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Exact Green’s function approach to RKKY interactions
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The Green’s function (GF) of two localized magnetic moments embedded in the electron gas is calculated
exactly. The electrons are treated in the effective mass approximation and the magnetic moments are coupled
with electrons by a deltalike s-d interaction. The resulting GF is obtained as a result of the exact summation of
the Born series using a generalization of the method developed by Slater-Koster and Ziman to noncommuting
spin operators with the use of the Woodbury identities. For small s-d coupling J the exact GF reduces to the
Ruderman-Kittel-Kasuya-Yosida (RKKY) case, for which the first two terms of the Born series are included. In
contrast to the standard RKKY, for the exact GF there is no symmetry between positive and negative values of
J. The exact GF crucially depends on the value of the one-electron Green’s function at the origin, denoted as
8o. The Born series is convergent only if gy is finite, which holds for electrons in parabolic energy bands in one
dimension, but not in two and three dimensions. For this reason, a simple model of RKKY interaction deserves
to be reconsidered since the second term of the perturbation series is finite, and gives the standard RKKY
interaction, while the sum of remaining terms is divergent. A finite value of g, can be obtained once a cutoff for
the energy integration is introduced. The exact GF includes nonlinear combination of localized spin operators
and a method of calculating matrix elements of these operators is given. For spins S, S, = % the exact GF is
expressed as a linear combination of components of S,, S,, and the exact range function 7 (r,) is obtained as a
double integral over analytical expression. For electron energy £ = 0 and Jgy/2 ~ 2 or Jgo/2 =~ —%, the range
function and GF are singular. Poles of GF occur in the vicinities of singularity points and the resulting energies
of bound states are calculated. The origin of asymmetry between positive and negative J values is explained.
For small |/| the range function 7 (,,) resembles the RKKY one: it has the same period 7 /kFr, the same decay
character, and a slightly different amplitude, usually within a few percent. This regime occurs most frequently in
the nature. For |J| comparable to |go|~', the exact range function has much larger amplitude and nonoscillatory
character. For |J| > |go|~!, the exact range function oscillates with the same period and powerlike decay as
the usual RKKY function but it has much lower amplitude decaying with growing |J/|. In the limiting case of
|J| = oo, the range function vanishes. A range of validity of the proposed model to real systems is discussed.
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I. INTRODUCTION

In 1954 Ruderman and Kittel described interaction be-
tween nuclear magnetic moments of impurities in metals [1].
The interaction was mediated by conduction electrons and
had a long-range character. It was found that the second-
order correction to the energy of free-electron gas due to the
presence of two nuclei is proportional to the product of the two
spin operators and the range function Jrk(7) depended on
the distance r,;, between spins. The range function oscillates
in space with the period 7 /kr, where kr is the Fermi vector,
and for large distances it decays as 1/r,. Sometime later,
Kasuya [2] and Yoshida [3] pointed out that exactly the
same interaction appears between magnetic atom impurities
in metals as a result of s-d or s-f hybridization.

During the last 60 years the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction was investigated both theoreti-
cally and experimentally in more realistic systems. The review
works of RKKY can be found in Ref. [4] and many textbooks
of solid state physics (see [5]).
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In this paper we propose a method of exact summation of
the Born series for two localized spins interacting with elec-
tron gas by the s-d interaction. Our calculations generalize the
RKKY theory by taking into account all terms of perturbation
series instead of retaining only terms of the second order in
the s-d coupling constant J. We calculate the exact Green’s
function (GF) of the system using a modification of the
method proposed by Slater-Koster-Ziman to potentials includ-
ing noncommuting spin operators [6]. Having calculated the
exact GF of the system we clarify the issues of convergence
of Born series and calculate the range function obtained from
the exact GF. We also clarify the issues related to behavior
of GF and the range function for small and large values
of |J| and discuss the possibility of existence of localized
states. It appears that these results have not been reported in
literature.

Our intention is to compare the exact results with those ob-
tained for standard RKKY theory. For this reason we consider
electrons in parabolic energy bands described by the effective
mass approximation. Within this approach we calculate the
impact of higher-order terms of the Born series on the GF and
range function of RKKY problem. We mostly concentrate on
the three-dimensional (3D) case at T = 0.
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The paper is organized as follows. Section II outlines the
derivation of RKKY using the second-order terms of the Born
series and discusses some properties of singular potentials.
Section III introduces the Dyson equation of the problem and
its solution with use of Woodbury identities. In Sec. IV we
express the exact GF for arbitrary spins as nonlinear combina-
tion of localized spin operators. Section V provides a method
of calculating matrix elements of exact GF in Sec. IV. Sec-
tion VI considers the case of spins S, S, = % and expresses
the exact GF as a linear function of products of spin operators.
Section VII contains calculations of density of states obtained
from the exact GF, the grand canonical potential depending
on localized spin configuration and the corresponding range
function. Section VIII introduces a simplified model of exact
GF, grand canonical potential, and the range function valid
for fast-decaying one-electron GF. This approximation allows
us to understand the physical origin of several peculiarities
existing in the exact results. Section IX discusses one-electron
GF used in further calculations and introduces an energy
cutoff for one-electron GF at the origin. Section X contains
numerical calculations of the exact range function for several
values of key model parameters. In Sec. XI we discuss our
results. The work is concluded by the Summary. Appendices
and Supplemental Material [7] provide auxiliary information
related to the problems analyzed in this work.

II. PRELIMINARIES

Let us consider the Dyson equation G = § 4 gV G, where
V =V, +V, V, and V}, are two nonoverlapping potentials, g
is the GF in absence of V, and G is the GF in the presence of
V. Iterating the Dyson equation one obtains the Born series
G~35+8Vag+2aVaVa+---. The lowest-order terms of this
series depending on both V, and V, are

G >~ gV.gVug + ViV + - - (1

We consider the potentials VC with ¢ = a, b in the form of
contact s-d interaction

Vo(r) = J8(r —ro)8.3, 2)

where J is the s-d coupling constant measured in J x mP

units, D is system dimensionality, § = ¢/2 is the electron spin
operator, and o are the Pauli matrices in the standard notation.
The operators S. describe localized spins of atomic nuclei or
magnetic impurities. Taking the trace of G°” one finds the den-
sity of states (DOS) of the system n(E') and the correspond-
ing thermodynamic potential Q[n(E)]. For the one-electron
Green’s function g in the effective mass approximation, D = 3
and T = 0 one obtains the well-known result [1]

AQ >~ TriS.Sh, (€)

2

TRk (Tap) = [2rapkr cos(2kprap) — sin(2kprap)],

3,4
64m-r; ¢
“4)
where ¢ = R /(2m™*), kr is the Fermi vector, m* is electron
effective mass, and r,, is the distance between S, and Sj.

Equations (3) and (4) describe the RKKY Hamiltonian and
range function of electrons interacting with localized spins.

The RKKY interaction in Eq. (4) is of second-order effect in
terms of s-d coupling constant J.

There appear questions about the validity of Egs. (3) and
(4). First, about the convergence of the Born series and the
impact of remaining infinite number of terms on the range
function in Eq. (4). Next, one may ask whether the Born series
converges for arbitrary J or is there a critical value of J above
which the perturbation series diverges. Finally, is it possible
that for sufficiently large |J| there appear localized or resonant
states.

Taking proper material band structure, reasonable physical
parameters, and including other effects appearing in solids
(as, e.g., phonons, disorder, many-body effects in electron gas
and in ion electrons), the RKKY theory correctly describes
experimental results [4]. This implies that for the RKKY
problem, the Born series converges and its higher-order terms
do not alter significantly the results in Eqs. (3) and (4).
Another implication is that even if there is a critical value of
J leading to divergence of the Born series, its magnitude is
much larger than |J| observed in real materials.

However, there are at least three hints indicating that the
impact of higher-order terms in the Born series is more com-
plicated and ambiguous. First, as pointed in Refs. [8,9], the
third-order term of the perturbation series for RKKY energy
is divergent. However, there exists a suggestion of Kittel that,
possibly the whole Born series is convergent irrespective of
the fact that some of its terms diverge if calculated separately
[10]. The second hint is that taking into account only spin
parts of the potentials V, and Vj, the higher-order terms are
more complicated functions of localized spins in Eq. (3). The
last hint relates to analytical results obtained for the case of
single scalar deltalike potential. Let V,=0andV, = v 0(r —
r,), where v, is potential strength. Using the method proposed
by Slater, Koster, Ziman, and others [6,11-13] one can sum
the Born series to obtain

v,
G(ri,r) = g(r1, 1) + gr1, 1)) ————g(ra, r2),  (5)
l_gova

where gy = g(r,, r,) is one-electron GF at the origin. The
GF in Eq. (5) exists only when the quantity gy is finite. For
|gov.] < 1 one may neglect |gov,| in the denominator of
Eq. (5) and the GF is well approximated by its lowest-order
terms in v,. By increasing |gov,| the corrections due to the
denominator in Eq. (5) are more pronounced. For vanishing
imaginary part of gy and appropriate value of v, there appears
a pole of GF, indicating an existence of localized states. For
|govy| > 1 the second term in Eq. (5) gradually decreases and
for v, — oo the GF does not depend on v,. Finally, the GF
in Eq. (5) is not symmetric for positive and negative values
of v,.

The above hints suggest that the RKKY interaction ob-
tained in a second order of perturbation expansion, as given in
Egs. (3) and (4), may overlook some important properties of
the system. The potentials V, and V}, are products of deltalike
potentials and spin interactions between conduction electrons
and localized moments. Therefore, the true GF of the system
should include spin effects, e.g., its dependence on relative
spin orientations and effects related to deltalike potentials,
similar to those following from Eq. (5).
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III. GREEN’S FUNCTION OF THE SYSTEM

We consider the electron gas perturbed by two localized
spins S, Sp placed in r,, rp, respectively. The potential of the
s-d interaction between the spins and the electron gas is

V(r)=Z.80 —r1)+ 28 —1,) =V, + V), (6)

where we defined Za = J3a§/2 and Zb = J§b§/2 [see
Eq. (2)]. Note the sign convention in Eq. (6): positive sign of J
corresponds to antiferromagnetic coupling between impurity
and electron spins. Then,

. J(+S 8o
=3y ) cmer 0

The main differences between the scalar potential in Eq. (5)
and the spin-dependent potentials in Egs. (6) and (7) are (i) the
X, y, z components of Va and \7;, do not commute and (ii) the
potentials V, and V, as given in Eq. (2) do not commute, which
can be demonstrated by direct calculations. Then, in further
calculation one has to ensure proper order of spin operators
and its components. Because of the nonzero commutator of
V, and V, in Eq. (6), we may not apply the results obtained for
the Kondo problem [14,15].

We treat the electron gas in the single-particle approxi-
mation and assume that the electron spin is a good quantum
number, i.e., the periodic potential of the lattice does not mix
electron states of different spins. The one-electron states are
then two-component spinors |kv) = |[k) x |v), where v € {?,
1} is the s, component of electron spin, and |k) is the Bloch
state of the conduction band.

The conduction band is filled by electrons up to the energy
Er and we neglect interactions between electrons. The energy
dispersion € (k) may be arbitrary, but spin independent. Then,
the one-electron Green’s function is a 2 x 2 matrix diagonal
in spin variables

N 1 0
g("l,rz,vl,U2)=g(r1,"2)(0 1>, (®)
where
k) (k|
g(rl,rz,E>=;E_ek. ©)

The only assumption for GF in Eq. (9) is that, for all energies
E > 0, the GF at the origin gy is finite and nonzero

g0l = | lim g(r1.r2, E)| € (0. 00). (10)

In Sec. IX we consider the one-electron GF for parabolic
energy band in the effective mass approximation, which is a
special case of GF in Eq. (9).

A. Dyson equation

Within the model described above we solve the Dyson
equation for the exact GF of the system. Let G be the Green’s
function of the electron gas in the presence of external poten-
tial given in Eq. (6). The functions G and g are related to each
other by the Dyson equation: G = g + gV G. In the position
representation there is

G =g, + /gISV(r3)G31d3r3' (1)

In Eq. (11) and below we use the notation G 2= G(rl ,rp) and
81, = 8(r1, rp). Since the potential V (r3) in Eq. (6) is the sum
of delta functions multiplied by spin operators one obtains

G =81 +81.2sG > + 81,216, (12)

where g{;, gi, glib are given in Eqgs. (8) and (9). The function
G, is a 2 x 2 matrix and the main objective of this paper is
to obtain its four components in the analytical form.

To find G, we generalize the method proposed by Slater-
Koster and Ziman to sum the Born series for neutral deltalike
impurity embedded in the noninteracting electron gas [6,11—
13]. By setting in Eq. (12) r; — r, and r; — r;, one obtains
two coupled equations for Gaz and Gbgz

G = 8 + 80ZuG s + 8,260, (13)
Gy =81y + 82,62 + 8,,2Grn. (14)

We may rewrite Egs. (13) and (14) in a matrix form

<i_gaaza _gabzb )(Gaz) — <ga2) (15)
—&pla 1 —82,) \Gp &,

In the above equation the matrix is a 4 x 4 operator. We write

formally
_gahzb ) <ga2) (16)
I —g,,Z 8

(Gu2> _ <I gaaza
G —8pila
To find the matrix in Eq. (16) we consider two 4 x 4 operators:

Y and T = ¥ ", Let ¥ be the matrix in Eq. (15),
:|, (17

f] — gaaz _gabzb — A
P A AB
—8ulp T T
Jsaeth (T ) as)
I — 82y T

and T be the matrix in Eq. (16),
T — (i _Agmiza
_gbaza
~A B ~C aD .
In Eq. (18) the operators T",T ,T ", T are undeterminate
yet, and they are complicated functions of A, B,C,D (see
below). From Eqgs. (16) and (18) one has

(Ga2> _ TA TB (ga2> (19)
sz Tc T 8

The exact Green’s function in Eq. (12) is

> S

~p>

A N N A A A N A A A B N
G =8, +81,2.T 18, +8,2. T 181
~ 5 AC A N A ~D. .
+8ulZo T 18, + 812y T 18- (20)

Equation (20) describes the Green’s function of the two-
impurity problem and it has a form of the Dyson equation
for the 7 operator: G = g + 272 [11]. In Eq. (20), 814 81
and g, are scalars so below we omit the matrix signs. The
operators Zao 2y, T' with i € {A, B, C, D} are 2 x 2 matrices.
The operators Z,, Z), are given in Eq. (7). To determine
TA, TB, Tc, TD we use the Woodbury identities.

205201-3



TOMASZ M. RUSIN AND WLODEK ZAWADZKI

PHYSICAL REVIEW B 101, 205201 (2020)

B. Matrix inversion by Woodbury identities

Let A, B, C, D be noncommuting operators in Eq. (17).
Then, the Woodbury formula states [16]

A1 A—laa—]
o +A, —A; BD
T=Y =[ . o } 1)

PN

AJ'¢A +A;
where
Ar=A-BD'C, (22)
A, =D —CA'B. (23)

Turning to Eq. (17) we note that in this case A commutes
with C, and B commutes with D. This gives Al = f)_lﬁ'l and
A, = A_IFZ, where

F,=DA - BC, (24)
F, =AD — CB, (25)

respectively. Then, from Eq. (21) one has
p_ [+ —i'B]
—F; ‘¢ +F; 'A

(26)

From Egs. (16), (18), and (24)~(26) there is
a1 S~
F, guZy,

Al =~ A
. Fi - goZy)
T=[A‘_1 . Lo @D
F2 gbaZa F2 ([ _gOZa)
where g.,, = gw = go. We assume that gy is finite (see
Sec. IX). From Egs. (20) and (27) we have

A Aol

G = gl + g1l Z.F | (T — g0Z1)18w

_ PN N
+ g1alganZ.F Zh]ghz + gwlgvalivl 5 Z,1802
N oAl & N
+guwlZpF, (I — goZa)]1gn- (28)

. ~ a1 ~ A1 .
Introducing operators Q; =F, and Q, =F, we rewrite

Eq. (28) as

Gix = gl + 814[2,0,(F — 80Z)1g02
+ 81a[8avZa01 211812 + 816[86aZb02 24182
+ 815[Zo0, (T — 80Za)1gsn. (29)
From Eqgs. (16) and (24) and (25) we find

Py =1 = g02y)( — 80Za) — gargvalZal = Q1. (30)

Fy= [ - 802 — 80Zp) — gursnalaZs) = @, (1)
Equations (29)—(31) describe the exact GF of the considered
system. The operators Q, and Q2 are 2 x 2 matrices defined as
the inversions of F'; and F, matrices, which are combinations
of §, and S}, operators. In two limiting cases of small and large
||, the operators F'| and F, can be inverted explicitly. For
arbitrary J we must invert F'|, F, using the general form of
Woodbury identities in Eq. (21) (see below)

For small s-d coupling there is gOZ <1, gOZ,, < T
gabgbaZbZ « I, so one can disregard these terms. Then, one

obtains in Egs. (30) and (31) F, ~ I, F, ~ 1, and, conse-
quently, Q,, Q, ~ I. Then, Eq. (29) reduces to

Gio > 815 + 8102482 + 8108 Zal 8t + §1680aZbZa8a
+ g1vZ g1 (32)

Equation (32) describes the first and second order terms of the
Born series for two-point spin-dependent potential

G =2+ 3Vt V)2 +2Va+ V)3(Va + V)2 + -+ . (33)

Calculating the range function J(r,,) with use of GF in
Eq. (32) one obtains the standard result for RKKY interaction
(see Appendix B).

For the strong coupling there is 802y > 1, g0Zy > 1,
and gabgbquZ > I, so that one can disregard the identity
operator [ in Egs. (30) and (31). Then, the expressions in
Egs. (30) and (31) reduce to products of two operators, that
can be inverted in the standard way. The GF in Eq. (29) and
the range function in this limit are obtained and discussed in
Appendix C.

IV. EXACT GREEN’S FUNCTION FOR ARBITRARY SPINS

Let £\ = [fL

fl = PZ(SES;_ + Sggfl)

;‘,] in which
- P1(§2 + 32) +1, (34)
P =pa($38, = 8,5) — S, +5). (39

= i8S +8H. (36)

FP=pa(88 + 88 +pi(S+8)+1, (37

and
P =378, (38)
P2 = 377(86 — 8avgba) = J7P5". (39)

To obtain F, one should exchange a and b indices in
Eqgs. (34)—(37). Let

A - gih g8
0 =F =| D | (40)

Using Eq. (21) we find

LS
QD Q

) Al —A_lle(le)_l
Q = |: Al Alé‘A FLAN—1 " Al (4D
=AU Alp
in which
A= "= FEAD)TIE (42)
Ap =17 = 17 (43)
Similarly, let
A 2B
~ el q q
0,=F, = |:A . :| (44)
2 2 G€ G
Using Eq. (21) we find
R A 1 Aflf"ZB(f'?D)—]
Q2:|: A71“2i‘ F24)~1 2AA71 » (49
_Asz F Aop

205201-4



EXACT GREEN’S FUNCTION APPROACH TO RKKY ...

PHYSICAL REVIEW B 101, 205201 (2020)

in which Then, one obtains from Eqgs. (29) (40), and (44)

Aop = 2 = PP 2, (46) G=6"+G"+6" +6", (48)

Aop = 2P — FO(f24)1 /28, 47) which can be rewritten as a 2 X 2 matrix equation

J
((C})u (C}')u) _ ((sz)n (sz)u) N ((C}Z';)n (@22)12) N ((C}Zm (@Zm) N ((C}Z’;)n @Zm) 49)
(G (G (G2 (G (G)21 (G2 (G" )21 (G™)n2 (G™)1 (G™)2
where
. 7 N . TN J . .

(G = g1a{ =7 20(8,4°°8; = 8,4'75,) — 5415, = §:4"°5)) + 58,4 + 5:4") fgaa, (50)
(G“V12 = gua —J;go(;‘q” S, +8.4" $:gM 8, +8:6'553) + g(;—q‘” + 829" t 8a2, (51)
(G = g1a —Jzzgo(squﬁz —8F5g"8, +826"8; + 82'°8)) + ‘%(S‘; " — 824'C) tgao. (52)
(G“Y2 = g1a —Q—zgo(sjq“AS; +874'"8; + 524'°S, — 824'7S;) + g(sjq“g - 8:9'") {8a2s (53)
(G = g1a Q—zgab(:c}l“; +8,4'8; + 859" 85 + 85975 ) t gnm (54)
(G2 = g1a Qigah(qu”; - 8,45, +859"5, - 8:9'"°5;) &, (55)
(G“)21 = g1a J4—2gab(S,, G"8; + 8748y — 859"°8; — 8:4'°S})) L gne (56)
(G = g1a Jél_zgab(gqugh— — 855q""8; — 8208, + 8526'7S5) tawm. (57)
(G")1 = guw J;gba(ﬁmz“g + 8, %P8F + 8507457 4 8:4°28F) L g, (58)
(G")2 = g1 J4—2gba (8,9°8, =8, 4°"8; + 8368, — $;07°5%) { gaos (59)
(G")a1 = g1 J;gba (85G35 + 85 4778 — 850785 — 554775 ) { 8azs (60)
(G") = g J;gba (85a™8; — 87 °°8% — 55978, + 854°°5%) { gans (61)
(61 = s L0 (6775 — 85508 - S5 - §507750) + 55,7 + 550 fm ©)
(G2 = g1 —J;go(ﬁ,;q”ﬁa +8,6°°8: — 8597187 + 8:¢788%) + %(S,;q@ +856°") t &2, (63)
(6”1 = g1 —J;go(s; 18, = 8,775y + 8§78 + 85°°8)) + %(S,,+ 7 = 850°) g (64)
(6" =g —]4—2g0(s 48, + 8,675 + 8578, - $50°8%) + g(s,j 7*" — 554°") t e (65)

Equations (49)—(65) describe the exact GF of electron gas
in the presence of two pointlike impurities with arbitrary spins
S, and §,. The operators §'%, §** with o = A, B,C, D are
defined in Egs. (40) and (44), respectlvely The terms G* and
G" correspond, roughly, to interactions between spins, while
G and G describe one-site properties. By taking the limit
Jgo — 0 in Egs. (34)—(39) (corresponding to p;, p» — 0)
we find f'4, f2A4, f1P {20 ~ 1  while the remaining terms

vanish. There is also ¢'4, §' ,c}ZA, ¢*P ~ 1, and the remain-

(

ing terms vanish. Assuming g,, = g», one obtains for the
electron density n(E)

n(E) = —%ImTr(G)

2 N s
=7 Im | g148618avd°1 )SaSh,

(66)
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which is the density of states obtained for the RKKY interac-
tion (see Appendix B). In Egs. (50)—(65) there is no symmetry
between positive and negative values of the coupling constant
J because of the linear terms in J. The expressions in curly
brackets in Eqgs. (50)—(65) are the matrix elements of the T
operator.

For arbitrary spins S, S, one can not find general expres-
sions for G in a closed form because the operators §'%, §2*
with o« = A, B, C, D in Egs. (49)—(65) are nonlinear functions
of 8,, 8, [see Egs. (40)—-(47)]. However, it is possible to
obtain matrix elements of G using a method described in
the next section. Additionally, for S‘u, Sb = % it is possible
to find analytical expressions for §'* and §**. This allows
one to express the exact GF in Egs. (49)—(65) as a bilinear
combination of §,,, S, components.

V. MATRIX ELEMENTS OF GF COMPONENTS

Here, we present a general method of calculation of the
matrix elements of G components, as given in Eqgs. (49)—(65).
This method may be applied for arbitrary spin values S, S, =
%, 1, %, ... and we illustrate it for $,,, S, = %

Consider the Zeeman basis B/, for spins S0, Sy = % in
which each state |n) is labeled by two zth components the
spins |n) = |57, S5). The basis By consists of four vectors

Bip={1. 1114, 1L 14 )} (67)

= {[1),12),3), 14},

where the up and down arrows indicate states with S, = —l—%

and S, = —%, respectively. For arbitrary spins such a basis
consists of (25, + 1)(2S, + 1) elements. In the basis B, the

J

3 00 O\l 0 0 0
E®ys = Cs 0o 1 (3 off o q%: q% 0
0 0 —3 Off 0 932 4335 O
o0 o —fJ\o o 0 g

where ¢35, ¥4, 433 434+ g4 are ¢ numbers [see Eqgs. (S153)-
(S192) in Supplemental Material [7]]. The matrix element of
(G"b)lm between two states |1) is then C3q%/1*/4.

The procedure described above is convenient for calcula-
tion of the matrix elements of G for arbitrary spins. Since the
largest value of spin in stable isotopes is S = 5, corresponding
to 138La [17], the largest number of basis states is (25 + 1)> =
121.

In the general case, the matrix form of §, $-, 82 operators

(¢ = a, b) can be obtained with use of standard formulas

(S, m'|S|S, m) = M8, (72)
(S, m'ISFIS, m) = Spmi1/SES — 1) —m'm,  (73)
(S, m'|187IS, m) = 8pp1m/SS — 1) —m'm,  (74)

spin operators 8§, S, §2 S} are 4 x 4 matrices

b a
0 0 1 0
4 0 0 0 1
+
S5c={o o 0 of (68)
0 0 0 0
01 0 0
A 0 0 0 0
+
% =10 0 o 1| (69)
0 0 0 0
and S; =S, S, =@ There is also =

diag(%, %, —%, —%) and S‘Z = diag(%, —%, %, —%), where
“diag” represents the diagonal matrix. In this representation,
each state [n) withn =1, ..., 4 is a four-component column
vector with the nth element equal to unity and remaining
elements equal to zero. In the basis B, the operators Fra, fra
with « = A, B,C,D in Egs. (34)-(37) are 4 x 4 matrices
[see Eqgs. (S137)—-(S140) in the Supplemental Material [7]].
Calculating appropriate products, sums and inverses of these
matrices [see Eqgs. (S145)-(S152) and (S153)—(S192) in the
Supplemental Material [7]], one obtains the 4 x 4 matrices
describing the §'%, §** operators. Inserting these matrices into
Egs. (49)—(65) one obtains G, which is also a 4 x 4 matrix
in the representation B, /,. To find the matrix element of G
between two states |n) and |n'), with n,n' =1,...,4 one
multiplies G by two appropriate four-element vectors.

As an example of the above procedure we consider the

third term of Eq. (50),
G = igmgahgbzfzgf,é?mﬁi = (38:9'8;, (70)

where C; = (J2/4)g1aga;,g;,2 is a ¢ number. Using Eqgs.
(S145)—(S152) in the Supplemental Material [7] there is

10 0 o0 gt 0 0 0
0 —3 0 0|_G| 0 —g% a5 0
0 0 5 of 41l 0 4% -g4 of
o 0 0 -1 0 0 0 gy

(71)

(

where S is an arbitrary spin whose S, components are labeled
by m=—-§,—-S+1,...,S. Using the above identities one
can construct operators S’jf, S‘f, S’é, S‘Z analogous to those
in Egs. (68) and (69), which are now (25, + 1)(2S, + 1) x
(28, + 1)(2S, + 1) matrices. Then, the matrix elements of
exact GF are obtained in the same way as those for 8,8, = %
spins.

All numerical results obtained in Figs. 1-3 and Tables II
and III in Section X can be derived using the method described
above. We checked that they agree with results obtained using
expressions in Sec. VII. However, despite the fact that the
described method is suitable for numerical calculation, it gives
little understanding of the physical nature of exact GF and
its dependence on the four physical parameters: m*, J, ryp,
and Ep. For this reason, for the special case 8.8, =1 we

2
reexpress exact GF in terms of components of spin operators,
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which allows us to reduce the range function [J (r,;) to inte-
grals of analytical expressions.

VI. SPIN-OPERATOR FORM OF GF COMPONENTS

Here, we express the operators Gi1, Gia, Gay, Gy in
Egs. (49)—(65) as linear combinations of spin operators Si
SjE and Sz SZ This form of exact GF is more convenient for
analysis the range function properties.

In the representation of Eq. (67), both components of S,,, S,
spins and matrices §'*, §** have at most 14 nonzero elements.
For all these matrices the elements (1,4) and (4,1) vanish.
Then, each term on the right-hand side of Egs. (50)-(65)
can be expressed as a linear combination of 14 linearly
independent 4 x 4 matrices A” having only one nonzero
element (m,n) except elements (1,4) and (4,1) which are
always zero. In the next step, one expresses the matrices A"
as combinations of operators S’;t, S’Zt, S'g, S‘b and their products
[see Egs. (68) and (69)]. Then, one obtains

A =1/4+ 832+ 852 + S285, (75)
AP =830/2+ 8, (76)

AB =8F(i/2+85), (77)

A*M =8, (I/2+5), (78)
AP =T/4+ 82— 8572 — 88, (79)
AP =818, (80)

A =8H(1/2-53), (81)

A =8.d12+8p), (82)

A? =88}, (83)

AP =T/4—-8/2+ 852 - 885, (84)
R* =85 (12— 53), (85)

A® =8 (I/2-5;), (86)

AP =38, (I/2 -5, (87)
=1/4—-8/2— 872+ 883, (88)

where I is the 4 x 4 identity matrix and A'*, A*! = 0. Having
defined operators A" one can expand the functions G;"jﬁ in
Egs. (50)-(65), with ¢,d = a,band i, j = 1, 2 in linear com-
binations of A" operators. Finally, using Eqgs. (75)—~(88), one
expresses each term on the right-hand side of Egs. (50)-(65)
as a linear combination of products of components of S, S,
operators. The formulas are shown in Eqgs. (S1)-(S124) in
the Supplemental Material [7]. These equations represent the
exact GF of a free—electron gas interacting with two localized
spin moments § = They are bilinear combinations of spin

operators {SF, §~ SZ S+ S , 82 +}. In contrast, the expressions

a’>~a’~a’

in Egs. (50)—(65) are nonlinear combinations of spin operators
because of the presence of §'%, §>* operators.

Analytical expressions for elements of §'%, §>* matrices
are shown in Eqgs. (S153)—(S192) in the Supplemental Mate-

rial [7]. The elements of these matrices, denoted as ql.ljf" and
qizjf", are complex numbers depending on p; and p, only [see
Egs. (38) and (39)]. Both p; and p, depend on the value of
the one-electron GF at the origin go, which we assumed to be
finite and nonzero [see Eq. (10)].

To continue the example from Eqgs. (70) we apply the above
procedure to (G* )113 in Eq. (71) and obtain

A G A
(Gab)ms i [A“q” Azzqéfza AB 1A_|_A44q

+APq) + A7qY). (89)

Taking explicit forms of operators f\“, Azz, f\23, A32, 1\33,
A* [see Egs. (75)—(88)], one finds

~ Gfl, 1
(G = = 1 <41+2SZ~|- SZ—I-SZSZ)

_ %(3—11# % - %Sg - Aéﬁi)qéé‘

33 (i[ _ %Z + %S; - SZ%)CI%?
S (- 380 38 558l
+%AISM%‘+%A $y 452+ G0

In Eq. (90), the quantity G {13 is a combination of products of
localized spin components. The remaining terms of the exact
GF are calculated in analogous way, and they are shown in
Egs. (S1)-(S124) in the Supplemental Material [7].

VII. GRAND CANONICAL POTENTIAL AND RANGE
FUNCTIONS

Having obtained the exact GF one can calculate observ-
ables measured experimentally. We calculate the density of
states (DOS), the grand canonical potential, the range func-
tion, and the energy of localized states. All calculations are
performed for 7 = 0 but they can be generalized to nonzero
temperatures using standard GF techniques (see Discussion,
Sec. XI).

A. DOS and grand canonical potential

The continuous energy spectrum of the system is deter-
mined by the discontinuity of the Green’s function along the
cut of positive energy axis [18]. Then, the electron DOS is

nE) = —%Im / Tr{G |, }dr, o1
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where Gﬂ = (A;+(r1, ry) and

TG} = (GO + G o + @D+ (G

+ (Gba+)11 + (Gba+)22 + (be+)11 + (be+ )22.
(92)

Calculating the trace in Eq. (91) from Egs. (50)-(65) or Egs.
(S1)—(S124) in the Supplemental Material [7] we note that G
depends on spatial variables r; and r, by four products of one
electron GFs, namely, 814842, 14802- §168a2- 816812, While the
remaining terms do not depend on r; or r,. Taking the trace,
one obtains three integrals

+ + + 4D g,
hab = hba = fglagbld r=- oFE ’ (93)
W = [ glghd%r = lim A, 94
—a

where D = 1,2, 3 is system’s dimensionality, and ¢!, = g} .
In Egs. (93) and (94) we assumed the translational symmetry
of the one-electron GF. To calculate quantities gjl'b, h;b, and
hg one needs to specify the one-electron GF. We address this
point in Sec. IX.

B. Range function

For noninteracting particles the generalized grand canoni-
cal potential is

Q=— / f(E)N(E)dE + uN, (95)

ant it satisfies the proper extremal properties of the total
energy [20]. Here, p is the chemical potential, N is the number
of particles, f(E) is the Fermi-Dirac distribution function, and
N(E) is the integrated density of states

E
N(E) :/ n(E"YdE'. (96)
—00
Our calculations are limited to 7 = 0, and below we approxi-
mate f(E) = O(Er — E), where ©(x) is the step function and

Ep is the Fermi energy.

In Eq. (95) the grand canonical potential {2 depends on a
configuration of spins S, and §,,. For S,, ), = % one defines
the range function [J(r,) as a difference between Q for
parallel and antiparallel configurations of S, and S, spins

T(ap) = Q4 + Q) — (24 +2p), 7)
where
Qv = (1. VI, v) (98)

is the grand canonical potential for a given configuration
w,ve{r,|} of S, and S,. Then, one can calculate T (rap)
numerically with the use of Egs. (50)—(65).

The range function 7 (r,,) in Eq. (97) can be conveniently
calculated for representation of GF given in Egs. (S1)-(S124)
in the Supplemental Material [7]. The derivation is based on
the observation that J(r,;) defined in Eq. (97) selects from
Egs. (S1)—-(S124) in the Supplemental Material [7] only terms
proportional to SCZ,S’Z. These terms we marked by M« symbols.

There are 12 such terms, and the trace in Eq. (92) includes all
of them.

Let G be the sum of terms proportional to S’éS’Z and
Q55 be the part of the grand canonical potential including

¢ +S§S§’. Then, we have from Egs. (95) and (96)

G
o 1 £ AHSIS;
Qsas,:; / dE / dE’|:Im / Tr{G”“Sb}d»*r] (99)
0 —00

Calculating the sum of 12 components of (A;JrS;S’Z’ , and taking

the explicit form of elements ' and §** matrices, with
a =A,B,C,D [see Egs. (S153)-(S192) in the Supplemental
Material [7]], one obtains after some algebra

QS,:,S;; — Qab 4 QOI + 902.

5253

(100)

By Q we denote the part of %% depending on the interspin
distance r,p, and by QO 4+ Q2 we denote the part of Q5SS
which does not depend on r,. The indices 1 and 2 in Q%' +
Q% indicate powers of the coupling constant J entering into
these expressions. Then, there is
JZ A Er E
QP = 88 Im / [ / Savhab wade’}dE, (101)
4 0 —00
where g,, is the one-electron GF at points r, and r, [see
Eq. (9)], and A, is defined in Eq. (93),

B 16(2p1 —4p1 = p2 +4)
[8p1(Bp2 —4) —9p3 +8(p2 —2)14p1 —p2 — 4)’
(102)

Wap

and pq, p, are given in Egs. (38) and (39). Similarly,

01 J ez Fr E ’
QY = —S:IS}Z} Im h() a)de dE, (103)
T 0

J2 Er B
QOZ = —S(ZZS}Z) Im/ |:/ goho a)osz/:|dE, (104)
s 0 —00
in which
32[pi(p2+4) —4p>]
[8p1(Bp2 —4) — 9p3 +8(p2 —2)1(4p1 — p2 —4)’
(105)

wo1 =

—16(2p] —4p1 — p2 +4)
[8p1(3p2 —4) — 9p3 + 8(p2 — 2)I(4p1 — p2 — 4)’
(106)

w =

and hy is given in Eq. (94).

First, we analyze Q% term that gives the main contribution
to the range function J(rg). For small J, we may expand
wqp in Taylor series. Assuming p, = J> p‘z’b [see Eq. (39)], one
obtains

9 17
w1 —J By p— L
Wab go+8 80 16 8o

1
+ 35713560 — 1ggps’ — 14(p2)7. .. .

One observes the following from Eqgs. (101)—(107): (i) By
taking w,, = 1 in Eq. (101) one obtains the range function
of the RKKY interaction (see Appendix B). (ii) For arbitrary

(107)
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wap, as given in Eq. (102), the double integral in Eq. (101) may
not be calculated analytically, so calculations are performed
numerically (see Sec. X). (iii) Since go does not depend on
the distance r,;, between localized spins, the second, third, and
fourth terms in Eq. (107) do not alter the spatial oscillations
of Q¢, they only affect its amplitude. (iv) For small J the
difference between the exact and RKKY range functions is on
the order of £2p; = +Jgo, and usually it is on the order of a
few percent. (v) The first modification of spatial dependence
of w,, appears in the fourth order of J. This term includes
p‘gb which depends on r,, [see Eq. (39)]. (vi) Since p; o< J
and p, o< J?, for J — oo there is wy, oc J~* and Q% oc J 72,
which vanishes for large |J|. The last result is counterintuitive
since for large values of |J| one expects no difference of
Q%5 in Eq. (100) for configurations having parallel and
antiparallel localized spins. This issue can be clarified within
our formalism (see Sec. VIII and Appendix C).

Analyzing Eqgs. (103) and (104) we consider first the case
of small J and expand wy; and wy; in Egs. (105) and (106) in
power series of J. One has

wor = Jgo — JA(gy +4c2)/2 4+, (108)

Jgown =~ —Jgo + 25+, (109)

i.e., the terms linear in J cancel out and one has
2]3 o EF E
Q" 4+ Q% ~ =828 Im dE/ ho(ca + -+ )dE'.
T 0 —00

(110)

We conclude the following: (i) The terms Q' + Q% are of
the third order in the coupling constant J, while the €2, term
is of the second order in J. (ii) Contrary to 2,5, the terms
Q% + Q9 include the product gohy which does not depend
on r,, and for this reason these terms weakly depend on the
distance between spins. (iii) For large |J| the sum Q%' 4 Q2
vanishes as J 72, similarly to . (iv) Physically, Q' 4 Q02
are generalization of the onsite energies appearing in the
second order of perturbation expansion. Numerical calcula-
tions for 3D range function show that, for reasonable r,,
the contribution of Q°! + Q%2 to the range function is a few
orders of magnitude smaller than that of Q¢ term. Therefore,
the impact of Q' + Q% terms on the range function may be
neglected.

VIII. APPROXIMATE FORM OF Q¢ IN 3D

Now we consider a simplified version of Eq. (102) in which
we assume that the one-electron GF vanishes sufficiently fast
with 7,;. This approximation works correctly for electrons in
parabolic energy bands in 3D and 2D (see Sec. IX). Let

J? Jg?
P2 =" (g — gagra) =~ — > =pi, (11D
where p; = Jgo/2 [see Eq. (38)]. Then, from Eqs. (101),
(102), and (111) one obtains

16J% .« Er E abhap dE'
QP ~ 2 §:85 Im / dE / SabZab
97 0 —oo (P1 = 2)*(p1 +2/3)?

(112)

and

Q" 4+ Q% ~ 0. (113)

Equations (112) and (113) give a simple but complete de-
scription of the spin-dependent part of the thermodynamical
potential and the range function 7 (7,;) in the whole range of
model parameters. First, taking p; =~ 0 one obtains

J2 A Er E
Q¥ ~ ;S;-S;; Im / dE / Savhap dE, (114)
0 —00

i.e., the thermodynamical potential and the range function
for the RKKY interaction (see Appendix B). Next, for 0 <
E < Er the quantity gy entering p; is a nonoscillating slowly
varying function of energy. Thus, for p; € 2 and —p; K
2/3 the denominators in Eq. (112) are also slowly varying
functions of energy. These terms modify the amplitude of
the range function but not its oscillations. For large |p;| and
|/| the denominators in Eq. (112) diminish the amplitude of
range function and introduce an additional phase shift to the
oscillations. For very large |J| the range function vanishes as
|7]=2, as found previously. Finally, in the simplified model the
one-site interactions do not give any contribution to the range
function in full analogy to the RKKY case.

The quantity go is a complex number: go = gk + igl. Usu-
ally, the real part of gy slowly varies with E, while g} is
proportional to the density of states of the system. For two
values of J and appropriate energies there is JgR/2 ~ 2 or
JgR/2 ~ —2/3, and the real part of (p; —2) or (p; +2/3)
vanishes. Then, one of the denominators in Eq. (112) becomes
large, especially for low energies. In this case, one may expect
a significant enhancement of Q% and consequently the range
function 7 (r,). This effect is quite general, but its magnitude
depends on one-electron GF in the considered system.

The singular points of the integrand in Eq. (112) appear
for py =2 or —% and the vanishing imaginary part of go.
In 3D this occurs for energies £ < 0 since the density of
states vanishes at or below the edge of the conduction band.
For a specific combination of parameters, one may expect
the presence of localized states with discrete energies. This
issue is discussed in Sec. IX. Note that for the general case
of Eq. (101) the singularities appear not exactly at p; = 2 or
—%, but in the vicinity of these points because of the more
complicated form of p, [see Eq. (39)].

The above considerations suggest the existence of three
different regimes of parameters in the considered model. For
small coupling constants J the exact range function resembles
the RKKY one, with slightly altered amplitude but unchanged
oscillation period. For parameters meeting the conditions
p1~2or p; =~ —% the thermodynamical potential Q and
the range function [J(r,) are qualitatively different from
the RKKY case and discrete energy states appear. The third
regime occurs for large values of |J| or |go|. In this case, the
thermodynamic potential Q¢ and the range functions resem-
ble RKKY ones, but with additional phase shift in oscillations
and much lower amplitude vanish with increasing |J| or |go|-
Numerical results in Sec. X confirm the above predictions.
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Origin of model peculiarities

The approximations in Eqs. (111) and (112) allow us to
understand three peculiar features of the exact GF, namely,
(i) the asymmetry between positive (antiferromagnetic) and
negative (ferromagnetic) signs of the coupling constant J,
(i1) existence of two singularities for Jgo/2 € {2, —%}, and
(iii) disappearance of the range function for large |J| values.
Below, we present the main steps in rederivation of the density
of states entering the integrand of Eq. (112) in the approximate
model and explain the mathematical and physical origins of
the peculiarities.

Consistently with the approximation given in Eq. (111)
we neglect in Egs. (30) and (31) terms including products of
gab8ba- Then, from Eqs. (30) and (31) one obtains
= IA{ ak b

0, ~ (I —gZ.,)"" (I — g0Zy)™" (115)

0, ~ (I —0Z,) "' (I — g0Zs)™"' = K,K,.
In Egs. (115) and (116) the quantities K. K, are 2 x2
matrices, whose elements are combinations of S, and S, spin
components (see below). For finite and nonzero gy there is

(116)

1 . .
— (K. — 1),
80

(§—g0Z)'Z, = (117)

where ¢ = a, b. Note that ([ — gozc) commutes with Z... From
Eq. (29) one has

A s 8la, . b, 5 .
G >~ gl + g—a(Ka —1)gn + g—[Kb —1lgw
go 80

gla

i

+ 2 g Ry — DR, — Dlgao.
£

The first observation from Egs. (115), (116), and (118) is
that, for large |J|, the operators K, K, tend to zero and in
this limit Gu in Eq. (118) does not depend on S‘a and S‘b. In
consequence, the thermodynamic potential does not depend
on spin configuration, so that the range function [J(r,) in
Eq. (97) vanishes. The derivation of this result for the general
case is shown in Appendix C.

The next conclusion from Eq. (118) is that, in the approx-
imate model, the one-site parts of the exact GF, given by the
two last terms of first line in Eq. (118), do not depend on the
interspin distance r,,. This observation suggests that also in
the general model discussed in the previous sections, these
terms are negligible.

The density of states is proportional to the trace of G1,. Let

R ]’%cA ]2('8

KC = (IECC IECD)’
with ¢ = a, b. Using the notation from Sec. VI find Tr{G} =
Tr{Gup} + Tr{Gp,}, where

[gar(Ky — DKy — Dgp

(118)

(119)

gah ab

Tr{Gab} — (kaAkbA ]'(\aB]EbC + IE“CIEbB + IE[{D]%[JD _ IE'IA

0

— kP — kA —fPP 2], (120)

Tr{Gpa) = Sabhab Sablab (fbARaA 4 fPBRAC 4 RCjaB y DD _ fbA

0

— kPP — oA — P 4 2], 121)

Equation (120) corresponds to the sum (G);; + (G®)p
in Egs. (50)-(65), while Eq. (121) corresponds to the sum
(Gb")u + (Gb“)zz. The trace of GF obtained in Egs. (120) and
(121) is simpler than that in Egs. (50)-(65). Using the Wood-
bury identities in Eq. (21) and definition of K, in Egs. (115)
and (116) one obtains

Y= - pi8) - p

80 pSE)

So(F+pi82) '8 (122)

1

P = [(F + p13) — 817 (123)

(124)

ot (F azy—1
e (l=pm8)
and similarly for kP with « = A, B,C, D. For the spins
S, Sy, = % the operators S;t, Sé, Si SZ are 4 x 4 matrices [see
Egs. (68) and (69)]. Then, the operators ke and k& a
also 4 x 4 matrices that can be calculated from Egs. (5204)—
(S209) in the Supplemental Material [7].

Having calculated matrices ke and k™ the trace in
Eq. (120) in the Zeeman base (67) is

(125)

X11 0 0 0
A _ gubhab 0 X22 X23 0
Tr{Gab} - g%) 0 X3 B 0 s (126)

0 0 0 X4

and the x;; are listed in Egs. (S201)—(5203) in the Supplemen-
tal Material [7]. On the other hand, there is

8 ahhab

Tr{Gu) = (c1f + 282 + ¢35 + 48355

i
+¢s8F8, + 68, 8)), (127)
where ¢; are coefficient to be determinate. The range function
is defined as a coefficient ¢4 in front of S25; [see Eq. (99)].
After some algebra we find ¢4 = x11 — X250 — X33 + X44, Which
gives

TI'{GS Sb} _ (8_12) gabhab
ab O ) (p1 = 2)%(p1 +2/3)?

Since Tr{Gba 1’} = Tr{Gab ’7} one finally obtains Tr{GS Sb} =

2Tr{Gu2 ”}, i.e., the integrand in Eq. (112). On expanding it
around p; = 0 we find

(128)

Tr{GS‘aS‘b} ~ gabhab
b

(1—Jgo+--), (129)
i.e., the same expansion as in Eq. (107). This confirms the
accuracy of the simplified form of thermodynamical potential
in Eq. (112).

In the Zeeman basis (67) the matrix corresponding to kA
operator in Eq. (122) is diagonal

k*t = diag(ka, ko, ko +k_2s3, ko +k_23), (130)
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withk, = 1/(2 — p1)and k_;3 = 1/(3p; + 2). The matrix in
Eq. (130) and the remaining matrices k“* and k** have singu-
larities for p; € {2, —%}, i.e., for the same p; values as the
singularities of the thermodynamical potential in Eq. (112).
Thus, singularities of the exact GF appear when the operators
(I — g0Z,) or (I — goZ;) may not be inverted. For S, §, = 1
this occurs for two p; values: p; =2 or —%. Since p; =
Jgo/2, the nonreversibility of (- goza) and (f — gOZ,,) op-
erators breaks the symmetry between positive (antiferromag-
netic) and negative (ferromagnetic) values of J. This effect
does not exist for the GF of the RKKY range function since
the latter depends on J? and it is symmetric respect to positive
or negative J values.

IX. ONE-ELECTRON GREEN’S FUNCTION

The results for GF in Egs. (49)-(65) and (S1)—~(S124) in
the Supplemental Material [7] are valid for one-electron GF
having arbitrary energy band dispersion but a finite value of
8o [see Eq. (10)]. We consider electrons in the effective mass
approximation in a parabolic energy band. The use of such
GF allows us to compare the range function obtained from the
exact GF with that obtained in the RKKY model.

A. Parabolic energy bands

Taking the Bloch states |k) in the form of plane waves the
one-electron GF in the effective mass approximation is

1 e
(2w )D/E

2712
e(k) = ik _gkz

ik(ro—rp)

—€(k)

gab = (ral8lry) = dPk, (131)

(132)

Here, D is the system’s dlmenswnality, m* is the electron

effective mass, and ¢ = h>/(2m*). For T = 0 the energy E
is a real number with a small imaginary part.
For 3D systems one has [18]

etkorap

+

= — , 133

8ub A7 ropC ( )

where ko = /|E|/¢ > 0, Re(E) > 0, ryp = |r, — 1p|, and £

signs correspond to the retarded and advanced Green’s func-
tion, respectively. From Egs. (93) and (94) one obtains

N l'eiko"ab
htW = —, 134
ab 87'[](0 ( )

i
ht = . 135
07 8wk (135)
For 2D systems [18]

8oy = —HH()(ikorab) (136)

where Hy(x) is the zeroth-order Hankel function of the first
kind. For the 1D systems [18]

eiikox(/b

+
=T 137

gah :F ZkOZ ( )

As seen from Eqs. (133)—(137), the one-electron GF at the

origin gy = gj; = g diverges in D =3 and D =2. In 1D

there is

+ i

(138)

which is finite for ky # 0. These results conclude the issue of
convergence of the perturbation series in the RKKY problem.
As follows from the above consideration, the latter stated in
its basic form leads to divergent perturbation series for 3D
and 2D systems.

B. Cutoff energy

There exist several effects in real materials which may
eliminate divergence of gy. Here we consider one of these ef-
fects, i.e., a nonparabolicity of the energy band for large wave
vectors. As seen in Eq. (133), the singularity of one-electron
GF at r,, = 0 arises from the divergence in the integral in
Eq. (131) for large k, while for real materials the parabolic
band dispersion is justified only for small k. For k exceeding,
roughly, half of the first Brillouin zone, the curvatures of
energy bands change their signs and the parabolic model fails.

To overcome the problem of divergence of g( for large k
values, we follow the method described in Refs. [11-13]. For
r.» 7 0 we use the one-electron GF given in Eq. (131), while
for r,;, = 0 we take the GF in the energy representation

4 o0 n(E/) ,
= ——dFE
%o /0 E—E tiy
n(E ) / *© i ’ !
/ P dE / n(ENS(E — EdE', (139)
0

where n(E) «x ~/EO(E) is the density of states in 3D, ®(E) is
the step function, and P is the principal value of the integral.
For large energies the real part of g} in Eq. (139) diverges. To
remove this divergence, we introduce a cutoff energy E,, >
Ep that ensures convergence of the integrals in Eq. (139).
We treat E,, as a model parameter. A similar approach of
dealing with divergence of the one-electron GF was proposed
in Ref. [19]. The density of states is then

———VE O(E)O(E,, — E).

nE) = (140)

223/2

e
1
T VEOE, —E),

R
' (141)

while for £ < O there is

g = = 24_3/2 [2\/ﬁarctan< /|7> —2\/_,,,}, (142)

since n(E) is zero for E < 0. For E < E,, the real part of g;)r
is

Re(gf) =~ < 2JVE, + —) for E >0, (143)

1
27 253/2
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1
Re(g ) >~ 7 2{@/2( 2VE,, + /|E| — —) for E < 0.
(144)
For E > 0 the quantity g is complex while for £ < 0 it is

real. We choose E,, as the energy at k,, = 7 /a, where a is the
lattice constant. For many lattices as, e.g., for the fcc lattice in
the ['’X direction of k, the value of k,, corresponds to half of
the Brillouin zone. Then,

W2

Em = 5 -
2m*a?

(145)
In 2D systems the real part of g/ diverges as In(E,,) and the
results depend only weakly on E,,.

For E =0 it is possible to adjust J, m*, and E,, in such
a way that ]g /2 € {2, 3} In the V1c1nmes of these two
points, the integral in Eq. (112) has two singularities. Using
Eq. (145)and ¢ = i /(2m*) we find that the two singularities
appear for p; = p{, where

1 JJVE, Jm*
S — = — 2,—-2/3}. 146
P= 3 mpn = . € 223 (146)

The singularity p; = 2 occurs for negative values of J, i.e.,
for ferromagnetic coupling between conduction electrons and
atomic d states. The singularity p; = —% occurs for positive
values of J, i.e., for antiferromagnetic s-d coupling. The two
values of pj indicate borders between three regimes of the
model parameters. Their positions depend on electron effec-
tive mass, elementary cell volume, lattice constant, and s-d
coupling constant. The two latter parameters do not change
significantly between various compounds, but the effective
mass may vary more than two orders of the magnitude.
For narrow-gap semiconductors such as InSb, the effective
mass can be below 0.1m,, while for some materials, e.g.,
Sri_xLa,TiO3_,, it can exceed 10m,. In many compounds it
possible to change m™* by changing electron concentration or
by applying external pressure. This may give a practical way
of modifying pj in Eq. (146).

C. Discrete energy levels

Discrete energy levels of a system are obtained from
poles of Glz function [18]. For the exact GF given in
Egs. (S1)-(S124) in the Supplemental Material [7], the poles
of GF are obtained from two alternative equations

4py —p2—4 =0, (147)
32p1(3pa — 4) — 4pi(15p5 + 8p, — 16)
+(p2 +4)(9p3 — 8p> + 16) = 0. (148)

These equations are difficult to analyze and they can be solved
only numerically. However, in 3D and 2D systems we may
approximate p, =~ p% [see Eq. (111)], and obtain instead of
Egs. (147) and (148) the condition (p; — 2)(p; +2/3) =0,
which gives

(149)

For E > 0 and E < E,, the conditions in Eq. (149) can not
be satisfied. However, for £ < 0 (i.e., below the conduction
band edge) the imaginary part of g{ vanishes and conditions
in Eq. (149) may be satisfied for some combination of pa-
rameters entering to the model. Since we are interested in
low-energy states, we use the approximate form of g in
Eq. (144). From (149) we have

- 24hm( 2VE, +7/IED) = (150)
where A € {2, —5}. It is convenient to introduce
2 2 3/2A
g _ZmETA (151)
VEn
and 8J =J —J%W. Assuming 8J <« J“ one obtains from
Eq. (150)
A AG3PIW —J 4w AL (8T
|E|:7f€ ( ) . _AmALTTOT) (152)
JAg (JAn)2

The left-hand side of Eq. (152) is non-negative, which gives
—A(8J) > 0. For A = 2 one obtains (§J) < 0. Since the sin-
gularity A = 2 corresponds to J < 0 [see the discussion after
Eq. (146)], the bound states exist for J < J?. For A = —2
there is (8J) > 0, and the bound states exist for J > J{=2/3},
In both cases, the energies of bound states appear for small
values of §J in the vicinities of points p; € {2, —%}.

X. NUMERICAL RESULTS

Here, we compare the range function 7 (r,;) of the stan-
dard RKKY interaction with that obtained in Eq. (97) with
use of the exact GF and Eqgs. (99)—(106). We restrict the
analysis to the 3D case. The definite and indefinite integrals
in Egs. (101)-(104) are calculated by the Simpson method.
To avoid singularities arising from E = 0, it is convenient to
change the variable of integration E — ¢*. The model con-
sidered in this work depends on five parameters: s-d coupling
constant J, values of localized spins S., S, electron effective
mass m*, the Fermi energy Er = I’lzk}r /(2m™*), and the cutoff
energy E,,. In the 3D case the Fermi wave vector is

r = 3n’n,)'3. (153)

In Table I we list parameters corresponding to ZnMn,Se;_,

but with §,,8, =1 instead of S,, S, =3 [21,22]. These
parameters are used in calculations shown in Figs. 1 and 3
and in Table II.

In Fig. 1 we plot values of the range function J for
nearest-neighbor (NN) cations versus the coupling energy
aNy = —J/Qy, where Qy is the elementary cell volume.
Note the sign convention in Eq. (6). The remaining material
parameters are taken from Table I. The range function Jrx
(aNp)? is also indicated. This figure illustrates three regimes
of model parameters discussed qualitatively in Sec. VII. The
two extremes of the range function are located in the v101n1ties
of aNy = —15.28 eV, which corresponds to p} = —% [see
Egs. (146) and (112)] and aNy = 45.83 eV corresponding
to p5 = 2. Both values of aNy are more than two orders of
magnitude larger than the experimental s-d coupling constant
in Zn;_,Mn,Se (see Table I).
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TABLE I. Material parameters for Zn;_,Mn,Se used in calcu-
lations [21,22]. Note the sign convention in Eq. (6) and Sa, Sb = %
instead of 8, S, = %

Parameter Symbol Value Unit
Localized spin value 8.8, 1/2 NA
s-d coupling constant J —11.85 eV A3
Lattice constant a 5.67 A
Effective mass m* 0.13 moy
Electron concentration e 6.0x10®  cm™?
Cutoff energy E, 8.99 eV
Elementary cell volume Qo 45.57 A3
s-d coupling energy alNy = —J/Q2 0.26 eV
Fermi vector kr 0.12 A-!
Fermi energy Er 0.43 eV
Parameter pj Di 1.13% NA

In Table II we compare the range functions calculated for
several interspin distances r,;, using the exact GF with that ob-
tained within RKKY formalism [see Eq. (4)] for Zn;_,Mn,Se
taking parameters from Table I with two signs of aNy. The
parameters correspond to regime I of the model that is most
common in nature. The distance r,, = 4.01 A is the nearest-
neighbor distance of Mn cations in the lattice. In our example,
P} = 1.13%. As follows from Egs. (101) and (107), for small
pj the difference between exact and RKKY range functions
should be on the order of |[Jgo| =~ [2p1] =~ 2.3%. Numbers
shown in Table II confirm this expectation. The exact and
approximate functions oscillate with similar period = /kr and
similar amplitudes. This result explains the efficiency and
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FIG. 1. Solid lines: amplitude of the range function 7 (r,;,) cal-
culated from Eqgs. (97) and (99)-(106) versus aN, for NN cations
distance r,, = 4.01 A. The remaining model parameters are listed
in Table I. Three regimes of the model are marked. Dashed line:
amplitude of the range function Jrk(r,») from Eq. (4) versus aNy
for r,, = 4.01 A.
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FIG. 2. Logarithms of |Jrk| given in Eq. (4) and exact range
function |J| calculated using Eqgs. (97) and (99)-(106) for nearest-
neighbor magnetic impurities in Sr,_,La,TiO;_s. Points are la-
beled according to Table III. The coupling constant between con-
duction and magnetic impurity electrons is ferromagnetic J =
—15.48 eV A3, Results correspond to regimes I and III of model.

accuracy of the RKKY range function since for interspin
distances larger than r > 4 10\, both models predict the same
ordering of localized spins.

It follows from Eq. (146) that the regime III of the model
occurs for large values of effective mass or large magnitude
of the s-d coupling J. As an example of material in which the
regime III may occur is thin film of Sr;_,La,TiO;_s doped
with magnetic ions. This compound is one of perovskite-type
transition-metal oxides in which the dispersion of electrons

1,0
0,5
>
L,
p
& .
. L s |
- e p17 =-0.650 !
0,5 / A pl1°=-0.655 ,
i / ----pr'=0661i
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1.0 pl’=-0.6731
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FIG. 3. Range function J(r,) calculated exactly using Eqgs. (97)
and (99)—(106) in regime II of the model (see Fig. 1). Curves are
labeled by values of pj [see Eq. (146)]. The remaining parameters
(except J and aNy) are listed in Table 1.
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TABLE II. Values of RKKY range function Jrk given in Eq. (4)
and exact range function calculated using Eqgs. (97) and (99)-(106)
for Zn;_,Mn,Se for several nearest-neighbor distances. Material
parameters are given in Table I. Magnitudes of range functions
are in ueV. The =+ signs indicate positive (antiferromagnetic) or
negative (ferromagnetic) sign of the s-d coupling constant J. In the
last column: A* = [J* — Jrk]/Jrx is the relative change of the
exact range function. From Eq. (107) and Table I they should be
|AY] = 2|py| >~ 2.3%.

Fap (A) T (rap)r T (rap)” A~
4.0 —2.599 —2.647 1.8%
5.7 —1.649 —1.681 1.9%
8.0 —0.960 —0.979 2.0%
11.3 —0.431 —0.439 1.9%
114 —0.420 —0.428 1.9%
Ty (A) T (Fap)RK T (rap)* At
4.0 —2.599 —2.551 —1.8%
5.7 —1.649 —1.617 —2.0%
8.0 —0.960 —0.940 —2.0%
11.3 —0.431 —0.422 —2.1%
11.4 —0.420 —0.411 —2.1%

is parabolic with a large effective mass [24]. As shown in
Ref. [23], by varying concentration of La atoms it is possible
to change simultaneously the electron effective mass and car-
rier concentration. In our example it is assumed that a thin film
of Sr;_,La,TiO3_; is doped with magnetic atoms having spin
§= % We take the ferromagnetic coupling constant between
conduction electrons and that of the magnetic impurity J =
—15.48 eV A3, This corresponds to aNy = 0.26 €V, i.e., to
the experimental value for Zn;_,Mn,Se. Since the conduction
band in Sr_,La, TiO3_s is created mostly from the Ti 3d;,
states, the parameter J may not be interpreted as the s-d
coupling constant but as 3d-f or 3d-nd couplings. As follows
from Refs. [25,26], for rare-earth atoms the exchange integrals
are ferromagnetic with magnitudes of J47.54 = —J/(2€20) [27]
on the order of 180-140 meV depending on the number of
electrons in the 4 f shell, but other hybridization mechanisms
lead to larger values of J.

In Table IIT and Fig. 2 we compare the exact and RKKY
range functions for this films of Sr;_,La,TiOs;_s doped with
magnetic ions taking the effective mass and concentration
from Ref. [23]. Parameter pj is calculated from Eq. (146).
Both range functions are calculated for r,;, = a = 3.905 A,
i.e., for the nearest-neighbor atoms. In this example the
parameter pj varies from 0.93 to 3.08, which corresponds
to regimes I (p} < 2) and III (p} > 2) of the model (see
Fig. 1). For p3 on the order of unity, the values of exact range
function are a few times larger that those for the RKKY one.
For larger pj the exact range function is much smaller than
the RKKY counterpart. For large pj the ratio of exact range
function to RKKY one is ( pf))‘4 [see Eq. (112)], and a similar
ratio is obtained for pj = 3.08. The results of Fig. 2 suggest
a possible method to observe experimental deviation of the
exact function J (7,,) from the RKKY one since by changing
concentration of La atoms, both models predict significantly
different values of coupling between neighboring magnetic
impurities and, consequently, different Curie temperatures.

TABLEIII. Values of RKKY range function Jrk given in Eq. (4)
and exact range function calculated using Eq. (97) and Egs. (99)-
(106) for nearest-neighbor magnetic impurities in Sr;_,La, TiO3_s.
The interspin distance is 7, = 3.905 A. Concentrations and effective
masses are taken from Ref. [23], localized spins are Sa, S‘b = % and
the coupling constant between conduction and magnetic impurity

electrons is ferromagnetic J = —15.48 eV A3

X ne(em™)  m*/mo py Trk (eV) J (eV)

A 1.9 x10% 5.6 093 -5.60x107* —4.29 x107*
B 3.1 x10* 6.0 099 -239x107* —1.84 x 1073
C 2.7 x10% 6.1 1.01  -256x 107* —1.84 x 1073
D 1.1 x10* 7.1 .18 —-252x107% —1.59 x 1073
E 2.1 x10* 7.1 .18 —3.05x107* —1.95x1073
F 12x10% 7.2 1.19 —4.40x 10™* —4.74 x 107*
G 6.0x10% 8.3 137 —2.05x 107 —1.40 x 1073
H 1.8x10Y 9.2 152 —-1.02x10™* -3.02x107*
I 5.0x108 135 224 —423x10° —4.18 x 107
J 31x108 186 308 —3.66x10° —1.76 x 107°

In Fig. 3 we plot the range function in the vicinity of
P = —%, corresponding to Ny >~ —15.28 eV. In this regime
the range function does not oscillate, and it has a very large
amplitude. We present these results without detailed discus-
sion because for parabolic energy bands the one-electron GF
diverges at the origin and gy in Eq. (10) is infinite. The
approximation of g by a finite value gives reasonable results
in two other regimes of parameters, but in the vicinities of
singularities a more accurate one-electron GF is required.

Tables II and III and Figs. 2 and 3 provide three rep-
resentative examples of the range function J(r,,) obtained
from the exact GF. The behavior of [J(r,) confirms the
qualitative description presented previously and, in particular,
the predictions of the simplified model in Eq. (112).

XI. DISCUSSION

In the previous sections we described four main results for
the exact GF of the system and the range function 7 (r).
In Egs. (49)—(65) the exact GF is expressed as a nonlinear
combination of S, §;, components and we provided a method
of calculating the matrix elements of consecutive terms. These
results are valid for arbitrary spin values but in practice such
calculations can be done only numerically. For the spins
8., 8, = % we reexpressed the exact GF in terms of linear
combinations of localized spins components [see Eqs. (S1)—
(S124) in the Supplemental Material [7]] and calculated the
exact range function [see Egs. (97) and (99)—(106)]. The exact
GF is obtained analytically, and the range function is found
as integrals of analytical expressions [see Eqgs. (101), (103),
and (104)]. Both quantities depend on two dimensionless
parameters p; and p, [see Egs. (38) and (39)]. This form of
GF and range function is still exact and suitable for numerical
calculations, but it also does not explain the physical nature of
the problem.

The third form of results is approximate and assumes
that p, >~ p% [see Eq. (111)]. This holds for one-electron GF
vanishing sufficiently fast with the increasing distance r,;, =
|[rs — rp|. In practice, this is quite a good approximation in
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3D systems and possibly in 2D systems. This approximation
allows one to understand the three main physical features of
the model: the existence of three regimes for small, large, and
intermediate values of |J|, the asymmetry between ferromag-
netic and antiferromagnetic values of s-d coupling constant,
and possible existence of bound states corresponding to the
poles of exact GF in the vicinities of points p; € {2, —% .

The fourth result is that the Born series is convergent if
and only if the one-electron GF is finite at the origin. As
a consequence, for the parabolic energy band dispersion in
3D and 2D systems, the Born series diverges, while in 1D
it converges. Then, formally, the second-order GF in Eq. (1)
and the range function in Eq. (4) are not sufficiently precise
since one approximates the divergent series by a finite result.
However, in real solids the parabolic energy approximation
works roughly to half of the Brillouin zone and for larger wave
vectors the band energies tend to a finite value. By taking a
realistic band structure one introduces an energy cutoff related
to a finite size of the Brillouin zone. Then, the one-electron GF
at the origin is finite and the Born series converges. This rea-
soning restores the validity of RKKY results in Eq. (4) since
after introducing the cutoff energy, one approximates the con-
vergent Born series by its second-order term given in Eq. (1).
Calculating the range function using GF approximated by this
term one makes second approximation extending some energy
integrals to the infinity, instead to the cutoff energy. Then, one
finally obtains the analytical result for the range function in
Eq. (4). We would like to mention that the s-d interaction is
just the exchange part of the Coulomb interaction for which,
as known, Born approximation gives correct experimental
scattering amplitude even for parameters that violate formal
convergence condition.

Since many issues related to the main results have been
already discussed, here we only comment on the points related
to other physical aspects of the considered problem. Calcula-
tions of the thermodynamic potential €2 in Eq. (95) and the
range function in Eq. (97) can be also performed for finite
temperatures. In this case, one should use the standard form
of the Fermi-Dirac distribution function for finite 7. Such
calculations were reported in the literature for the RKKY
case [28] and it turns out that at nonzero temperatures the
oscillations have a similar period as for the T = 0 case, but
the amplitude decreasing with temperature.

Calculating the one-electron GF in Eq. (131) with band en-
ergy in Eq. (132) one should take the velocity (or momentum)
effective mass
1 1 de(k)

m* k2 dk
This mass is well defined both for parabolic and nonparabolic
energy bands. As discussed in Ref. [29], this effective mass
can be obtained from cyclotron resonance experiments, dc
transport phenomena, or free-carrier optics. In many systems
there exists an anisotropy of the effective masses. In this case,
one may not use an “average” or “density” effective mass, but
one should calculate the one-electron GF in Eq. (133) taking
into account this anisotropy.

In our approach we assumed that the potential of the crystal
lattice does not mix electron states with different spins. Thus,
in our considerations we neglect the spin-orbit interaction.

(154)

This approximation is valid for electrons in conduction bands
of metals or wide-gap semiconductors, but not for the holes,
since usually the band structure of holes is strongly affected
by the spin-orbit coupling. On the other hand, our model is
valid for an arbitrary shape of electron bands. As an example,
by taking the nonparabolic energy dispersion
i2k2
etk) = —(1 £ Ak?), (155)
2m*
where A is parameter of nonparabolicity, one obtains from
Egs. (10) and (131) a finite value of gy. The same occurs for
the tight-binding dispersion as, e.g.,

e(k) = Ey — t cos(k.a) cos(kya) cos(k.a), (156)

where Ej and ¢ are parameters of the tight-binding Hamilto-
nian. Then, the integration over k in Eq. (131) is restricted
to the first Brillouin zone and one also obtains a finite value
of go. The two above examples show that the existence of g
is a separate problem, independent of the derivation of the
exact GF. In this work we considered parabolic energy bands
because our intention was to compare the results obtained
from the summation of the infinite series (exact GF) with
results obtained for the lowest-order terms (RKKY model) in
the parabolic approximation.

Our approach can be generalized to many energy bands and
include the spin-orbit interaction. Assume for simplicity that
one considers 2/ energy bands, where j is a positive integer.
Then, in order to invert the operators F 1 and F » in Egs. (30)
and (31) one should apply the Woodbury identities j + 1
times [see Eqs. (21)—(23)]. In practice, it can be done only
numerically. We expect that such a procedure gives similar
results to those obtained in this paper.

The divergence of the perturbation series in 2D and 3D
resembles difficulties arising for deltalike potentials for 2D
and 3D systems. As discussed in [30], the presence of delta
potential is inconsistent with the assumption that the electron
wave function is finite at the origin. Such a problem does not
exist in 1D or for systems with nonparabolic energy disper-
sion. Other peculiarities of singular potentials are discussed
in Ref. [31].

Crucial assumption in our work is the zero-range poten-
tial in Eq. (6) since only for deltalike potentials the Dyson
equation in Eq. (11) can be converted into algebraic equa-
tions. In practice, this potential is realized by two kinds of
physical objects: atom nuclei or magnetic impurity atoms.
The diameter of nucleus varies from 1.8 fm for hydrogen to
about 11.7 fm for uranium. Both diameters are more than five
orders of magnitude smaller than the lattice constant of met-
als, semiconductors, or heavy-fermion compounds. Therefore,
the assumption of the zero-range potential is justified for all
nuclear systems interacting with electrons in a crystal lattice
[32]. The approximation of zero-range potential is less evident
for magnetic moments occurring from the hybridization be-
tween d or f electrons of a magnetic impurity atom and band
electrons [21]. The radius of an impurity atom is on the order
of a half-lattice constant, which is typically around 3 A. The
period of oscillations of the range function is w /kr, where
kr oc nl/3. The approximation of the s-d interaction by the
d-like potential is justified if w /kr > a/2, which determines
the maximum concentration of electrons in the sample.
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The described model assumes presence of only two local-
ized spins in the lattice. This assumption is valid for suffi-
ciently diluted systems, as e.g. diluted magnetic or ferromag-
netic semiconductors, in which one can disregard interactions
between three or mores spins. But, there are systems like the
Kondo lattice [33], in which all atoms (or cations) are coupled
by the RKKY interaction, whose spatial decay is described by
the standard formula for the RKKY range function. In these
systems, the assumption of low-impurity concentration is not
fulfilled both for the exact and the RKKY range functions.
However, because of the fast decay of range functions with
interspin distance, the presence of more distant magnetic
atoms may be neglected. Nevertheless, some caution is needed
when applying the results given in Figs. 2 and 3 to such
systems.

An exponential decay of the RKKY interaction was pro-
posed in literature to fit experimental values of the Curie
temperature in some systems [34]. However, as explained
in Ref. [35], the exponential decay of RKKY interaction
results not from exponential form of the range function, but
rather from averaging over random distribution of magnetic
impurities in the lattice. The same arguments can be applied
to the exact range function regimes I and III of the model
because in these regimes the exact range function resembles
the RKKY one.

In Ref. [36] we successfully removed the divergence of
go for the Friedel oscillations using the regularization pro-
cedure. This approach may not be applied in the present
case because in the exact GF, there exist several divergent
terms. In consequence, each term of GF should be regularized
using different regulators, i.e., different values of J In
this work we used a different approach and introduced only
one effective parameter, namely, the cutoff energy E,, [see
Eq. (131)]. Therefore, all terms of the exact GF are calculated
using the same approximation.

The exact GF calculated in this work relates to the problem
of two magnetic impurities interacting via s-d interaction.
However, this is not a problem of two-impurity Anderson
Hamiltonian. The reason is that the RKKY interaction, ob-
tained in the second order of perturbation in terms of s-d
coupling constant, differs from the interaction obtained in
the fourth order of the Vi; hybridization parameter of the
Anderson models since the latter includes some extra terms
that are not present in RKKY [37]. The same terms are
omitted in the calculation of the exact GF.

The results given in Egs. (49)—(65) and (S1)—(S124) in the
Supplemental Material [7], are valid for any system dimension
D. The case of D = 3 was analyzed in previous sections, so
here we briefly discuss the exact range function in one and two
dimensions. In 2D systems the exact range function oscillates
with the period T = 7 /kr and for large r,, it vanishes as
1/r2,. We expect the existence of similar three regimes for
small, intermediate, and large s-d coupling, analogous to
those shown in Fig. 1. For parabolic energy bands in 2D the
real part of gy diverges as In(E) and in order to eliminate
this divergence one also should add the cutoff energy E,,
[see Eq. (141)]. But, because of the logarithmic divergence
of Re(gp) in 2D, the quantity go is less is sensitive to the
cutoff energy than its counterpart in 3D. Finally, for large
rap in 2D the one-electron GF in Eq. (136) decays as 1/r%’

and the approximate form of thermodynamical potential €2,
in Eq. (112) is less justified than in 3D.

In one dimension, the exact GF and the exact range func-
tion differ significantly from those in 3D and 2D. First, in 1D
the quantity go in Eq. (138) for a parabolic energy band is
finite and imaginary. Next, the one-electron GF diverges for
E =0, and this singularity gives a nonzero contribution to
the range function 7 (r,,) [38—40]. Because of the presence
of the singularity, one may not decide about the existence
of localized states. Finally, in 1D the one-electron GF in
Eq. (137) oscillates in space with a constant amplitude, so the
contributions of wy; and wgy, terms in Egs. (105) and (106)
become comparable to that of w,,, while in 3D the contri-
butions of wp; and wyp; to the range function are negligible.
However, it seems that there are no real 1D systems with
electrons described by the effective mass approximation with
spin-independent parabolic energy dispersion. For this reason
we did not investigate the 1D case in more detail.

The method of calculating GF proposed in this work
applies only to deltalike s-d interactions, and it can not be
directly extended to models including exchange, correlations,
screening, the presence of phonons, strain, etc. Nevertheless,
itis possible to include these effects indirectly in a way similar
to the RKKY interaction (see [4,10]). This method is based on
the observation that the RKKY range function Jrk (r4) is the
Fourier transform of the susceptibility xo(q) of a free-electron
gas

Tk (rap) = Ao Y €7 x0(q), (157)
q

where Ay is a constant. Then, one may replace in Eq. (157) the
susceptibility xo(q) by the susceptibility x (g) of electron gas
calculated including many-body effects, nonlocal character
of J, or screening. The same procedure can be applied to
the exact range function 7 (r,) in regimes I and III of the
model since in these regimes the exact and the RKKY range
functions differ by the scaling factor and the phase shift (see
Table IT and Fig. 2). In the regime II, the exact range function
does not resemble the RKKY one (see Fig. 3), and there is
no simple method of incorporating many-body effects to the
range function.

In rare-earth materials the Coulomb exchange interaction
between conduction electrons and 4 f-shell electrons is

V=" =2k, k)& — D(Ja+T0)s,

kK

(158)

where J is the operator of the total angular momentum of 4 f
electrons and ¢ is the Lande factor [41]. This approximation
is valid if the wavelength of the conduction electron is large
compared with the size of the 4 f shell and if one neglects the
dependence of the electron wave function on the direction in
space. Our approach can be directly used to systems with the
exchange potential given in Eq. (158) if the integral J,s(k, k)
may be approximated by the delta function. This could be
valid for low electron concentrations resulting in large periods
m /kr of RKKY oscillations. When the exchange parameter
J(k, k') can be approximated by J,s(¢q) with ¢ =k — k', we
may apply the spin susceptibility formalism from Eq. (157)
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and make a substitution

x0(g) = (& — D’ (@) x(q). (159)

This method may be used for J(r,;) in regimes I and III of
parameters shown in Fig. 1.

In modern approaches, the RKKY range function are ob-
tained with use of Lloyd’s formula [42], which gives the
difference between integrated densities of states N(E) [see
Eq. (96)] obtained from g(E) and G(E):

AN(E) = —%ImTr In(1 — 3(E)V, — 8(E)V,),  (160)
where V,, V, are given in Eq. (6) [43]. The identity (160) is
exact for arbitrary g(E) and external potentials. The problem
with Eq. (6) is how to evaluate the logarithm for operators
V.., Vi, having noncommuting components. In Egs. (50)—(65)
and (S1)—-(S124) in the Supplemental Material [7] we calcu-
lated the exact GF of the system, and we may obtain N(E)
in Eq. (96) by taking the trace over the GF and performing
the indefinite integration of n(E) over the energy. Then, the
results in Eq. (96) should be equal to the expression of the
right-hand side of Eq. (160).

However, there are two differences between our approach
and Lloyd’s formula. First, the exact GF in Eqgs. (50)—(65)
and (S1)—(S124) in the Supplemental Material [7] is more
general than the intergraded electron density in Eq. (160).
For the calculation of thermodynamic properties of the sys-
tem, which depend on electron densities n(E) or N(E), the
Lloyd’s formula may be more convenient than our approach.
However, if one calculates quantities depending on the GF
of the system, e.g., discrete energy states (as in Sec. IX) or
the conductivity tensor, the knowledge of GF is necessary.
Second, our approach is limited to deltalike potentials, while
the Lloyd’s formula is valid for arbitrary potentials and,
within this formalism, one can include more physical effects
(screening, phonons, etc.) than by our approach. However,
Lloyd’s approach requires calculation of the logarithm of
noncommuting operators in Eq. (160) which in practice can
be done only by the perturbation expansion.

The s-d coupling constant J in Eq. (6) is expressed in
eV AP, where D is the system dimensionality. Experimen-
tally, one measures the coupling constants Jyg, Jsr, Jyr, €tc.,
expressed in eV. They are related to J in Eq. (6): J = —J;4 20,
where € is the elementary cell volume and the minus sign
follows from sign convention in Eq. (6). In the theory of
diluted magnetic semiconductors one uses notation J;; = aNy
and Ny = 1/ [21].

To observe experimentally a deviation of [J(rm) in
Egs. (100)—(106) from the RKKY range function in Eq. (4),
one should meet the following conditions. First, both the
s-d coupling J and the range function should be measured
independently with sufficient accuracy. Second, the exchange,
correlation, and screening terms in Eqgs. (157), and (159)
should be small. Finally, proper value of gy in the material
should be known.

It seems difficult to observe the difference between two
range functions in systems belonging to the regime I of
parameters (see Table II) since in this case the difference
between the exact and approximate range functions is on the
order of +2p;, which is typically a few percent. In practice,

such a small difference makes it impossible to distinguish
experimentally between the two cases. A more promising way
of experimental verification of the results given in Sec. X
is the regime III in Fig. 2. In the latter, characterized by
large s-d coupling |J| or large effective mass [see Eq. (146)],
there is significant difference between magnitudes of the exact
and RKKY range functions. In consequence, by measuring
independently the coupling constant J and the range function
J (rap), it should be possible to distinguish between the exact
and approximate range functions even in the presence of
additional terms in the generalized susceptibility of Eq. (159).
Another promising way to confirm the results obtained in this
work is to observe the bound states predicted in Sec. IX.
Experimental difficulty in such measurements is the narrow
range of parameters for which there should exist bound states.

XII. SUMMARY

The Green’s function and the range function of two local-
ized spins in electron gas is calculated exactly by summing
the Born series using a generalization of the method of Slater-
Koster and Ziman to noncommuting spin operators. Our cal-
culations generalize the RKKY results that are obtained from
the second-order terms of the Born series. We obtained four
specific results. First, the exact GF is expressed as a nonlin-
ear combination of localized spin components. This form of
exact GF is valid for arbitrary spins. Second, for spins % we
reexpressed the exact GF as a linear combination of localized
spin components. Third, an approximation is proposed for
the exact GF that clearly explains the physical nature of the
problem. Fourth, it is shown that the Born series converges if
and only if the one-electron GF at the origin g is finite. This
occurs for electrons in parabolic energy bands in 1D but not
in 2D or 3D. However, by introducing a proper cutoff energy
in the calculation of one-electron GF, one obtains finite value
of go and the convergent Born series.

For spins S, S, = % there are three regimes of the model.
For |J| < |go|~", the range function J3p(r.) resembles the
RKKY one: it has the same period 7 /kr, the same decay
character, and a slightly different amplitude, usually differing
by a few percent. This regime occurs most frequently in
nature. For |J| comparable to |go| ™!, the exact range function
differs qualitatively from the RKKY one: it has a much larger
amplitude, nonoscillatory character, and it decays more slowly
with interspin distance. For |J| > |go| ™' the exact range func-
tion oscillates with the same period and powerlike decay as the
RKKY one, but it has much lower amplitude decreasing with
growing |J|. In the limiting case |J| — oo, the range function
vanishes.

For the electron energy £ =0 and p; >~ 2 or p; =~ —%
[see Eq. (112)], the range function and GF are singular, the
poles of GF occur in the vicinities of the singularity points.
The energies of bound states are calculated. In contrast to the
standard RKKY approach, for the exact GF and the range
function there is no symmetry between ferromagnetic and
antiferromagnetic values of s-d coupling constant J. The
asymmetry follows from the singularities of the operators
(I — p1Z)~" for p; € {2, —2}. We calculated the exact range
function for one representative material using realistic model
parameters. We also report results for the exact range function
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J (rqp) in the wide range of values of s-d coupling constants
J. We compared our results with other theoretical approaches
existing in the literature. Promising ways to confirm experien-
tially the results of this work are as follows: (i) independent
measurement of the s-d coupling constant J and the range
function [ (r,) in the regime |J| 3> |go| ™' because there the
amplitude of exact range function significantly differs from
its RKKY counterpart; (ii) detection of bound states in the
vicinities of points p; € {2, —%}. We hope that the exact
results reported in this paper will be useful in analyses of
similar problems.

APPENDIX A: WOODBURY IDENTITIES

In this Appendix we prove the Woodbury identities used in
Sec. II. They differ slightly from those given in Ref. [16]. First
we prove Eq. (21), i.e., show that

Al P P PO A oA
A, —A, BD .[A B} _ [1 0] (AD)
~Ay'¢AT A ¢ bj [0 1F
with Al and Az defined in Egs. (22) and (23), respectively.
We have then

~—1n A1 A

A{'A-AT'BD'¢=A'A-BD'C)=A'A, = 1.

(A2)
Similarly,
A CATB+AD=A' D -CAT'B)=A'A, =1
(A3)
Finally,
A'B-A'BD'D=AB-A'B=0, (A4
—A'CATIA+ A C=—A'C+A e =0, (AS)

This proves Eq. (21). Now, we prove Eq. (26) for [A, C'] =0
and [B, D] = 0. There is

A—1a

Al'=@A@-BD'¢)"' =D 'DA-D'BC)!
=D '(DA - BO' =F|'D, (A6)
A;l —D-CA 'R =@ 'AD—A"'eB)!
—[A"'@AD - €CB)' = F; A, (A7)
—Al_lif ! =I3‘171DAb71 = 13“;11}, (A8)
—AJ'¢AT =F 'AcAT = F]'C (A9)

This completes the proof.

APPENDIX B: RKKY RANGE FUNCTION: @, ~ 1

Here, we calculate the range function Jrk(r,») for the
grand canonical potential 4 in Eq. (101) in the limit w,, =
1, i.e., by truncating the Born series to the terms of the second
order in the s-d coupling constant J. We begin with Eq. (1),
i.e., from the lowest-order terms of the Born series including

both V, and Vj, potentials. Using the notation introduced in
Sec. IV one obtains from Eq. (1)

~ab A A A A
G\ = 810La8abLg2 + 816Lb8hala8ar- (BI)
Since g.» = gp, One gets for the trace of GTZ
~ab A A PN
Tr{GT,Z} = </ dSrlglagblgab)Tr{ZaZb + Zbe}
= ngubhabgas\‘b' (BZ)
Then, the %S} part of the thermodynamic potential is
J2 o Ep
Qb = T ;;SZ/ [/ gabha,,dE/}dE, (B3)
T 0

which is the limit given in Eq. (101) for w,, = 1. Using the
retarded one-electron GF

+ o exp(irap/E /)
=gy=——"-, B4
8ap = 8ab 47 r (B4)
with ¢ = /?/(2m*), one obtains from Eq. (93)
d a. ] a E
By = — 48ab _ _=xplravE/D) (BS)
dE 87 32E
The one-electron density of states n(E) in Eq. (91) is then
2rapnE
nE) = M. (B6)
3273¢5/2/Ery,

Calculating the double integral in Eq. (B3) with g/, and hg,
given in Egs. (B4) and (BS) and taking kr = +/EFr /¢ we find
2

TRk (ap) = [2rapkr cos(2kprap) — sin(2kprap)],

64r3r ¢
(B7)

which is the RKKY range function for electrons in a parabolic
energy band in 3D.

APPENDIX C: GF AND RANGE FUNCTION FOR
STRONG COUPLING

Consider the exact GF for large s-d coupling J. In this limit
we approximate in Egs. (30) and (31)

I —goZe ~ —goZ.. (Ch)

where ¢ = a, b. Then, we have
Fi~ (& — guvgra)ZvZ0 = v Zb 2y, (C2)
Fo >~ (& — gavgva)2aZi = zapZiZa, (C3)

where z,;, = g(z) — gar8ra [see Eq. (39)]. In consequence, there
is

~ A — A—1a—1
0, =F, ~2,2, /2w, (C4)

0,=F,'~2,"7")zw. (C5)
From Eq. (29) one obtains
G2~ gl + 14[2.0,(—80Z1)18a2 + g1al8uvZa01 211812

+ 816[860 202241802 + 815[Z105(—80Za))gra-  (C6)
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Inserting the approximate forms of Ql, Qz into Eq. (C6) one
finally obtains

a N 1
Gy =gl + Z_(_gOglagaZ + 8ab81a8b2 + 8ba81v8a2
ab

— 80816812)- (ChH

As seen from Eq. (C7), for large J the GF does not depend on
S and S,, and it has a universal character. Such behavior of
GF for large perturbing potentials is known in the literature

[36] and it appears even in simple models of one spinless
impurity [see Eq. (5)].

The range function of the RKKY interaction is defined as
a difference of the grand canonical potential for parallel and
antiparallel spins [see Eq. (97)]. However, since the electron
density n, Im{Tr(G»)}, as given in Eq. (C7), does not
depend on S; and S,, the grand canonical potential €2, , in
Eq. (98) also does not depend on spin configuration. The range
function in Eq. (97) is a sum of two positive and two negative
terms. For large |J/| all the four terms tend to a common
value not depending on spin configurations. Thus, for large
|J| the range function 7 (r,,) vanishes, which explains the
disappearance of the w,;, term in Eq. (102) for large |J|.
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