PHYSICAL REVIEW B 101, 184104 (2020)

Synthetic spin-orbit coupling mediated by a bosonic environment
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We study a mobile quantum impurity, possessing internal rotational degrees of freedom, confined to a ring in
the presence of a many-particle bosonic bath. By considering the recently introduced rotating polaron problem,
we define the Hamiltonian and examine the energy spectrum. The weak-coupling regime is studied by means
of a variational ansatz in the truncated Fock space. The corresponding spectrum indicates that there emerges a
coupling between the internal and orbital angular momenta of the impurity as a consequence of the phonon
exchange. We interpret the coupling as a phonon-mediated spin-orbit coupling and quantify it by using a
correlation function between the internal and the orbital angular momentum operators. The strong-coupling
regime is investigated within the Pekar approach, and it is shown that the correlation function of the ground state
shows a kink at a critical coupling, that is explained by a sharp transition from the noninteracting state to the
states that exhibit strong interaction with the surroundings. The results might find applications in such fields as
spintronics or topological insulators where spin-orbit coupling is of crucial importance.
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I. INTRODUCTION

The basic theory of the spin-orbit coupling (SOC) is dis-
cussed in most conventional Quantum Mechanics textbooks
[1-3]. SOC is usually treated as an interaction between the
magnetic dipole moment of the electron, associated with its
intrinsic spin, and the magnetic field in the rest frame of the
electron induced by the positively charged nucleus [4]. More-
over, an effective spin-orbit coupling can be engineered by
using an intense external laser field [5-7]. Apart from leading
to splittings in atomic spectra [8] and being one of the main
ingredients of the nuclear shell model [9,10], SOC was shown
to be of great importance in a variety of condensed-matter
phenomena. To name a few, it underpins the Dresselhaus [11]
and Rashba [12,13] splittings that were used in spintronics
to create a spin-injected field transistor [14—16] and antifer-
romagnetic memory [17-19]. It also stands behind the spin
Hall effect—spin imbalance generated by charge circulation
in paramagnets [20-23] as well as its quantum counterpart
[24] that leads to the distinction of topological phases [25],
giving rise to the discussions on topological insulating elec-
tronic phases [26-28] and topological quantum computation
[29-31], e.g., using Majorana bound states [32]. Achieved by
coupling internal atomic degrees of freedom with laser fields
[33], the spin-orbit interaction has also been realized in ultra-
cold gases [34,35] with topologically nontrivial states emerg-
ing due to the interaction with synthetic gauge fields [36].

Here, we consider another kind of spin-orbit coupling,
i.e., that induced by the excitations of a many-particle envi-
ronment. In particular, we focus on a bosonic many-particle
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environment, acting as a mediator of the interaction between
two angular momenta corresponding to the internal and orbital
motions of an impurity in the bath. Such motion may be
achieved, e.g., by applying a static magnetic field to a system
consisting of charged molecule and neutral environment. For
the impurity, we consider a quantum rotor. A rotating impurity
surrounded by a bosonic bath was previously shown to be
effectively represented by a quasiparticle named “angulon”
[37-39], which can be described by using the language of
Feynman diagrams for the excitations in the phonon con-
tinuum [40,41]. It has been also shown that the angulon
quasiparticle leads to novel phenomena, such as the realiza-
tion of magnetic monopoles in terms of molecular impurities
[42] or strong “anomalous” electromagnetic screening [43].
Moreover, the angulon theory can explain the anomalous
broadening of the spectroscopic lines observed in superfluid
helium nanodroplets [44].

The paper is organized as follows. In Sec. II, we present
the Hamiltonian of the system obtained from the recently
introduced “rotating polaron” quasiparticle [45] by taking
into account the geometrical aspects of our system. We, sub-
sequently, introduce a coordinate transformation that brings
the Hamiltonian into the reference frame corotating with the
impurity’s center of mass, eliminating the angle of circula-
tion from the Hamiltonian. In Sec. III, we investigate the
Hamiltonian by using one-phonon variational ansatz in the
regime of the weak coupling between the impurity degrees
of freedom and the many-body environment. We present the
energy spectrum of the system and illustrate the transition
between different angular momentum states. The transition
is explained within the framework of the spin-orbit coupling
by calculating the correlators between the angular momen-
tum operators. We show that, in the vicinity of the angulon
instability [37], the coupling amplifies due to the increased
probability of the phonon exchange. In Sec. IV, we follow
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FIG. 1. Schematic of a rotating impurity immersed into the
bosonic bath. The COM transverse motion is confined to a ring of
radius rg in the xy plane (dashed line). Here, (x, y, z) and (x',y’, 7)
are the laboratory and circulation frames, respectively.

the Pekar approach [46] to examine the effect in the strong-
coupling limit and thereby establish a connection between the
bath-mediated angular momentum exchange and the effective
spin-orbit interaction of the molecule in the medium. We
conclude the paper in Sec. V with a discussion of our results.

II. THE HAMILTONIAN

The Hamiltonian that describes a moving impurity pos-
sessing internal rotational degrees of freedom immersed in a
bosonic environment, derived from the first principles within
the Bogoliubov approximation [47], was studied in Ref. [45].
Here, we consider the case where the transverse motion of
the impurity’s center of mass (COM) is confined to a ring
of radius ry in the xy plane. The geometry of the problem
is sketched in Fig. 1. Such a configuration can be obtained,
for example, by considering a charged molecule in a neutral
bath subjected to an external magnetic field B = BexZ. Then,
as is described in more detail in Ref. [45], the corresponding
Hamiltonian for this configuration is given by

A A N ~ a2
H = Bexe(J, + L,) + BoJ? + BL

+> " w0(b];  biay + Hint: e
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where atomic units are used and By = (2/\/11’3)’1, M is
the mass of the molecular impurity, B is the the molecular
rotational constant, J is the the angular momentum of circular
motion, and L is the the angular momentum of the impurity’s
internal rotation. The first term in Eq. (1) describes the in-
teraction between the angular momentum of the molecular
impurity with the external magnetic field B.y, the second
stands for the kinetic energy of the COM motion, whereas
the third is the kinetic energy of the internal rotation. The
fourth term, in turn, corresponds to the kinetic energy of the
bath with Zk = f dk. Here, IA);[M and IA)kML are the bosonic
creation and annihilation operators written in the spherical
basis. They obey the commutation relation [Ekk#, l;]t,x, u’] =
8(k — k')8;,:8,,,v . Finally, the last term describes the impurity-
phonon interaction,

Tino= Y (U ()i (kro) ¥ 5(Q20)F
kA
lday
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with # = (ro, €,) = (1o, 7. @) being the circulation operators
of the COM coordinate, 2 = (9, @) are the angular operators
of internal rotation, j;(krg) is the the spherical Bessel function
of the first kind, and 1?1,,,1(52) are the spherical harmonics. The
coupling amplitude is given by
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where C,, A ;s are the Clebsch-Gordan coefficients [48].

Followmg Ref. [37], we derive the interaction term (2)
by considering a local density-density interaction between
the impurity and the bosonic surroundings. Therefore, the
conservation of the total angular momentum in the system is
embedded in Eq. (2) by the presence of the aforementioned
Clebsch-Gordan coefficients. Moreover, the interaction term
of the Hamiltonian (1) already hints the mechanism of the
interaction between the external and the internal angular
momenta of the impurity. In particular, it couples these an-
gular momenta together through the angular momentum of a
bosonic bath, which signals that the SOC is mediated by the
phonon excitations in the bath.

It is straightforward to show that the derived Hamiltonian
is rotationally invariant. In other words, the total angular
momentum of the system K = J. + L. + A_ is a constant of
motion, i.e., it commutes with the Hamlltonlan. The latter
indicates that the energy eigenstate can be constructed from
the eigenstate of the total angular momentum, which will
be discussed below in a more detailed way. Furthermore,
it allows us to consider the problem in the reference frame
corotating with the molecule’s COM (x’, ¥/, 7). Namely, if we
introduce the following canonical transformation:

8(¢,) = expl—i, (A, + L)1, )

with A = kav o’ bk,\ubkkv being the collective angular
momentum of the bosomc bath, the transformed Hamiltonian

becomes independent from the external rotational angle ¢,,
H =818 = Bext(f
+BL” + 3" w()b}, b + iy )

kip

—A)+Bo(J, - L, — A,)?

Here, the molecule-bath coupling term is given by

i = > VI WY, ()b,

ki ay

ot H.c.], (6)

with the interaction amplitude,
) T
VI = YU gtk s(5.0). (@
15

The total angular momentum of the system in the coro-
tating frame, on the other hand, is equal to the angular
momentum of the circular motion,

~ ~

STVL+L+A)S=U.—-L,—A)+L.+A.=J. (8
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Therefore, in the corotating frame, the eigenvalues of the
angular momentum J, label the total angular momentum
numbers.

III. WEAK-COUPLING REGIME

Together with the conservation of the total angular momen-
tum, Eq. (8) results in a constraint on the trial wave function:
In the transformed frame, it should be an eigenstate of the f
operator. Therefore, one can write down such a wave function
with the explicit dependence on the external rotation angle ¢,,

ANCBITAES expliMe,18(p,) 1Y), ©)

1
2w
where M is the eigenvalue of total angular momentum opera-
tor.

The wave-function (9) is a tensor product of the circular
motion eigenstate and the eigenstate of a steady impurity
coupled to a bath. Let us assume that the characteristic en-
ergy of the interaction between the molecular impurity and

J

the many-particle environment is small compared to either
the molecular kinetic energy, parametrized by B and By,
or the kinetic energy of the bath. In this case, we can con-
sider the Fock space alongside with truncating the number
of phonons. In order to solve the eigenvalue equation of the
Hamiltonian (5) in this regime, we introduce the following
single-phonon variational ansatz (similar to Ref. [37]),

Va) = gILML)I0) + > iapumlim)b,,10),  (10)

kxpjm

. A2 A~
where L and M, are eigenvalues of L~ and L, operators,
respectively, and g* and o, , ., are variational parameters. The

minimization of the energy functional F = (W|H — E|y)
with respect to parameters ¢* and oy, m> results in the self-
consistent Dyson equation,

BL(L + 1) + Bex(My + M) + BoM; — E — ) (E) =0,
(11)

with M; = M — M|, being the eigenvalue of the angular mo-
mentum of circular motion. The self-energy is given by

Sy (E) = Y 6 (0 [Bea (M) + My — ) + Bo(My + My —m — ) + Bj(j + 1)+ (k) —EI™',  (12)

kipjm

where
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4r (2L + 1)
(13)
The energies for each set of the free parameters
{L, My, M,} that characterizes the state may be found self-
consistently via the poles of the Green’s function,

1
G E)= , 14
my.Lmy (E) BLL+1) = S, oo (E)—E (14)
and the entire excitation spectrum of the system may be
examined via the spectral function,

Auy v, = Im[Gy, 1y, (E 4 i01)]. (15)

In order to provide a quantitative description of the spectral
function, we adapt the parameters from Ref. [37], such as the
Bogoliubov dispersion relation,

w(k) = Velk)[e(k) + 2gwmnl, (16)

where the boson-boson interaction is considered constant
gvb = 4map,/my, and the boson-boson scattering length ay, =
3.3/4/mpB as well as the impurity-boson interaction potential,

8nk2e(k)

POV e+

fdr P2 () o (kr), (17)

with the Gaussian form factor f;(r) = u; (27)3/2e=""/7) and
the parameters A = {0, 1}, up = 1.75u; = 218B, and ry =
r1 = 1.5/4/my,B. These parameters are chosen to approximate
the range and strength of a typical atom-molecule potential.
In Fig. 2, the spectral function (15) as a function of the
normalized energy E = E/B and normalized bath density

(

it = n(m,B)*/? is presented. With the increasing density, as
the rotor and its surroundings begin to effectively interact,
the system’s energy levels split into two branches. The bright
and sharp lines correspond to stable quasiparticle states that
exhibit a negative shift in the energy and they are dressed
by bosonic excitations in the high-density regime. The darker
blurred regions, on the other hand, depict the metastable
excited states of the phonon continuum that become com-
pletely decoherent at large values of 71 due to the spontaneous
emission to the phonon vacuum. When the quasiparticle states
intersect with the phonon excitations, the angular momentum
is being transferred from the internal degrees of freedom to
the bath [37]. The transition occurs only if the intersection
reveals the disintegration of the stable quasiparticle state
(green circles), later referred to as instability, and does not
occur in other cases (red circle).

We picture the spectral function for those specific states
that permit the coupling between external and internal mo-
menta through the excitations in the many-body surround-
ings. For these states, the behavior of the spectral function
in the vicinity of the instability regions is governed by the
values of quantum numbers M, and M; with respect to
each other. We will further use the notation |L, M;, M;) to
define the state. In Fig. 2, state |2, —1,2) has only two
allowed transitions, with lower levels: states |2,0,0) and
|0, 0, 2). The state with the inverted orientation of internal
rotation |2, 1, 2), on the other hand, exhibits an additional
transition from the |2,0, 1) energy level. In Fig. 3, we
present the enlarged images of the transition regions. In the
regime where the angular momentum transfer does not occur
[see Fig. 3(a)], the quasiparticle state |2, —1, 2) maintains
its stability by crossing the phonon branch of state |2, 0, 1).
However, the quasiparticle state |2, 1, 2) disintegrates in the
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FIG. 2. The spectral function of the system .4, 14, as a function
of the normalized energy and bath density for different configurations
of the free parameters {L, M, M,}. State |2, 1, 2) exhibits an addi-
tional transition from the |2, 0, 1) state (green circles), whereas the
same state with the inverted orientation of internal rotation |2, —1, 2)
does not reveal such a transition (red circle).

vicinity of the crossing [see Fig. 3(b)], which reveals the
angular momenta redistribution according to Ref. [37]. By
observing such a behavior of the spectral function, one may
suggest that the transition probability should depend on the
relative projections of the participating angular momenta.
In general, that would imply that the energy of each state
is dependent on the coupling between external and internal
angular momenta.

The quantitative evaluation of such coupling, however, is
not that straightforward. Provided that the interaction between
two angular momenta is mediated by the phonon exchange,

FIG. 3. The enlarged regions of Fig. 2 in the vicinity of the
crossings between the metastable state of the phonon continuum
associated with impurity state |2,0,1) and stable quasiparticle
branches of states (a) |2, —1, 2) and (b) |2, 1, 2). From the behavior
of the spectral function, one can deduce the information about the
suppressed (a) and allowed (b) transitions.
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FIG. 4. The dependence of angular momentum correlation on
the density of the bosonic bath. In the ground-state |0, 0, 0), the J,
and L, operators exhibit infinitesimally small correlation (the inset),
whereas, in the excited states, the two are coupled to each other in
the instability regime with the maximum amplitude dependent on the
relative projections of momenta.

we choose the correlation of J. and L. operators as a measure
of the coupling. The energy solution to Eq. (11) together with
the normalization condition on the state (10) allows us to
obtain values of the variational coefficients g and &, and
thereby numerically defines the trial state (10). With the wave
function of the system being numerically defined for each set
of {L, My, M,}, one can further calculate the expectation value
via the following relation:

C = (YILly) — WL WILIY) . (18)

The dependence of the coupling strength on the normalized
bath density, calculated within Eq. (18) is presented in Fig. 4.
We consider three sets of angular momentum projections:
|0, 0, 0)——corresponding to the ground state of the system
where the correlation is infinitesimally low, however, not zero,
as shown in the inset and |2, —1, 2) and |2, 1, 2) for which
the results agree with the behavior of the spectral function
in Fig. 2. Nonzero values for the ground state (inset) are
explained by the fact of spontaneous creation of a phonon in
the system with zero initial rotations. Due to the conservation
of total angular momentum, such a phonon should induce both
rotations, thus, actuating the interaction between them. The
correlation, in general, is stronger for the positive values of
My, given positive values of M;, which allows us to draw a
parallel to a conventional term in the relation for the energy
representing the spin-orbit coupling: ocJ - L. We, therefore,
conclude that the selective transition behavior illustrated in
Figs. 2 and 3 is a consequence of the interaction between
the internal (spin) and external (orbit) rotational degrees of
freedom of the impurity.

The results illustrated in Figs. 2 and 4 are also valid in the
limit Bexy — 0. This means that the observed effect is only a
consequence of the interaction between two angular momenta
and is enhanced but not created by the external magnetic field.

Ultimately, the transitions depicted in Fig. 2 may be de-
scribed by a set of selection rules. The prohibited ones are
those preserving the quantum numbers L and My + M; = M
simultaneously. Using the classical interpretation of angular
momenta as vectors: In the case when the angular momentum
of impurity’s internal rotation does not change its absolute

A
J;
z
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value, the induced change of the total angular momentum
of the impurity cannot be orthogonal to its external angular
momentum. This fact is also in agreement with the geometric
constraints that we consider.

IV. STRONG-COUPLING REGIME

In the strong-coupling regime, the deformation of the
bath by the presence of the impurity is macroscopic, hence,
the problem can no longer be approached by considering

J

A

Hr = (H) = BewlJ, + L) + Bo(J?) + B(L

where (A) = (¢imp|A|¢imp) and the interaction matrix element,

Vi (@1, Q) = <Z ufa?(k)n,;(z : go,>?;y(ﬁ>>. @1

Say

The projected Hamiltonian (20) can be diagonalized
with respect to bosonic operators via the following unitary
coherent-state transformation,

U =exp —Z (k)«vw(wr,sz» b —He) [ (22

The energy functional is, subsequently, obtained by taking the
expectation value with respect to the ground state of bosonic

bath |0),
Er = (010" HR0(0) = Bel). + L) + Bo{2)

=Y o O Vi@, D). (23)

)+ Y {w®b], b +

a single-phonon variational ansatz (10). Therefore, in this
regime, we consider the Hamiltonian (1) and apply the Pekar
approach [46]. Similar approaches have been used for the
polaron [49] and angulon [50] quasiparticles as well as for
the rotating polaron [45]. The trial wave function is defined
as a tensor product of the impurity state |¢;mp) and the bath
state |%—bos),

V) = [Pimp) @ [bos) 19)

and is used to define the Hamiltonian projected on the impu-
rity state,

(Vi (@r, VB, + Hec ]}, (20)

(

phonon excitations summarized in a coherent way, i.e., it is
the coherent state of the bath.

In general, the impurity state is given by a superposition of
the angular momentum eigenstates,

=" Bjmnln)|jm). (24)

jmn

| ¢imp)

which mixes external |n) and internal |jm) rotational states.
The energy functional may, therefore, be written as a function
of the variational coefficients 8,,,,

Er = Y |Bjmnl’[Besi(n + m) + Bon® + Bj(j + 1]
jmn

2

_Zw(k) S BBl | 25

ki '{m/n/
jmn
In other words, we have chosen the bosonic state to be
|&vos) = U0). Such a state accounts for an infinite amount of with the coupling,
J
ki Qa4+ 1221+ D(2j' + 1) PR 0 m 20
ujmgjmn ZU (k)\/ Q2j+ D2r+1) ~ ko), 8(_ O)C({lo ]’OC({Q/ ijotO ZOCay 18 (26)

where y =m —m’ and § = u — m + m’ are subjected to the
restrictions of the Clebsch-Gordan coefficients.

Provided that the emergent interaction between external
and internal angular momenta in the weak-coupling regime
is a consequence of a phonon exchange, we would expect to
observe a similar, yet more pronounced, effect, considering
the ansatz with the multitude of phonons. The correlation can
be written in terms of the variational coefficients as

C =3 SmnlBimal = | D miBjmnl® | | 22 nlBjm

jmn jmn Jjmn

@n

For the numerical evaluation of Egs. (25) and (27), we use a
simplified model of interaction potential between the impurity
and the bath degrees of freedom,

ak —k
U, (k) me , (28)
with a being a free parameter defining the strength of interac-
tion. This model potential resembles the behavior of Eq. (17),
and together with the simplified dispersion relation w(k) = 1,
it effectively decreases the complexity of computations.

The Pekar energy functional (25) is minimized with re-
spect to the variational coefficients to define the energy of
the ground state, which is presented in Fig. 5(a). Energy
values exhibit a smooth behavior and experience a decay with
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FIG. 5. (a) Ground-state energy dependence on the impurity-
bath interaction strength. The values are obtained through the min-
imization of Pekar functional (25). (b) Angular momentum corre-
lation dependence on the interaction strength. At the critical value
of a, ~ 8.3, the system exhibits transition to the spin-orbit coupled
regime. (c) Dependence of the variational coefficient amplitudes on
the interaction amplitude. The transition to the correlated regime is
explained by the redistribution of coefficients’ amplitudes at values
higher than the critical strength a..

increasing interaction strength. In Fig. 5(b), we show the
angular momentum correlation dependence on the interaction
amplitude. The correlation function, similar to Ref. [50], ex-
hibits a sharp transition to nonzero values at the critical point
a. ~ 8.3 and shows a saturation at high values of a. To explain
this behavior, in Fig. 5(c), we show the dependence of varia-
tional coefficients f,,,, amplitude on the interaction strength.
In the low impurity-bath interaction regime, the system is
in its ground-state |0, 0, —1) with the first term in Eq. (25)
dominating. At the transition threshold a., however, the ex-
change between internal and external rotations occurs, and
the system exhibits the states that maximize the interaction
with the surroundings: |1, —1,0), [1,0, —1), and |1, 1, 0).
Consequently, the second (interaction) term in Eq. (25) starts
prevailing, manifesting the correlation. It is worth noting that

the energy of the system, depicted in Fig. 5(a), does not
show a kink, implying that the transition between different
angular momentum configurations occurs within the same
energy level.

These results explicitly connect the angular momentum
exchange between internal and external rotations with the
correlation of the angular momentum operators. Since the
latter was chosen as a measure of the spin-orbit coupling
in the system, the strong-coupling approach indicates that
such interaction is mediated by excitations in the many-body
environment.

It is worth pointing out that the strong- and weak-coupling
regimes consider the opposite limits of the coupling strength
between the impurity degrees of freedom and the bath. The
deformations of the bath induced by the presence of a molec-
ular impurity in different regimes are, thus, on different scales.
Consequently, none of the trial wave-functions (10) and (19)
can be represented as a limiting case of the other. Although
the results of Secs. III and IV are in agreement with each
other, they cannot be deduced from one another, and each of
the approaches is required to examine the problem in a more
general way.

V. CONCLUSIONS

To summarize, we have obtained the effective Hamiltonian
of a rotating mobile impurity immersed in a bosonic medium
in the case where the center of mass motion is confined to
a ring. We calculated the spectral function of the system in
the regime of weak coupling between the molecule and the
many-body environment. We observed transitions between
distinct energy levels occurring in the vicinity of the angulon
instability [37]. The transition probabilities were found to be
dependent on the relative angular momenta orientations in the
system. This leads to a conclusion that the energy of each
state depends on the coupling between external and internal
rotations, similar to the conventional spin-orbit interaction.
We have used the correlation between angular momentum
operators as a quantitative measure of such coupling. The
numerical calculation has shown that the amplitude of this
correlation depends strongly on the relative orientations of the
angular momenta. This allowed us to connect the excitations
in the phonon continuum observed in the spectrum with the
interaction between external and internal rotational degrees of
impurity.

To provide a broader view on the problem, we applied a
Pekar approach to the regime where the impurity is strongly
interacting with the medium. In this case, we considered a
coherent state of phonon excitations, instead of the single-
phonon variational ansatz used in the weak-coupling regime.
Thus, the spin-orbit interaction was expected to be more pro-
nounced. The numerical study revealed that the main factor
inducing the coupling between internal and external degrees
of freedom is the redistribution of the state amplitudes above
the critical interaction strength. Since the moment when the
interaction with surroundings starts dominating, the system
chooses to occupy the states that maximize this interaction.
This induces the correlation between external and internal
angular momenta. This result implies the existence of an
effective spin-orbit interaction mediated by the many-body
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environment. The sharp transition to the interacting regime is
promising for the applications either directly in few-impurity
systems in the presence of a medium (similar to Refs. [5-7])
or in a large set of collective phenomena that arise as a
consequence of such interactions, i.e., spintronics phenomena
[15,16] or topological electronic states [26—28].

ACKNOWLEDGMENTS

We are grateful to G. Bighin and A. Ghazaryan for valuable
discussions. M.L. and E.Y. acknowledge support by the Aus-
trian Science Fund (FWF), under Project No. P29902-N27
and by the European Research Council (ERC) Starting Grant
No. 801770 (ANGULON).

[1] L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-
Relativistic Theory (Elsevier, Amsterdam 2013), Vol. 3.
[2] D. J. Griffiths and D. F. Schroeter, Introduction to Quantum Me-
chanics (Cambridge University Press, Cambridge, U.K., 2018).
[3] J.J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley,
Boston, 1967).
[4] L. H. Thomas, Nature (London) 117, 514 (1926).
[5] M. W. Walser, D. J. Urbach, K. Z. Hatsagortsyan, S. X. Hu, and
C. H. Keitel, Phys. Rev. A 65, 043410 (2002).
[6] S. X. Hu and C. H. Keitel, Phys. Rev. A 63, 053402 (2001).
[7] S. X. Hu and C. H. Keitel, Phys. Rev. Lett. 83, 4709 (1999).
[8] H. N. Russell and F. A. Saunders, Astrophys. J. 61, 38 (1925).
[9] D. Iwanenko, Nature (London) 129, 798 (1932).
[10] M. G. Mayer, Phys. Rev. 78, 16 (1950).
[11] G. Dresselhaus, Phys. Rev. 100, 580 (1955).
[12] E. I. Rashba, Sov. Phys. Solid State 2, 1109 (1960).
[13] Y. A. Bychkov and E. I. Rashba, JETP Lett. 39, 78 (1984).
[14] H. C. Koo, J. H. Kwon, J. Eom, J. Chang, S. H. Han, and M.
Johnson, Science 325, 1515 (2009).
[15] E. I. Rashba, J. Supercond. 18, 137 (2005).
[16] D. Bercioux and P. Lucignano, Rep. Prog. Phys. 78, 106001
(2015).
[17] A. B. Shick, S. Khmelevskyi, O. N. Mryasov, J. Wunderlich,
and T. Jungwirth, Phys. Rev. B 81, 212409 (2010).
[18] X. Marti, I. Fina, C. Frontera, J. Liu, P. Wadley, Q. He, R. Paull,
J. Clarkson, J. Kudrnovsky, I. Turek et al., Nature Mater. 13,
367 (2014).
[19] T. Jungwirth, X. Marti, P. Wadley, and J. Wunderlich, Nat.
Nanotechnol. 11, 231 (2016).
[20] M. Dyakonov and V. Perel, Phys. Lett. 35A, 459 (1971).
[21] J. E. Hirsch, Phys. Rev. Lett. 83, 1834 (1999).
[22] S. Murakami, N. Nagaosa, and S.-C. Zhang, Science 301, 1348
(2003).
[23] J. Sinova, D. Culcer, Q. Niu, N. A. Sinitsyn, T. Jungwirth, and
A. H. MacDonald, Phys. Rev. Lett. 92, 126603 (2004).
[24] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 (2005).
[25] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005).
[26] L. Fu and C. L. Kane, Phys. Rev. B 76, 045302 (2007).
[27] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).
[28] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).

[29] A. Kitaev, Ann. Phys. (N.Y.) 303, 2 (2003).

[30] M. H. Freedman, Proc. Natl. Acad. Sci. USA 95, 98 (1998).

[31] S. D. Sarma, M. Freedman, and C. Nayak, npj Quant.
Information 1, 15001 (2015).

[32] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).

[33] J. Dalibard, F. Gerbier, G. Juzeliunas, and P. Ohberg, Rev. Mod.
Phys. 83, 1523 (2011).

[34] K. Jiménez-Garcia, L. J. LeBlanc, R. A. Williams, M. C. Beeler,
C. Qu, M. Gong, C. Zhang, and I. B. Spielman, Phys. Rev. Lett.
114, 125301 (2015).

[35] L. Huang, Z. Meng, P. Wang, P. Peng, S.-L. Zhang, L. Chen, D.
Li, Q. Zhou, and J. Zhang, Nat. Phys. 12, 540 (2016).

[36] R. Barnett, G. R. Boyd, and V. Galitski, Phys. Rev. Lett. 109,
235308 (2012).

[37] R. Schmidt and M. Lemeshko, Phys. Rev. Lett. 114, 203001
(2015).

[38] R. Schmidt and M. Lemeshko, Phys. Rev. X 6, 011012 (2016).

[39] M. Lemeshko and R. Schmidt, in Low Energy and Low Temper-
ature Molecular Scattering, edited by A. Osterwalder and O.
Dulieu (Royal Society of Chemistry, London, 2016).

[40] G. Bighin and M. Lemeshko, Phys. Rev. B 96, 085410
(2017).

[41] G. Bighin, T. V. Tscherbul, and M. Lemeshko, Phys. Rev. Lett.
121, 165301 (2018).

[42] E. Yakaboylu, A. Deuchert, and M. Lemeshko, Phys. Rev. Lett.
119, 235301 (2017).

[43] E. Yakaboylu and M. Lemeshko, Phys. Rev. Lett. 118, 085302
(2017).

[44] I. N. Cherepanov and M. Lemeshko, Phys. Rev. Mater. 1,
035602 (2017).

[45] E. Yakaboylu, B. Midya, A. Deuchert, N. Leopold, and M.
Lemeshko, Phys. Rev. B 98, 224506 (2018).

[46] S. Pekar, Zh. Eksp. Teor. Fiz. 16, 335 (1946).

[47] N. Bogolyubov, Nuovo Cimento 7, 794 (1958).

[48] D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskii,
Quantum Theory of Angular Momentum (World Scientific,
Singapore, 1988).

[49] E. Kartheuser, R. Evrard, and J. Devreese, Phys. Rev. Lett. 22,
94 (1969).

[50] X.Li, R. Seiringer, and M. Lemeshko, Phys. Rev. A 95, 033608
2017).

184104-7


https://doi.org/10.1038/117514a0
https://doi.org/10.1038/117514a0
https://doi.org/10.1038/117514a0
https://doi.org/10.1038/117514a0
https://doi.org/10.1103/PhysRevA.65.043410
https://doi.org/10.1103/PhysRevA.65.043410
https://doi.org/10.1103/PhysRevA.65.043410
https://doi.org/10.1103/PhysRevA.65.043410
https://doi.org/10.1103/PhysRevA.63.053402
https://doi.org/10.1103/PhysRevA.63.053402
https://doi.org/10.1103/PhysRevA.63.053402
https://doi.org/10.1103/PhysRevA.63.053402
https://doi.org/10.1103/PhysRevLett.83.4709
https://doi.org/10.1103/PhysRevLett.83.4709
https://doi.org/10.1103/PhysRevLett.83.4709
https://doi.org/10.1103/PhysRevLett.83.4709
https://doi.org/10.1086/142872
https://doi.org/10.1086/142872
https://doi.org/10.1086/142872
https://doi.org/10.1086/142872
https://doi.org/10.1038/129798d0
https://doi.org/10.1038/129798d0
https://doi.org/10.1038/129798d0
https://doi.org/10.1038/129798d0
https://doi.org/10.1103/PhysRev.78.16
https://doi.org/10.1103/PhysRev.78.16
https://doi.org/10.1103/PhysRev.78.16
https://doi.org/10.1103/PhysRev.78.16
https://doi.org/10.1103/PhysRev.100.580
https://doi.org/10.1103/PhysRev.100.580
https://doi.org/10.1103/PhysRev.100.580
https://doi.org/10.1103/PhysRev.100.580
https://doi.org/10.1126/science.1173667
https://doi.org/10.1126/science.1173667
https://doi.org/10.1126/science.1173667
https://doi.org/10.1126/science.1173667
https://doi.org/10.1007/s10948-005-3349-8
https://doi.org/10.1007/s10948-005-3349-8
https://doi.org/10.1007/s10948-005-3349-8
https://doi.org/10.1007/s10948-005-3349-8
https://doi.org/10.1088/0034-4885/78/10/106001
https://doi.org/10.1088/0034-4885/78/10/106001
https://doi.org/10.1088/0034-4885/78/10/106001
https://doi.org/10.1088/0034-4885/78/10/106001
https://doi.org/10.1103/PhysRevB.81.212409
https://doi.org/10.1103/PhysRevB.81.212409
https://doi.org/10.1103/PhysRevB.81.212409
https://doi.org/10.1103/PhysRevB.81.212409
https://doi.org/10.1038/nmat3861
https://doi.org/10.1038/nmat3861
https://doi.org/10.1038/nmat3861
https://doi.org/10.1038/nmat3861
https://doi.org/10.1038/nnano.2016.18
https://doi.org/10.1038/nnano.2016.18
https://doi.org/10.1038/nnano.2016.18
https://doi.org/10.1038/nnano.2016.18
https://doi.org/10.1016/0375-9601(71)90196-4
https://doi.org/10.1016/0375-9601(71)90196-4
https://doi.org/10.1016/0375-9601(71)90196-4
https://doi.org/10.1016/0375-9601(71)90196-4
https://doi.org/10.1103/PhysRevLett.83.1834
https://doi.org/10.1103/PhysRevLett.83.1834
https://doi.org/10.1103/PhysRevLett.83.1834
https://doi.org/10.1103/PhysRevLett.83.1834
https://doi.org/10.1126/science.1087128
https://doi.org/10.1126/science.1087128
https://doi.org/10.1126/science.1087128
https://doi.org/10.1126/science.1087128
https://doi.org/10.1103/PhysRevLett.92.126603
https://doi.org/10.1103/PhysRevLett.92.126603
https://doi.org/10.1103/PhysRevLett.92.126603
https://doi.org/10.1103/PhysRevLett.92.126603
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.226801
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1103/PhysRevB.76.045302
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1073/pnas.95.1.98
https://doi.org/10.1073/pnas.95.1.98
https://doi.org/10.1073/pnas.95.1.98
https://doi.org/10.1073/pnas.95.1.98
https://doi.org/10.1038/npjqi.2015.1
https://doi.org/10.1038/npjqi.2015.1
https://doi.org/10.1038/npjqi.2015.1
https://doi.org/10.1038/npjqi.2015.1
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1103/PhysRevLett.114.125301
https://doi.org/10.1103/PhysRevLett.114.125301
https://doi.org/10.1103/PhysRevLett.114.125301
https://doi.org/10.1103/PhysRevLett.114.125301
https://doi.org/10.1038/nphys3672
https://doi.org/10.1038/nphys3672
https://doi.org/10.1038/nphys3672
https://doi.org/10.1038/nphys3672
https://doi.org/10.1103/PhysRevLett.109.235308
https://doi.org/10.1103/PhysRevLett.109.235308
https://doi.org/10.1103/PhysRevLett.109.235308
https://doi.org/10.1103/PhysRevLett.109.235308
https://doi.org/10.1103/PhysRevLett.114.203001
https://doi.org/10.1103/PhysRevLett.114.203001
https://doi.org/10.1103/PhysRevLett.114.203001
https://doi.org/10.1103/PhysRevLett.114.203001
https://doi.org/10.1103/PhysRevX.6.011012
https://doi.org/10.1103/PhysRevX.6.011012
https://doi.org/10.1103/PhysRevX.6.011012
https://doi.org/10.1103/PhysRevX.6.011012
https://doi.org/10.1103/PhysRevB.96.085410
https://doi.org/10.1103/PhysRevB.96.085410
https://doi.org/10.1103/PhysRevB.96.085410
https://doi.org/10.1103/PhysRevB.96.085410
https://doi.org/10.1103/PhysRevLett.121.165301
https://doi.org/10.1103/PhysRevLett.121.165301
https://doi.org/10.1103/PhysRevLett.121.165301
https://doi.org/10.1103/PhysRevLett.121.165301
https://doi.org/10.1103/PhysRevLett.119.235301
https://doi.org/10.1103/PhysRevLett.119.235301
https://doi.org/10.1103/PhysRevLett.119.235301
https://doi.org/10.1103/PhysRevLett.119.235301
https://doi.org/10.1103/PhysRevLett.118.085302
https://doi.org/10.1103/PhysRevLett.118.085302
https://doi.org/10.1103/PhysRevLett.118.085302
https://doi.org/10.1103/PhysRevLett.118.085302
https://doi.org/10.1103/PhysRevMaterials.1.035602
https://doi.org/10.1103/PhysRevMaterials.1.035602
https://doi.org/10.1103/PhysRevMaterials.1.035602
https://doi.org/10.1103/PhysRevMaterials.1.035602
https://doi.org/10.1103/PhysRevB.98.224506
https://doi.org/10.1103/PhysRevB.98.224506
https://doi.org/10.1103/PhysRevB.98.224506
https://doi.org/10.1103/PhysRevB.98.224506
https://doi.org/10.1007/BF02745585
https://doi.org/10.1007/BF02745585
https://doi.org/10.1007/BF02745585
https://doi.org/10.1007/BF02745585
https://doi.org/10.1103/PhysRevLett.22.94
https://doi.org/10.1103/PhysRevLett.22.94
https://doi.org/10.1103/PhysRevLett.22.94
https://doi.org/10.1103/PhysRevLett.22.94
https://doi.org/10.1103/PhysRevA.95.033608
https://doi.org/10.1103/PhysRevA.95.033608
https://doi.org/10.1103/PhysRevA.95.033608
https://doi.org/10.1103/PhysRevA.95.033608

