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Projective symmetry group analysis of inelastic light scattering in Kitaev spin balls
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Projective symmetry groups are applied to Raman observations of the Kitaev quantum spin liquids in spherical
lattice geometries realized by Platonic and Archimedean polyhedra. Parton single excitations in Kitaev spin
polyhedra are characterized by double-valued irreducible representations of their belonging projective symmetry
groups, whereas parton geminate excitations relevant to Raman scattering are decomposed into single-valued
irreducible representations of the corresponding point symmetry groups. We combine a standard point symmetry
group analysis of the Loudon-Fleury vertices and an elaborate projective symmetry group analysis of itinerant
spinons against the ground gauge fields to reveal hidden selection rules for Raman scattering in Z, spin liquids.
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I. INTRODUCTION

The Kitaev honeycomb model [1] sparked brand new inter-
est in quantum spin liquids (QSLs) [2-5]. It is exactly solvable
to have a QSL ground state accompanied by Z, gauge fields,
whose excitations are fractional, decomposing into itinerant
“spinons” and local gapped “visons.” Jackeli and Khaliullin
[6] designed Mott insulators in the strong spin-orbit coupling
limit for the Kitaev model, leading to many candidate mate-
rials such as NayIrO3 [7], «-LiIrO5 [8], H3Lilr,Og [9], and
«-RuCls [10]. The pure Kitaev model is hard to realize but
often accompanied by not only usual Heisenberg interactions,
whether intralayer [11,12] or interlayer [13-16], but also
off-diagonal exchanges referred to as the I' term [17-19].
Since fractional excitations remain possible in such “effec-
tive” Kitaev models [4,5,20-29], inelastic neutron scattering
[30-33], x-ray absorption [10], and Raman scattering [34]
measurements have been performed on them in an attempt to
diagnose QSLs. Raman spectroscopy is particularly useful in
detecting spinons separately from visons [24,25,35].

The Kitaev QSL is realizable with any lattice of coordina-
tion number 3. B8-Li,IrO3 [36] and y-Li,[rO3 [37], consisting
of “hyperhoneycomb” [38,39] and “stripyhoneycomb” [40]
lattices, respectively, are such candidates in three dimen-
sions. While they both exhibit gapless spinon excitations
coming from nodal rings, the degeneracy of the Fermi level
strongly depends on the lattice geometry in general. A nor-
mal Fermi surface is emergent in a “hyperoctagon” lattice
[41,42], whereas it reduces to what are called Weyl points in
“hypernonagon” [42,43] and “hyperhexagon” [42,44] lattices.
Spinon excitations may be gapped from the ground state [42].
Kitaev models of lower than two dimensions also attract much
interest. Kitaev honeycomb nanoribbons with both zigzag and
armchair edges are discussed in an attempt to optically dis-
tinguish between different topological phases [45] and inves-
tigated with particular interest in a bulk-edge correspondence
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[46], i.e., a possible relation between gapped states in the bulk
and gapless states in the boundary. A Kitaev spin ladder maps
onto a one-dimensional p-wave superconductor in terms of
Dirac fermions to reveal the equivalence between spontaneous
global Z, symmetry breaking and emergent isolated Majorana
modes [47], while that with inhomogeneous exchange inter-
actions exhibits coexistent different topological phases with
Majorana end states in between [48].

In such circumstances, Mellado, Petrova, and Tch-
ernyshyov (MPT) [49] discuss the Kitaev spin model in a
spherical lattice geometry realized by Archimedean solids.
Analyzing the projective symmetry [50,51] of the gauge-
ground Majorana fermionic Hamiltonian (cf. Appendix A)
rather than the point symmetry of the background lattice,
they claim that a parton behaves like an electrically charged
particle in a radial (monopole) magnetic field within the
continuum—in the sense of a perfect sphere—approximation.
This parton has a half-odd-integral orbital angular momentum
due to the magnetic monopole located at the center of the
cluster.

Motivated by the MPT theory, we present a symmetry
argument of optical observations of “Kitaev spin balls”, i.e.,
QSLs in a spherical lattice geometry realized by Platonic and
Archimedean polyhedra (cf. Fig. 1). Since Raman scattering
within the Loudon-Fleury (LF) scheme [53-55] is mediated
by spinons in pairs, we make direct-product representations
out of irreducible representations of the corresponding pro-
jective symmetry group and then decompose them into ir-
reducible representations again. In order to reveal how each
spinon geminate excitation behaves under spatial inversion,
which is vitally important in the context of Raman scattering,
we go so far as to take gauged inversion, if any, as well
as gauged rotations, into the projective symmetry. Kitaev
spin balls made only of 2l-sided polygons (I € N) require
such an elaborate formulation, namely, making direct-product
representations of the extended binary polyhedral group, i.e.,
the double cover of the full icosahedral or octahedral group, to
obtain inversion-symmetry-definite single-valued irreducible
representations.

©2020 American Physical Society
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FIG. 1. Kitaev spin balls consisting of (a) dodecahedral,
(b) truncated-tetrahedral, and (c) truncated-octahedral lattices in
their ground flux configurations. The ground state of the trun-
cated octahedron is unique, whereas those of the dodecahedron
and truncated tetrahedron are both degenerate [52], with their con-
stituent pentagons arrangeable into either {W, = +i; p=1, ..., 12}
or {(W,=—i; p=1,...,12} and triangles arrangeable into either
Wy,=+i;p=1,...,4for {W,=—i5p=1,...,4}.

II. KITAEV MODELS OF PLATONIC AND ARCHIMEDEAN
POLYHEDRA

The Kitaev Hamiltonian (Fig. 1) reads

- Y Y ooy, ()

A=x,y,z (m,n);

where (07,0, 07) (I =1,..., L) are the Pauli matrices and
(m, n);, (A =x,y,z) each run over a different set of L/2
nearest-neighbor bonds between the A components. We set
this model in various polyhedral geometries, i.e., on dodec-
ahedral, truncated-tetrahedral, and truncated-octahedral lat-
tices, whose point symmetry groups are given by Iy = I x C;,
Ty =T+ IC,T, and O, = O x C; = Ty x C;, respectively.
Jy, Jy, and J; are all set to J > 0 in the following.

By representing the spin operators in terms of four
Majorana fermions, o/* = in}'c;, with anticommutation rela-
tions between them, {n%, n,} = 28,,,0,.v, {Cim, ¢} = 28, and
{n;\n, ¢,} = 0, and then introducing bond operators, &y ), =
inkn*, the spin Hamiltonian (1) is rewritten as

=i/ Z Z umn CmCn. (2)

A=x,y,z (m,n);

Since [&yn,py, , 7] = 0 and ﬁ(m,n)k =1, fiyn,p, reads as a Z,
classical variable, u, ,, = ==1. Numbering the constituent
polygons of a polyhedra, p=1, ..., % + 2, we define a flux
operator [1,56] for each by multiplying its N, spin operators
in the anticlockwise manner viewed from the outside of the
polyhedron,

W, =% = l—[ alal
(m,n);, €dp
N, ~
=0 [T tvm,- 3)
(m,n); €dp

W,, also commutes with (2) and thus behaves as a classical
variable, W, = &1 or &i, according to whether N, is even or
odd. A U(1) gauge flux, W, = ¢'®» (- < @, < 7), pierces
the constituent polygon p. Every Kitaev spin ball consists of
% + 2 gauged polygons with their flux variables satisfying

L
I ;:12 W, = 1. The Hilbert space of the spin Hamiltonian (1)

is block-diagonal with respect to flux configurations {W,},
consisting of 25+ blocks of dimension 25! x 23~1, while
that of the augmented Majorana Hamiltonian (2) is block-
diagonal with respect to bond configurations {u, ), } as well
as {W,}, consisting of 2% blocks of dimension 25 x 2% . Four
Majorana fermions at each site have 2%* degrees of freedom,
containing “unphysical states” [57,58] to be projected out by
the operator [57-60]

21150+
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Once a set of the 3L/2 gauge fields {uy ., } is given, we
have a Majorana quadratic Hamiltonian to be solved:

. L L
4
H = 5 Z ZHmncmcn;

m=1 n=1

Hmn = _Hnm = Ju(m,n)w (5)

The real skew-symmetric matrix A can be block-diagonalized
by a real orthogonal matrix W:
i i Soe
H = ZeWUHW e = ~GEE =0y —n_ 18,
2c c 20 4 lkXZI:ZCzk 1C2k

1 Y11 YL || ¢
c=| | = : : L | = e,
cL Y Yoo || CL
0 €1
—&1 0
1
=", £ == (6)
2
0 EL
2
—E&L 0
2
We recomplexify Majorana fermions,
Cnet =) + o, T = iey — o),
L2
= Z(l/fz,zkflfqu + V126Cox)
k=1
L2
= [Wrak-1 + V200 + (21 — i 0],
k=1

= leu i +ic )—IZLj(w + i)
O = B Cok—1 10 ) = ) 1,2k—1 LY 2k )CI s

=1

L
1 . .
of = 5@ —it) = 5 Y (Wioeer —inada, (7

=1
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S0 as to obtain a diagonal Hamiltonian,

L2 L2

€ . 1
H = Z Ek(oz,iak — aka;) = Zsk (a,;ak — 5), ®)
k=1

k=1

with nonnegative eigenvalues ; > 0. Note that all sets of the
gauge fields {ugnny,; (m, n)x, (m,n),, (m,n);=1,..., %}
yielding the same flux configuration {W,; p=1,..., % + 2}
give the same set of eigenvalues {g; k=1,..., é}. Z can
be expressed in terms of the bond variables u,, »),, mixing
coefficients v 7, and quasiparticle occupation operators a}:ak
to act on quasiparticle (spinon) states labeled background
gauge fields {u(y ), }. Physical (unphysical) spinon states in
the ground (lowest-energy) gauge sector consist of even (odd)
numbers of emergent spinons aZak. All the 2% gauge sectors

each contain 27! physical and 251 unphysical states, each
consisting of either only even or only odd numbers of spinons.

The ground flux configurations of Kitaev spin balls (Fig. 1)
are such that W, of every constituent N,-sided polygon is +1,
—1, or either of +i and —i according to whether N, is 4/ + 2,
41, or 21 +1 with [ € N [49,56]. With the time-reversal-
invariant Hamiltonian, the ground state is at least doubly
degenerate unless all N,,’s are even [52]. Considering that the
eigenspectrum of (2) depends on {uy ), } only through {W,}
and the W,,’s each commute with (1) as well as (2), we describe
the ground state, unless otherwise noted, as a spinon vacuum
against a ground flux configuration,

Hmdo ® [{Wpho = [0), (€))

where we denote the «th spinon state against the gth flux con-
figuration by |{m}), ® [{Wp})q (k =0,..., 251 — 1; g =
0,...,25+ 1), allowing it to run over physical states only.

III. PROJECTIVE SYMMETRY GROUPS FOR
GAUGE-GROUND KITAEV POLYHEDRA

A. Single- and double-valued irreducible representations

Characterizing Raman scattering mediated by Majorana
spinons emergent in the gauge-ground Kitaev truncated octa-
hedron in terms of its projective symmetry group is essentially
twofold: first, we go further than MPT [49] in obtaining a pro-
jective symmetry group for single Majorana eigenmodes, i.e.,
construct the double cover of the O(3) superset of a pure ro-
tation group, and then analyze direct-product representations
made of its double-valued irreducible representations. Let us
denote the point symmetry group of a Kitaev spin ball and
its arbitrary group element by P and P, respectively, and the
Z»-gauge extension of P and resultant gauged point symmetry
operations by P and P, respectively. Regular and semiregular
polyhedral lattices of our interest have the same coordination
number 3 and their point symmetry groups are either the
cubic (T4, Op) or the icosahedral (I) groups. Therefore,
P C O(3) in general. P € P generally changes the ground
gauge fields of the Majorana Hamiltonian. We demonstrate
in detail gauged point symmetry operations on gauge-ground
Kitaev polyhedra as well as pure point symmetry operations
on their background lattices in Appendix A. Any two bond
configurations yielding the same set of fluxes can be con-
verted to each other by local gauge operations. Every rotation

R € R leaves any flux configuration {W,; p=1,..., % + 2}
unchanged, whereas the inversion / € P and every reflection
o € P reverse the signs of all imaginary W,’s peculiar to
polygons of odd N,,. Only if the group action P leaves the flux
configuration {W,} unchanged does there exist a pair of gauge
transformations £ A(P) to recover the initial ground gauge
fields, £A(P)P{unny,} = {ttym,n),}. We denote a couple of
gauged point symmetry operations £ A(P)P unifiedly as P
and distinguishably by P and P. The symmetry groups of the
gauge-ground Kitaev dodecahedron and truncated tetrahedron
are the Z>-gauge extensions of the SO(3) subgroups of their
full point symmetry groups, I and T, respectively, whereas
that of the gauge-ground Kitaev truncated octahedron is the
Z,-gauge extension of its full point symmetry group, Op.
While gauged rotations R with R € O and gauged inversions
I with I € C; are all symmetry operations of the gauge-
ground Kitaev truncated octahedron, they are not necessar-
ily commutable because every gauge transformation A(P)
is obedient to the preceding point symmetry operation P.
All the g° x g% + g% x g% = 384 products between the g°
elements of O and the g% elements of C; are indeed symmetry
operations of the gauge-ground Kitaev truncated octahedron,
but they quadruply count the g% =96 elements of (3;1 =
O + 10. Note further that the symmetry group of the gauge-
ground Kitaev truncated octahedron is different from that of
half-integral spins in an octahedral environment, O x C; (cf.
Appendix B), where O C SU(2), being a double covering
group for the pure rotation group O C SO(3), commutes with
C; because inversion has no effect on any angular momentum
[61].

We are now in a position to construct the double group 6;1
The 48 elements of Oy can be divided into 10 classes: {E},
{6G4}, {32}, {6G, ), {8Cs), {1}, {61CL}, {31Co}, {61C5 ), {8IC3).
The 96 ilements of_Oh can be divided int0_13 classes: _{F},
{E}, {6C4, 6Ga}, (3G, 3Co}, {6C5, 6C3), {8C3), {8Gs}, {1, 1},

{6ICy, 6ICy}, (31C, 31y}, {61C, 61CS}, {8IC5}, {8ICs). The

gthclass C, (g=1,..., ng) of P is generally obtained by
gauging point symmetry operations of the same type to yield
h, elements in such ways that {hqpq}, {hgP,}, or {%ﬁfg %Bq}
Let us denote the ith irreducible representation of P (P) by Z;
(Z)) and its dimensionality by df (d%). Having in mind that
all the single-valued irreducible repre;’entations of Oy, remain
unchanged in Oy, &, = &; (i =1, ..., 10), we compare

ngh=10 noh=13

Y @2y =g Y @)Y= a0

i=1 i=1

to reveal that the three double-valued irreducible represen-
tations of Oy have the same dimensionality, dg_“ =4 (i=

11, 12, 13). Since their characters satisfy xg‘(ﬁ) = —Xg‘(g),
we readily find that x2"(E) = —x2"(E) = 4 and x2"(P) =
0(P=0C, G, C, I, IC4, IC,, IC}), while the rest Xg_h(ﬁ)
(P = Gs, IC3) are obtainable through the first orthogonality
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FIG. 2. Spinon excitation energies &, and Raman intensities /(w) of Kitaev spin balls consisting of (a) dodecahedral, (b) truncated-
tetrahedral, and (c) truncated-octahedral lattices in their ground flux configurations, where §-function peaks are Lorentzian-broadened by
0. 05] [59]. The eigenenergy, multiplicity, and irreducible representation are specified beside each eigenlevel. For the incident polarization

n Ir

7. %), we observe various scattered polarlzatlons (2 3

) (I =0, 1, 2), each consisting of peaks attributable to direct-product representations

of the projective symmetry groups I T and Oh (u, ® Z; in Table I), on one hand, and containing one or more irreducible representations of
the point symmetry groups I, T, and Oy, (€D, Z in Table I), on the other hand.

relation (cf. Appendix B)

D x5 By A2 (P) = g8 (11)
PeO,
We name the thus-obtained double-valued irreducible repre-
sentations G%, G‘;, and Gl 43 80 that they signify the ger-

adelike or ungeradehke response to a gauged point symme-
try operation as well as suggest the compatibility relations
between Oy and its subgroup O, G% 43 1 O=E: ®Es and

G | O =Gy ¢0=G%,1.e.,
2 2
XS ()= x2 (P)+ x (P), (12)
2t3 7 3

xg: B = x8, P, x "(Ics)—\/—XGh(C%) (13)

X6t (P) = xG, (P, h(lca) =3 xGh G).  (14)
2

The Majorana spinon spectrum of the gauge-ground 6; Ki-

taev polyhedron thus consists of three quadruplets 3 x 4 =

L/2 [see Fig. 2 together with Eq. (8)]. If we employ O [49]

in this context, we have two doublets, E% and E%, instead of

the quadruplet G% 13 and they look accidentally degenerate

with each other. Only the full symmetry group 6;1 can reveal
the necessary quadruplet. All the L/2 Majorana spinon eigen-
modes of the gauge-ground I and T Kitaev polyhedra are also
describable with double-valued irreducible representations of
their projective symmetry groups [see Fig. 2 together with
Eq. (8)]. The former consist of a sextuplet of I s and a

quadruplet of G% while the latter consist of three doublets of
GSI), ng), and El , where the four-dimensional real irreducible

representanon Gx splits into the two-dimensional complex

ones G(;) and G(f) due to the pure imaginary Hamiltonian
2 2

(8). Irreducible representations of the double groups T, ’T, 6,
and Oy, are analyzed in further detail and listed with their
characters in Appendix B.

B. Direct-product representations

Direct-product representations of a nonabelian group are
not necessarily irreducible even though they are made of
irreducible representations. Those of the projective symmetry
group P are generally decomposed into irreducible represen-
tations of P:

P
- N 1 ne N ne y
@B =5@EY hak €z Co
& k=1 ¢=1
Koz, (P) = x& (P)XE (P). (15)

Two-spinon-mediated Raman scatterings in a Kitaev QSL
are generally labeled with direct- Qroduct representatlons
of its projective symmetry group P, 5, ® &; (i, j = nc +
1,..., ng), each decomposable into single-valued irreducible
representations of the corresponding point symmetry group P,

ﬂ C

€B~1«Z

keeping in mind that

E®E =

LxE €L Lz C). (16

5@ (Lj=nt+1....nf). (7D

[Ohia-N

[l]l"ﬂl

X50E, (P)=
Direct-product representations made of the two same irre-

ducible representations further decompose into symmetric and
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antisymmetric direct-product representations,

E)=PE e
o=%

~
=
ut)zh

-4 -4 = = =
EiRE=[EQ®E]®{E®

(éi ‘—Jz)j: - @(Hk)iz NX_,k(C ) X(H ®:) (C )

P Py —
Xz o). P) =

=

1, 5 ~ 5~
5 [XE (P £ xE ()] (18)

Spinon-geminate-excitation-relevant direct-product represen-
tations of the double groups I, T, O, and Oy, are listed with
their containing single-valued irreducible representations of
the corresponding point symmetry groups in Table I and with
further details, including their characters, in Appendix C.

IV. RAMAN INTENSITY PROFILES

A. Point symmetry argument
Within the LF theory [53-55], the Raman scattering inten-
sity at absolute zero reads [24,62]

oo

1

—-J Z Z (ein 'dmn)(esc . dmn)o‘r)r:a;?

A=x,y,z (m,n);

=i/ Z Z (ein - mn)(esc' mn)

—XVZ

xﬁ{’z

e R|0)e dt,

KR

X ﬁ(m,n);tcmcns (19)

where e;, = (sin ¥, cos @iy, sin ¥y, sin ¢;,, cos ¥y,) and e, =
(sin ¥y cOs @y, Sin Uy sin @y, cos ) are the polarization
vectors of incident and scattered lights, respectively, while
d,., = r, — r, are the lattice vectors, with r,,, and r,, being the
positions of neighboring sites. When the ground state belongs
to the double group P [63], it is useful to write the Raman
operator (19) as [64]

=Y ZEP RE... (20

i p=l i

Where Z runs over the LF-active irreducible representations
&; of P which are necessarily real and single-valued and
therefore equal to the irreducible representations Z; of the
corresponding point symmetry group P, and EE " (E_g’_: ) and

f; i (R};T,-: /4) are the puth polarization-vector basis function
and LF vertex for g?,- (&), respectively, both of which are
explicitly given in Appendix D. Within the LF formulation,
the nonvanishing vertices read R}, ,, Ry, for the dodecahe-
dron, RT Ao RI R{ u for the truncated tetrahedron, Rg‘;g: w
RY"

Eg:p?
Rgﬁvﬂ, RC“ for two-dimensional lattices of triangular ge-
ometry [62 65-67]. In the spherical lattice geometry realized
by Platonic and Archimedean polyhedra all the vertlc%s of
the identity representation, such as RrI A RT A and R A:‘g: w
commute with the corresponding Hamiltonians and therefore

E:p>
Roh for the truncated octahedron, and, for reference,

TABLE 1. Spinon-geminate-excitation-relevant direct-product
representations composed of double-valued irreducible represen-
tations &; ® &; and their decompositions into single-valued irre-
ducible representations =y, which are doubly or singly underlined
when they are relevant to inelastic (Raman) or elastic (Rayleigh)
scatterings, respectively, for various double groups P. Note that ék
of Pis nothing but &; of P.

P §i®§j ®k§k=®k5k
1 {I; ®13) {A}®(G}@2{H}
I% ®G% TeT,®2Go2H
{G; ®G3} {Ale{H}
T (GY ®GP) {ED}
GY ® Ei E¥eT
3 SN ¥
{Ei ®E1} {A}
G(f) ® Ggl) A@l
G ®E1 EVeT
{G(IZ) ® G(l)} {%2)}
0 {E} ®E}) (A1)
El ® ES Az@Tz
2 2 fr——
Es®E) (A
G% ® E% EGBTlEBE
G% ®Es E@TKBE
G% ®Gs3 {ﬁ}GB[Az]EB{E}GBZ[Tl]GB[E] ® {2}

O, G5 ®Gy s} {Ag} O {A1} D {An]} B {To}
G% ®G%+% E,®E, @Tlg@Tlu@ngGBTzu

{Gg ®Gg} (A1) OB} ®{Ty)
GY ®G% 3 E, OB, 0T, 0T, 6Ty0 T,
2
Gé ®Gg A1u€BA2u€BEg®T1g€BTlu@TZg@TZU

(G} ® Gz ) (A} B(E)B (T

reduce to Rayleigh scattering. This is the case for RIE(‘Y as
1
well.

Since the ground state (9) is invariant under every sym-
metry operation of P, every expectation value between Ra-
man vertices of different symmetry species for it goes to 0
[62,64,66],

1 o0 it P ’yft P
(Ole ™ Rg..ec ™ Rg ;
—00
8,"8 v o st it
=1 (O|e P RE.e T RE.,

= 8i18ul%., (@), 1)

. 10Yei d

|0)e' dt

and IP W) (w=1,. d_g’_) no longer depend on u
[24, 29 62 ,65]. While the Raman spectra of gauge-ground
Kitaev polyhedra are analyzable with direct-product represen-
tations of their projective symmetry groups P, they can be
classified by irreducible representations of the corresponding
point symmetry groups P. Substituting the irreducible decom-
position of the Raman operator % (20) into the LF expres-
sion of the Raman intensity (19) and taking account of the
spectral degeneracy within each multidimensional irreducible

214411-5
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W, “ W,
Il

a) {Wpho => ,,I{W Do =>(c) a,,0,{Wp})o

FIG. 3. Actions of the spin operators o = ic,n; (b) and 00} =
—illyn,m),CmCn (c) on the gauge-ground Kitaev dodecahedron [{W,})o
(a) in the context of calculating the dynamic structure factor (24) and

Raman scattering intensity (23).

representation (cf. Appendix D), we have

I(o) = ZZ ) IE (@)
ar
=S @) (EE) (22)
i n=1

Bearing in mind that [R_, " Wp] =0, ;({W,H{W,}) g = 84¢'»

and ¢;|0) = Zkzl(%,zkﬂ + lWl,zk)OlZ|0), the LF vertex Rg,:u
evokes two spinons without any vison (for more details refer
to Appendix D),

o= [

xen RE.
Eiip

LA S

Z Z ((Wp}] ® o({me|

T e ® (W)
X (W}l ® « (i} RE,., [{mcho ® [{W)ho

dt eiwt 2
2w hL

1 2
=7 D |OlewewRE,,[0)]
l:k<k’:’§
X 8(hw — & — &p). (23)

We may be reminded that the above is not the case with
any single spin operator. Unlike the Raman response, visons
(Fig. 3) as well as spinons are involved in the dynamic spin
response [68,69]:

S)»)»(q’ (l)) / Z 67111 A(rm—ry)
27 hL ~

7€ it
x (O|eTIG,fLe i o*0)e' dt

n
Z =it T)

x o{{W,}] ®o<{nk}|e%o,ze*‘ﬁ 1))

® |{Wp}>qq<{Wp}| ® K<{n;¢}|0}?|{nk})0 X |{Wp}>0
(24)

b.

Ly
0 Jt eiwl L 23t
B /,oo 2 hL Z

m,n=1

Indeed o({m}le)awlim})o =0 (K =1,...,%), but the
spinon operator o and therefore the vacuum state [{n;})o
depend on the background flux configuration |{W,}),. We
denote these against the excited flux configuration |{W,}) 40
by «; and |{n;})o distinguishably from oy and |{n})o against

H{W,})o in Eq. (24). Since spinons in an excited flux sector
read a linear combination of spinons in the ground flux sec-
tor, af, = S (e + v ) (K =1,..., L), and their
vacuum |{n;})o reads a linear combination of the ground-
flux-sector spinon vacuum and/or excited states, i.e., a linear
combination of |{n;})o, al;] a,ézl{nk}>0, azla;al;o.z,;l{nk})o, ...
or a linear combination of o |{n})o, e el o] 1{m})o, ...
we can exactly calculate the dynamic structure factor (24) as
well [69]. In higher dimensions, Eq. (24) is hard to calculate
for sufficiently large systems, with excited flux configura-
tions [{W,})420 no longer being invariant under the primitive
translation, but we can employ a Dyson equation instead to
accomplish the thermodynamic-limit calculation [68,69].
Figure 2 shows the polarized Raman spectra of gauge-
ground Kitaev spin balls with light polarization vectors vary-
ing within the xy plane. The polarization dependence of the
intensity is very weak in the dodecahedron but significant and
individual in the truncated tetrahedron and octahedron. The
former observations are similar to the case for the honeycomb
Kitaev QSL [24]. For polarization vectors in the xy plane,
Din = Vs = F with varying ¢i, and ¢y, we have
2

1
> (ES) =5 (25)
n=1
2 2 cos*(gin —gse) ]
Z (Ef,) = —————— + =, (26)
o 6 2
2 2 2 2
> () =D (Egh)
p=l n=l
_co8* (gin — ¢sc) | €o8”(¢in + Psc)
B 6 2 ’
3 3 )
sin“(¢in + ¢sc)
SER) =D (EY,) = TR @)
n=1 n=1

hence the perfect depolarization of Raman scattering in a
honeycomb QSL. While the I gauged dodecahedron also has
one and only a Raman-active multidimensional irreducible
representation and all three relevant direct-product represen-
tations of I contain this H mode, the sum of its five basis
functions no longer reduces to a constant, resulting in similar
shapes peaked at the three fixed frequencies iw/2J =2, 1 +
V6, and 2+/6 but different weights varying as Eq. (26) of
the polarized spectra. The T and Oy, gauged polyhedra each
have two Raman-active modes to yield spectra peaking and
weighing differently according to the light polarization. Such
observations are also the case for D, harmonic honeycomb
Kitaev QSLs in three dimensions [42,62]. Full details of the
polarized Raman intensity profiles of all the gauged polyhedra
in question are given in Appendix D.

B. Projective symmetry argument

The T and 6; gauged polyhedra each have three spinon
modes to yield geminate excitations of 3 4+3C, types. There
are six pair-spinon-resonant frequencies in each of them. In
the case of T, one of them, {EI ®E } (fw/2J = 2/2), is
a Rayleigh channel, while all the rest contain the Raman-
active E (detectable with ¢y, £ @5 # %) and/or T (detectable
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with g, + ¢5c # 0, m) modes where the two-dimensional real
irreducible representation E = E) @ E® splits into two one-
dimensional complex ones, ED and E@, causing nonvan-
ishing Raman intensities at all six frequencies but fiw/2J =
24/2. In the case of Oy, all the direct-product representations
contain the Raman-active T,, mode (detectable with ¢;, +
@sc # 0, ), causing nonvanishing Raman intensities at all six
frequencies. On the other hand, only the three direct-product

representations G% ® G%Jr% (hw/2J =1+ V4 — \/§), G ®
2 2
Giys (hw/2] =1+ V4+ V3), and G: @ GY (hw/2J =
2 3 3

\/ 4—3+ \/ 4+ \/§) contain another Raman-active mode,
E, (detectable with i, £ @5 7# %). In this context, we should
pay special attention to the geminate excitations, labeled

{G§ ® Gi} (hw/2J = 2V4 — V/3) and {GY ® G} (hw/2J =

2v4 + V3). If we describe this gauged polyhedron in terms
of O, rather than Oy, these two direct-product representa-

tions degenerate into {G% ® G%} ={A1}® {g} ® {T2} (see
Table I), leading to misunderstanding as if outgoing photons
of ¢s. = ¢y, cause nonvanishing Raman intensities at the two

frequencies fiw/2J = 2v/4 F /3 as well. Under the pertinent
Oy, description, the Raman intensities at the two frequencies

fiw/2J = 2+/4 F +/3 in the gauged truncated octahedron be-
long definitely to the T, symmetry species, because they
are mediated by spinon geminate excitations belonging to the
direct-product representations {G5 ® G5} and {G% ® G},

both of which decompose into {Ajy} @ {Ey} @ (T}, ic.,

the Raman-active Ty, LF-Raman-inactive Ajg, and Raman-
inactive E, (instead of Raman-active E,) symmetry species
(see Table I).

In an attempt to describe partons in the Kitaev truncated
octahedron, MPT [49] restrict their symmetry argument to
gauged rotations R C SU(2) = Spin(3), i.e., double covers of
pure rotation groups R C SO(3), because they employ projec-
tive symmetry groups with the aim of characterizing an itin-
erant parton as a charged particle in quantized orbital motion
and, therefore, require the isomorphism SU(2)/Z, = SO(3).
For partons emergent in a gauged truncated octahedron, they
consider gauging the subgroup O of the full octahedral group
Oy. On the other hand, in order to describe spinon geminate,
rather than single, excitations in the context of Raman scat-
tering, we construct and have to construct the double cover of
On, € O(3) [70] instead of that of O C SO(3). Not until we
analyze the projective symmetry of Majorana spinons to the
fullest extent can we correctly understand Raman scattering
in a time-reversal-invariant gauged polyhedron.

V. SUMMARY AND FUTURE ASPECTS

Our approach to Raman observations of QSLs is feasible
regardless of the geometry. Kitaev nanoribbons [45,46], for
instance, are describable with gauged space groups, L A P,
where L is a one-dimensional translation group [71]. Their
eigenspectra are no longer discrete but consist of continuous
bands. Intraband and interband spinon geminate excitations
are distinguished and identified by light polarizations and
direct-product representations of L A P [72].

Another extension of our approach is going beyond the LF
vertices [26,27]. In the T Kitaev spin ball, the direct-product
representation {E 1 ®E 1 } is Raman inactive within the LF
scheme (Table I), but an E% multiple direct-product represen-
tation may become Raman active in higher-order scatterings
to visualize the Majorana spinon spectrum in a wider range.
Optical observation of partons in QSLs will be even more
attractive with the language of projective symmetry.
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APPENDIX A: PROJECTIVE SYMMETRY OPERATIONS
ON GAUGE-GROUND KITAEV POLYHEDRA

Dodecahedral, truncated-tetrahedral, and truncated-
octahedral lattices belong to the point symmetry groups
I, T4, and Oy, respectively. We illustrate their symmetry
operations in Fig. 4. When we consider Kitaev models of
these lattices, their free Majorana fermionic Hamiltonians
with given gauge fields are not generally invariant under
the point group actions of their belonging lattices. Let
us find gauged point symmetry operations of the ground
gauge sectors of these Hamiltonians. We illustrate symmetry
operations of gauge-ground polyhedra in Fig. 5. Every
gauge-ground Kitaev spin ball is such that all W,’s of N, =0
mod 4 are —1, all W,’s of N, =2 mod 4 are +1, and all W,,’s
of odd N, are either of +i and —i [49]. Since the Kitaev spin
Hamiltonian is time reversal invariant, its ground state is at
least doubly degenerate unless all N,’s are even [52].

Figure 5(a) illustrates a gauged rotation of the
gauge-ground Kitaev dodecahedron. Suppose we rotate it

by 27” about one of the threefold axes n, which we denote

by R(%’T,n), and then gauge some Majorana fermions
as c¢; — —c; or, equivalently, change the signs of their
relevant bonds as ug ), — —ugry, (A =x,y, ), s0 as to
recover the initial bond configuration. When the rotational
symmetry operation R(p,n) (0 < ¢ < 2m) is performed,
there exist two such local gauge operations, which we
denote by +A[R(¢,n)], remembering the double-valued
nature of rotation operators acting on half-integral spin
states. In the example in Fig. 5(a), —A[R(%E, n)] acts on
two sites, while +A[R(Z, n)] acts on all the rest, where
we make site assignment to ZA[R(p,n)] in accordance
with SU(2) rotations. How many and which sites to
operate depend not only on the rotation axis » and angle
¢ but also on the initial bond configuration. We have
25+ flux configurations {W,} including the ground two,
each available from a set of 2% /25t =2L-1 different
bond configurations {u(y n),}. We denote a couple of
these serial transformations as +A[R(2—”,n)]R(2—”,n)E

R(E ., n) and —A[RE, mIR(ZE,n) = R(Z,n).

— 3
Note  that  [RCZ, )] {umn,} = —{tpmny, )

3
[R(Z_n9 I’l)] {u(m,n)x} = {u(m.n);\}'

Figure 5(a) illustrates inversion of the gauge-ground
Kitaev dodecahedron as well, resulting in all W,’s being

while
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FIG. 4. Point symmetry operations on (a) dodecahedral, (b) truncated-tetrahedral, and (c) truncated-octahedral lattices belonging to the
full icosahedral (1), tetrahedral (T4), and octahedral (Oy,) groups, respectively.

reversed, W,=+i;p=1,...,12} > {(W,=—i; p=
1,...,12}. The constituent pentagons each initially have a
flux of 7 and all their fluxes @, are reversed into —®, by
inversion. The flux variables W, = ¢/®» are also all reversed.
Any local gauge transformation ¢; — —c; results in reversing
the signs of bonds in pairs in the three surrounding polygons
and therefore causes no change in their W,’s. We find that the
symmetry group of the gauge-ground Kitaev dodecahedron
is not the double cover of the full point symmetry group, Iy,
but that of an SO(3) subgroup, I. This is the case with the
gauge-ground Kitaev truncated tetrahedron as well [Fig. 5(b)].
Since the mirror operation o € Ty reverses the W,’s of its
four constituent triangles, its symmetry group is not ’f; but
T. On the other hand, inversion causes no change in W,’s of
the gauge-ground truncated octahedron [Fig. 5(c)]. This is
because the truncated octahedron consists of only 2/-sided
polygons (I € N), whose fluxes are either 0 or m. Even
though inversion reverses such fluxes as @, — —@,, the
corresponding flux variables W, = ¢'®» remain unchanged.
Any two bond configurations {u(, .),} yielding the same
set of fluxes {W,} can be converted to each other by local

J

gauge operations. Inversion of the gauge-ground truncated
octahedron is also followed by two local gauge operations so
as to recover the initial bond configuration, which we denote
by £ A(I), each to act on different halves of the lattice sites.
We generally denote a couple of gauged point symmetry
operations + A (P)P unifiedly as P and distinguishably by P
and P.

APPENDIX B: IRREDUCIBLE REPRESENTATIONS OF
DOUBLE GROUPS FOR GAUGE-GROUND KITAEV
POLYHEDRA

We denote the orders of a point symmetry group P and its
double covering group P by g¥ and gP respectively. Suppose
the double cover P is the Z,-gauge extension of P C O(3).
Two group elements, Py € P and P, € P, are conjugate when
we find such an element P € P as to satisfy

P, = PP P!, (B1)
Every set of conjugate elements forms a class. The classes
of the double groups of our interest read as follows.

T (E).(E). (12G5). (12Gs}. (12C2), (122}, (20G5). (20C3). {15C3. 15C;).
T (E). (E). 1302, 3Cy). (4C3). (4G}, (4C3). 14C3).
O: (E). (E). (6Cs). (6Cs). (3C2. 3Ca). (6C3. 6C3). 8T5). (8C3).

On:  {E}, {E}, {6Cy, 6Ca}, {3C2, 3Ca}, {6C5, 6C; ), {8C3), {8Cs},

(7. 1), (61C3. 61C4). {31C2. 31C). (61C3. 61Cy). (8IC3). (8IC3).

class C, (q:l,...,ng) of P
it reads {hql_’q}, {hqﬂq}, or

Supposing the gth
consists of £, elements,
(2P, %P,).

The number of (complex) irreducible representations
equals the number of classes in the group. Since all the single-
valued (complex) irreducible representatlons of P, amounting
to n¥, remain unchanged in P, we find ”c — nf double-valued
(complex) irreducible representations in P. When we denote

(

the ith (complex) irreducible representation of P (P) by &;
(Z,) and its dimensionality by df, (dP ), we have

cis (dL)" = ¢ = 60,
i=1
nicz9 5 nC79 5
it L) =4 =
2(:) g‘+l§+l(5) =120, (B2
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o= /%\ OB AAD B

FIG. 5. Gauged rotations, (gauged) inversion, and mirror operations of gauge-ground Kitaev spin balls consisting of (a) dodecahedral,
(b) truncated-tetrahedral, and (c) truncated-octahedral lattices, whose symmetry groups read I, T, and Oy, respectively. Inversion / € I, of the
gauged dodecahedron and mirror operations o € Ty of the gauged truncated tetrahedron can be followed by no such gauge operation as to
recover the initial bond configuration.
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TABLE II. Irreducible representations of the double group T and their characters.

— _ — — 15C3,
(B} (B} (1905} (1262} (1203} (1203} (200%) {20ca} o))
A 1 1 1 1 1
T 3 1++/5 1/5 0 ~1
I3 T, 3 1—5 1vE 0 ~1
G 4 —1 -1 1 0
i H 5 0 0 -1 1
Ey 2 -2 1tv/5 1445 L5 145 1 —1 0
E% 2 _9 1 —2\/5 1 —2\/5 1+2\/§ 1+2\/§ 1 1 0
G% 4 —4 1 -1 -1 1 -1 0
1 5 6 —6 —1 1 1 —1 0 0 0
g EP) =—E@) (i=nf+1....00).  ®D
2 g, B\ C s llc)-
(@Z) =¢"=12, | ’
l:l . When P and P belong to the same class, i.e., x£ (P) = x£ (P),
ne=71 ne=171 . . &i &;
~ = & we immediately find
@) =g+ 3 (@3)=¢'=24 ® Y
i=1 i=nb 41 s _ 5 _ <
n0=5 ‘ XEP)=xE@)=0 (i=ng+1,....n0).  (BY)
d2)’ = ¢° = 24,
i1 ( “') The character orthogonality theorems of the first and second
08 Wos kinds read [61]
- ~ . =
[@2) =g+ ) (d8) =g"=48. (B4 P i i
th=110 S Z hqx.gi (Cq)*xa Cq) = 8"8ij. (B9)
ng'= g=1
> (@) =g =48, ! ;
= 3 waﬁfw»j— (B10)
neh=13 neh=13 _ i=1
a2 = g% + d2)’ =¢% =96 (BS)
; ( = ) ;h ( =i ) When we denote the &, elements of C, distinguishably as
= i=ng"+1

in an attempt to determine the dimensionalities of the double-

51 )
{PD, ..., Py}

, we can define structure constants as

valued (complex) irreducible representatlons dP (i= nlc) +
1,. ”c) The characters of Z; are such that Z P Z P(]) — Z Cors ZP(k) (B11)
@ =xE@) (i=1.....8), (B6) =
TABLE III. Irreducible representations of the double group T and their characters.
— 3C%, _ _
® o B wo oupe o o
A 1 1 1 1
E(l) 1 1 eii%" et 4rn
E 2 2 71 i 71 i
{E(2) {1 {1 {e‘% {61%
T T 3 -1 0 0
E 1 2 -2 0 1 -1 —1 1
Gr(g1> 2 -2 0 e i —e i F —e i e~
G 2 44 —4 0 1< 5. 1 . 1 . —1 .
H G<32) 2 -2 0 e —et —ei e
bl
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TABLE IV. Irreducible representations of the double group O and their characters.

5l an {3?27 {6C_é7 an
E} {E : :
FY B (6T 0} 0, oy (503 (3G
A4 1 1 1 1 1
Ay 1 -1 1 -1 1
O E 2 0 2 0 -1
N Ty 3 1 -1 -1 0
o T, 3 -1 -1 1 0
By 2 -2 V2 V2 0 1 -1
Eg 2 -2 =2 V2 0 1 -1
Gy 4 —4 0 0 0 -1 1
to have another relation, resentations out of double-valued irreducible representations
N of double covers P of the corresponding point symmetry
VLP . .
~ ~ L e - groups P C O(3). Direct-product representations of a non-
hyh, Xgl_ (Cq)Xgl €)= dg_ Z hscqr:sxg[ (Cy). (B12)  abelian group are not necessarily irreducible even though the

s=1

With Egs. (B8), (B9), (B10), and (B12) in mind, we can
obtain characters of both single- and double-valued (complex)
irreducible representations of any double group P, which are
listed in Tables II-V, with particular emphasis on the relation
between P and P.

APPENDIX C: DIRECT-PRODUCT REPRESENTATIONS
OF DOUBLE GROUPS FOR GAUGE-GROUND KITAEV
POLYHEDRA

Since Raman scattering within the LF scheme [24,53-55]
is caused by spinons in pairs, we make direct-product rep-

constituent representations are irreducible. We take interest
in spinon- gemlnate -excitation-relevant dlrect product repre-
sentations &; ® &; (i, j = ”c +1, ”c) of P which are
decomposed into single-valued 1rredu01ble representations of
the corresponding point symmetry group P,

”g ne

~ o~ ~ hy

BB =5 2l C) s €
k=1 q:lg

ﬂ'ﬂ

Z@C’ Z ~Xuk(c )*X:' "(Cq)’

(ChH

TABLE V. Irreducible representations of the double group 6; and their characters. Those of the direct-product group O x C; are also listed.

— {6Cs, (305, {603, — {1, {6IC%, (31Cs,  {6IC%, —
E} {E 8C5} {8C 8IC3} {8IC
WHEB eey  soy ey BTEAT g 610} 810y} ercy) OO LG
A 1 1 1 1 1 1 1 1 1 1
Aoy 1 -1 1 —1 1 1 —1 1 —1 1
B,y 2 0 2 0 -1 2 0 2 0 -1
T 3 1 -1 -1 0 3 1 -1 -1 0
0, Te 3 -1 -1 1 0 3 -1 -1 1 0 OxC
Aty 1 1 1 1 1 -1 -1 -1 -1 -
o, Az 1 -1 1 -1 1 -1 1 -1 1 -1
Eu 2 0 2 0 -1 -2 0 -2 0 1
T 3 1 -1 -1 0 -3 -1 1 1 0
Tau 3 -1 -1 1 0 -3 1 1 -1 0
Gig 4 —4 0 0 0 2 -2 0 0 0 0 0 0
G4 4 —4 0 0 0 -1 1 0 0 0 0 -3 V3
2
GY 4 —4 0 0 0 -1 1 0 0 0 0 V3 -3
2
1 ra {302, {6C3, R {37C2,  {6ICh, | ——
{E} {E} {6Ca} {6Ca} 3C2}  6Ch} {8Cs} {8Cs} {1} {I} {61Ca} {6IC.} 3IC,}  6ICh) {81Cs} {81Cs}
Ey, 2 -2 V2 V2 0 0 1 -1 2 -2 V2 V2 0 0 1 -1
Es, 2 -2 -2 V2 0 0 1 -1 2 -2 -2 V2 0 0 1 -1
G, 4 —4 0 0 0 0 —1 1 4 —4 0 0 0 0 —1 ~
5 OXCj
Ey, 2 -2 V2 V2 0 0 1 -1 -2 2 -2 V2 0 0 —1
B, 2 -2 V2 V2 0 0 1 -1 -2 2 V2o V2 0 0 -1 1
Gg 4 —4 0 0 0 0 -1 1 -4 4 0 0 0 0 1 -1
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TABLE VI. Direct-product representations composed of double-valued irreducible representations of the double groupfand their characters.

~ o — _ — _ 15C;,
E®E; {E} {E} {12C5} {12G5) {122} {IZQg} {20G5} {2065} {ISCZZ}
s ® I% 21 1 0 -3
{I, ® I%} 15 0 0 0 3
Is ® G% 24 —1 —1 0 0
[G% ® G%] 10 0 0 1 -2
{G% ® G%} 6 1 1 0 2
[E; ®E,] 3 5 15 0 -1
{E% ® E%} 1 1 1 1 1
E;® E; 4 —1 -1 1 0
E% ® G3 8 1+T‘f5 ]%6 —1
E, ®l; 12 — L3 13 0
3 V3
[E; ®E;] 3 =5 NG -1
(E; ®Ej} 1 1 1
E:® G% 8 l%fs 1275 —1
E;®1s 12 —1=45 —Li/5 0
2 2
bearing in mind that point symmetry group P, respectively:
N - N T SO L .
1 oz (P) = xEPE P) = xE @)k P (5@ 51 = DIa Y I ahez G (©
~ k=1 q=1

(,j=nb+1,....1E). (2

Direct-product representations made of the two same irre-
ducible representations consist of symmetric (bosonic) and
antisymmetric (fermionic) parts,

Q5 =[5 Q5] (5 ® &), (C3)

9N

which are decomposed into symmetric and antisymmetric
single-valued irreducible representations of the corresponding

TABLE VIL Direct-product representations composed of
double-valued irreducible representations of the double group T and
their characters.

= = _ 3Gy, _ —
B eF, Evey B uoiuc) ) uc)
3G, ) 3
[G? @ G 3 -1 0 0
2 2
{G(sz) ® G(32)} 1 1 e—i%n’ e—i%n
2 2
G ®E, 4 0 eiin e it
2
[Ey ®Ey] 3 -1 0 0
{E% ® E%} 1
GYP @ GY 4 0 1 1
2 2
GV QE, 4 0 emisT emi3m
3 2
(G ® G 3 -1 0 0
2 2
{G(sl) ® G(Sl)} 1 1 e*i%rr e—i%rf
2 2

n‘é g
~ ~ h 5
(ZeE)=PtEg) g—gxggcq)*x{"g@;}(cq). (C5)
k=1 q=1

Note that characters of symmetric and antisymmetric direct-
product representations are given by

Koz, P = AXE@?+xEP). (o)

=i i

(zosy P =1DE@E? ).«

We can obtain characters of any direct-product repre-
sentation using Eqgs. (C6) and (C7) as well as (C2); those
of our interest are listed in Tables VI-IX. Direct-product

TABLE VIIL Direct-product representations composed of
double-valued irreducible representations of the double group O and
their characters.

Zef  (ENE (6G)6C) Sy g 18G)6C)
[E% ®E;] 3 1 —1 -1 0
{E% RE;} 1 1 1 1
E% ®Es 4 -2 0 0 1
[E; ® ;) 3 1 1 -1 0
{E% ®E%} 1 1 1
G% ®E% 8 0 -1
G% ®E% 8 0 -1
[G% ®G%] 10 0 -2 -2
. ®G: 0 2 2 0

{G% ®G%} 6
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TABLE IX. Direct-product representations composed of double-valued irreducible representations of the double group 6; and their

characters.

= o = {(6C;, (3G, {6, _ (I, {6IC,, {3IC,, {6IC}, -

Q& (E} {E} 6C, ) 3G ) 625} {8Cs} {8C;} I} 61C, ) 3G, ) 6@} (81C;} {8ICs}

[G|+%®G%+%] 10 0 -2 -2 1 -2 0 2 -2 1

{G%+%®G%+%} 6 0 3 0 -2 —1

G ® Gi,s 16 0 -2 0 0 0 0
3 273

[Ggé ® Gg;] 10 0 -2 -2 1 -2 0 2 -2 1

{GS ®GS} 6 0 2 2 0 2 0 -2 2 2
2 2

Gy ®Gy,s 16 0 0 0 -2 0 0 0 0 0
2 272

G ® GY 16 0 0 0 1 0 0 0 0 -3
2 2

[GY ® G4l 10 0 -2 -2 1 -2 0 2 -2 1
2 2

{G5 ® G5} 6 0 2 2 0 2 0 -2 2 2
2 2

representations for geminate excitations of different Majorana
spinon eigenmodes are not necessarily made of different
irreducible representations but may be made of the same
ones. Those made of different irreducible representations can
be decomposed into irreducible representations by Eq. (C1);
those made of the same ones, by Egs. (C4) and (C5). Direct-
product representations for geminate excitations of degenerate
Majorana spinon eigenmodes fall into the latter case. The
thus-obtained decompositions into irreducible representations
are all listed in Table X.

APPENDIX D: POLARIZATION DEPENDENCES OF
RAMAN SPECTRA

The ground-state Raman scattering intensity of a Kitaev
gauged lattice within the LF scheme [24,53-55] reads

I0) = > M/ (0le"7

/ ©le" 7 T Re T R|0)e dt,
ZnhL

zyf

BT R0V dr

=Y T LR = eRe,
JU=X,Y,Z V=X,Y,2
Rl“) =-J Z Z dmndi‘;mo'm ’ (Dl)
A=x,y,z (m,n);
where e, = el e €] and ey = [e', et €] are the unit

m i T1n
column vectors indicating the polarlzatlons of incoming and

outgoing photons, respectively, while R = [R""] is the ma-
trix representation of the Raman operator in Cartesian coor-
dinates. The matrix elements R*” are expressed in terms of
Majorana fermions and spinons:

=i/ E E d,’:ndmnum ), CmCn

A=x,y,z (m,

L/2 L2

=i/ Z Z szmndrl:m,\m n),\[(wm,Zk—l

A=x,y,z (m,n), k=1 k'=1

+ 1Ym0 + Y2kt — iV 20T (W 201
+ i o0)er, + (Waoi—1 — iV o ot (D2)

The LF vertex can be decomposed in terms of single-valued
irreducible representations of the double group P of the back-
ground gauged lattice, i.e., irreducible representations of the
corresponding point symmetry group P [64-66],

d“;i ~
'% = ZIX;E%:M P_;[ N7 = Z ZEP RP i’
i n=

(D3)

where EE » (E_g’_: ,) 18 the puth polarization-vector basis func-
tion for the L:‘i (&;) irreducible representation of P @P), RI;__#
(Rl;’_: ,) is the symmetry-definite LF vertex accompanying it,
and )_; runs over the LF-active real irreducible representa-
tions. Within the LF formulation, the nonvanishing vertices
and corresponding basis functions read

y Y
efnesc + €inCsc

Cev
E A16 | = \/z ,
E]gﬁvl — e;(ne)s(c ey ezc
2! \/E ’
E,:2 — \/i ’
Ree _ RUERY
1t ﬁ ’
Rgsvl — R™ —R”
2! ﬁ ?
RY 4 R
RES, = —5 (D4)

for the two-dimensional 664‘, gauged honeycomb and

Z 2z
EI ET EOh 1nefc + e eSC + €inCsc
Al — FAIL —

A1 1 \/g ’
2e¢t e — el er — ey
O in€sc in"sc
EI{I:I = EET:I = EEghzl = \;6 =,
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TABLE X. Direct-product representations composed of double-valued irreducible representations &; E®E G, j=nb+1, ng) and

their decompositions into single-valued irreducible representations =y (k = 1, .

, n%), which are doubly or singly underlined when they are

relevant to inelastic (Raman) or elastic (Rayleigh) light scatterings, respectively, for various double groups P. Note that =} of P is nothing but

Ek of P.
P B ® & D Ex = Dy Ex
1 Is ®Is {Al@2[T]1e2[T.18(Glo{Gle[H]o2{H}
I% ®G% T @Tz@ZG@ZE
G% ®G% {Ale[T1e[T:18(Gl®{H}
E; ®E, {A}®[T]
EI ®Es G
2 2
E, ®G; Ti®H
E% 2 I% Tz@G@g
E; ®E; {A}®[T,]
E% ® G% T,0H
E:® I% T, @G@E
T GY®Gy {EV}o[T]
GY ®E, E?®T
5 2 ="=
E% ®E; {Al®[T]
G(l) ® G(Z) A®T
G“) ® El EVeT
G(l) ® G(l) {%2)}@@]
0 E%®E1 {A1}®[T1]
E% ®Es Az@g
E%®E5 {A}0[Ti]
G% ®E; E@Tl@h
G; ® Gy {AS[ANB(EIO2([T S [TL]&(Ts}
O, Gi3®Gy s {Ag}O{A1L} B[A2] D {A2} O[T ][ T1u] @ {T2e } @[ Tou]
Gy ®Gyg B, @E@T i ®T1u® T2 ® T
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EN,=EF, =EX = dnse % Rz = Re =Rg,. = ,
e e+ e e R —R”
v RY 4+ R
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for the I, T, and O, gauged polyhedra, where Rgﬁyl Decomposing the Raman operator into irreducible repre-
and R}x = RAl _ Rg? . belonging to the identity sentations (D3) and taking account of their orthogonality (21),

. ; . we write the Raman scattering intensity as
representations in two and three dimensions, respectively, all
commute with the corresponding Hamiltonians to contribute
merely to elastic (Rayleigh) scattering.

J

dP

dP
o= 3% SR [0 TRE e TR o)

n=1 v=1

/ 2 * dt Eiwt iAot _ it
=Y (e [ S 0 FRE R 0 EZ Z )T (@), (D6)

We write the Raman vertices in Cartesian coordinates (D5) and then in terms of spinon operators (D2). Having in mind that
a¢|0) = 0 and discarding Rayleigh terms, we can express /(@) by Fermi’s golden rule,

o 25T 21257111

, dgi b ) 0 ]t ¢i®
I(a))=2i: ;(EEM) /_OO - XZ: Z (Ole’

T RE € TN ® W) g (W) ® () IR, 10)

25+
1

=—ZZ A=Y / e T S (VAT LA R ATTIUA

1=k <k"= q=0

x o{{m}| Ry

e

{ni})o

o P
ool |{n n oo R .
,,u| {tmm, Yooy KK [{rhoo (il e R“"”|{u<m,n>k}om

.

1 / —

=22 2 (EEL)T D (Ol RE,,10) 8o — e — ex), (D7)
iop=l I=k<k'=%

where RY, . | o Jo, € the gauge-ground LF vertices.
=i WUim,ny; 50(r)

The spectral degeneracy within each multidimensional irreducible representation [62] is the case with Kitaev spin balls as
well. Considering the QSL ground state (9) is invariant under every symmetry operation P € P, the Raman response with
Pe;, = &, and Pey. = &5, which we denote by I(w), should remain the same as I(w) with e;, and e, where we denote the
matrix representation in Cartesian coordinates for the point symmetry operation P by P. With Eq. (D1) in mind, a point symmetry
operation of the Raman operator reads

EnRé. =% = E E ef;t’P”” RIEVP Vel = E ef;R““(P)e:c = ein R(P)ey., (D8)
W v=x,,2 1/ ,v'=x,y,2 H,V=X,y,Z
and therefore, we have the intensity

~ dt e"‘)t dt ei“” it ~ i~
() = Ole ™ Ze™ "t %)0) = E:E: Ole” " RE. (P)e” "= RE. (P)0
(w) /;00 L ( |e i He” n H|0) / ZJThL( len RE,.,(P)e” 7 RE.,(P)]0)

i p=l1

dr
EZ/Z(E};: If,u(w) ZZ 1P 1 (@) (DY)

i p=1 i p=1

Arbitrary polarization vectors e, and ey yield arbitrary coefficients (ElE)i: M)z and therefore demand that i.g,-:u (w) = I_gi: u (w) for
every Raman-active mode &; : p. It is instructive to review the Raman-active E, symmetry species of the Cg, honeycomb lattice
[62] on the xy plane. The threefold rotation about the z axis of the polarization vectors reads converting the Raman operator into

R = Ry = | E G0 RG] =3 2 [R R} . (D10)
WEERROIT | R REGw) | T |4 L |IRY BT E
Then the Raman vertices of E, symmetry species behave as
~ R¥(Co) = R (Cyy) 1 V3
CoRen = Ret (Ca) = = 7 © =—§Rg§?1—773§§?2- (D1
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The Raman response of the Kitaev honeycomb QSL remains unchanged against the symmetry operation Cs(;) € Cey,

oo dt eiwt
0o 2HL

i1 ~ _ i ~ 1 3
I8 (@) = Gy Ity (@) = / (Ole ™ Rez (Cxo)e™ 7 R (Ca)I0) = JIg (@) + Jlglh (), (D12)
and therefore, we find that IEC2 N (w) =1 C°‘2(w) Next we consider rotating the T and Oy, polyhedra by about the [111] axis,
which reads converting the Raman operator into

R” (GCsainy) 73”(6'3(1 1) EXZ(CS(I 1) 0 1 O||R™ Rv» R®
GainR = R’ Gany)  RY(Cany)  R¥(Camy) [ =10 0 T R™ RW R
R (Gain)  RP(Gary)  R¥E(Csarny) 10 O0f R" R¥ R

O = O

0 1
0 0. (D13)
1 0

They each have the two Raman-active symmetry species E/E; and T /T, and the corresponding Raman vertices behave under
the threefold rotation as

c3<111)7z§;§;1 _ ﬁgggl(cmu)) _ 2R=(Cs11) — ﬁxxifg(lu)) — R¥(Cxa11)) _ _%Rgg;l n ?Rg;g::z’
C3(111)R¥f%‘;:1 _ ﬁg%'gzl(csan)) _ ﬁx}’(an1))%7%}'}6(&(111)) _ R%?hg N

G R = Ryt (Cyan) = ﬁYZ(Cm11))j§7§2>’(C3(111>) — RO

C3<111)R¥;%hg:3 = ﬁ%%gzs(cwm) = ﬁZX(CB(”1)):/%@1(@(1”)) = Rg%hl (D14)

The Raman responses of these Kitaev polyhedral QSLs are invariant under their common symmetry operation C(j11),

1
o)
ET//Ehl(w) C3(111)IE/E (@) = _Ig//é)hl( )+ Ig//é)hz( )

T Oy T/O
T//T I 1(0)) C3(111)1T/T2 1(w) = IT//Tzh z(w)a

T/O T/O
IT/TZZ:Z(w) Gainf T/T2 "o(0) = IT/Tzh 3(@),
(0] O
I (@) = Gl e a(@) = It (@), (D15)

and therefore, we find that /" //g o) = s //Eog "> (w) and I //TOZ () =1} //g 'o(w) = I //;) " s(w). For the Raman-active H symmetry

species of the Kitaev dodecahedral QSL as well, we can similarly find the spectral degeneracy II!“(a)) = I;Lz(a)) = I!m(a)) =

By (@) = Iy (@).
Now that Eq. (D6) reduces to

1) =Y Z AR >—ZI"1<w>Z (D16)

i p=l
the number of Raman-active modes possible in the lattice geometry is most decisive of whether and how the scattering intensity
depends on the light polarization. In Eq. (D16), we have
2 1
S (ESs) = 5 sin Dy sin’ Oy (D17)

for the two-dimensional honeycomb lattice,
> , 1 1
Y (Eh,) = 51208 Din OS Ve — sin in sin Ve COS(¢in — gl + 5 Isin Din sin D cos(gin + o)
n=1
1. . . , 1. . . . 2
+ E[sm ip sin D sin(@in + @5c)]” + §(s1n Din SIN @i €OS Tye + €OS Vi, Sin Vg Sin @y )
1
+ 3 (cos Ui sin Yy €OS Pge + Sin By, COS @iy COS Ve )? (D18)
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for the dodecahedral lattice, and

2 2
2 2 1 . : 1 . .
Z (Egu) = Z (Elgghu> = 6[2 €os Wi €08 Py — sin Py sin Py COS(Pin — Psc )]2 + E[SIH Uin Si0 P cOS(@in + Wsc)]z,
u=l1 pu=l1
3 3 1 1
(E’I'{/L)Z = (E'gz:ﬂ)z = E[Sin Vin sin ¥ sin(gin + (psc)]z + E(Sin Din $in @i, €08 Ve + €08 By, sin P sin Q‘)sc)2

1
+ E(cos Din SiN U COS Qe + SiN Py COS @iy, COS Ve )? (D19)

for the truncated tetrahedral and octahedral lattices, respectively. For the honeycomb lattice, we are interested only in the
polarization vectors parallel to the plane,

1
3 (B ) =5 (D20)
M:l 7’in:19§c=%

and find no polarization dependence of the Raman response within the LF scheme. For the dodecahedral lattice, even if we
restrict the polarization vectors to the xy plane, the Raman response still exhibits weak polarization dependence even within the

LF scheme,

> 2
(Ei.)

=1
o Iin=0se=5

= — COS qun — 90 + -,
6 5 2

(D21)

i.e., the spectra peak exactly the same but weigh differently according to the light polarization. For the truncated tetrahedral and
octahedral lattices, even if we consider the Raman scattering within the LF scheme and restrict the polarization vectors to the xy
plane, we have two Raman-active symmetry species to find strong polarization dependence of the spectra,

2 2
2 2
Z (Egu) = Z (ES:M)
n=l R s
3 3
2 2
2 (Er,) =2 ()
H=l Ppmte=2 ! Py=be=1

1 2 1 2
= g cos (@in — @sc) + 5 cos (@in + @sc)s

1
=3 sin(gin + @se), (D22)

i.e., spectra peak and weigh differently according to the light polarization. Note in this context that we do not have any accidental

degeneracy, i.e., neither does I, (@) equal Ir;, (@) nor does I

(@) equal Ip" ().
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