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Absence of equilibrium edge currents in theoretical models of topological insulators
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The low-energy sector of 2D and 3D topological insulators (TIs) exhibits propagating edge states, which
has speculated the existence of equilibrium edge currents or edge spin currents. We demonstrate that if the
low-energy sector of TIs is regularized in a straightforward manner into a square or cubic lattice, then the current
from the edge states is in fact canceled out exactly by that from the valence bands, rendering no edge current.
This result serves as a warning that for any equilibrium property of topological insulators, the contribution from
the valence bands should not be overlooked. In these regularized lattice models, there is a finite edge current
only if the Dirac point of the edge states is shifted away from the chemical potential, for instance, by doping,
impurities, edge-confining potential, surface band bending, or gate voltage. The edge current in small quantum
dots as a function of the gate voltage is quantized, and the edge current can flow out of the gated region up to the

decay length of the edge state.

DOLI: 10.1103/PhysRevB.101.195120

I. INTRODUCTION

The existence of edge states represents one of the defining
properties of topological insulators (TIs) [1-3]. Particularly
for TIs realized in two (2D) and three dimensions (3D), the
edge states manifest as D — 1 dimensional Dirac cones at the
low-energy sector of the band structure. The wave functions
of these states can be calculated by projecting the low-energy
Dirac Hamiltonian into a semi-infinite half space [1-4], which
yields wave functions localizing at the edges with a decay
length given by the Fermi velocity divided by the bulk gap
& = hvp /M, and along the edge they are propagating states
with a finite group velocity. Depending on the symmetry of
the TI [5-7], the edge states may be either spinless states
circulating the boundary with a finite group velocity, such
as in 2D class A, or spinful states with spin up circulating
the boundary in one direction and spin down in the opposite
direction, such as the situation of class All systems in 2D and
3D. Because of the way they circulate the boundary, the edge
states naturally speculate the existence of an equilibrium edge
current in TIs [8§—11], which would be an edge charge current
for class A, and an edge spin current for class AIl. Pushing
this speculation further, the circulating edge states suggest
that the edge currents at the opposite edges must flow in
opposite directions and the directions of the currents should be
independent from the chemical potential w, since the direction
of circulation does not depend on w.

In this paper, we demonstrate that the above naive ex-
pectation for the existence of edge currents has a serious
flaw, namely, it does not include the contribution from the
valence bands. If the TT is geometrically confined between two
boundaries, i.e., has a finite width in 2D or a finite thickness
in 3D, then the band structure consists of multiple bands, with
the number of bands determined by the width or thickness.
This often corresponds to experimental situations, such as 2D
TIs made of quantum wells of finite width [12,13], and 3D TI
thin films of a few quintuple layers thickness [10,14—16]. We
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elaborate numerically that if the low-energy Dirac cone is reg-
ularized into a lattice model in a straightforward manner and
the lattice is geometrically confined, then the valence bands of
TIs also contribute to an edge current which exactly cancels
out that from the edge states, rendering no net edge current.
The statement remains valid regardless of the temperatures
and the distance between the edges, as well as the choice
of the band parameters within the regularized lattice model.
Our investigation covers a variety of well-known 2D and 3D
models of TIs belonging to different symmetry classes, which
suggests that these statements are relevant to a great majority
of TIs in reality. Especially, our result prompts the caution that
the valence bands should not be overlooked when discussing
the equilibrium properties of TIs.

The cancellation from the valence bands also indicates that
there is a finite edge current if the Dirac point is shifted
away from the chemical potential u, since the cancellation
would not be complete in this case. It then follows that
the direction of the current in fact depends on whether the
chemical potential lies above or below the Dirac point. This
suggests that a finite edge current can be induced by various
mechanisms that shift the chemical potential in reality, such
as doping [17-19], surface band bending [20], or surface
inhomogeneity [21], and edge-confining potential [22]. In
particular, we will investigate gating the TI, which leads to an
electrically controllable edge current. For TIs geometrically
confined in a small lattice [23-26], we further uncover that
the edge current is geometrically quantized as a function of
the gate voltage. Moreover, if the small lattice is only partially
gated, then the edge current can extend to the ungated region
up to the decay length of the edge state, which can serve as
a nonlocal dissipationless current or spin current generator.
Finally, although these equilibrium edge currents do not show
up in nonequilibrium transport measurements, experiments
based on measuring the magnetic or electric field they produce
will be proposed.
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II. LATTICE MODELS FOR TOPOLOGICAL INSULATORS

A. Regularization of TIs on square or cubic lattices

Our purpose is to investigate the equilibrium currents in TIs
produced by the entire band structure, including both the edge
state Dirac cone and the bulk bands, by means of minimal lat-
tice models that can take into account these features. For this
purpose, we start from the low-energy effective Hamiltonian
of 2D and 3D TIs described by a linear Dirac model

D
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where the I'* matrices satisfy the Clifford algebra {I'*, I'"} =
28¢m, Whose precise forms depend on the symmetry classes
[5-7,27]. The kinetic terms k, signify the usual linear band
crossing, and M is the mass term that controls the topology.
We proceed to regularize the Hamiltonian to cover the entire
Brillouin zone (BZ) by
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where the k? term is important to regularize the model on
a lattice [28]. The basis of the Hamiltonian depends on the
symmetry classes, which may be electrons in different orbitals
with or without spins [5-7]. We then Fourier transform the
second quantized Hamiltonian into real space to construct
the 2D square lattice or 3D cubic lattice Hamiltonian. For
instance, if the basis are electron creation and annihilation
operators cjh, and c;;, with momentum k, orbital /, and spin
o, then the Fourier transform leads to
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and so follows the lattice Hamiltonian defined on sites i.

B. 2D class A

The 2D class A models are the simplest ones to demon-
strate the absence of edge current in the regularized lattice
models introduced in Sec. I A. We use the prototype Chern
insulator to demonstrate our statements in this class. The
model is described by the spinless basis ¢ = (cky, ck,,)T and
Hamiltonian [2,3]

H(k) = Asink,0" + Asink,o”
+ (M + 4B — 2Bcosk, —2Bcosk,)o*, (4)

which leads to the following lattice model:

H = Z t{—ic;rscwap + icj+ascip + H.c.}
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FIG. 1. (a) The band structure of a strip (PBC in X and OBC
in §) of 2D Chern insulator, with red and green colors indicating
the wave function is more localized at the y =1 or y = N, edge.
The grey circles inside the dashed box indicate geometrically quan-
tized edge states in the strip. (b) The expectation value of charge
current operator, where the E., = 1 case includes only the edge
state contribution, and E., = 8 includes all the bands. (c) Edge
current as a function of the chemical potential in the Chern insulator
strip, which shows a stairwise feature in the range |u| < |M| =1
because of geometric quantization. (d) The proposal of measuring
the quantization, where the magnetic flux through a quantum dot of
Chern insulator is quantized as a function of the gate voltage.
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where t = A/2, ' = B, I = {s, p} are the orbitals and § =
{a, b} are the lattice constants along planar directions. Al-
though the chemical potential u is frequently ignored because
it does not alter the topology of the system, we will elaborate
its importance for the existence of the edge current. We im-
pose periodic boundary condition (PBC) in the X direction and
open boundary condition (OBC) in the § direction, such that
the edge currents are localized at the twoedgesy = 1 and y =
N,. The band structure at parameters t =t = —M = 1 witha
finite width N, = 8 is shown in Fig. 1(a). For each eigenstate
|kx, ny), we calculate the weight of its wave function close to
the y = 1 boundary minus that close to the y = N, boundary:
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The color in the band structure in Fig. 1(a) indicates a positive
(red) or negative (green) iy, ,,, i.€., whether the |ky, ny) is
more localized in the y =1 or the y = N, boundary. The
result clearly indicates that the branch of the Dirac cone with
positive group velocity is localized at the y = 1 edge (red),
whereas the branch of negative group velocity is localized
at the y = N, edge (green). In addition, the valence bands
at k, > 0 that have negative group velocities are also more
localized at the y = 1 edge, indicating that they contribute
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to a current against that of the edge states, and likewise the
valence bands at k, < 0 that have positive group velocity are
more localized at y = N, edge and also contribute to a current
against that of the edge states.

We proceed to quantify the contribution from the edge
states and that from the valence bands by calculating the
expectation value of the local current operator, constructed
from the equation of motion of the density operator n; =
> ] c;cﬂ written in the form of continuity equations,

o !
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which defines the charge current operator Jgi +s running from
site { to i + §, and that run from i to i — §. We define the

currents flowing in the positive bonds as J = J?,, = and Jy‘.) =

i,i+a
0 : ;
Ji'i 1> Which have the expressions
il

) e SIS
i+apcl3 + Cip("l+@Y + Ci+ascl[7}

0 4a
J, = gt{cchaP +c

@it ] T ]
+ EU {_cisci-kas + CitasCis + CipCitap — C,‘_;,_apcip}’

b . .
0__ 7. 7. i . ., AT .
Jy = hlt{_ciscl+bp + CivppCis + CipCi+bs Ci+b561p}

b B
. i
it = ClCivns + €l pCis + CCinny = ¢ pCip)- (8)

To separate the contribution from the Dirac cone and that
from the bulk bands, in calculating the expectation value we
introduce an energy cutoff E,, within which we sum the
eigenstates

) = D110 f(E)O (Ecu — 1)), )

n

where E, and |n) are eigenenergy and eigenstate of the
lattice model, and f(E,) = (e/%7 4+ 1)"" is the Fermi dis-
tribution, 6(E.y — |E,|) is the step function that selects the
energy window within which the states are included, and we
choose kgT = 0.03 that corresponds to the room temperature
throughout the paper, assuming the energy unit t = eV.

The results shown in Fig. 1(a) indicate that choosing an
energy cutoff smaller than the bulk gap E., < [M| = 1, which
corresponds to counting the contribution from the Dirac cone
alone, indeed yields a finite current localized at the two edges.
As increasing E.y, the spatial profile of the current starts
to alter, and eventually the current vanishes everywhere at a
large E.; = 8 that includes contributions from all the valence
bands, proving that the two contributions cancel out exactly.
This conclusion holds regardless of the temperature, distance
between the two edges Ny, and band parameters {z,t’, M}
within our regulated lattice model, provided the system re-
mains in the topologically nontrivial phase M < 0. Thus un-
less one has a certain experimental probe that can discern the
edge current contributed only within an energy window near
the chemical potential, one cannot resolve the contribution
from the edge states alone and the total current should be
zero. Remarkably, the edge current profile at a specific choice
of energy cutoff E.; [each line in Fig. 1(b)] remains the
same at any temperature, even up to an unrealistically high
temperature kg7 = 1 ~ 10000 K. The difference at different

temperatures remains less than 107! in our numerical calcu-
lations.

It is also immediately clear that if the Dirac point is shifted
away from the zero energy by adjusting chemical potential
W, then a finite edge current occurs, since some states below
the Dirac cone are omitted if the chemical potential lies
below the Dirac point, and some more states are included
if the chemical potential lies above the Dirac cone, hence
the cancellation from the valence bands is not exact. This
argument also implies that the edge current must change signs
as chemical potential sweeps through the Dirac point © = 0,
as confirmed by the total current close to the y =1 edge
I = 2 1<yen, 2 (7} shown in Fig. 1(c).

Moreover, Fig. 1(c) also indicates that the edge current as
a function of the chemical potential u is stepwise quantized
within the bulk gap || < |[M| = 1 (the steps are smeared by
temperature). This behavior is due to the fact that the Dirac
cone is geometrically quantized by the small size of the strip,
as indicated by the grey circles inside the dashed box in
Fig. 1(a). As a result, every time p sweeps through one of
these quantized edge states, the edge current increases by one
unit. The number of plateaux N, and the edge current quantum
AJ? can be understood in the following manner. The width
of the dashed box in Fig. 1(a) is the insulating gap divided
by the group velocity of the Dirac cone k, = M/hvr, and
the spacing between states due to geometric quantization is
Ak = 2m /L, = 27 /N;a, so the number of circles that can fit
into the dashed box in Fig. 1(a) is

_ky  MN:a
P Ak 2mhug”

(10)

On the other hand, because each quantized edge state spreads
out the whole edge of length L, = N,a and decays into the
bulk with length £, one may approximate the 2D density of the
edge state by nop = 1/N,aé. Consequently, each quantized
edge state contributes to a current density A ng = enypur.
The edge current quantum is this value multiplied by the cross
section £ of the current flow:

. evp
AJQ:A]ngzNa. an

Equations (10) and (11) explain well the number and height
of the plateaux in Fig. 1(c). Finally, we remark that the finite
edge current only occurs in the topologically nontrivial phase
M < 0 in this model. In the topologically trivial phase M > 0,
there is no edge state, and nor do the valence bands contribute
to a current. Finally, an experimental setup for measuring this
quantized edge current is proposed in Fig. 1(d), which will be
discussed in the next section for the more realistic quantum
dot geometry.

C. Local current promoted by weak impurities and edge
confining potential in a Chern quantum dot

The results in Sec. II B prompt us to explore the effects of
weak impurities and edge confining potentials, since it helps
to understand the situation when the chemical potential is al-
tered locally. For this purpose, we consider random impurities
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FIG. 2. (a) Local current in Chern insulators induced by impuri-
ties in a 16 x 16 lattice with impurity potential Uy, = 0.3 (black)
and —0.3 (orange). The largest arrow has magnitude |(Jl.(fi )l =
0.016. (b) Local current at Uy, = 0.6 (black) and —0.6 (orange) and,
in addition, a confining potential V.., = 0.6 at the edge sites, where
the largest arrow corresponds to I(Jl?i+3)| = 0.026.

of density nijmp = Nimp/N:Ny by adding the term

Himp= Z UimpclT]Cin (12)

ieimp,/

into our Hamiltonian in Eq. (5), where i € imp denotes impu-
rity sites. In Fig. 2, we present the simulation in an open island
of Chern insulator quantum dot (OBC imposed in both X and
¥ directions), which confirms that a local current is induced
around the impurities. The local current forms a vortex circu-
lating the impurity, and the direction of the vorticity depends
on the sign of Uiyp. The vortices interfere if the impurities are
getting too close to each other. Comparing small Ujp,, = £0.3
and large Ujyp, = £0.6, one sees that the magnitude of the
local current is enhanced at large impurity potentials, at least
within this weak impurity strength we investigate. For the
Uinp = £0.6 case in Fig. 2(b), we also include a confining
potential at the edge sites i € edge,

Heon = Z ‘/C()ncjlcils (13)

icedge,/

with Vo, = 0.6 chosen the same as the impurity potential.
One sees that the confining potential indeed induces an edge
current circulating around the edge, since it locally shifts the
chemical potential, and the magnitude of the current [size of
the arrows in Fig. 2(b)] is generally larger than that induced
by pointlike impurities. Interestingly, Fig. 2(b) also reveals
that the current on the boundary sites (e.g., y = 1) and the
sites next to the boundary (e.g., y = 2) actually have opposite
directions of flow, meaning that the edge current induced
by the edge confining potential is a laminar flow whose
direction of flow depends on the distance to the edge. Note that
this confining-potential-induced edge current bears a striking
similarity with the edge current in the quantum Hall effect of
2D electron gas, which is also generated by edge confining
potential [29-34], although there are no Landau levels in our
problem.

An experimentally relevant system that belongs to 2D
class A is the thin film of magnetic TIs of a few quintuple
layers that manifest quantum anomalous Hall effect [35-37].
Although the equilibrium edge current will not show up in the
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FIG. 3. (a) Top: The pattern of local current (J°) = ((J9), (J?))
in a 32 x 8 quantum dot at bulk gap M = —1, where a quarter of
the left-hand side (orange area) is gated with u = 0.1. Bottom: The
current flowing along X direction at the y = 1 edge (Jf(y =1))asa
function of x. (b) The same as (a), but at bulk gap M = —0.2 that
yields a longer edge state decay length &.

nonequilibrium transport measurements, the magnetic field
it produces should in principle be measurable. Assuming a
Chern insulator quantum dot of dimension Nya ~ 100 nm can
be realized by these systems [38], the edge current in the
quantum dot is quantized as a function of gate voltage u
similar to that shown in Fig. 1(c). A typical Fermi velocity
vr ~ 10° m/s gives the edge current quantum AJ? ~ 107 A.
Ampere’s law then gives an increase of magnetic field at
the center AB = 19AJ? /2w Nya ~ 1077 T, and consequently
an increase of magnetic flux &g ~ 7 (Nya)’B ~ 1073 Wb ~
1009 per edge current quantum, where @9 is the magnetic
flux quantum. Thus the magnetic flux through the quantum
dot as a function of gate voltage is also quantized, which
should be measurable by magnetic flux detectors such as the
superconducting quantum interference device, as indicated
schematically in Fig. 1(d).

D. Nonlocal edge current in partially gated
topological quantum dot

We now examine a Chern insulator quantum dot that is
partially gated and show that the edge current created in
the gated area can extend into the ungated area over length
scale £. To elaborate this statement, in Fig. 3, we show the
local current pattern in a N, x N, = 32 x 8 quantum dot with
OBC imposed in both & and § directions. A quarter of the
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area is gated to have u = 0.1, whereas the ungated area is
kept at & = 0. The result indicates that the boundary between
the gated and ungated areas serves as an edge, and an edge
current is created on both sides of the edge even though only
one side has a finite chemical potential u. The circulating
pattern of the current decays into the ungated area over length
&, as concluded from comparing the M = —1 (small & =
a) and M = —0.2 (large & ~ 5a) cases that show different
decay lengths. The current flowing along X direction at the
y = 1 edge (JO(y = 1)) also confirms this decaying behavior,
as shown in Fig. 3. Thus we anticipate that this partially
gated TI quantum dot can serve as a nonlocal edge current
generator, with the range of the edge current controllable by
the insulating gap M. Finally, we remark that in all cases, the
continuity equation in Eq. (7) is satisfied n; = 0 at any site
i, provided that the current flowing along positive in 4 and
negative bonds J?;_; are both taken into account.

E. 2D class AIL
For 2D class All, we use the prototype Bernevig-Hughes-

Zhang (BHZ) model as an example [39], which has basis ¢ =
(s, p 1t s, p )" and the Dirac matrices

M={0"®s 10,105, 0"®s", 0 ®s), (14

where o” and s” are Pauli matrices in the spin and orbital
spaces, respectively. The continuum model reads

H(k) = Asink,I"" + Asink,I'?
+ (M — 4B + 2B cosk, + 2Bcos k)T, (15)

which regularizes to give the square lattice model,

T
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(16)

where t = A/2 and t' = —B. Here I = {s, p} is the orbital
index, § = {a, b} denotes the lattice constant along the two
planar directions, o = {?, |} = {+, —} is the spin index, and
i = {x, y} denotes the planar position. We use the parameters
—t =t = —M = 1 and temperature kg7 = 0.03. Once again
the chemical potential o will be crucial for the existence of
edge spin current.

The band structure at N, = 8 is shown in Fig. 4. The edge
states consist of counterpropagating spins polarized along 2,
as can be seen from the expectation value of o* of |k, ny)

near the y = 1 edge:
> oi (17)
Iy<Ny/2

e —
mkxﬂ’l_v -

The color in the band structure of Fig. 4(b) indicates the
spin up (blue) and down (green) of nﬁ;x.nv. The branch of
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FIG. 4. (a) The band structure of a strip of BHZ model, with
blue and green colors indicating the weight of spin up and down for
the wave function closer the y = 1 edge. (b) Quantization of edge
spin current in the BHZ strip as a function of the chemical potential,
which is essentially the same as Fig. 1(c) up to an overall prefactor.

Dirac cone of positive group velocity has spin up and that of
negative group velocity has spin down, as expected (note that
the Dirac cone of black color is that localized at the other edge
y = N,). Besides, the topmost valence band at k, > 0 with
negative group velocity has more spin-up component, whereas
that at k, < O with positive group velocity have more spin-
down component. This indicates at least some valence bands
contribute to a spin current against that contributed from the
edge states. We further quantify the two contributions by con-
sidering the local spin current operators constructed from the
equation of motion of the spin density m{ = ), cj,ao(fﬂciw:

a i a a 1 a a
mi = ﬁ[H’ mi] =-V.Ji= ~u 25: (Ji,i+8 +Ji,i—5)' (18)

Because the edge states are spin polarized along 2, we investi-
gate the local spin current operators J? = J;;, ,and JS = J7,.
that are given by

2

a
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o
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b . .
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o

19)

The spatial profile of the edge spin current evaluated with an
energy cutoff E., as in Eq. (9), is essentially the same as that
in Fig. 1(b) for the Chern insulators, up to an overall prefactor.
This is not surprising, since the BHZ model is basically two
copies (spin up and down) of the Chern insulator, and we
also see that the contribution from the valence bands cancels
out exactly that from the edge states, rendering no edge spin
current if the Dirac cone resides at the chemical potential u =
0. The quantized edge spin current (JZ), = ZléyéNv /2<J§>
as a function of chemical potential p is shown in Fig. 4(b),
which has the same number of plateaux and edge spin current
quantum as that in Eqs. (10) and (11), except one replaces
the electron charge by the Bohr magneton ¢ — g in these
equations.
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The equilibrium edge spin current J? does not show up in
nonequilibrium transport or spin transport measurements, but
the electric dipolar field [40—45] it produces should in prin-
ciple be measurable. This can be understood by considering
that a magnetic moment m moving with velocity v produces
an electric dipole moment in the rest frame,

p="vxm, (20)
c

where y = (1 — v?/c?)~!/? and, subsequently, a dipolar field

at position r from the moving magnetic moment:

21

Approximating the edge along X as a long straight wire, the
edge spin current quantum AJ? = ppvr /Nya corresponds to
an electric dipolar field [42],

AT
AE,,(r) = “207”;

(0, cos 2¢, — sin 2¢), (22)

where sin¢ = y/r, cos¢ = z/r, and r = \/y? + z2. Assum-
ing a quantum dot of size N, ~ 10? and a typical Fermi veloc-
ity vp ~ 10° m/s, the electric dipolar field at a distance r ~
nm away from the edge is |AE,,| ~ 1 V/m. Thus, two points
that are {r, r,} ~ nm away from the edge and are r; — r, ~
nm apart would experience a voltage drop AV ~ nV, which
should be measurable by local high impedance voltmeters,
assuming the gate voltage does not affect the measurement.

The local spin current promoted by impurities and edge
confining potential follows that discussed in Sec. IIC. The
nonlocal edge spin current in a partially gated BHZ quantum
dot is also given by that of the Chern insulator in Fig. 3, and
the extension of the edge spin current into the ungated area
is again characterized by the decay length £. Note that the
BHZ model at parameters M ~ —0.01 eV and hvg/a ~ eV
is relevant to the HgTe quantum well [12,13] or recently
proposed III-V semiconductor quantum well [46] at a few
nanometers thickness, which yields a decay length of the
order of £ ~ 100a ~ 100 nm. Thus, if a partially gated HgTe
quantum well of area ~100 nm x 100 nm can be fabricated, it
can serve as a dissipationless nonlocal spin current generator
of ~100 nm range, which is fairly significant. In contrast, the
recently proposed monolayer WTe, has M ~ —0.1 eV and
hvg/a ~ 0.1 eV [47-49], so & ~ a is of the order of lattice
constant, which may not be the ideal material for the nonlocal
spin current generator.

F. 3D class AII

We next consider 3D TIs in class AIl, which are relevant
to materials such as Bi,Se; and Bi,Tes;. These materials as
made have a single edge state Dirac cone with the Dirac point
located ~0.1eV away from the chemical potential [50-53],
but the position of Dirac point can be efficiently engineered
by doping [17-19]. We will consider the theoretical model for
the low-energy sector described by the I matrices [54,55],

M=t ot Lot L, ot} (23)

where the spinor is written as Yx=(Cxp1+4, Ckpa4s Ckpit |
CkP2;¢)T = (Ckst» Ckpt» Cks» Ckp) )" » Where s and p are abbre-
viations for the P1* and P27 orbitals in real materials. The
low-energy Hamiltonian given by k - p theory is
H = (M + Mk 4+ Mok; + Mok, )T
+ Bol*k, + Ao(T 'k, — T%k,), (24)

where we keep only lowest-order terms. The regularization on
a cubic lattice yields

y t
H==> uchcic+ Y Micl,cio—clycips)

ilo ieTl,o
t il

+ Z tH {cichiJrafi - Ci+alTCifL + HC}

ieTl,I
.t s

+ Z fi=iciyCippry Ficiyypcin, +Hel
ieTl,I

+ Z tJ_{_Cchi-Q—cpa + CZ-_H,JUCipg + HC}
i€eTl,o

- Z Ml {C;‘I—m—ciﬂsa - C;}-pgciJrcpa + HC}
ieTl,o

— 3 Malelcirsi — chycivspe +Hed, (25)
ieTl,é,o

where M =M +2M; + 4M>, L =A0/2, I =B()/2, 1 =
{s, p}, and 1= {p, s} are the orbital indices, § = {a, b, c}
denotes the lattice constants, o = {1, | } is the spin index, and
W is the chemical potential crucial for the existence of the
surface spin current. We use the band parameters t) =1, =
M, =M, = —M =1 such that conclusions can be drawn
by numerics done in a accessible lattice size of the order
of Ny x Ny, x N; ~ 10 x 10 x 10, but we emphasize that the
conclusions are robust against changing the parameters within
the same order of magnitude. Choosing OBC along Z and PBC
along X and ¥, the surface state of momentum k = (k, k,) is
spin polarized along Z x R||, which speculates a spin current J;
flowing along X and polarized along §, and a J flowing along
¥ and polarized along % of equal magnitude. In Fig. 5(a), we
use the band structure along k, at k, = 0 to elaborate the spin-
momentum locking, where the sign of the spin polarization
along § = Z x X close to the surface at z = 1

Y O k—on (26)

1<z<N,/2

5 —
mkxak)’=0~n: -

is indicated by blue (positive) and green (negative). Once
again, the spin polarization of the Dirac cone is evident, and
it is also clear that some valence bands have the same spin
polarization as the Dirac cone but opposite group velocities,
hence producing a spin current against that produced by the
surface states.

To quantify the effect of valence bands, we turn to the spin
current operators constructed from Eq. (18). The spin currents

flowing along the positive bonds J; =J;;,, and J; = J',,,
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A
[
~

1.8

NyxN, = 12x12
12x8

E(kx,ky=0,n;)

LD
P
v

Surface spin current J*

FIG. 5. (a) The band structure of 3D TIs along k, at k, =0,
with blue and green colors indicating the sign of spin polarization
along § closer to the top surface z = 1. (b) The spin current (J)), =
—(J; ) in the half-space 1 <z < N;/2 as a function of chemical
potential & in two different lattice sizes. (c) The 3D vortex of spin
current {J*, J¥, J*} produced around a pointlike impurity in a 3D TL
(d) The proposal of measuring the electric dipolar field produced
by the surface spin current, where two points that are ~ nm above
the surface of the quantum dot of dimension L ~ 100 nm has a
voltage difference of ~ nV.

are given by

ia

. . B i
S = 7 {” Z[Cimcimﬂ + Cipy Ciary ] — H-C-}
1
ia|. t +
+ 7 iM, Z[acimciﬂﬁ — crcl.paciﬂﬁ] —H.c.¢,
(o2

|,
Jy = E{” Y l=chyCisny — clyCipnr,] = H-C‘}
1
ib + +
+ n M, Z[—Ciwci+bﬁ + Cipo Cirbps] —Hoc.p,
27

where I = {s, p} and T = {p, s}. Using Eq. (9), we obtain a
finite spin current as E.,, < |M| that includes only the surface
states, and eventually vanishes at large E, that includes all
the bands. The spin current is again finite when the chemical
potential x is nonzero, and changes sign when p sweeps
through the Dirac point, as shown in Fig. 5(b). Thus we
also expect that several factors in realistic 3D TIs, such as
impurities [56], surface band bending [20], and local electron
and hole puddles [21], help to promote the surface spin
current, since they shift Dirac point away from the chemical
potential globally or locally. As an example, the 3D vortex of
the spin currents formed around a single impurity is shown
in Fig. 5(c), where one sees that the spin current J¢ that
is polarized along & wraps around the a axis. We should

also emphasize that despite the absence of the equilibrium
edge spin current at u = 0, the edge states can still perform
nonequilibrium transport and spintronic effects, such as the
conductance due to a bias voltage [57] and the current-induced
spin accumulation [58,59] at u = 0. This is because these
nonequlibrium spintronic effects only involve the edge states
near the chemical potential due to the derivative of the Fermi
function, and hence the valence bands are irrelevant.

The quantization of edge spin current {J}),= Zlgng, P
(J?) = —(J")p as a function of y is again evident, as shown
in Fig. 5(b). The number of plateaux N, and the surface
spin current quantum AJ; are irregular functions of u (the
steps are not evenly spaced), and changes with the shape of
the quantum dot, as can be seen by comparing the case of
N, x Ny x N; =12 x 12 x 8 with that of 12 x 8 x 8. This is
presumably due to the irregularity in the number of states
that can fit into the Dirac cone, which is best described in a
cylindrical coordinate, but the lattice is cubic. Nevertheless,
the trend of more plateaux and smaller surface spin current
quantum at larger quantum dots, similar to the 2D cases
described by Eqgs. (10) and (11), is qualitatively correct.

The surface spin current also produces an electric dipolar
field, according to Egs. (20) and (21). Consider a cubic
quantum dot of a 3D TI whose top surface area L? is con-
fined in the region —L/2 < x < L/2 and —L/2 <y < L/2.
A uniform (J}) (e.g., produced by doping) flowing in the top
surface can be regarded as a current I,, = ug(Jy)/a = mpv of
magnetic moment m of planar density p polarized in § and
moving along X. A point located at z above the center of the
quantum dot, as shown schematically in Fig. 5(d), experiences
an electric field along Z direction:

IuOIm 8\/5142

E(2) =
4m | VL7 + 22212 4+ 42%)

2V/2zL* + 272
+ —arccot| —mMMM@8@8
z L?
+ At ( L )} 28)
——arctan| ————— .
Z 23221 + 272

In the limit z < L, i.e., very close to the top surface of a
large quantum dot, one has E* =~ ugl,/L. Given that (J})
in Fig. 5(b) is of the order of 0.01¢/A, the corresponding
magnetization current is 1,, ~ 0.1 Cm/s?. For a quantum dot
of dimension L ~ 100a ~ 10~7 m, the magnetization current
produces an electric field E* =~ uol,,/L ~ 1V/m near the
top surface. Thus, for two points {z, z»} that are nm away
from the surface and are nm apart, as that in in Fig. 5(d),
the voltage difference between them is AV ~ nV, which is
readily measurable. Interestingly, Eq. (28) also implies that
the surface spin current of an infinitely large TI L — oo
does not produce a electric dipolar field E* — 0. So, the
aforementioned voltage difference can only be observed in TIs
of finite size.

G. Implications for real TIs

The band structures resulting from regularizing the low-
energy Dirac Hamiltonian to the entire BZ, as shown in
Figs. 1(a), 4(a), and 5(a) certainly cannot capture the band
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structures in real TIs. Thus, our conclusion of the exact
cancellation of the edge current by valence bands is valid only
within these regularized lattice models. In real TIs, we suspect
that the valence bands can contribute to an edge current flow-
ing in either direction, depending on details of the material.
To settle this issue, a feasible approach would be that one
starts from the realistic tight-binding models constructed from
certain ab initio calculations for specific materials [54,55],
extract the current operators from Eqs. (7) and (18), then
calculate the equilibrium edge currents from Eq. (9). How
the edge current depends on the chemical potential 1 can
be easily verified, and the effect of inhomogeneity can be
simulated by adding appropriate impurities or edge confining
potentials into these realistic lattice models. Although it is not
our purpose to perform this kind of calculation in the present
paper, the important point drawn from our simplified approach
is that one cannot judge the amount and direction of the edge
currents solely from the edge state Dirac cone, and the valence
bands generally contribute to all equilibrium properties of TIs,
even for those at the edge or surface.

III. CONCLUSIONS

In summary, we demonstrate that although the edge states
circulating the boundary naturally speculate the existence of
an equilibrium edge current or edge spin current [§—11], in
reality the edge current is not solely determined by the edge
states. We point out that the valence bands also contribute
significantly to the edge current. If the low-energy Dirac cone
is regularized into a lattice model in a straightforward manner,
as has been done in many theoretical models in different

symmetry classes, then the contribution from the valence
bands exactly cancels out that from the edge states, rendering
no edge current. This statement is valid regardless of the
temperature and band parameters of the regularized lattice
model. Our result therefore serves as a warning that for any
equilibrium property of TIs, the contribution from the valence
bands should not be ignored, since equilibrium properties are
not solely determined by the edge states.

Despite that regularized lattice models are not expected to
capture the band structures in real TIs, the following features
we reveal are anticipated to manifest in experiments. First,
the global or local variation of the chemical potential, such as
that caused by gating, doping, disorder, surface band bending,
or edge confining potential, all can promote the edge current
globally or locally. Particularly in gated TI quantum dots, the
edge current as a function of the gate voltage is geometrically
quantized, with the number of plateaux and edge current
quantum determined by the size of the quantum dot, Fermi
velocity, and the insulating gap. Moreover, the edge current
in partially gated quantum dots can extend into the ungated
region over the decay length of the edge state, hence act-
ing as electrically controllable dissipationless current or spin
current generators that may have applications in mesoscopic
electronic or spintronic devices.
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