner integral can be solved as described in
Appendix A, but for the calculation of the spectra of the
secondary emitted light this expression is more convenient.

In this section, we expressed the exciton polarization as a
function of the Mn?" spins [see Eq. (24)]. In the next section,
this expression will be used to derive the Faraday rotation
noise spectra and the Raman spin flip spectra.

IV. SPIN CORRELATION FUNCTIONS AND RESONANCE
SHIFT OPTICAL RESPONSE

The exciton polarization is given by Eq. (24), which
implicitly depends on Mn** spin fluctuations. Now let us
express the polarization correlation functions through the spin
correlation functions.

It is convenient to introduce the dimensionless exciton
polarization

p(t) = ——=—P (1), (25)

Idle
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where E; is the amplitude of the incident light. Then we
rewrite Eq. (24) as

pa() = £ / " kT exp [FiT (O]dk, (26)
0

Ey
where
§ = (wo —wp)/y 27
is a dimensionless detuning and
k
J(@®) :/ m(t — k' /y)dk' (28)
0
with
Wex
m(r) = 71z(t) (29)

being a dimensionless splitting of the resonance. Further,
we note that for the localized excitons, the inhomogeneous
broadening usually exceeds by far the homogeneous one (see,
e.g., Ref. [18]). Therefore the spin noise and Raman spin flip
spectra should be averaged over the detuning as

B
(PE(O)P[X(T)>=E/ (Pa(0)pa(T))dS. (30)

Here we introduced the factor 1/(2m) to shorten the following
expressions.

A. Spectrum in circular polarization

In this section, we consider an auxiliary problem of o*
incident light, so the scattered light has the same polarization,
o = +. In this case the noise spectrum of p. (¢) is proportional
to the Raman spin flip spectrum in ot polarization, see
Eq. (14). The spectrum in o~ polarization is the same.

We substitute in Eq. (30) the exciton polarization from
Eq. (26) and obtain the averaged correlation function

(p’i(O)m(T)):[ e (T T ONTe T ONdk,  (31)
0

where 7 denotes the reversed time ordering. The correlator in
this expression can be calculated using the cumulant expan-
sion.

Generally, the quantum noise statistics is completely de-
scribed by the series of cumulants of the random variable
[29-31]. In Appendix B, we obtain the general expressions
for the polarization correlation function and simplify it for
the Gaussian spin noise. To obtain a simple expression for
the polarization correlator let us consider again the adiabatic
approximation, 2; < y. In this case one can replace m(t —
k’/y) in Eq. (28) with m(¢). Then from Eq. (31) we obtain

00 2n (- 1)n+l n
PO @) =) > o ( )(m’(0>m2"—’<r>>,
n=0 1=0
(32)
where (21”) is the binomial coefficient. This expression shows

again that the polarization correlator and Faraday rotation
noise spectra are determined by the spin correlation functions
of all orders because of the nonlinear relation between the
exciton polarization and the total Mn** spin in the limit
I, > 1 [see, e.g., Eq. 21)].

For Gaussian spin noise, using Eq. (B7), we obtain

PO ()] = f )
0

where we introduced
Am?(t) = (m*) — (m(0)m(z)). (34)

This integral can be solved as

e | o1/ Am () 1
(PLO)p4(7)) = > —z(r) erfc \/T(z) ,

(35
where

2 ® 5
erfc(x) = — eV dy
=

is the complimentary error function.
If exchange interaction is weak, m(t) < 1 one can use the
asymptotic expansion

o0 2 n
%Z[—Amz(r)} Qn—1. (36)

n=0

(P4 O)p (7)) =

This expression directly relates the spin correlation function
Am?(t) with the polarization correlator.

B. Faraday rotation noise spectra and Raman
spectra in linear polarizations

Let us return to the linearly polarized probe light, Eq. (6).
Similarly to Eq. (26), the dimensionless exciton polarization
in this case reads

pilt) = / e T cos[ T (1)1dk (37a)
0
p == [ TSk G7)
0
where we introduced the notations
T cos(x) = %, T sin(x) = i
(38)

Then one can perform the calculations following the lines of
the previous subsection. For simplicity, we give the final result
for the adiabatic limit [cf. Eq. (33)]:

(PrO)p(T)) | f"" ko= [cosh(kz(m(O)m(r)))i|
(P (0)py(T)) 0 sinh(k* (m(0)m(v))) |’
(39
These expressions along with Eq. (14) allow one to directly
calculate the Raman spectrum for the given Mn spin correla-
tion function. Here the integrals can be expressed through the
error function, and its asymptotic expansions can be found.
However, these expressions are cumbersome, and will not be
further needed.

As a first step towards the relation between Raman and spin
noise spectrum, we consider the Raman spectrum in crossed
() polarization in the limit (m(¢)m(t 4+ tv)) < 1. In this case,
the relation between the exciton dipole polarization and Mn
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spin polarization it linear, so from Eq. (39), we obtain the
spectrum

2

|d|2E0wex 2
S(w) = b—hyz (I )w—w,,’ (40)
where the spin noise spectrum of Mn2" ions is given by
(2)q = f (L(O)(1))e ¥ ., @1
—00

An analogous relation between the Raman spin flip and the
spin noise spectra was derived by Gorbovitskii and Perel
for Pauli-blocking spin noise spectroscopy [4]. Below we
demonstrate that generally a similar relation holds between
the multispin flip spectrum and the Faraday rotation noise
spectrum instead of the spin noise spectrum.

From Eq. (10), we obtain the correlation functions of the
Faraday rotation and ellipticity angles
2

2
L R

hya
|d|*b
hya

(Or (0)0F (1)) = ‘ (42a)

2
(O£ (0)0E (7)) = ‘ (P (0)P(T))s, (42b)

where one and two primes denote the real and imaginary parts
of the polarization, respectively. Similarly to Eq. (31), we
average the correlation functions of p;,(‘l,') and p/y’(t) over the
detuning making use of Eq. (37b), and obtain

PO, = W,Op,), = {p0p@) . @3)

This expression differs from the second line of Eq. (39) by a
factor and symmetrization.

Thus, the noise spectra of the Faraday rotation and el-
lipticity angles can be calculated as a symmetrized Raman
spectrum in crossed linear polarizations. In the next section,
we calculate and describe these spectra.

V. FARADAY ROTATION NOISE SPECTRUM
IN VOIGT GEOMETRY

In order to calculate the Faraday rotation noise and Raman
spin flip spectra one has to (i) find the spin correlation func-
tions and (ii) use them to calculate the spectra using Eq. (39).

A. Spin correlation functions

Here we calculate the correlation functions for the case of
Zeeman interaction given by Eq. (16).
The average Mn spin is oriented along B and equals to

gupBs
kgT )’

(1) = zvszs;< (44)
where s =5/2 is a single Mn** spin, By(x) is the Bril-
louin function, kg is the Boltzmann constant, and T is the
temperature. Using the commutation relations for the spin
components, we find also the correlators
i
(Iylz> = _(Izly> = E(Ix)s

[s(s +1)— (s)zc)]

(45a)

N
2\ [r2\ %

Z y

(45b)

Notably the first of these two equations is responsible for
the quantum part of the spin correlation functions. Indeed,
for classical noise the correlation functions do not depend on
the order, in which the fluctuating quantities are multiplied.
Moreover, Eq. (45b) shows that even at zero temperature,
when (s%) = 52, zero-point spin fluctuations (IZZ) = Ns/2 are
present.

The time correlation functions for T > 0 obey the equa-
tions

d L(0)I;
Lk = 2o @)~ EOE g
d L(O),
L) = ~ 2Ok ~ O g

S

where 7, is a transverse spin relaxation time (we assume that
h/ty < kpT). The solution of these equations with the initial
conditions (45) reads

1 L)\
(LO(D) = 5 [((13) + %)eﬂ

+ ((13) — %)g"‘ﬂﬂ}e—f'/“. (47)

Then using the definition (29) we find the dimensionless
correlation function

(m(Om(1) = (se™ M7 4 T (48)
where we introduced
;. (L)
= (]2 ). 49
[ 2)/2<(&,)qE 2) (49)
The correlator (m(0)m(t)) ultimately defines the noise spectra

of Faraday rotation and ellipticity, which we analyze in the
next subsection.

B. Faraday rotation noise and Raman spectra

Similarly to Sec. IV, it is convenient to start from the anal-
ysis of the exciton dipole polarization correlation function in
circular polarizations, which define the corresponding Raman
spectra.

To shorten the notation we introduce the scaled spectrum
[cf. Eq. (14)]

oo

S (Q) = / P O)pr (D) dr. (50)

—00

From Egs. (36) and (48), one can see that the spectrum
consists of the peaks at frequencies n€2;, where 7 is an integer.
The general form of the spectrum of circularly polarized
exciton dipole polarization is

o]

Sp(@) =Y PHQ FnQu), (51)

n=1 =

where Pni(Q) are even functions peaked at zero and we
neglect the peak at zero frequency. The explicit expressions
for them are given in Appendix C. An example of the Raman
spectrum is shown in Fig. 2 by the green line.

235416-6



OPTICAL RESONANCE SHIFT SPIN-NOISE ...

PHYSICAL REVIEW B 101, 235416 (2020)

wezx /

Q) (arb. units)

0/,

FIG. 2. The noise spectrum of Faraday rotation, Spz(2), (black
line), and multispin flip Raman spectra S, (€2) (blue line with
filling), Syy(€2) (red line with filling), and S;4(€2) (green line),
calculated after Egs. (51), (60), and (61). The yellow stripe covers the
zero frequency peak, which does not carry information about the spin
dynamics. The parameters of the calculation are T = 0, v/Nw,,/y >
1, and 7,2, = 20. The peaks correspond to the multiple flips of
Mn*" spins (magenta arrows in the sketch) mediated by the exchange
interaction with the heavy hole spin (red arrow) in the exciton
localization area (green).

In the illustrative case of m(t) < 1 one can substitute
Eq. (48) in the asymptotic Eq. (36), which yields

o @en—! Ts/n
S44(Q) = ; Xﬂ:: on Mil + [(2/nF QL)T.V]Z .

(52)
One can see that the spectrum consists of Lorentzian peaks at
the frequencies Fn€2; with the areas (divided by 2)

@n—DI

AE = (53)

and the widths n/t,. We stress that the second-order spin
correlation function (47) contains the spin precession frequen-
cies ££2; only. Therefore the appearance of the overtones
is a fingerprint of the contributions of the higher-order spin
correlators.

For high-order contributions, n >> 1, Eq. (52) diverges, and
the above analysis is inapplicable. Generally, one has to start
from Eq. (33), where

Amd(r) =Y pa(l = eF T (s
+
according to Eq. (48). Thus we obtain
oo
<pj,(0)p+(‘c)> — / e—zke—k2(1L++M—)
0

x explk?(pye T 4 p_e™uT)e 1T B dk,
(55)

The exponential in the second line can be expanded in the
Taylor series as

0

oo
k2n ] '
X Z _‘(M+€719LT +M_elQLt)nefn|r|/rxdk.
=0 n:
(56)

Again the correlation function contains harmonics oc eT/$%7,
so the spectrum consists of the peaks at the frequencies £n€2;.
Similarly, we expect that the high harmonics can be observed
in the pump-probe experiments.

One general property follows from the ratio of prefactors
in Eq. (48). From the definition (41) (without symmetrization)
one can see that

2
(Z )QL — o U/ ksT) (57)
() g,

Generally, this relation is inherited by the polarization spectra
[Eq. (50)] in the form

8++(Q) —hQ/(kgT)
— = 5L 58
Si (=) 8

which is well known for the Raman spectra.
The Raman spin flip spectra in 0" and in o~ polarizations
coincide and are given by Eq. (51):

S__(R) = 514(R). (59)

We recall that the two circular polarizations are independent
in the lowest order in the incident electric field, so the
cross-polarized spectra in circular polarizations vanish:
Si2(R) =0.

The Raman spin flip spectra in linear polarizations and
Faraday rotation and ellipticity noise spectra can be calculated
using Egs. (39) and (43) for the adiabatic regime. Similarly to
Eq. (51) the Raman spectra take the form

Su(Q) = Sy(Q) =Y > Py(QF 2kQ), (60a)
k=1 =

Sey(R) = 8u() =Y Y Psi (2 F 2k + 1)Qy). (60b)
k=0 =£

The Faraday rotation (and ellipticity) noise spectra are
given by

Sxy(Q) + Sxy(_Q)
2

[see Eq. (43)], which differs from (6?),, (and (63),) by a
factor.

In Fig. 2, we compare the different spectra in the limit
of zero temperature 7 = 0 and strong exchange interaction
VNw,, > y. All the spectra show the comb of peaks at fre-
quencies, which are multiples of the Larmor spin precession
frequency. The peaks in the Raman spectra correspond to
the multiple spin flips mediated by the excitonic state, as
shown in the top of the figure. Importantly, multiple spin flips
take place in one process due to the RKKY-type exchange

Srr(2) = (61)
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interaction between Mn>" spins mediated by the heavy hole
spin. The same mechanism can also lead to the double spin
flips of donor bound electrons [32] and of electrons confined
in the nanoplatelets [33]. In the Faraday rotation noise spectra,
the peaks at frequencies £n€2; reflect the contributions of
quantum spin noise correlation functions of the order 2n. We
recall that the average spin polarization along z axis is absent,
so the correlators of the odd orders vanish.

In the limit of zero temperature the spectrum contains the
Stokes components only. In this limit 4, = 0 and A, decay
very slowly obeying the power law:

AT o« 1//n. (62)

The Raman spin flip spectra in Fig. 2 are asymmetric (contain
only the peaks at negative frequencies) because the energy
can not be absorbed from the zero-point spin fluctuations.
Alternatively one can say that the Mn>* spins are all oriented
along x axis and can be flipped only in the opposite direction.
The Raman spectra in linear polarizations are similar, but co-
polarized (blue curve) and cross-polarized (red curve) spectra
consist of the peaks at even and odd frequencies only, respec-
tively, see Egs. (60). In the same time, the Faraday rotation
noise spectrum (black curve) is symmetric and contains the
odd peaks only, as it follows from Eq. (61).

In the limit of zero temperature, the expressions for the
spectra are particularly simple even beyond the adiabatic
approximation. From the spin correlation function (48) and
Egs. (B8) we find the areas of the peaks in the form [18,21,22]

1 [ AI(t)

Ay =— | et AWy, (63)
2t Jo n!

Here we introduced the notations t = k/y, 7o = 1/(2y) and 2

w?

AL@t)=1 ng [1 — cos(L2t)] (64)

2
tot

with I = Ns and Qo = ,/ng + Q% Physically, AL(z) is
the change of I, during the spin precession in the sum
of the exchange and external magnetic fields for the time
t. The integrand in Eq. (63) has a form of the probability
of the change of I, by n in the Poisson distribution with the
average AI(t). The integration describes the average of this
probability during the exponential exciton decay described by
e~"/™_ Thus, in this particular case, we have arrived to the
expression obtained in Refs. [21,22] in the model of scattering
via virtual magnetic polaron states.

Figure 3 shows the spectra for different temperatures, or
equivalently for different magnetic fields. For better visibility,
we focus on the Raman spectrum S, 4 (€2), while the Faraday
rotation noise spectrum can be obtained by selecting the odd
numbered peaks and symmetrizing them in frequency, see
Eq. (61). At high temperature (red curve), the spectrum is
symmetric, which corresponds to purely thermal spin fluc-
tuations. In the limit wex\/ﬁ > y, the peaks are very broad

>The integral in Eq. (63) converges at AL (t) < 1. Since N > 1
one has either w,, < Q2 or Q¢ < 1, so one can replace 2, with
; and find AL (1) = (T>(0)),.

S.(Q) (arb. units)

Q/Qy

FIG. 3. Circular dipole polarization noise spectra, S, (£2), cal-
culated after Eq. (51) in the limit of strong exchange interaction
(VNwey /y > 1) for 7,2, = 20 and for different temperatures, as
indicated in the plot.

and strongly overlap. At high frequencies, the spectrum is
described by

Ty 31
QD)= — [ ——M . 65
Serl) = 0 2Ns(s + 1)|Q] ()

The fact that S, 1 (2) decreases with increase of wex is caused
by the large splitting of the two excitonic resonances in this
limit and a small range of values of 8/, which produce sizable
Faraday rotation, see Eq. (21). With decrease of the tempera-
ture the spectrum becomes asymmetric, which evidences the
increasing role of noncommutativity of spin components.

Observation of high-order spin correlators is possible due
to the nonlinear relation between dipole polarization and the
total Mn* spin. Similarly, noise of the linear birefringence
was recently shown to produce the peak at the double Larmor
frequency for cesium atoms [34]. Additional satellite lines in
the spin noise spectra can also appear under the ac driving of
the system [35-38]. Here by contrast we consider the static
magnetic field only.

C. Favorable conditions for the measurement
of the high-order correlators

To successfully apply the resonance shift spin noise spec-
troscopy the exchange interaction should be quite strong.
Indeed, in the opposite limit of weak interaction, u+ < 1, the
area of the n-th peak is given by Eq. (53) and is proportional
to w?". Therefore the exchange interaction should be strong,
which is easily realized in semimagnetic semiconductors and
many other systems, see Sec. VIIL.

Experimentally, it is easier to measure the Faraday rota-
tion noise spectra in the sub-GHz frequency range, which
corresponds to the weak magnetic fields B < 40 mT. In this
case, the average spin polarization is small, and we find from
Eq. (48) the dimensionless spin correlation function

2

(m(0ym(r)) = 3?2’; cos(Q2,.7)e” 7T, (66)

235416-8



OPTICAL RESONANCE SHIFT SPIN-NOISE ...

PHYSICAL REVIEW B 101, 235416 (2020)

Srr(2) (arb. units)

0/

FIG. 4. Faraday rotation noise spectra calculated after Eq. (C3)
for the typical experimental parameters: 7 =2 K, N =50,
Bexeh = hwex /(upg) = 1.5 T with g=2, hy =0.33 meV, and
Q;7, = 20. The black and red curves correspond to the strong
B=6 T, Q. /Q2r)=168 GHz) and moderate (B =40 mT,
Q. /(2m) = 1.1 GHz) external magnetic field, respectively. The inset
compares Gaussian noise spectrum (black curve) with the Faraday
rotation noise for a single spin / = 1/2 (blue curve) and I =5/2
(magenta curve) in the limit 7 — 0 and w,, — oo for Q, 7, = 30 .

The areas of the peaks decay quickly in this limit even despite
the strong exchange interaction. The Faraday rotation noise
spectrum for the typical experimental conditions for B =
40 mT is shown in Fig. 4 by red curve. One can see that the
peak at the frequency 3€2; is much smaller, than the peak at
., and the peak at 52, is hardly visible in this limit.

More favorable conditions for the measurement of the
high-order spin correlations are realized in strong magnetic
fields, when the spin polarization is large, but the adiabatic
approximation can be violated in this case. The spin noise
spectrum for B = 6 T is shown by the blue curve in Fig. 4,
where one can distinctly see many peaks at the odd multiples
of ;. In this case, we obtain from Eq. (48)

2
(m(Oym(r)) = N gisur el (67)

4y2

The areas of the peaks decay slowly in this case as described
by Eq. (62). This limit corresponds to the dominance of the
quantum spin fluctuations over the classical ones, and was
not reached nor approached yet. To measure the Faraday
rotation noise in the high frequency range one has to use
special techniques, such as pulse trains [39] or heterodyne
detection [40]. Nevertheless, we believe that this experimental
challenge will be dealt with in the nearest future.

VI. NON-GAUSSIAN SPIN NOISE

In the previous sections, we described the Faraday rotation
noise spectra, and demonstrated that they give access to
the high-order quantum spin correlation functions. However,
under the assumption of many independent Mn>* spins in the
exciton localization volume, the high-order spin correlation
functions all can be reduced to the second-order correlator. So

it is interesting to go beyond this approximation and to study
the non-Gaussian spin noise.

Generally, the noise spectrum is defined by Eq. (11), where
the Faraday rotation and the ellipticity angles are related
to the exciton polarization by Eq. (10). Using the averaged
polarization correlation function (43) we find the Faraday
rotation noise spectrum in the form

o0
Srr(2) = / (PE(O)py (7)) e dr, (68)
—00
where the dimensionless polarization is given by Eq. (37b).
In the adiabatic approximation, €2; <y, using the
definition (28), we obtain
00 .
== [ et (69)
0
where we introduced the operator
M(t) = sin[km(t)]. (70)

Then we perform averaging over the detuning, as defined in
Eq. (30) and obtain the spectrum

Srr(Q) = / h dte™" / h dke ™ X(M@O)M(1)),.  (71)
— 0

[e.¢]

For non-Gaussian spin noise, the cumulants of m(0) and m(t)
allow one to calculate this correlation function similarly to
Appendix B.

For example, in the presence of the resident charge carriers,
Mn?* spins are coupled with the carrier-mediated exchange
RKKY interaction, which may eventually lead to the transi-
tion into the ferromagnetic phase [41]. For the Mn** concen-
tration approaching the paramagnetic-ferromagnetic transi-
tion, their spins are no longer independent, and the spin noise
in non-Gaussian. The spin fluctuations in this case can be
described theoretically using the Landau theory [42,43], effec-
tive polaron Hamiltonian [44,45], dynamical mean field the-
ory [46,47], or using more sophisticated approaches [48,49].
In the vicinity of the phase transition the effective Larmor
frequency decreases [50] and role of higher-order cumulants
increases [51].

However, in view of the application of the resonance shift
spin noise spectroscopy to other systems we consider another
situation. Namely, let us study the Faraday rotation noise
induced by a single spin I (N = 1) coupled to the optical
resonance. In this case, all the cumulants are equally important
[see Eq. (B5)], so that the spin noise is strongly non-Gaussian.
This limit can be realized, e.g., for deep impurities or atomic
systems, see the next section.

For a single spin, it is easier to calculate the Faraday
rotation noise spectrum directly using the spin density matrix
formalism, than using the cumulant expansion. We find the
operator M (¢) from the equation of motion

dM(z) i
dt Tk
where H, is defined in Eq. (16) and L is the Lindblad operator,

describing the spin relaxation. Provided the transverse spin
relaxation time 7, is much shorter than the longitudinal one

[Ho, M(T)] + L{M (7))}, (72)
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(T1), we write the Lindblad operator in the form

L{M(1)) = tl[yxM(r)Ix —EM(T)-M@IL].  (73)
For the strong probe light (in higher orders in Ej), the quantum
back action should be taken into account by the additional
term A/2[I, [I;, M(7)]], where A describes the strength of
the measurements [52,53]. This allows one to describe the
quantum Zeno effect [54,55] and to trace the transition to the
telegraph spin noise with increase of the intensity of the probe
light.

The kinetic equation has a trivial initial condition M(0) =
sin(km), where m is the Schrodinger operator defined in
Eq. (29). Finally, the correlation function in Eq. (71) should
be calculated using the steady-state density matrix

p= e—Ho/(kBT)/Tr (e—Ho/(kET)) . (74)

As an example, let us consider / = 1/2. In this case,

. . kwex
sin(km) = 2 sin L. (75)
2y

Then the solution of Eq. (72) simply reads

kwex

M(t) =2sin < 2y

>[Iz cos(Q7) + I, sin(Q,7)]e /™.

(76)
For any temperature, the correlation function is the same:

(M(0)M (7)), = sin® (kz%) cos(Q)e TV (7)

Substituting this function in Eq. (71), we find the non-
Gaussian Faraday rotation noise spectrum for / = 1/2:

1wk

Srr(Q2) = gW[Pl(Q) +Pi(=Q)].  (78)
This spectrum is shown by the blue curve in the Fig. 4.
Here the main difference with the normal spin noise is the
appearance of the peaks at the frequencies €2, only instead
of the comb of the peaks. Note that the shape of the spectrum
in this case formally coincides with the spectrum of spin
fluctuations [Eq. (41)], which is usually measured by the
Pauli-blocking spin noise spectroscopy.

For larger I, sin(km) can be presented as a linear combina-
tion of the operators I with odd n < 21. As aresult, the high-
order spin correlators can be reduced to a few lower orders,
and the spectrum consists of a finite number of peaks. The
maximum number is ny, = 2[/ — 1/2] + 1, where square
brackets denote the integer part. Similarly, in the multispin flip
Raman spectra in circular polarization the maximum number
of peaks is 2/, which corresponds to the fact that a single spin
can not be flipped more than 2/ times in one direction.

The Faraday rotation noise spectrum for a single spin
I =5/2 (in the limit 7 = 0) is shown in the inset in Fig. 4
by a magenta curve. One can see that the frequency of the
last peak is 5€2;, and the peaks are much broader, than for
the Gaussian spin noise. This indicates that the higher-order
spin correlators generally contain more information than the
second-order one.

VII. DISCUSSION AND CONCLUSION

In the heterostructures with the resident charge carriers, the
Faraday rotation noise spectra can contain the two contribu-
tions provided by the Pauli-blocking and optical resonance
shift mechanisms, which originate from charge carrier spins
and spins of magnetic impurities (or nuclei), respectively.
Typically, the corresponding effective g factors are differ-
ent, and therefore these contributions are separated in the
frequency domain. In the same way, the contributions of
these two mechanisms to the Raman spin flip spectra can be
separated [19]. Moreover, if the inhomogeneous broadening
is smaller, than the homogeneous one, the Pauli-blocking and
resonance shift contributions can be distinguished by their
dependence on the optical frequency of the probe light, wy.
This approach is known as the optical spectroscopy of spin
noise [56] and was used to separate the spin and charge
related contributions to the Faraday rotation noise spectra for a
single QD [57,58]. For example, in the case of Pauli-blocking
mechanism, the power of Faraday rotation noise reaches its
minimum exactly at the optical resonance [56], while in case
of the resonance-shift mechanism it should have a maximum
(the ellipticity noise demonstrates the opposite behavior).

To detect the higher-order spin correlators, the ratio be-
tween the exchange broadening of the exciton resonance
V/Nwey should be comparable to or larger than the homoge-
neous linewidth y, as discussed in Sec. V C. This condition is
easily satisfied in Mn-doped QWs [18] and QDs [20], where
up to 15 peaks in the Raman spin flip spectra are visible. For
these structures ~/Nfiwe, ~ 2 meV and iy ~ 1 meV.

For Mn-doped nanosystems, the number of the probed
spins is typically very large N 2 100, and the total spin
noise is almost Gaussian. However with increase of the Mn?*
concentration a limited number of closely located pairs of
magnetic atoms appears. The strength of the exchange in-
teraction in a pair can be of the order of 0.5 meV [59-61],
and the ground state of the pair is the singlet spin state. The
difference between the interaction constants with the heavy
hole in the localized exciton for the two spins in a pair leads
to the mixing between singlet and triplet states. We expect
that it will manifest itself as another comb of peaks with the
frequencies a bit larger than n€2; in Faraday rotation noise
spectrum. Due to the small number of pairs their contribution
is non-Gaussian, and therefore contains detailed information
about the spin dynamics of the pair of strongly coupled spins.

Importantly, the resonance shift quantum spin noise spec-
troscopy can be applied to a very broad class of spin systems.
For example, it can be applied to measure the nuclear spin
fluctuations in QDs. In this case the main requirement for
the detection of high-order spin correlators is the sizable
hyperfine interaction strength as compared with the inverse
lifetime of the excited state. For example, in GaAs-based
QDs the hyperfine interaction constant for electrons is A ~
100 weV [17,62,63], so for small QDs with N ~ 10* one
has v/NFiwe, ~ A /«/]V ~ 1 peV, which is the typical exciton
homogeneous linewidth [64]. Thus we expect that the higher-
order nuclear spin correlators can be measured for small QDs
as well as for the small colloidal nanocrystals.

Resonance shift spin noise spectroscopy is particularly use-
ful, when the number of probed spins is small, because in this

235416-10



OPTICAL RESONANCE SHIFT SPIN-NOISE ...

PHYSICAL REVIEW B 101, 235416 (2020)

case the high-order spin correlators can not be reduced to the
lower orders. To measure these correlation functions, the spin-
related (e.g., hyperfine) structure of individual optical transi-
tions should be visible. There are many examples of such sys-
tems: For NV~ centers in diamond, the hyperfine interaction
constant with the nearest C'3 atom can reach 0.1 ueV [65],
which is approximately two times larger, than the ho-
mogeneous linewidth at liquid helium temperatures [66].
For rare earth ions, A can reach 10 ueV, while the homoge-
neous linewidth is a few times smaller [67]. In the past few
years the van der Waals heterostructures are under intense
investigation. For localized spatially indirect excitons, the
hyperfine interaction induced spin relaxation time is predicted
to be T ~ 1/(«/1Vwex) ~ 1 ns [68,69], which is an order of
magnitude shorter, than the exciton lifetime 1/y = 10 ns [70],
so that the nuclear related broadening of the optical transition
exceeds its linewidth by an order of magnitude. The similar
situation is realized for the lead halide perovskites where
T is comparable with 1/y [71]. So, these systems can
be efficiently studied with the resonance shift nuclear spin
noise spectroscopy. Apart from the solid state physics, the
hyperfine structure of optical transitions is quite routinely
observed for atoms, such as K, Na, Rb, Cs; and for simple
molecules, such as I [72]. Therefore these systems are also
promising for the resonance shift spin noise spectroscopy.

In conclusion, we have developed a theory of a class of
optical phenomena that occur in optically transparent solids
with localized spins (e.g., Mn** spins in diluted magnetic
semiconductors), forming a basis for a set of experimental
methods, which can be generically called resonance shift
spin noise spectroscopy. The distinctive feature of these phe-
nomena is that the spins do not directly participate in the
probed optical transitions (e.g., excitonic ones), but they shift
such transitions via the spin-spin interactions. To demonstrate
the universality and power of this approach, we obtained
the expressions for multispin flip Raman spectra in diluted-
magnetic quantum wells and calculated the Faraday rotation
noise spectra. We predict multiple overtones of the Larmor
frequency in the spectra, which reflect the contributions of the
high-order correlation functions of the spin fluctuations. Our
predictions open a way for the experimental investigation of
high-order spin noise, including quantum noise. Our approach
is directly extendable to a wide range of solid-state and atomic
systems.
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APPENDIX A: CALCULATION OF THE POLARIZATION

We start from the general form of the Hamiltonian (1). Its
Hilbert space is a direct product of the states of the spin system

and the excitonic states including exciton vacuum state. For
heavy hole excitons there are four states, which can be labeled
by the electron spin projection S{ = #£1/2 and the hole spin
Si’ = £3/2. The excitonic states can be denoted as |k), where
k=1,2,... In the first order in the incident field amplitude,
one can consider a single exciton states only, so the exciton
Hamiltonian has the form

§ : Kk .t
Hexc = Hexcck’ck7
k

(AD

where c; (c,t) are the annihilation (creation) operators for the
states |k). This Hamiltonian describes the fine structure of
the excitonic levels and exciton interaction with the external
magnetic field.

The coherent exciton generation is described by Eq. (2),

where
P = Z dk Ck
k

with d; being the dipole moments of the excitonic states.
In the particular model, which is used in the derivation of
Eq. (20), there are two excitonic states with the dipole mo-
ments dy = d(—e, F iey)/ V2, where e, are the unit vectors
along the corresponding axes.

The Hamiltonian H, describes the magnetic spin system
only and does not contain operators ¢ and c,. Moreover, the
Hamiltonian of the spin-exciton exchange interaction has the
form

(A2)

§ : kk' .t
Him = IiHint Ckar.

kK i

(A3)

Note that this Hamiltonian contains off diagonal terms (with
k # k') and coincides with Eq. (15).
The operator of the system evolution is

. t
U ="Texp [—%/ /H(ﬂ)dz’j|, (Ad)
0
and the Heisenberg polarization operator is
POy =U'PU. (A5)

We are interested in the contribution P(r) to P¥(z) only,
which is linear in the amplitude of the probe light E. This
operator acts only in the Hilbert space of the exciton vacuum
state, so it is given by

' .
i i 1 o i
P(t) = e{r"lolP/ e_ﬁ(HO"’Hexc""Him)tE(P'E)e_ﬁHO(Z_T)dT.
0

(A6)
Since the spin Hamiltonian H, commutes with P, this expres-
sion can be written as

P(t) = %P /Ot ®(r, 1)dt(P'E), (A7)
where
O, 1) = e%Hole—%(Ho-FHexc"'Him)Te—%/Ho(l_r)‘ (A8)
To simplify this expression, we note that
ROD Lo, O+ it~ (A9)
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with Hine(¢) given by Eq. (4). One can readily see that
®(z,0) = 1, so the solution of this equation is

i [ ~
O, 1) = TCXP {_ﬁ / [Hexe + Hine(® — ‘L'/)]dl',
0

(A10)
Substituting this expression in Eq. (A7) we see that P(t) =
Pyr, where

Y== f Texp{—i / [Hexc+7%im<r—r’>]dr/}dr<P*E)
i Jo hJo

(A11)
in agreement with Eq. (5). One can readily check that it
satisfies Eq. (3) indeed.

APPENDIX B: CUMULANT EXPANSION

The generating function for the cumulants of [7(0) and
J (1) can be taken in the following form:

K = In(e™7 @B @), (B1)
Its Tailor series defines the cumulants « (7' (0), 7"~ (1)) as
o0 n n
K= o (=) e(T'(0), T" P (x)). (B2
22 (1)cs

Comparing this expression with the correlator in Eq. (31), we
find

([T ONTe™ )

o0 2n _ n+l
—exp{ZZ ( )l),l, (J7'(0), 7D (x)) i, (B3)
n=1 1=0

where we took into account that the cumulants of the odd
orders vanish in the absence of the spin polarization along the
z axis ((m(z)) = 0). The cumulants of the operators should be
calculated using the normal time ordering for the powers of
J (1), reverse time ordering for 7 (0) and putting 7 (0) always
to the left of 7 (7).

To simplify the following, we assume that the Mn>* spins,
I; in Eq. (17), are independent. In this case 7 (¢), as defined in
Eq. (28) also consists of N independent contributions J;(¢) o
1/N. Then a cumulant of the sum of independent variables
takes the form [31]

N

K(T'0), T D) =D k(F0), T (1), (B4

i=1

From this relation one can see the scaling law for the cumu-
lants

K(J'(0), 7@ (1)) oc 1/N*"71. (B5)

The larger is N the less important are the cumulants of the
high orders.

In the limit of many independent Mn?t spins, N > 1, one
can neglect all the cumulants except for n = 1 (the second-
order one). This corresponds to the normal or Gaussian spin
noise. In this case Eq. (B3) reduces to

(Te7OTe 7 ™) = exp({(T(0)T () = (T*(0)),), (B6)

and from Eq. (31), we obtain

oo
PO = / e HHTOTO~TOh g (BT)
0

The second-order correlator of 7(¢) can be presented as
a double integral using its definition (28). The correlation
function (m(t;)m(t,)) depends on t; — t, only, so the double
integral can be reduced to a single integral as follows:

k
(TJO)T () = /k(k — [K'D(m(O)ym(x + k'/y))dk', (B8a)

k
(T2(0), = 2/ (k — K)(mOym(k'/y)),dk’.  (B8b)
0

Substitution of these expressions in Eq. (B7) yields the polar-
ization correlation function, which defines, for example, the
Raman spin flip spectrum, see Eq. (50).

In order to describe the spectra beyond the adiabatic ap-
proximation in the zero temperature limit we use Egs. (48)
and (B8) to obtain

= (T30,
w?

szex [1 = cos(Q.k/y )],
L

(JO)T (1) (B9a)

(T*(0))s = Ns (B9b)

where we took into account that t,y > 1. Substitution of
these expressions in the polarization correlation function (B7)
yields Eq. (63).

APPENDIX C: SHAPE OF THE PEAKS

In the realistic limit 7,y > 1 using Eq. (47), we obtain
from Eq. (B8)

(TO)T(v)) = (Tre AT + Jeur)e Il (C1)
and (J2(0)), = (J*(0)) with

w? (L) Q
Te = Q2 <(12):F 5 )[1 — cos <7Lk>:| (C2)

Substituting these expressions in Eq. (B7) and decomposing
the exponent into series we find

00 n I @I=mQuT—nt|/Ts

(PLO)py()) =
+ XZ;; Nn+1D)!

o0
X / JLg e =TT gk, (C3)
0

In the adiabatic approximation (2, < y), Eq. (C2) re-
duces to Ju = k%4, so from Eq. (C3), we obtain

ZZ ,u+M_ P=mQLT—nlt|/7;
I'(n+ l)'

n=0 [=0

(P O)p+() =

oo
x f ) =] SN ()
0

In the next step, we introduce n' =n — 2l and I’ =1 for
n >0 and !’ =n—1 otherwise. Then we rewrite this
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expression as

(P (0)py (1))
||+l
Z Z Mslgn(n)“ Psignon P signr) it @y e—(n' 4201z 1/,
I"(n'|+ 1)
n=—o0l'=

o0
% / e—2k—k2(u++uf)k2(|n’\+21’)dk, (C5)
0

where we assume sign(0) =1 to be specific. Finally, the
Fourier transform of this expression [see Eq. (50)] yields

Eq. (51), where

00 00
7)3[(9) — Z/ e‘zke_kz(/’“””*)kz(”“l)
—0 Y0

phoptt 2t(n+210)
INn+ D! (n+ 202 + (Q1,)?

dk. (C6)

Here we omitted the primes for the brevity and neglected the
terms with n = 0.
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