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Pressure effects have been widely studied in spin-crossover (SCO) solids due to their immediate influence on
the thermal dependence of the high-spin (HS) fraction. In most of the cooperative SCO materials, the applied
pressure shifts the transition temperatures upward and decreases the thermal hysteresis widths to such an extent
that it vanishes at some critical pressure. However, several other unexpected experimental features were found in
the literature, showing that the applied pressure may (i) induce an increase of the thermal hysteresis width or even
(ii) lead to a reentrant behavior on the thermal hysteresis whose width first increases for low applied pressures
and then decreases at high-pressure values. These nonstandard behaviors have been classified as anomalous, even
though the transition temperature always increases under pressure. In this theoretical contribution, we rationalize
all these behaviors by describing the spin-crossover system under pressure with an elastic description accounting
for the difference of lattice parameters between the low-spin (LS) and HS phases including the pressure effects.
The analytical study of this elastic model in the homogeneous mechanical system demonstrated its isomorphism
with an Ising-like model with infinitely long-range interactions, in which the pressure acts linearly on the ligand
field and nonlinearly on the strength of the interactions. The resolution of this model brings to light the existence
of a pressure-induced interplay between these two contributions allowing one to recover a wide range of normal
and abnormal observed experimental thermal dependences of the spin transition under pressure.
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I. INTRODUCTION

Spin-crossover (SCO) compounds which belong to the
field of molecular magnetism are typical examples of a
first-order phase transition with hysteresis loop [1–3]. Fe(II)
based SCO complexes are among the most studied switchable
molecular materials in which the spin transition takes place
between two spin states, namely, the high-spin (HS) state,
stable at high temperature, and the low-spin (LS) state, which
is stable at lower temperature. In the former state, the electrons
of the d6 electronic configuration occupy all orbitals (t4

2ge2
g)

according to the Hund rule and the spin moment reaches
its maximum value (S = 2), while in the latter state the six
electrons occupy the fundamental state (t6

2ge0
g), thus leading

to a null spin moment (S = 0). Since the eg (t2g) orbital is
known as the antibonding (bonding) orbital, it follows that in
the HS state the bonding between the Fe and the surrounding
nitrogen atoms is weakened, which leads to the increase of
the Fe-ligand distance by ∼10% compared to that of the LS
state, causing a local volume expansion [4,5]. From the elastic
rigidity point of view, the SCO materials are then softer and
more distortable in the HS state than in the LS. It is important
to mention for the nonspecialist reader that the SCO solids are
paramagnetic in the HS state and diamagnetic in the LS state.
One should mention that the main reason for the absence of
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magnetic ordering in the HS phase of SCO solids is the lack of
covalent bonding between the metal ions, which are separated
by large distances (∼1 nm). Only a few experimental data
obtained on the bimetallic coordination polymeric compound
[6] have shown the existence of long-range magnetic order
which has been modeled using three state spin Hamiltonians
[7,8]. From the experimental point of view, the spin transition
can be triggered by various external stimuli, such as pressure,
light, and temperature [9,10]. The spin transition is intrinsi-
cally a vibronic problem [11–14] in which the electronic and
vibrational structures of the molecule are strongly intricate.
The change of the magnetic state of the metal center is ac-
companied with local volume changes at the molecular level,
which delocalizes far from the epicenter of the transformation
(long-range interaction), a result of the elastic interactions
between the SCO units, leading to a macroscopic volume
change, stabilizing the LS and HS phases at low and high
temperature, respectively. These large volume and electronic
changes affect significantly the physical properties of the SCO
materials, such as color, mechanical properties, etc. Due to
the so-important changes, several experimental techniques
were used to monitor and study this phenomenon, such as
differential scanning calorimetry [15], magnetometry [16],
x-ray diffraction [17], Mössbauer spectroscopy [18], diffuse
reflectivity [19], optical microscopy [19–25], and quite re-
cently, photoluminescence for the luminescent SCO materials
which showed clear correlation between the spin state changes
and the luminescence properties [26–29]. Here, we are mostly
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interested by the pressure dependence of the SCO materials,
to which several experimental studies have been devoted, and
demonstrated that the SCO materials can be considered as
pressure sensors [30–34]. In addition, recent theoretical and
experimental analyses have also reported their potential giant
barocaloric character, opening the way to possible applica-
tions in refrigeration technique [35–38].

From the experimental side, the effect of pressure on
the SCO materials has been investigated using various ex-
perimental techniques [4,39–59], with the aim to (i) realize
piezo switchable SCO materials, and (ii) clarify the interplay
between the pressure and the thermal properties of the SCO
solids. It is observed that depending on the studied SCO
sample under pressure, the thermal hysteresis width may
decrease (in most of the cases) or increase, and in some cases
reentrant behaviors are even observed [60]. In contrast, in all
cases the transition temperature from LS to HS is shifted to
higher values, as a result of the increase of the local ligand-
field strength. Another complexity generated by the applied
pressure is the possible pressure-induced crystallographic
transitions which then alter the intermolecular packing, or
which even lead to symmetry breaking [60–67]. However, one
should mention that this last case remains quite rare and most
of the transformations are isostructural.

From the theoretical point of view, several models have
been proposed to explain the effect of pressure [68–81]. Some
of them were based on an Ising-like description where the
pressure effect was introduced mostly in the ligand-field en-
ergy; others based on more sophisticated elastic descriptions
of continuum mechanics considered the effect of anisotropic
pressure on the lattice. On the other hand, recent discrete
elastic models have also been used to study the effect of
pressure on SCO materials, leading to finding a part of the
set of rich variety of experimental results reported in the
literature.

In the current study, we present an original elastic model
for spin-crossover materials which includes the effect of pres-
sure. A detailed analysis of this model allowed us to demon-
strate, that in mechanical equilibrium, this model becomes
equivalent to an Ising-like Hamiltonian with an effective
infinitely long-range interaction. This way, we could identify
the elastic nature of the Ising-like interaction parameter and
we have been able to determine the pressure dependences
of the ligand-field and the effective Ising interaction. We
considered here the specific case of “ferromagneticlike” inter-
acting spin-crossover molecules, leading to thermal hystere-
sis, although the model can be extended as well to include
the situations of two-step transitions [80] with the presence
of an intermediate plateau along the spin transition. Since
an Ising model with infinitely long range is equivalent with
the mean-field Hamiltonian, we have resolved analytically
all thermal dependences of the HS fraction with temperature
for various pressure and clarified the conditions of obtaining
normal and abnormal pressure dependence of the thermal
hysteresis widths. The manuscript is organized as follows: In
Sec. II, we introduce the elastic modeling of the spin transi-
tion, from which we derive the Ising-like description. Section
III summarizes the various thermal behaviors of the high-spin
fraction under pressure, according to the effect of pressure
on the ligand-field and interaction parameters. In Sec. IV,

we conclude and outline the possible developments of this
work.

II. THEORETICAL DESCRIPTION

Relevant microscopic models describing the SCO transi-
tion are usually elastic models [68–81]. Although very effi-
cient in reproducing the main temperature and spatiotemporal
dependences of SCO materials, they are very heavy to handle
analytically and can be solved only by combining Monte
Carlo simulations and molecular dynamics methods. Here, we
show that these models can be reformulated as Ising-like mod-
els, whose analytical treatment is more accessible, especially
for discussing the effect of pressure on the switchable SCO
solids.

A. Derivation of the Ising-like model from an elastic description

An electroelastic model describing the SCO phenomenon
combines the spin state and volume changes along the spin
transition. Let us consider for simplicity a two-dimensional
(2D) elastic SCO lattice, constituted of SCO sites connected
by springs. The total potential energy of the system contains
two contributions, arising from (i) the electronic local ligand
field acting on each spin-crossover site and (ii) the elastic
interaction between neighboring molecules. A simple model
allowing us to mimic accurately the SCO phenomenon is
based on the description of the SCO molecule by a two-state
fictitious spin, s, whose eigenvalues s = −1 and s = +1 are,
respectively, associated with the LS and the HS states. Due
to the difference of the spin states of the molecule between
the LS and HS states, and to the volume expansion in the HS
state, the vibrational properties of the lattice are significantly
altered. As a result, the HS state is softer than the LS state, and
so the phonon spectra in HS have a lower frequency compared
to those of the rigid LS phase. As a direct consequence, this
confers to the HS state a higher effective degeneracy, gHS �
gLS. At 0 K, the LS state is stabilized by the ligand-field
energy �0 arising from the close nitrogen atoms surrounding
the Fe(II) metal. On the other hand, the volume change at the
spin transition imposes the consideration of different lattice
parameters between the LS and the HS phases. Let us consider
two neighboring spin sites (i and j); their electronic configu-
rations can be HS-HS, HS-LS, or HS-LS (LS-HS), to which
correspond the respective bond length distances, aHH, aLL,
and aHL (= aLH). Here, we clearly have aLL < aHL < aHH.
In addition, for simplicity reasons, we will consider that the
equilibrium bond length for HS-LS configuration is such that
aHL = aHH+aLL

2 . Let us notice by xi j the instantaneous distance
between these two sites. Then, in the harmonic approach, the
elastic Hamiltonian describing this SCO lattice is simply

H = K

2

∑
i j

(xi j − ai j )
2 + �eff

∑
i

si, (1)

where K is the elastic constant, assumed here as independent
of the spin states. Here, the next-nearest neighbors are omitted
for clarity. To ensure the dependence of the equilibrium bond
length on the spin states, si and s j , ai j are expressed as a
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function of si and s j as follows:

ai j = aHL + δa

4
(si + s j ), (2)

where δa = aHH − aLL is the lattice parameter misfit between
the HS and LS phases.

In Eq. (1), the fieldlike term �eff represents the effective
energy gap,

�eff = �0 − kBT ln g, (3)

which contains the contributions of the ligand-field energy �0

and the degeneracies ratio, g = gHS/gLS, between the LS and
HS states, which clearly plays the role of an entropic term
(kB ln g,). The variable T is the temperature.

A simple method to solve this problem consists in consid-
ering a homogeneous elastic system, i.e., by taking xi j = x,
which is now space invariant. The total elastic energy (1)
becomes E = K

2

∑
i j ( x − ai j )2 + �eff

∑
i si. We then look

for the minimum elastic energy, by solving ∂E
∂x = 0, which

leads to

xeq = aHL + 1

N

δa

4

∑
i j

(si + s j ), (4)

where N is the number of lattice sites. It is interesting to see
that the equilibrium lattice spacing, xeq, is written as a function
of the average spin state parameter, m = 〈s〉, as follows,

xeq = aHL + z
δa

8
m, (5)

where z is the coordination number of the lattice, which de-
pends on its topology and symmetry. Inserting now the expres-
sion of the equilibrium bond length (5) into Hamiltonian (1),
one can easily find that Hamiltonian (1) can be mapped, after
some simple algebra, under the form of an Ising-like model,
combining short-range and infinitely long-range interactions,
whose expression is given by

H = h
N∑
i

si − J0m
∑

i

si − J ′ ∑
i j

sis j + C, (6)

where c is a constant and the fieldlike, h, and exchangelike
terms are written as

h = �eff ,

J0 = z2K (δa)2

8
, (7)

J ′ = −K (δa)2

8
.

It is worth mentioning that the present calculations lead to a
situation of competing interactions, between “ferromagneti-
clike” long-range interactions (J0 > 0) and “antiferromagnet-
iclike” short-range interactions (J ′ < 0), although the latter
are significantly smaller. Indeed, in the case of a 2D system,
z = 4, and then J ′ can be considered as 16 times smaller than
J0, which is then omitted, for simplicity, in the present study.
Finally, the electroelastic Hamiltonian (1) is isomorphic with

the mean-field Ising-like Hamiltonian,

H = �eff

N∑
i

si − J0m
∑

i

si. (8)

The SCO phenomenon can be then described using the well-
known Ising-like [38–40] model, widely used in the literature
to describe the equilibrium and nonequilibrium properties.
The most interesting points here are (i) the identification of
the elastic origin of the Ising-like parameter J0, which is
proportional to the misfit elastic energy K

2 (aHH − aLL)2, on
the one hand, and (ii) its ferrodistortive nature, on the other
hand. It is then important to mention that, in the usual Ising
model, the term J0 has nothing to do with the usual magnetic
exchange interaction of the Ising model used in magnetism.

B. Analysis of the mean-field results

The analysis of Hamiltonian (8), which is exactly equiv-
alent to that of mean-field theory, leads quite easily to the
following homogeneous, free energy:

Fhom = 1

2
J0m2 − kBT ln

[(
2g cosh

J0m − �eff

kBT

)]
, (9)

where m = 〈s〉 is the average fictitious magnetization per
site. Here, z is the lattice coordination number. From the
analytical expression of the free energy, given in Eq. (9),
one can derive straightforwardly the following self-consistent
equation, through the relation ∂Fhom

∂m = 0,

m = tanh β [J0m − �eff ], (10)

where β = 1
kBT .

Equation (10) can be reversed so as to express the temper-
ature as a function of the magnetization, which leads to

kBT = 2(�0 − Jm)

ln
(
g2 1−m

1+m

) , (11)

which allows plotting directly the magnetization m vs the
temperature T without solving any self-consistent equation.
The HS fraction (nHS), which is the fraction of molecules
occupying the HS state, is simply related to the fictitious
magnetization as

nHS = 1 + m

2
. (12)

A brief look at Eqs. (10) and (11) shows that m = 0 is always
a solution when �eff = �0 − kBT ln g = 0. Once m = 0, the
HS fraction value is nHS = 1

2 , which means that the temper-
ature cancelling the effective field is the transition equilib-
rium temperature of the system, the expression of which is
written as

T 0
eq = �0

kB ln g
. (13)

Without going into further details, we mention that the phase
diagram of the present model is very simple: (i) a first-order
spin transition with a thermal hysteresis is obtained when the
Curie temperature T 0

C = J0
kB

(in mean field) of the associated
pure Ising model, i.e., without field (�0 = 0 and g = 1),
is such that T 0

C > T 0
eq, while (ii) the gradual spin conversion

takes place otherwise.
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FIG. 1. (a) Thermal dependence of the HS fraction for different
values of the ratio J0

�0
, showing the presence of a critical point for

�0 = J0. The spinodal curve, given by Eq. (16), is superimposed
for clarity reasons. (b) ln(�T ) vs ln(TC − Teq ) showing a linear
dependence, with a slope 3

2 , following the power law given by
Eq. (17). In (b) J0 ( �0) is fixed to 120 K (300 K) when �0 (J0)
is varied. The other parameters values used are g = √

150.

In Fig. 1(a), we depict the effect of the ratio �0
J0

between
the ligand-field energy �0 and the interaction parameter J0

on the thermal dependence of the HS fraction. We clearly see
that when J0 is below the threshold value, J0

C = �0
kB ln g, which

corresponds to T 0
C = T 0

eq, the transition between the LS and
HS states is gradual, while above this value, it takes place
through a first-order transition accompanied with a thermal
hysteresis, the width of which, �T0 = T + − T − (T + and T −
are, respectively, the upper and lower transition temperatures
of the thermal hysteresis,) increases with the interaction J0 and
decreases with increasing the ligand field �0.

It is interesting to mention that the spinodal points of the
coordinates (T +, m+) and (T −, m−) of the thermal hysteresis
can be found after solving the equation ∂T

∂m = 0. The analytical
calculations give, for ∂T

∂m , the following expression:

∂kBT

∂m
=

4 �0−Jm
(1−m2 ) − 2J ln

(
g2 1−m

1+m

)
[
ln

(
g2 1−m

1+m

)]2 . (14)

An interesting piece of information, derived from
Eq. (14), concerns the slope ∂T

∂m at m = 0, noted ∂T
∂m |0, whose

expression is

∂T

∂m

∣∣∣∣
0

= T 0
eq − T 0

C

r
, (15)

where r = ln(g). The slope ∂T
∂m |0 is expected to be positive

for a gradual spin transition and negative in the case of a first-
order transition, as clearly depicted in Fig. 1(a). These last two
conditions are exactly those corresponding to the existence or
not of a first-order transition within this model: A negative
slope leading to a first-order transition is possible for T 0

eq <

T 0
C and a positive slope leading to a gradual spin-crossover

transition requires having T 0
eq > T 0

C .

C. Spinodal curve

The spinodal curve, which is the trajectory of the set of
solutions (m+, T +) and (m−, T −) corresponding to the upper
and lower branches of the thermal hysteresis in the coordinate
frame (m, T ), is obtained by combining Eq. (15) for ∂T

∂m = 0
with Eq. (14) and gives the simple relation

T = TC (1 − m2), (16)

where TC = J0
kB

. The spinodal curve is represented in Fig. 1(a)
as a parabola in the referential frame (T, m) for the maximum
temperature value T = TC obtained for m = 0 and delimits the
space of coordinates where the system admits a thermal hys-
teresis. Knowing that at m = 0, the temperature is T = Teq,
corresponding to the transition temperature, then the existence
of the thermal bistability is again found here as Teq < TC , in
excellent agreement with the analysis made on the sign of the
slope ∂T

∂m |m=0.
The meticulous inspection of the dependence of the ther-

mal hysteresis on the quantity TC − Teq, shown in Fig. 1(b)–in
the bistable region, the distance on the quantity (T 0

C − T 0
eq),

which represents the gap between the transition temperature
and the Curie temperature (TC) above which the thermal
hysteresis vanishes–leads to the following universal power
law,

�T ∼ (
T 0

C − T 0
eq

)3/2
, (17)

which holds for both dependencies of �T , on the interaction
parameter J0 and the ligand field �0, as clearly depicted in
Fig. 1(b).

III. PRESSURE EFFECTS

To consider the pressure effects in SCO materials, one has
to come back to the elastic Hamiltonian (1). It is expected
that the effect of pressure on the elastic Hamiltonian will
renormalize the elastic constant K and will affect the con-
nectivity of the lattice z as well as the total elastic energy.
As for the elastic constant, it is clear that the pressure will
enhance the rigidity of the LS and HS states, which then
results in the increase of the bulk modulus as well as the
shift of the phonon spectrum. On the other hand the change
in connectivity is mainly due to the molecular structure of
the SCO materials, and therefore under pressure new steric
contacts (hydrogen-hydrogen contacts, π -π stacking, etc.)
will be strengthened or weakened. For simplicity reasons, and
without losing the general character of the phenomenon, we
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perform the following developments on a one-dimensional
(1D) SCO chain. The elastic Hamiltonian of the chain under
pressure P is written as

H = K (P)

2

∑
i j

(xi j − ai j )
2 + �eff

∑
i

si + P
∑

i j

xi j, (18)

where in the last term, the quantity
∑

i j xi j , represents the
length of the chain. Using the same procedure as in Sec. II A,
by considering a homogeneous bond length xi j = x along
the lattice, and minimizing the obtained total elastic energy
with respect to the x variable, the bond length at mechanical
equilibrium becomes

xeq = aHL + z
δa

8
m − P

K
. (19)

Equation (19) shows, as expected, that under pressure the
bond length reduces by the quantity − P

K , indicating a con-
traction of the system’s volume (here length). Inserting now
expression (19) in Hamiltonian (18) and after conducting all
calculations, we arrive to the following effective Ising-like
Hamiltonian,

H=
(

�0 − kBT ln g+ P
δa

2

) N∑
i

si− J (P)m
∑

i

si + c(m, P),

(20)

where (�0 − kBT ln g + P δa
2 ) is the new ligand-field energy;

J (P) = z2K (δa)2

8 is the interaction parameter; and c(m, P) is a
term which depends on the average fictitious magnetization
m and pressure P, which does not play any role in the
thermodynamic properties because it does not depend on the
spin states.

According to Hamiltonian (20), the pressure influences
both the initial ligand field, �eff = �0 − kBT ln g, and the
Ising-like interaction J0. Interestingly, the pressure renormal-
izes linearly the ligand-field energy in which an additional
positive term, P δa

2 , emerges, thus increasing the energy gap
between the LS and the HS states. This is in excellent
agreement with experimental results which indicate that the
transition temperature of SCO complexes increases linearly
with the pressure, as will be discussed below.

While the effect of pressure on the ligand field is quite
clear, its consequence on the interactions is less evident,
because the pressure can lead to the rearrangement of the
topology of the network interactions and also can change the
shape of the molecules. As a result, the pressure’s influence on
the interaction parameter J0 can be nonmonotonous. Indeed,
considering that both elastic constant K and the coordina-
tion number z are influenced by the applied pressure, the
effective interaction parameter J0(P) = z2K (δa)2

8 may depend
linearly or nonlinearly on pressure, even by considering linear
dependences for K (P) and z(P). It is worth noticing that,
even without considering a change in the lattice coordina-
tion number z(P), which requires the precise knowledge of
the pressure-induced structural changes, the pressure depen-
dence of the bulk modulus K (P) can be highly nonlinear in
solids involving strong deformations or plasticity, and cause a
significant enhancement of the effective interaction parameter
J0(P).

All conclusions drawn in the previous section, Sec. II,
remain valid under pressure. In particular, the transition tem-
perature Teq(P) still corresponds to the temperature which
cancels the effective ligand field. Similarly, the associated
Curie temperature, TC (P), of the second-order phase transition
remains that of the mean field. Thus, Teq(P) and TC (P) are
given by the following expressions:

Teq(P) = T 0
eq + δa

2kB ln g
and TC (P) = J (P)

kB
= z2K (δa)2

8kB
.

(21)

Let us first discuss the pressure effect on the ligand field.
From the experimental point of view, except for one or two
experimental cases [78], almost all experimental examples of
SCO materials under pressure demonstrated that the transition
temperature, Teq(P), of the materials linearly increases with
the applied pressure P following the Clausius-Clapeyron law,

Teq(P) = T 0
eq − (P − Patm)

�V

�S
, (22)

where �V (< 0) is the volume change between HS and LS
states, �S is the associated entropy change, and Patm is
the ambient pressure, which will be absorbed in P in the
developments below. It is interesting to notice that from the
experimental point of view that the ratio �V

�S is evaluated
to |�V

�S | ∼ 19 − 20 K kbar−1, for the molecular SCO com-
pound [Fe(btr)2(NCS)2] H2O [31], while this ratio is of about
30 K kbar−1 for switchable Prussian blue analogs [32,33],
which have a less rigid lattice due to their covalent nature.

According to Hamiltonian (20), the total effective ligand-
field energy depends linearly on the pressure. In addition, if
one considers a linear relation for the coordination number
z(P) and the elastic constant K (P), the effective interaction
J (P) can be expanded until the second order with respect to
pressure, and thus the following relations can be established:

� = �0 + αP and J = J0 + γ P + δP2, (23)

where α is strictly positive while in general the factors γ and
δ can be positive or negative, which means that the pressure
can strengthen or weaken the long-range interactions.

The spin transition temperature Teq(P) and the associated
Curie temperature TC (P) of the second-order phase transition
is written now as

Teq(P) = T 0
eq + α

kB ln g
P and TC (P) = T 0

C + γ P + δ

2
P2.

(24)

Using the same procedure as that developed in Sec. II A,
we can state that under pressure, the thermally induced spin
transition is of first order for TC (P) > Teq(P) and gradual
when TC (P) < Teq(P).

Thus, according to α, γ , δ, T 0
eq, and T 0

C values, several
behaviors of the thermal dependence of the HS fraction un-
der pressure are possible. These behaviors can be classified
into two possible situations, corresponding to T 0

eq < T 0
C and

T 0
eq > T 0

C .
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A. Case of hysteretic system at zero pressure:
δ = 0 and T 0

eq < T 0
C

This first case considers that the studied system exhibits a
thermal hysteresis at pressure zero; a condition which is ful-
filled for, T 0

eq < T 0
C . Then according to the slopes α

kB ln g and γ ,
the effect of pressure may lead to enhance the thermal hystere-
sis width or to decrease it until it vanishes. In experiments, the
first case where the hysteresis width decreases with increasing
pressure is very frequent and can be considered as the general
rule, which can be easily derived from theory. In contrast,
the second case where the thermal hysteresis increases with
increasing pressure is considered as an anomalous behavior.
The first anomalous increase of the thermal hysteresis under
pressure was reported by König et al. [79] more than 40 years
ago. The existence of these nonstandard behaviors has been
confirmed later, by other groups [32], who observed a variety
of behaviors, such as hysteresis under pressure which shifts
at constant width to higher transition temperatures [80], or
vanishing small hysteresis which reappears at higher pressure
[81], which could be described as a reentrant phenomenon.
Our goal here is to demonstrate that the present model can
reproduce a large panel of these behaviors.

1. Case α > γ ln g

The classical case, where the applied pressure induces a
linear decrease of the thermal hysteresis width is obtained
[Fig. 2(a)] when the following condition, ∂Teq (P)

∂P > ∂TC (P)
∂P , is

realized. In most of the previous Ising models simulating SCO
materials under pressure, the pressure was only introduced in
the ligand-field contribution, which corresponds to the case
γ = 0, which is included. According to Eq. (22), the condition
∂Teq (P)

∂P > ∂TC (P)
∂P leads to α > γ ln g. Figure 2(b) displays the

pressure dependence of Teq(P) and TC (P) in this case; it also
constitutes the phase diagram of the system. Indeed, it is
expected that for Teq(P) < TC (P), the HS fraction exhibits a
first-order phase transition with a thermal hysteresis, which
turns to a gradual transition for Teq(P) � TC (P). According to
this statement, the thermal hysteresis vanishes at the critical

pressure, PC = kB (T 0
C −T 0

eq )
( α

ln g −γ ) . Using the numerical values, α =
40.1, γ = 4 K/kbar,

√
g = 150, �0 = 300.6 K, and J0 =

160 K, the critical pressure PC is evaluated as ∼10 kbar,
which is in excellent agreement with the thermal dependence
behavior of the HS fraction reported in Fig. 2(b). Moreover,
the analysis of the dependence of the thermal hysteresis width
�T as a function of the difference [TC (P) − Teq(P)] showed
the existence of a universal law, as indicated in Fig. 3(c),
where a linear plot of �T vs [TC (P) − Teq(P)]

3
2 is shown,

where the pressure becomes a hidden variable.

2. Case α = γ ln g

In the special situation where the slopes of the spin tran-
sition (Teq) and Curie (TC ) temperatures with pressure are
equal, i.e., ∂Teq (P)

∂P = ∂TC (P)
∂P , leads to a phase diagram T (P),

made of two parallel lines. As a result the “distance” be-
tween the two temperatures remains constant and the pres-
sure does not act on the thermal hysteresis width, which
remains constant, even though the whole hysteresis shifts

FIG. 2. (a) phase diagram exhibiting the pressure dependence
of the spin transition Teq and the Curie temperature TC . (b) The
thermal dependence of the HS fraction under pressure showing
the transformation from first-order to gradual spin transition as the
pressure increases. The black curve is the spinodal curve, which
delimits the bistable region. (c) The superlinear behavior of the
thermal hysteresis width as a function of (TC − Teq )3/2 obtained
for the curves of (a). The parameter values are

√
g = 150, �0 =

300.6 K, J0 = 160 K, α = 40.1 K/kbar, and γ = 4 K/kbar.

to higher-temperature regions. This very particular situation,
realized here when α ≈ γ ln g, has been already reported
in the experimental literature, as in the case of the spin-
crossover complex [Fe(hyetrz)3](3-nitrophenylsulfonate)2 ·
3H2O (1 · 3H2O), with hyetrz = 4-(2′-hydroxyethyl)-1,2,4-

174113-6



THEORETICAL INVESTIGATIONS ON THE PRESSURE … PHYSICAL REVIEW B 101, 174113 (2020)

FIG. 3. (a) Phase diagram exhibiting the pressure dependence
of the spin transition Teq and the Curie temperature TC , showing
the opposite situation with respect to that of Fig. 2(a). (b) Thermal
dependence of the HS fraction under pressure showing a transfor-
mation from a gradual to first-order spin transition as the pressure
increases. The black curve is the spinodal curve, which delimits the
bistable region. (c) The superlinear behavior of the thermal hysteresis
width as a function of (TC − Teq )3/2 obtained for the curves of (a).
The parameter values are

√
g = 150, �0 = 400.1 K, J0 = 120 K,

α = 20.0 K/kbar, and γ = 8 K/kbar.

triazole [57,80] and the cooperative Prussian blue analog [58].
It is important to mention that, in the general case, this hap-
pens due to further inner degrees of freedom of the molecules
(in addition to the volume change), related to the cooperative

rotation of the ligands which can cause a structural phase
transition, which then leads to different space groups in LS
and HS states [82–86].

3. Case α < γ ln g

The second interesting case deals with the situation where
the intersection between Teq(P) and TC (P) takes place for
negative pressure values. This is possible when the Curie
temperature at zero pressure, T 0

C , is greater than T 0
eq and in

addition their slopes are in such a way that ∂Teq (P)
∂P < ∂TC (P)

∂P .
Thus the two lines Teq(P) and TC (P) move away from each
other as the pressure increases, a situation that the reader
can easily check. It is then expected that the corresponding
thermal dependence of the HS fraction under pressure will
show a monotonous increase of the thermal hysteresis width.

B. Case of gradual spin transition at zero
pressure: δ = 0 and T 0

eq > T 0
C

Here, we study the case of the evolution of the HS fraction
of a spin-crossover system, exhibiting a gradual transition at
zero applied pressure. For that, the first condition satisfies the
relation T 0

eq > T 0
C . According to the slopes α

kB ln g and γ , the
effect of pressure may lead to the emergence of a first-order
transition or to maintain the gradual character of the spin
transition. Two cases are examined below.

1. Case α < γ ln g

In the case where the following condition, ∂Teq (P)
∂P < ∂TC (P)

∂P ,
is realized, one gets the phase diagram of Fig. 3(a), dis-
playing the pressure dependence of Teq(P) and TC (P) of the
current situation. Figure 3(a) already implies the existence of
two regions corresponding to (i) Teq(P) > TC (P), in which
the HS fraction exhibits a gradual spin transition (a simple
Boltzmann population between two degenerate states), and a
second region (ii) for which Teq(P) < TC (P), where a first-
order phase spin transition takes place. According to this state-

ment, there exists a critical pressure PC = kB (T 0
eq−T 0

C )
(γ− α

ln g ) beyond

which the thermal hysteresis emerges due to pressure effects.
The corresponding thermal dependence of the HS fraction
is presented in Fig. 3(b), confirming the above predictions
of the phase diagram of Fig. 3(a). Indeed, a gradual spin
transition is obtained for P = 0 and for all curves below the
critical pressure, PC ∼ 10 kbar, beyond which first-order spin
transition with hysteresis take place. Figure 3(c) summarizes
the dependence of the thermal hysteresis width �T as a
function of the difference [TC (P) − Teq(P)], confirming the
universal law obtained in Fig. 2(c).

2. Case α > γ ln g

Finally, for the case α > γ ln g, we expect a phase diagram
T −P in which the curves of Teq(P) and TC (P) move away
from each other, leading to stabilize the gradual character of
the spin transition under pressure.
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C. Case δ �= 0 : Pressure-induced reentrant phase transition

Some experimental examples in the literature [62,63,81]
have shown that the thermal hysteresis of SCO systems under
pressure may show nonmonotonous behavior. For example,
by increasing the applied pressure, the thermal hysteresis
width first decreases and increases again after some threshold
pressure value. This behavior is attributed to the existence of
an additional pressure-induced structural phase transition in
the SCO material, triggered beyond some threshold pressure
value, which leads to significantly changing the material prop-
erties. We have seen in Eq. (23) that the simultaneous change
under pressure of the elastic constant and the connectivity of
the lattice may induce a nonlinear dependence of the Curie
temperature with pressure. When δ < 0, this insures that the
Curie temperature will go through a maximum for the pres-
sure value PC = 2γ

|δ| . On the other hand, since the transition
temperature Teq(P) will not be affected by any nonlinear term,
we still use Teq(P) = T 0

eq + α
ln gP, where kB is put equal to 1.

One of the requirements for obtaining the pursued phe-
nomenon is to fulfill two conditions: (i) Teq (P = 0) >

TC (P = 0), ensuring that at zero applied pressure the system
shows a gradual spin transition and (ii) a second constraint
between the maximum of the Curie temperature and the spin
transition temperature TC (P∗) > Teq(P∗) at the pressure P∗ =
γ

|δ| , also depicted in the phase diagram of Fig. 4(a). The two

previous conditions, realized for T 0
eq > T 0

C and γ

|δ| (
α
ln g + γ

2 ) >

(T 0
eq − T 0

C ), are fulfilled in Fig. 4(a), which was obtained for
the parameter values

√
g = 150, �0 = 250.5 K, J0 = 23.9 K,

α = 33.4 K/kbar, γ = 35.8 K/kbar, and δ = −2.78 K/kbar2.
There, the first-order spin transition is confined in the region
P− < P < P+, where P− and P+ [whose expressions are
given in Eq. (A1) of the Appendix] are the solutions of the
equation TC (P) = Teq (P). For P > P+, the gradual spin
transition is recovered, leading to reentrant behavior, depicted
in Fig. 4(b), in which we also plotted the spinodal curve,
representing the trajectories of the upper and lower transition
temperatures of the thermal hysteresis, which now shows a
closed loop. It is worth noticing that reversing the sign of δ

in Eq. (23) would result in the transformation under pressure
of a first-order transition to a gradual transition and then to
a first-order transition again, which means that the first-order
transition will vanish and reappear again for higher pressures.
According to the slope of the spin transition temperature
Teq (P) with pressure, we could obtain several other situations.
Figure 4(c) summarizes the pressure dependence of the upper
and lower transition temperatures of the thermal hysteresis,
confirming the gradual character of the transition for P <

2.5 kbar, which turns to first order in the applied interval
2.5 < P < 17 kbar before coming back to its initial gradual
character for P > 17 kbar.

It is worth noticing that reversing the sign of δ in Eq. (23)
and choosing the adequate γ value, so as to fulfill the condi-
tions Teq (P = 0) < TC (P = 0) and TC (P∗) > Teq(P∗), where
TC (P∗) is the minimum of TC (P), would result in a reentrant
phase transition as depicted in Figs. 5(a) and 5(b). In these
conditions, we have the relations T 0

eq < T 0
C and γ

|δ| (
α
ln g + γ

2 ) <

(T 0
eq − T 0

C ), and increasing the applied pressure transforms

FIG. 4. (a) Pressure dependence of the spin transition temper-
ature Teq and the Curie temperature TC , showing the existence of
three regions: Teq > TC , Teq < TC , and Teq > TC , due to the non-
monotonous character of the Curie temperature with pressure. (b)
Associated thermal dependence of the HS fraction for several applied
pressure values, going from 0 to 20 kbar, exhibiting a reentrant be-
havior from gradual to first-order and then to gradual spin transition
as P increases. (c) Associated pressure dependence of the spin transi-
tion temperature (black curve) and upper (in red) and lower (in blue)
switching temperatures of the thermal hysteresis, helping to visualize
the observed reentrant phase transition. Parameter values used are√

g = 150, �0 = 250.5 K, J0 = 23.9 K, α = 33.4 K/kbar, γ = 35.8
K/kbar, and δ = −2.78 K/kbar2.
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FIG. 5. (a) Pressure dependence of the spin transition
temperature Teq and the Curie temperature TC , showing the existence
of three regions: Teq < TC , Teq > TC , and Teq < TC , due to the
nonmonotonous pressure dependence of the Curie temperature with
pressure. (b) Associated thermal dependence of the HS fraction for
several applied pressure values, going from 0 to 21 kbar, exhibiting a
reentrant behavior from first-order to gradual and then to first-order
spin transition as P increases. The black curves denote the spinodal
lines. Parameter values used are g = 150, �0 = 400.8 K, J0 =
253 K, α = 33.4 K/kbar, γ = −13.2 K/kbar, and
δ = 1.857 K/kbar2.

the first-order transition to a gradual spin transition, while
the first-order transition reappears again for higher pressures.
The critical pressures at which the first-order transition van-
ishes first and reappears again are easily calculated by solving
the equation TC (P) = Teq (P), which leads to T 0

C + γ P −
|δ|
2 P2 = T 0

eq + α
ln gP. The latter has two solutions, P+ and P−,

whose expressions are given in Eq. (A2) of the Appendix.

IV. CONCLUSION

In summary, in this work, based on the Ising-like
description of the SCO phenomenon, we have carried
out a general study of the thermal properties of spin-
crossover systems under pressure. First, we have derived the
well-known phenomenological Ising-like Hamiltonian model
from an elastic description of the spin transition lattice taking
into account the volume change at the transition. By assuming

a uniform lattice spacing, we can map the elastic model
into an Ising-like Hamiltonian with long-range interactions.
We have also included the effect of pressure in the elastic
model and demonstrated that the latter renormalizes linearly
the ligand-field energy and nonlinearly the interactions inside
the lattice. We have then investigated several possible effects
of pressure on the thermal behavior of the HS fraction. We
found that a rich variety of thermal behaviors under pressure
can be obtained. According to the initial values of the spin
transition temperature T 0

eq and the Curie temperature T 0
C and

their pressure dependences, we developed a general analytical
treatment which allows us to predict the thermal behavior of
the HS fraction under pressure. Among the obtained results,
we quote (i) the simple vanishing of the thermal hysteresis
under pressure, (ii) the nonmonotonous increase of the ther-
mal hysteresis under pressure, and (iii) the pressure-induced
reentrant-phase transitions originating from the pressure de-
pendence of the interaction parameter, in good agreement with
the available data of the literature. Furthermore, the analytical
method developed for the prediction of the various pressure
influences on the thermal hysteresis, based on the comparison
between TC (P) and Teq(P), is exact, and hence could be easily
applied to the resolution of the present model by Monte Carlo
simulations, whose preliminary results confirm the present
mean-field findings. These results will be published in a
separate work with a general resolution of the elastic model
under pressure.
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APPENDIX

The expressions of the threshold pressures P+ and P−
delimiting the bistable region (thermal hysteresis area) are

P± =
(α − γ ln g) ∓

√
(α − γ ln g)2 + 2|δ|(T 0

C − T 0
eq

)
|δ| .

(A1)
The general expressions of the spinodal curves depicted in
Figs. 1(a), 2(b), 3(b), 4(b), and 5(b), plotted in the plane
T − m, are given by

kBT =
−J + 2γ

(
Jm−�
2mγ−α

)

γ
ln

[ 1
g

( 1+m
1−m

)]
2mγ−α

+ 1
(m2−1)1

. (A2)

Using the expressions of T 0
C and T 0

eq, α, γ , δ, Eq. (A2)
transforms to

kBT = αT 0
C

γ ln
[

1
g

(
1+m
1−m

)] + (2mγ−α)
(m2−1) + T 0

eqln(g)
. (A3)
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