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Chiral Hall effect in strained Weyl semimetals
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In this paper, the chiral Hall effect of strained Weyl semimetals without any external magnetic field is
proposed. Electron-phonon coupling emerges in the low-energy fermionic sector through a pseudogauge
potential. We show that, by using chiral kinetic theory, the chiral Hall effect appears as a response to a real
time-varying electric field in the presence of structural distortion and it causes spatial chirality and charges
separation in a Weyl system. We also show that the coupling of the electrons to acoustic phonons as a gapless
excitation leads to emerging an optical absorption peak at ω = ωel , where ωel is defined as a characteristic
frequency associated with the pseudomagnetic field. We also propose the strain-induced planar Hall effect as
another transport signature of the chiral-anomaly equation.
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I. INTRODUCTION

Nontrivial topological structure of Weyl semimetals
(WSMs) has opened new avenues for discovery of unprece-
dented anomaly induced transport phenomena [1–7]. The spin
nondegenerate band topology of WSMs could be described
by accidental band crossing at some certain points in the
Brillouin zone when either time-reversal or spatial inver-
sion symmetry has been broken. The topological notion of
WSMs can be understood as the topological protection of
Berry curvature flux which, according to Gauss’s theorem,
is quantized to integer values known as Chern numbers or
monopole charges. Such monopole charges can be only added
or removed in pairs [8]. Weyl fermions will be effectively
stabilized by a nonzero axial four-vector bμ = (b0, b), defined
as the separation of Weyl nodes in momentum (2b) and energy
space (2b0) even in the absence of any additional point-group
symmetries.

Notably, the electromagnetic response of WSMs is mod-
ified by the topological structure of the system. It leads to
emergence of an axionic term in the electromagnetic response
as a signature of the so-called chiral anomaly, ∂μJμ

5 = e2

2π2 E · B
[9–11]. The most prominent consequence of the chiral
anomaly is a positive longitudinal magnetoconductance con-
firmed by several pieces of experimental evidence in Dirac
and WSMs [12–17]. Another unique transport signature of
chiral anomaly is the planar Hall effect which has been
theoretically predicted and experimentally observed in WSMs
[18–20].

Lattice distortion, on the other hand, couples to the low-
energy electronic sector through elastic gauge fields with
opposite signs at different nodal points [21–23]. Lattice dis-
tortion can lead to spatial and/or time variation of Weyl node
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positions [bμ → bμ(r, t )] which in turn induces pseudomag-
netic and pseudoelectric fields defined as B5 = ∇ × b and
E5 = (∂t b − vF ∇b0), respectively. The spatial dependence of
b can be achieved by applying strain [21,24], inhomogeneous
magnetization [25,26], and at the interface of two WSMs with
different b vectors [27–29]. Moreover, boundaries always host
a finite axial magnetic field B5 where b jumps from zero to a
finite value or vice versa [22,27].

Coupling of electrons to elastic gauge fields not only
induces novel chiral anomaly in WSMs ∂μJμ

5 = e2

6π2 (3E · B +
E5 · B5) but also results in nonconservation of total charge
∂μJμ = e2

2π2 (E · B5 + E5 · B) [25]. The novel chiral anomaly
and nonconservation of charge possess great potential for
uncovering new physical signatures of electron-phonon cou-
pling in strained WSMs. The basic paradigm of these new
phenomena is the chiral pseudomagnetic effect [23,30,31].

Electron-phonon coupling in the form of elastic gauge
fields also contributes to the modification of effective acoustic
[21,24,32,33] and optical [34] phonon dynamics, nonequilib-
rium chiral magnetic effects [35], and emergent excitations in
the fermionic spectrum [36]. Moreover, the electron-phonon
coupling may lead to the planar Hall effect in strained WSMs,
even in the absence of a real magnetic field [37]. Furthermore,
a strain field could derive an electric current and that the
effect was dictated by a second-class Chern invariant [38].
Strained WSMs have also received much attention due to the
experimental realizations [39–41].

In the present paper, we propose a chiral Hall effect as
another consequence of electron-phonon coupling in strained
WSMs. We demonstrate that a current is induced as a response
to a real time-varying electric field E in the presence of B5.
Since the induced current is perpendicular to both E and
B5, we name it the chiral Hall effect (CHE). The CHE may
lead to spatial chirality separation in the case of zero axial
chemical potential μ5 (=μ+ − μ−), and both chirality and
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charge separation in the case of nonzero μ5. Charge and
chirality separation has been studied in the presence of a
real magnetic field [42,43]. The parabolic Hall effect as a
special type of chiral separation has also been proposed [44].
Here, it is shown that the chiral Hall effect in strained WSMs
leads to spatial chirality and charge separation without any
external magnetic field. The emergence of the strain-induced
transverse chiral Hall current is our main finding. This work
thus demonstrates the chiral Hall effect in the context of
WSMs.

We also show that an extra intraband absorption peak
in the optical conductivity of doped WSMs appears as a
result of the pseudomagnetic field. Furthermore, the presence
of the anomaly term (E · B5) may be caused by a strain-
induced enhancement of the longitudinal electric conductiv-
ity. It brings about an in-plane transport signature through
anomaly-induced charge pumping from the boundaries to the
bulk. The planar Hall effect owing to the lattice distortion
as an exquisite transport phenomenon emerges when both
electric and pseudomagnetic fields are located on the same
plane. This is another significant result of this paper.

The rest of this paper is organized as follows: We com-
mence with a description of our theoretical formalism in
Sec. II, followed by details of the mechanism of chiral kinetic
theory in WSMs and the nonequilibrium distribution function.
Analytical expressions for the longitudinal and transverse
total current and chiral current in the presence of a deformed
lattice are provided in this section. In Sec. III we summarize
our main findings.

II. MODEL AND THEORETICAL FORMALISM

We consider a time-reversal-symmetry-broken WSM un-
der lattice deformation. A low-energy effective Hamiltonian
in a continuum limit near nodal points is given by

H = h̄v(q + χAel ) · σ, (1)

where v is the Fermi velocity and χ (= ±1) denotes the
chirality associated with nodal points located at b and −b. The
pseudomagnetic field is obtained from Bel = ∇ × Ael where
the axial gauge potential Ael is the spatially dependent part of
b. For our purpose, it is enough to consider a kind of lattice
distortion which leads to a nonzero pseudomagnetic field.
We shall investigate the response of strained WSMs to a real
time-varying electric field in the framework of semiclassical
chiral kinetic theory.

Chiral kinetic theory is a topologically modified semiclas-
sical Boltzmann formalism to describe the behavior of Weyl
fermions for a finite chemical potential. We are interested in
doped WSMs where the Fermi level μ crosses the conduction
band. In the regime of h̄ω � μ and kBT � μ, the absorption
process is governed by intraband transitions with a negligible
contribution of interband transitions. Chiral kinetic theory
obeys semiclassical description where the wave packet of
Bloch electrons has a Gaussian shape and spreads in real and
momentum spaces. Most importantly, WSMs reveal nontriv-
ial and anomalous transport properties through semiclassical
Boltzmann formalism where two chiral Fermi surfaces en-
close a nonzero flux of Berry curvature in momentum space.

A. Semiclassical Boltzmann transport theory
in Weyl semimetals

We would like to investigate the response of strained Weyl
system under a weak oscillating electric field with frequency
ω and wave vector q:

E(r, t ) = (Ex, Ey, Ez )eiq·r−iωt , (2)

where Ei could be a real or complex number depending on
the linearly or circularly polarized light, respectively. In the
semiclassical framework, the equations of motion are given
by

Dẋχ = vχ − e�χ × E − χ (vχ · �χ )Bel ,

Dk̇
χ = eE + χvχ × Bel + eχ (E · Bel )�χ , (3)

where we use �χ = χ� = χ k̂
2|k|2 for our WSM model.

The factor D = 1 − χ�χ · Bel = 1 − k̂·Bel

2|k|2 accounts for the
modification of phase space to satisfy Liouville’s theo-
rem [45]. Note that pseudofields couple to chirality as a
chargeless degree of freedom unlike real electromagnetic
fields which couple to electron charge in the low-energy
Hamiltonian.

The energy of Weyl fermions in the presence of a weak
effective pseudomagnetic field Bel acquires a term owing
to the intrinsic magnetic moment; therefore, the dispersion
relation is modified as (we set h̄ = 1)

εk = vk(1 + Bel · �), (4)

and the corresponding velocity is given by

v = ∇kεk = vk̂[1 − 2Bel · �] + vBel (k̂ · �). (5)

We note that the chirality drops out of the group velocity, i.e.,
both modes are right-moving in the bulk. This is in contrast
with the condition of applying a real magnetic field where
each mode disperses oppositely [22,23].

The nonequilibrium distribution function fχ (t, p, x) for a
given chirality χ is obtained as a solution of the semiclassical
Boltzmann equation

∂ fχ
∂t

+ ẋ · ∂ fχ
∂x

+ k̇ · ∂ fχ
∂k

= Icoll( fχ ), (6)

where Icoll( fχ ) is the collision integral. We focus on the
low temperatures kBT � μ and finite frequencies where the
collisionless limit ωτ � 1 (τ is the shortest relaxation time)
is valid [46]. Therefore the right-hand side of Eq. (6) vanishes.
For the sake of simplicity, we consider the linear-response
regime where corrections to equilibrium distribution func-
tion f (eq) are linear in E. We therefore choose fχ = f (eq) +
∂ f0

∂ε
δ fχe−iω+iq·r and obtain

0 =
(

1 − k̂ · Bel

2|k|2
)

∂tδ fχ + [v − χ (v · �χ )Bel ] · ∂rδ fχ

+ [eE − χv × Bel − χe(E · Bel )�χ ] · ∂k f (eq)

− χ (v × Bel ) · ∂kδ fχ . (7)
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Substituting v from Eq. (5) into Eq. (7) and considering linear
terms in E, the above expression becomes

i[(1 + κ )ω − v(q · k̂)]δ f χ + χv(k̂ × Bel ) · ∂kδ f χ

= ev[E · k̂ − (E · Bel )(� · k̂)](1 + 2κ ), (8)

where we define κ = k̂·Bel

2|k|2 . Making use of the spherical coor-
dinate and considering a pseudomagnetic field along the z axis
we obtain

χωel∂ϕδ fχ + i[(1 + κ )ω − v(k̂ · q)]δ fχ

= ev[k̂ · E − (E · Bel )(� · k̂)], (9)

where ωel = νBel/k is the cyclotron frequency of massless
fermions in the pseudomagnetic field. In a long-wavelength
limit (q � 1), the analysis simplifies significantly because one
can neglect the wave vector q dependence on δ fχ . We make
use of the standard parametrization of vectors in spherical
coordinates to decompose δ fχ into harmonics as δ fχ = δ f0 +
δ f +

χ eiϕ + δ f −
χ e−iϕ and obtain the following solutions which

are linear in E:

δ f 0
χ = −iev

(cos θ − α)

ω(1 + α cos θ )
E · ẑ,

δ f +
χ = −iev

sin θ

(1 + α cos θ )ω + χωel
E−,

δ f −
χ = −iev

sin θ

(1 + α cos θ )ω − χωel
E+. (10)

Here E+ = Ex+iEy

2 , E− = Ex−iEy

2 , κ = α cos θ with α = Bel

2k2

and accordingly ωel = 2α|μ|.

B. Optical current density

1. The electric field is perpendicular to the pseudomagnetic field:
E ⊥ Bel

In this stage, once the nonequilibrium distribution function
is obtained, we can calculate total and chiral current densities
through Jμ = ∑

χ Jχ
μ and J5

μ = ∑
χ χJχ

μ , respectively. The
current associated with each node is given by

Jχ = −e
∫

d3k

(2π )3
fχ (t, k, x)Dẋχ , (11)

where

Dẋχ
i = vk̂i(1 − 2α cos θ ) + vα2 cos θ n̂ + eE × �χ . (12)

Here n̂ is the unit vector pointing along the pseudomagnetic
field Bel . Jχ can be further simplified by using Eq. (12) and
keeping terms up to linear order in E; the current of each node
reads

Jχ

i,⊥ = −ev
∫

d3k

(2π )3
k̂i(1 − 2κ )δ fχ

∂ f (eq)

∂εk
. (13)

At sufficiently low temperatures ∂ f eq/∂εk = −δ(μ − εk ), the
above integral simplifies to

Jχ

i,⊥ = eμ2

(2π )3v2

∫ 1

−1

∫ 2π

0
du dϕ k̂i(1 − 2αu)δ fχ , (14)

with the change of variable u = cos θ . Considering the pseu-
domagnetic field as a small perturbation, we can evaluate the

integral in the regime of small α where pseudo-Landau-level
quantization is unimportant. In general, a Weyl semimetal
consists of an even number of Weyl points [8]. We study the
case of two Weyl points; therefore, our results can be easily
generalized to other Weyl systems with more than two nodes.

Once the total current is obtained, the optical conductivity
tensor, which is defined by

Ji = σi jE j, (15)

can be calculated. The longitudinal optical conductivity is
therefore given by

σ̂xx = σ̂yy = − ieμ2

3vπ2
ω

(
1

ω2 − ω2
el

+ 3

5
α2ω2 ω2 + ω2

el(
ω2 − ω2

el

)3

)
,

(16)
and the transverse optical response per node χ is

σ̂ χ
xy =−σ̂ χ

yx = χe2μ2
χ

6π2v
ωel

(
1

ω2 − ω2
el

+ 7

5
α2ω2 ω2 + 3

7ω2
el(

ω2 − ω2
el

)3

)
,

(17)

where μχ is the chemical potential at node χ . The hat label de-
notes that these optical conductivity expressions are complex-
valued numbers. To specify the real and imaginary part of σ̂ ,
we add a small quantity iγ to the frequency (ω → ω − iγ ).
The γ parameter prevents the divergence of the conductivity.
After summing over chirality, the off-diagonal elements of the
optical conductivity tensor cancel each other in the μ+ = μ−
case. In the following, we demonstrate that a spectacular
feature occurs for μ+ �= μ−. It should be pointed out that
our results are valid in ac mode, i.e., in the frequency interval
0 < ω � 2μ, which induces intraband transitions apart from
the dc Drude response. Using Eq. (16), the general form of
optical response to the time-varying electric field would be

Re[σ L
⊥(ω)] = σdcδ(ω) + Re[σ̂xx], (18)

where σdc = eμ2/3π2vγ determines the maximum of the
Drude response at zero frequency and γ is a small broad-
ening parameter. The second part originates from the pseu-
domagnetic field and is valid for the range of 0 < ω � 2μ.
Figure 1(a) illustrates the low-frequency optical response in
the presence of strain. The longitudinal optical conductivity
shows two absorption peaks centered at ω = 0 and ω = ωel

associated with the conventional Drude response and the
strain-induced absorption peak, respectively. This peak leads
us to infer that the optical conductivity σ⊥ is highly enhanced
by chiral electrons when the external frequency ω approaches
ωel . It is noteworthy that this chirality accumulation can
be detected by the imbalanced absorbance of the circularly
polarized light [47].

The dielectric function is an important physical quantity to
explore. In general, it is a complex-valued function where its
imaginary part determines the amount of absorption inside a
medium. Most importantly, including the quantum interlayer
contributions leads to increasing the imaginary part of the
dielectric function. It turns out that the effects of quantum
mechanics are vital for systems in which interlayer transitions
play an important role. There is a well-known connection
between the real part of the dielectric function, ε1, and the
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FIG. 1. (a) Real part of intraband optical conductivity as a func-
tion of frequency. The zero-frequency response corresponds to the
conventional Drude peak decreasing monotonically in frequency.
The presence of the pseudomagnetic field leads to the emergence of
an absorption peak at ω = ωel (ω,ωel � μ). We consider different γ

values in units of ωel and show that the width of the peak is broadened
with a rising γ parameter. (b) Real part of dielectric function versus
frequency shows a moderate peak around ω = ωel that stems from
the pseudomagnetic field. The slope of the dielectric curve around
ω = ωel becomes smooth by γ increment. We set α = 0.01 and
ωel = 2α|μ|.

imaginary part of optical conductivity:

ε1(ω) = εb − 4π Im[σ L
⊥(ω)]

ω
. (19)

Here, εb is the high-frequency dielectric constant of the WSM.
It should be recalled that the real part of a dielectric function
or the imaginary part of a conductivity describes the reflection
of light.

Figure 1(b) represents the real part of the dielectric func-
tion versus normalized frequency. It is useful to note that,
at the onset of transparency (plasmon frequency) we have
ε1(ω) = 0. Since this function is always negative, which leads

(a) (b)

(c) (d)
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-8

-4
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4

8

FIG. 2. (a), (b) Schematic representation of CHE in the bulk.
(a), (c) In the case of μ+ = μ−, the number of right- and left-handed
fermions is the same but they disperse in opposite direction. It leads
to a zero net charge current. Accordingly, only chirality separation
occurs in this situation. (b), (d) A moderate inversion-symmetry
breaking causes 2Q0 = μ+ − μ− �= 0. Therefore, in contrast with
panels (a) and (c), both charge and chirality separation arise in a
strained Weyl system. We set γ /ωel = 0.2, α = 0.01, μ/ωel = 100,
and σ0 = 4e2π 2ωel/v.

the metal to exhibit reflectivity, there is no plasmon mode in
the range of parameters considered.

In contrast to the total charge current, the chiral (axial)
current will not vanish even if μ+ = μ−:

J5
i =

∑
χ

χσ
χ
i j E j =

[∑
χ

e2μ2
χ

6π2v
ωel

(
1

ω2 − ω2
el

+7

5
α2ω2 ω2 + 3

7ω2
el(

ω2 − ω2
el

)3

)]
εi jE j . (20)

This strain-induced axial current perpendicular to both the
ordinary time-varying electric field and the pseudomagnetic
field is interpreted as the chiral Hall effect [48]. Note that this
current vanishes in the absence of a pseudomagnetic field. In
the case of μ+ = μ−, the current of right-handed fermions
(χ = +) is the same in magnitude but in the opposite direction
as the left-handed fermions (χ = −) [Fig. 2(a)]. It is very
important to note that J5 is a current of chirality without
flowing a net charge. Carriers with opposite chirality diffuse
in opposite directions leading to chirality separation in space
[Fig. 2(c)]. This phenomenon is analogous to the spin Hall
effect where spin-orbit interaction causes spin separation.

The prerequisite condition to get nonzero Hall conductivity
is fulfilled by μ+ �= μ−. Such an inversion-symmetry break-
ing can be provided by e.g., momentum-independent spin-
orbit interaction [49]. Generically, in the case of μ+ �= μ−,

165309-4



CHIRAL HALL EFFECT IN STRAINED WEYL … PHYSICAL REVIEW B 101, 165309 (2020)

FIG. 3. Bulk Hall angle as a function of frequency. We set
γ /ωel = 0.2, α = 0.01.

the chemical potential at the plus node (χ = +) is pushed up
by an amount Q0 while μ at the minus node is pushed down by
the same amount. In this situation, the currents of right-handed
and left-handed fermions are again in the opposite direction
but this time with different magnitudes [Figs. 2(b) and 2(d)].
Accordingly, the currents corresponding to each chirality do
not compensate each other and the system develops a net
charge. As a result, CHE leads to both charge and chirality
separation at the same time. Based on the results of Fig. 2,
chiral Hall current changes sign at ω/ωel = 1. Therefore the
chirality of accumulated charges at each side of the sample
will be reversed at ω = ωel .

In addition, a physical quantity that is related to the Nernst
parameter is the bulk Hall angle. Having calculated conduc-
tivity tensor, the bulk Hall angle can also be obtained as

�H = tan−1

(
Re

[
σ̂xy(ω)

σ̂xx(ω)

])
. (21)

In the dc limit, tan(�H )=−2eQ0ωel/(γμ) showing that the
transverse Hall conductivity σxy vanishes if either ωel or Q0

being zero. When the character of chiral particle changes
from μ < 0 to μ > 0, Hall angle also changes from positive
to negative. Figure 3 shows the Hall angle as a function of
frequency. In either case of μ+ = μ− or Q0 = 0, the only
nonzero optical response is along the electric field (longitudi-
nal σxx) and Hall angle vanishes throughout all the frequency
range. On the other hand, transverse optical response (σxy)
becomes nonzero for Q0 �= 0, which leads to a finite Hall
angle. The Hall angle decreases monotonically by frequency
increment meaning that the longitudinal response dominates
rather than the transverse one.

2. The electric field is parallel to the pseudomagnetic field: E ‖ Bel

In a similar manner of the ordinary chiral magnetic effect
(CME) in the presence of a real B field, the pseudomagnetic
field also generates a chiral pseudomagnetic effect. As a sharp
contrast, the ordinary CME vanishes in equilibrium (μ+ =
μ−) while chiral pseudomagnetic effect may exist [22,23,27].

In the latter case, the left-moving modes near boundaries and
the right-moving modes in bulk compensate each other after
summing over the entire volume. There is an electrical charge
moving between regions of opposite Bel via anomalous Hall
effect. In particular, the sign of Bel changes near boundary
regions where bμ varies rapidly as a consequence of nodes
annihilation.

When an electric field E is applied parallel to the pseu-
domagnetic field, according to the novel anomaly equation, a
charge-density imbalance between bulk and surface is induced
[23]:

δρ = e2τ

2π2
E · Bel . (22)

Here, τ is the electron relaxation time. This charge-density
imbalance can relax through the processes which the right-
moving modes in bulk scatter back to the left-moving modes
near the boundaries. The induced bulk electron density gets
disturbed among all the empty bulk states above Fermi energy
and leads to a small shift in chemical potential as μ →
μ + δμ. In the limit of kBT � δμ � μ, the shift in chemical
potential can be approximated as

δμ ≈ 2π2v3

μ2
δρ, (23)

which is valid in the semiclassical limit where pseudo-
Landau-level quantization is unimportant. Accordingly, the
population of the two right-moving modes in bulk rises with
the same amount μ± = μ0

± + δμ.
In the collisionless limit, we suppose the particle path is

straight and not affected by a circular motion owing to the
pseudomagnetic field. Therefore relaxation time τ is field
independent. The corresponding conductivity associated with
charge pumping from boundary to bulk is called the chiral
torsional effect (CTE)

σCT E = e4v3

8π3

τ

μ2
(Bel )2, (24)

which leads to Jz
CT E = σCT E Ez that cannot be captured by

chiral kinetic theory. The main consequence of the above
equation is the enhancement of bulk transport current origi-
nated directly from the novel chiral anomaly.

The parallel current Jχ

‖ in the chiral kinetic theory frame-
work is given by

Jχ

‖ = ev
∫

d3k

(2π )3

(
−∂ f (eq)

∂εk

)
[cos θ (1 − 2α cos θ )

+ α2 cos2 θ ]δ f 0
χ − e

∫
d3k

(2π )3
f (eq)vk̂i(1 − 2α cos θ ).

(25)

From this expression, we can read off the parallel component
of conductivity tensor

σzz = − ie2μ2

4π2vω

∑
χ

∫ 1

−1
du

[u(1 − 2αu) + α2u2](u − α)

(1 + αu)
.

(26)

As before, we expand integrand up to the second order in
α. After integrating over u and collecting the terms, the
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longitudinal optical conductivity along the pseudomagnetic
field is given by

σzz = σdc

1 + iωτ

(
1 + 24

5
α2

)
. (27)

The correction term is proportional to α2 ∝ (Bel )2 having
a positive contribution to the longitudinal conductivity in a
strained WSM system. Similar discussions of strain-induced
enhancement of electric conductivity in WSMs have also been
carried out by other groups [23,27,50]. Finally, we remark that
the net longitudinal conductivity is given by σ̃zz = σzz + σCT E

where σzz comes from chiral kinetic calculus and σCT E stems
from the novel chiral anomaly.

III. CONCLUSION

In summary, we have considered strained and doped Weyl
semimetals in the presence of an external electric field. We
have explored the chiral Hall effect, focusing on intraband
transitions as a consequence of coupling light to the free

carriers. Chiral kinetic theory is utilized to calculate the el-
ements of optical conductivity tensor. Structural deformation
together with the time-varying electric field leads to the charge
and chirality separation in WSMs when a moderate inversion
symmetry has been broken. In addition, the pseudomagnetic
field induces a longitudinal conductivity peak at the cyclotron
frequency of massless fermions. Furthermore, by employing
chiral kinetic theory we have introduced a generalized for-
mula for anomaly-induced electric conductivity in the strained
WSMs.

Imbalanced absorption of the left- and right-handed circu-
larly polarized light is a technique to determine the surface
chiral charge of a pristine system. Our findings here can be
explored by making use of this experimental technique. Our
proposal on the charge and chirality separation in strained
WSMs provides a broad outlook for future studies and po-
tential applications of emerging Weyl semimetals.
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