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Low-temperature electron-phonon relaxation in Cu and Ag thin films
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The low-temperature electron-phonon (e-ph) relaxation near the surface of noble metals, Cu and Ag, is studied
by using the density-functional theory approach. The appearance of the surface phonon mode can give rise
to a strong enhancement of the Eliashberg function at low frequency ω. Assuming the Eliashberg function
proportional to the square of ω in the low frequency limit, the e-ph relaxation time obtained from the surface
calculations is shorter than that from the bulk calculation. The calculated e-ph relaxation time for the former is
in agreement with a recent experiment for thin films.
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Introduction. The electron-phonon (e-ph) interaction, one
of the most important concepts in many-body theory, accounts
for the superconductivity and the electrical resistivity [1,2].
Eliashberg function is a key to understand the details of
the e-ph interaction in a variety of metals. For example, the
integration of the weighted Eliashberg function results in the
e-ph coupling constant that determines the superconducting
transition temperature.

The e-ph coupling also plays an important role in nonequi-
librium condition between electrons and phonons. The energy
transfer dynamics is approximately described by the two-
temperature model (TTM) for the electron temperature Te

and the phonon temperature Tp [3]. The temperature (T )
relaxation time τ in the TTM is different between the high
and the low-T limit. At high T , where the thermal energy is
much larger than the Debye energy, τ is proportional to T .
This model has been used in the field of ultrafast dynamics
[4–6], while several models beyond the TTM have been
proposed recently [7–9]. At low T , it crucially depends on
the low frequency (ω) behavior of Eliashberg function: When
the behavior ωp with an integer p is assumed in the low ω

limit, τ ∝ T −p−1. For clean metals, p = 2 [10], while for dirty
metals, the value of p is scattered [11–14]. It also depends on
the dimension and the boundary condition in a complicated
manner [15–17].

Notwithstanding the importance in the field of thermom-
etry [18] and calorimetry [19–21] of nanoscale systems, the
understanding of the low T e-ph relaxation is still under
debate even for clean metals. The magnitude of τ can be
related to the energy transfer rate Q = ��(T 5

e − T 5
ph ), where

� is the volume of the metal and � is a parameter involving
the e-ph coupling introduced in Ref. [10]. The magnitude
of � evaluated within the deformation potential (DP) ap-
proximation has been found to be much smaller than that
measured experimentally. This may be attributed to a lack of
the Umklapp scattering contribution [10] and the nonspherical
effect of the Fermi surface [15] in the DP model. However,
a recent experiment has shown that the free-electron model
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can well describe the e-ph relaxation in Ag but not Cu [22].
The density-functional theory (DFT) approach enables us to
calculate the Eliashberg function at low ω accurately and
therefore to investigate τ at low T . However, to the best of
our knowledge, such a DFT approach has yet to be applied to
this issue.

At low T , the electron mean free path is long enough to be
comparable to the sample size, allowing electrons to be scat-
tered by surface phonons. In this paper, by performing DFT
calculations, we investigate the low T e-ph relaxation near the
surface as well as bulk of noble metals, Cu and Ag. Assuming
the Eliashberg function proportional to ω2, we show that the
magnitude of τ for the surface model is much shorter than
that for bulk and is in agreement with experiment [22]. We
demonstrate that the electron-surface phonon interaction gives
rise to an enhancement of the Eliashberg function at low ω as
well as the magnitude of � and plays a key role to interpret
the low T e-ph dynamics.

Basic concepts. The energy transfer rate of the total
electron energy Ee per unit cell is derived from the Boltz-
mann equation for the electron and phonon distribution func-
tions under the assumption: (i) The effects of the diffusion
and the external forces are neglected; (ii) the electron and
phonon quasiequilibrium is established at any time. Using the
Sommerfeld expansion Ee(Te ) = Ee(0) + γ T 2

e /2 with γ =
2π2NFNck2

B/3, the time (t) evolution of Te is given by [3]

Ce
dTe

dt
= −�(Te ) + �(Tp), (1)

�(T ) = 4πNFNc

∫ ωD

0
dω(h̄ω)2α2F (ω)nB(ω, T ), (2)

where Ce = γ Te is the specific heat of the electron, NF is the
electron density of states (DOS) per unit cell and per spin
at the Fermi energy εF, Nc is the number of unit cell, h̄ is
the Planck constant, nB(ω, T ) is the Bose-Einstein function at
temperature T , and ωD is the Debye frequency. The Eliashberg
function α2F (ω) is given by

α2F (ω) = 1

h̄NFNc

∑
α,α′,k,

∑
β,q

∣∣gβ

α,α′ (k, q)
∣∣2

× δ(εF − εαk)δ(εF − εα′k+q)δ(ω − ωβq), (3)
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where εαk is the single-particle electron energy with the wave
vector k and the band index α, ωβq is the phonon frequency
for the wave vector q and the branch index β, and gβ

α,α′ (k, q) is
the matrix elements for the e-ph interaction Hamiltonian. The
pth moment of α2F (ω) is defined as

λ〈ωp〉 = 2
∫

dωα2F (ω)ωp−1 (4)

with an integer p. λ and λ〈ω2〉 have been used as a measure of
the strength of the e-ph coupling in metals.

At high T , where nB(ω, T ) � kBT/(h̄ω) holds, �(T ) is
proportional to λ〈ω2〉. At low T , where the thermal energy
kBT is much smaller than h̄ωD, numerical integration of
Eq. (2) has to be performed by using an explicit expression of
α2F (ω). In a clean metal, it is expected to be α2F (ω) ∝ ω2

at low ω, leading to �(T ) ∝ T 5. We thus define the e-ph
coupling factor �low as

�low = �low(T )

Nc�cellT 5
, (5)

where �cell is the volume of a unit cell.
From Eq. (1), the time evolution of Te is written as

dTe

dt
= − 1

τ
(Te − Tp), (6)

where τ is defined by

τ (T ) = Ce(T )

(
d�(T )

dT

)−1

(7)

under an assumption Te � Tp ≡ T [22]. At low T , from
Eq. (5), one obtains

τlow = γ

5�lowNc�cellT 3
∝ T −3. (8)

This means that when T is decreased, a very small amount
of energy will be exchanged between the electron and the
phonon due to small scattering phase space.

Computational details. We use DFT and density-functional
perturbation theory implemented into QUANTUM ESPRESSO

code [23] to obtain NF and α2F (ω) in Eq. (2). The effects
of exchange and correlation are treated within PBE-GGA
[24]. The core electrons are treated within the ultrasoft pseu-
dopotential method [25]. For Cu and Ag bulk calculations,
the cutoff energies for the wave function Ewf and the charge
density Ecd were set to 60 Ry and 600 Ry. For the calculation
of α2F (ω) in Eq. (3), the dense k-point grid of 40 × 40 × 40
(including k and k + q points), the coarse k-point grid of
20 × 20 × 20 (for constructing the charge density and the
dynamical matrix), and the q-point grid of 10 × 10 × 10 are
used. In case of surface calculations, Ewf = 90 Ry and Ecd =
900 Ry were used. For the calculation of α2F (ω), the dense
and coarse k-point grids of 24 × 24 × 1 and 12 × 12×1,
respectively, and the q-point grid of 6 × 6 × 1 are used, which
are enough to study the phonon energy range of interest.
The Marzari-Vanderbilt smearing [26] with a parameter of
σ = 0.025 Ry is used for all calculations.

The lattice constant is optimized to be alat = 3.636 Å
and 4.154 Å for Cu and Ag bulk, respectively, where the
total energy and forces are converged within 10−5 Ry and
10−4 a.u. For the surface calculations, where five or seven

TABLE I. The values of �cell (Å3), λ, λ〈ω2〉 (meV2), NF

(states/eV/spin/unit cell), G (10−4), �low (GW/m3/K5), τlow(T =
0.1K) (μs), and γ̃ = γ /�cell (J/m3/K2).

�cell λ λ〈ω2〉 NF G �low τlow γ̃

Cu bulk 12.0 0.13 50.5 0.15 0.6 0.28 72.1 97.8
Cu (001) 5 layer 43.0 0.13 42.6 0.78 1.5 0.89 29.3 142.0
Cu (001) 7 layer 71.4 0.14 50.0 1.10 1.5 0.83 29.4 120.6
Cu (111) 7 layer 71.7 0.13 45.4 1.12 1.5 0.84 29.4 122.3
Ag bulk 17.9 0.14 24.4 0.14 2.0 0.55 21.6 61.2
Ag (001) 5 layer 70.9 0.15 20.8 0.68 6.0 2.06 7.2 75.1
Ag (001) 7 layer 106.7 0.15 22.2 0.97 6.0 1.95 7.2 71.2
Ag (111) 7 layer 106.9 0.14 21.2 0.97 6.0 1.95 7.2 71.0

layers are considered, a vacuum layer between the surface
is taken to be larger than 15 Å. The distance between the
layers near the surface is shrunk by a few percent after
the geometry optimization and thus the volume per atom
decreases effectively. The optimized volume �cell, the e-ph
coupling constants, λ, λ〈ω2〉, and NF are listed in Table I.
More details of DFT calculations on thin films are provided
in Supplemental Material [27]. The values of λ for Cu and Ag
bulk agree with other calculations [28,29]. The magnitude of
NF is almost proportional to the number of atoms in a unit cell.

Bulk. Figure 1 shows α2F (ω) for Cu and Ag. Below the
phonon energy h̄ω � 8 meV for Cu and h̄ω � 6 meV for Ag,
α2F (ω) shows a ω2 behavior. The deviation from a ω2 law at
relatively low ω is attributed to a small number of Brillouin
zone sampling, i.e., q mesh. Below, we thus use an analytical
expression for low ω

α2F (ω) = G

(
h̄ω

E0

)2

, (9)

where E0 = 1 meV and h̄ω is the phonon energy in units of
meV. Assuming Eq. (9), we calculate �(T ) in Eq. (2), �low in
Eq. (5), and τlow in Eq. (8). Table I lists the calculated G, �low,
and τlow at T = 0.1 K. The value of G for Ag is about three
times larger than that for Cu. Accordingly, τlow of Ag is three
times shorter than that of Cu. The size of �low of Ag is larger
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FIG. 1. The α2F (ω) of Cu and Ag bulk. The dashed lines indi-
cate the curve of α2F (ω) ∝ ω2.
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FIG. 2. The α2F (ω) of Cu thin films for (001) surface with five
and seven layers and for (111) surface with seven layers.

than that of Cu by a factor of two only, due to the difference
of �cell listed in Table I.

Surface. Figures 2 and 3 show α2F (ω) of Cu and Ag
surfaces, respectively, for the cases of (001) surface with five
and seven layers and (111) surface with seven layers. It is clear
that the magnitude of α2F (ω) is enhanced at low ω, compared
to the bulk case. The values of G, �low, and τlow at T = 0.1 K
are also listed in Table I. The G and �low in the surface are
about three times larger than that in bulk. In accord with this
enhancement, τlow at T = 0.1 K becomes shorter than the
bulk case: τlow � 30 μs and 7 μs for Cu and Ag surfaces,
respectively, almost independent of the film thickness and
crystal surface.

The enhancement of α2F (ω) at low ω can be attributed
to the appearance of the surface phonon mode, known as the
Rayleigh mode, below the transverse acoustic phonon branch
[30]. Figures 4 and 5 show the partial DOS for Cu and Ag
thin films with five layers, respectively: n denotes the layer
number from the top (n = 1) to the middle (n = 3). The partial
DOS for (6 − n)th layer (n = 1, 2) is exactly the same as that
for nth layer due to the presence of the inversion symmetry
against the middle layer. The DOS for the bulk is also shown.
The DOS of the middle and the second (n = 2) layers is
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FIG. 3. The same as Fig. 2 but for Ag.
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FIG. 4. The phonon DOS for Cu bulk and partial DOS for thin
film with five layers. n denotes the layer number from the top (n = 1)
to the middle (n = 3).

similar to the bulk DOS at low ω. On the other hand, the
magnitude of the DOS of the top layer is strongly enhanced
below h̄ω � 15 meV (Cu) and 9 meV (Ag) compared to the
bulk DOS, which can be attributed to the surface phonon
mode. Similar tendency is observed for the calculations with
seven layers at (001) and (111) surfaces. Similar enhancement
of the phonon DOS at low ω has been reported in DFT
calculations for TiC [31] and NbC and TaC [32] thin films.
It is natural to consider that this would modify the strength of
α2F (ω) at low ω and therefore change the e-ph dynamics at
low T .

Comparison to experiment. Recently, Viisanen and Pekola
have investigated the e-ph relaxation dynamics at sub-Kelvin
temperatures to extract the specific heat for Cu and Ag films
[22]. First, they determined the value of the energy transfer
rate �exp (“exp” stands for experiment) from thermal conduc-
tance measurement: �exp � 2 GW/m3/K5 for Cu and �exp �
3 GW/m3/K5 for Ag. Next, they determined the relaxation
time τexp of Te by investigating the response against the
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FIG. 5. Similar to Fig. 4 but for Ag.
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FIG. 6. The T dependence of τlow for Cu and Ag bulk (dashed)
and (111) surface with seven layers (solid). Our results are compared
to the experiment by Viisanen and Pekola, extracted from Ref. [22],
where the plots for lower τ s, indicated by arrows, are for Ag film,
while the other plots are for Cu films. The different T dependence of
τ in Ref. [22] is due to the use of different samples or measurements.

heating pulse: For example, τexp � 40 μs for Cu and
τexp � 3 μs for Ag at T = 0.1 K. Assuming a rela-
tion τexp ∝ T −3 above T = 0.1 K, i.e., Eq. (8), they ex-
tracted the low-T specific heat γ̃exp (the tilde is used to
denote the specific heat per volume). They have found
that the value of γ̃exp in Ag film agrees with the free-
electron estimate γ̃free = 62.4 J/m3/K2, while that in Cu
films is anomalously larger than the estimate γ̃free =
70.7 J/m3/K2 by one order of magnitude. Below we interpret
this experiment.

The calculated values of γ̃ = γ /�cell are listed in Table I.
Due to an effective decrease in the volume per atom, the value
of γ̃ in thin films is larger than that in bulk. The agreement
between γ̃ and γ̃exp is good for Ag. However, the magnitude

of γ̃ is not large enough to explain the experimental data of
Cu [22]. When Eq. (8) is assumed, the discrepancy should be
attributed to τ and �.

Figure 6 shows a comparison between τexp [22] and τlow

calculated for Cu and Ag bulk and (111) surface with seven
layers. The value of τlow for bulk is much longer than that of
τexp. With the surface effect, the value of τlow decreases and
becomes the same order of magnitude of τexp. Similarly, the
discrepancy between �low and �exp is reduced significantly,
as listed in Table I. These indicate that the energy transfer at
low T occurs through the electron-surface phonon scattering.

We analyze the discrepancy between the theory and exper-
iment for τ and � in more detail. The value of �low is a half
and two thirds of �exp for Cu and Ag surfaces, respectively.
Such an underestimation would be due to a small value of
G listed in Table I. It has been discussed that the effect
of randomness can enhance the e-ph coupling [11,13]. By
considering that the Cu sample used is polycrystalline [22],
the magnitude of G in Cu would be more enhanced in the
realistic situation. On the other hand, the value of τlow is
shorter and longer than that of τexp for Cu and Ag surfaces,
respectively. The underestimated value of τlow in Cu is not
explained by an enhancement of G. At present, we consider
that the combined effect of the surface phonon and the grain
boundary would be a key to resolve the discrepancy between
the theory and experiment in a consistent way. In future work,
we plan to perform DFT calculations on a supercell with large
surface area that contains the grain boundary.

Conclusion. Using DFT calculations, we have calculated
the Eliashberg function α2F (ω), the e-ph energy transfer rate
�low, and the T dependence of τlow for the bulk and surfaces
of Cu and Ag. We have shown that the surface effect is
strong enough to modify the magnitude of α2F (ω) at low ω

and �low, which can explain the low T electron relaxation
dynamics observed in a recent experiment [22], while more
detailed studies are required to obtain a consistent picture. We
hope that this work would stimulate further study on the e-ph
interaction for more realistic situations.

This study is supported by the Nikki-Saneyoshi Founda-
tion.
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