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Nonequilibrium pseudogap Anderson impurity model: A master equation tensor network approach
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We study equilibrium and nonequilibrium properties of the single-impurity Anderson model with a power-law
pseudogap in the density of states. In equilibrium, the model is known to display a quantum phase transition from
a generalized Kondo to a local moment phase. In the present work, we focus on the extension of these phases
beyond equilibrium, i.e., under the influence of a bias voltage. Within the auxiliary master equation approach
combined with a scheme based on matrix product states (MPS) we are able to directly address the current-
carrying steady state. Starting with the equilibrium situation, we first corroborate our results by comparing to a
direct numerical evaluation of ground-state spectral properties of the system by MPS. Here, a scheme to locate
the phase boundary by extrapolating the power-law exponent of the self energy produces a very good agreement
with previous results obtained by the numerical renormalization group. Our nonequilibrium study as a function
of the applied bias voltage is then carried out for two points on either side of the phase boundary. In the Kondo
regime the resonance in the spectral function is split as a function of the increasing bias voltage. The local
moment regime, instead, displays a dip in the spectrum near the position of the chemical potentials. Similar
features are observed in the corresponding self energies. The Kondo split peaks approximately obey a power-law
behavior as a function of frequency whose exponents depend only slightly on voltage. Finally, the differential
conductance in the Kondo regime shows a peculiar maximum at finite voltages, whose height, however, is below

the accuracy level.
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I. INTRODUCTION

The single-impurity Anderson model (SIAM) was origi-
nally introduced to address the properties of metals with dilute
magnetic impurities, which displayed an unusual resistance
minimum upon decreasing the temperature [1,2]. This effect
was termed the Kondo effect and it was traced down to the
formation of a highly entangled ground state of the model,
namely, a singlet state between the localized impurity electron
and the conduction electrons of the host metal screening the
impurity spin. This has important consequences, such as the
existence of a regime, in which physical quantities obey a set
of universal scaling laws, which are independent of the mi-
croscopic details of the actual physical system. In the Kondo
regime, i.e., well below the so-called Kondo temperature 7k,
the SIAM also behaves as a Fermi liquid. Above this energy
scale, the impurity spin is no longer screened and the model
displays a crossover from the Kondo to a local moment (LM)
regime. In the impurity spectrum, this crossover is signaled by
a strong suppression and broadening of the Kondo resonance,
which, however, never completely vanishes. It is important to
mention that there is no true quantum phase transition (QPT)
in this model [3,4].

In the last decades, the SIAM has drawn renewed in-
terest due to its application in dynamical mean-field the-
ory (DMFT), which has paved the way to understand the
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properties of a variety of correlated materials [5,6]. It has
further drawn attention due to its capability to capture the
physics of quantum dots, which can now be faithfully fab-
ricated in the laboratory [7,8]. These applications have in
common that they usually deal with a structured density of
states (DOS) of the host material, instead of a flat one, as in
the original model. In contrast to metals, materials with a band
gap cannot (fully) display the Kondo effect since a finite DOS
in a small region around the Fermi energy is crucial for its
occurrence. However, there are also materials, such as pecu-
liar semiconductors and superconductors [9,10], that display a
pseudogap (PSQG), i.e., a DOS vanishing exactly at the Fermi
energy with a certain power law o |w|”, but remaining finite,
elsewhere. For these types of materials, the interaction of band
fermions with a magnetic impurity produces more intriguing
effects [11]. The corresponding PSG SIAM displays a rich
zero-temperature phase diagram. In particular, for 0 < r < %
it features a second-order QPT [12] from a Kondo screened
phase to a LM phase depending on the interplay between
the power-law exponent r, the interaction, and hybridization
strengths. In this model, the depletion of host states at the
Fermi energy prevents the impurity spin from being entirely
screened by the conduction electrons. As a consequence, the
PSG SIAM does not behave as an ordinary Fermi liquid in
the Kondo phase. Its behavior is captured by a natural, but
nontrivial generalization of Fermi liquid theory, and the phase
is referred to as a generalized Kondo (GK) phase. Also in this
case, a Kondo scale and a set of universal laws for the physical
observables in terms of this scale is found, which is distinct
from the ordinary SIAM [11,13-35].
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In this paper, we are interested in understanding the prop-
erties of the PSG SIAM, when a bias voltage ¢ is applied to
drive the system out of equilibrium [36—43]. This model has
been studied in previous works as well, with different degrees
of approximation and addressing different physical questions.
In [44], the PSG SIAM was studied after a local quench within
a time-dependent Gutzwiller variational scheme. The author
found that the system thermalizes within the GK phase, but
when quenching across the phase boundary, thermalization
does not occur, and a highly nontrivial dynamical behavior
is observed. The authors of [45,46] both deal with universal
scaling in the nonequilibrium steady state of the PSG Kondo
model, employing variants of the renormalization group and
large-N techniques, respectively. In the LM phase, close to
the phase boundary, the authors of [45] reported universal
scaling of the differential conductance, spin susceptibility, and
conduction electron 7' matrix as a function of ¢/Tx. In [46],
on the other hand, it was discovered that the differential
conductance, spin susceptibility, and Kondo-singlet strength
reproduce their equilibrium behavior in the scaling regimes
of the fixed points of the model, when expressed in terms of
a fixed-point-specific effective temperature T.¢. The authors
of [47], in contrast, focused on the steady-state impurity
spectrum and differential conductance, the main quantities
that we are also interested in within this work. Employing
second-order perturbation theory, the authors found a cusp
or dip structure in the impurity spectrum in the GK and
LM phase, respectively, when a finite bias voltage is applied.
However, in [47], when increasing the bias voltage, these
structures remain located at zero frequency and no splitting
occurs. According to the authors, this is because the system
is not in the limit of large interaction strength. The results
of our present work, while confirming the presence of these
features, present a different scenario: the structures do split
as a function of voltage. One should point out that, while our
calculations are carried out for values of the parameters very
close to the ones used in [47], there is a difference in the way
the DOS pseudogap evolves as a function of voltage. More
specifically, in [47] the pseudogap is fixed at zero frequency
also at finite bias voltages and only the chemical potentials
are shifted by £¢/2. In our work, on the other hand, we pin
the pseudogap of each lead to the position of the respective
chemical potential.

We study the PSG SIAM out of equilibrium by an ap-
proach which is nonperturbative, neither in the interaction
nor in the hybridization. Specifically, we employ the auxiliary
master equation approach (AMEA) [8,48-50] in which the
nonequilibrium bath is accurately represented by an open
quantum system whose many-body dynamics is controlled by
a Lindblad equation. This last is solved by an efficient matrix
product states (MPS) formulation. We start by a benchmark
of the approach in equilibrium. Here, in particular, we exploit
the power-law exponent of the self energy to find the boundary
between the GK and the LM phase. We then carry on with a
qualitative analysis of the structure of the spectral function
and the self energy out of equilibrium in both the GK and LM
regimes. In addition to these qualitative aspects, we try to fit
a power-law behavior to these quantities in a region around
the chemical potentials and investigate how the correspond-
ing power-law exponents evolve upon increasing the bias

voltage. Finally, we address the behavior of the differential
conductance in dependence of the bias voltage. Our method is
numerically exact, the main limitation being the fact that the
pseudogap exponent in the bath DOS can be reproduced only
with a limited resolution. Therefore, we are also limited in
the maximum bias voltage, in which our power-law analysis
makes sense.

This work is organized as follows. In Sec. II the model
and the solution method are described, starting with the model
in Sec. IT A, followed by a small overview about nonequilib-
rium Green’s functions in Sec. II B, and a description of the
auxiliary master equation approach in Sec. I C. Specifically,
we present the Lindblad equation in Sec. IIC 1, discuss the
mapping to the auxiliary system in Sec. IIC 2, and introduce
the novel MPS scheme in Sec. IT C 3. Section II C 4 presents
remarks about physical and auxiliary quantities. Section III
contains the results of this work, in particular, the results of
the fit, Sec. IIT A, and the ones of the many-body solution
in equilibrium, Sec. IIIB 1, as well as out of equilibrium,
Sec. Il B2. A discussion of the results obtained is found in
Sec. IV.

II. MODEL AND METHOD
A. Model

We study the single-impurity Anderson model (SIAM) in
as well as out of equilibrium with electronic leads displaying
a power-law pseudogap (PSG) in the density of states (DOS).
Throughout this paper we use units of i = e = kg = 1. The
model is described by the following Hamiltonian:

H = Himp + Hieags + Hcoup~ (D

Hiyp is the Hamiltonian of the impurity. It is a single-site
Hubbard Hamiltonian with on-site interaction U, accounting
for the Coulomb repulsion between electrons, and on-site
energy &5 = —%, producing particle-hole (PH) symmetry

Himp = Y& f1f, +Unping,. @

f1/f, creates/annihilates an impurity electron with spin o €
{(t, 4} and nps = fgT f. is the corresponding particle-number
operator. Hie,gs is the Hamiltonian of the left and right lead,
A e{L,R},

Hicags = Z 8)\kd)irkod)\ko . 3)
Mko

It describes a continuum (N — o0) of noninteracting energy
levels €, = & + &;, rigidly shifted symmetrically by half the
bias voltage ¢, so that &, = :I:%. d;ka /d,,, are the corre-
sponding creation/annihilation operators. Finally,

¢
Hcoup = ﬁ Z(d)]:kgfg + fjdkkg) (4)

Mko

is the Hamiltonian that describes the coupling of the impurity
to the leads via hoppings #'.

We assume that the leads are initially decoupled (' = 0)
and in equilibrium at the same temperature 7' and chemical
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potentials p; with an occupation given by the Fermi function,

e, T) = &)

1+exp (=)
Requiring the (asymptotical) particle density of each lead to
be independent of ¢ amounts to setting , = &;.

The leads have a power-law PSG DOS at w,, which we
describe with the retarded hybridization functions

2
t
ImAR () = —r D s —en)
k

— e gy, (©6)
2
whose symmetric forms produce a PH symmetric occupation
of the leads. Here T is the hybridization strength and y > 0
is used to fix the bandwidth.! The Keldysh hybridization
functions are fixed by the fluctuation-dissipation theorem

AXw) =2i[1 = 2f (0, T)ImAR (), )

and the total hybridization function at the impurity, accounting
for both the left and the right lead, A? (w) with 8 € {R, K}, is
given by

A (w) =" Aw). (8)
A

Notice that A?(w) encodes the combined effect of Hieaqs and
Heoup on the impurity. Thus, the properties of the impurity are
controlled by A?(w) and by Himp, alone.

B. Nonequilibrium Green’s function

Out of equilibrium, there are two independent single-
particle Green’s functions. We are especially interested in the
steady-state Green’s functions at the impurity. The lesser and
the greater ones are defined as

G:() = i(fl(Of,)
G>(t) = —i{f,(Of]), .

Note that they have only one time argument since, in steady
state (indicated by the subscript oco), the system is time-
translation invariant. After a Fourier transform to frequency
space,

€))

G (w) = /Gﬁ(t)exp(iwr)dz, (10)

with o € {<, >}, these Green’s functions may be combined
to obtain the spectral function or local impurity DOS and the
Keldysh Green’s function, which we are typically interested
in

i
As(0) = —[G; (0) — G (»)], an
2
Gf () = G (@) + G} (). (12)
'A Heaviside step function would also fix the bandwidth without

distorting the power law. We choose the exponential because AMEA
performs better for smooth hybridization functions.

From the spectral function the retarded and the advanced
Green’s function are obtained via the Kramer’s Kronig rela-
tions.

In the nonequilibrium Green’s function formalism fo (w),
GA(w), and GX(w) are typically arranged in a 2 x 2 matrix
(Keldysh space), which we indicate by an underline:

GX(w)
GA(w) )

G, (@) = (Gféw)

This has the advantage that Dyson’s equation is valid in the
same form as in equilibrium,

Gl (w) = G, (w) — Z(w),

B o (13)
Gy, () = g (@) = Aw).

Here 8o, is the Green’s function of the decoupled and nonin-
teracting impurity, the self energy X (w) accounts for the inter-
action, and the hybridization function A(w) for the coupling
to the noninteracting leads.

From the Green’s functions defined above, the current
across the impurity can be obtained as

1
= Y / Re(GRAK + GKAR) dw.  (14)

In steady state, the left and right-moving current must be
identical, | j.| = |jg|, so we can also compute j = %(jR — Jjr)-
The differential conductance follows from the current via
dj
G=—. 15
7 (15)

C. Auxiliary master equation approach

The auxiliary master equation approach (AMEA) is based
upon a mapping of the model introduced in Sec. I A — which
we call the physical system in the following — consisting of
an impurity and an infinite bath, to a finite auxiliary open
quantum system. This last system consists of the impurity
coupled to a small number of Ny = N — 1 auxiliary bath sites
that are furthermore attached to Markovian environments. The
dynamics of the auxiliary system is governed by a Lindblad
master equation [49] whose parameters are chosen such that
its hybridization function A, approximates the one of the
physical system A, . [Eq. (8)] as accurately as possible.
Upon solving the corresponding many-body Lindblad equa-
tion, an approximation for the behavior of the interacting
impurity in the physical system is found. We stress that this
mapping becomes exponentially exact, upon increasing the
number of bath sites N — o¢ in the sense that the Lindblad
bath provides an exponentially accurate representation of the
original Hamiltonian problem [50,51].

1. Lindblad equation

As outlined in [49,52], the Lindblad equation for a
fermionic lattice model can be expressed in terms of an
ordinary Schrodinger equation in an augmented state space
of twice as many sites 2N,

d
77 1P@O) =Lip@). (16)
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In this augmented space, the density operator is represented
by a quantum state |p(¢)) and the Lindbladian iL plays the
role of a non-Hermitian Hamiltonian. For our case,? it reads

. E+iQ 2r® .
_ Z t _
iL = - CU(—Q,F(I) E iQ C, 2Tr(E +lA)

+U (nfT”fi — gy, ) i, = 1)' a7

Here E, TV, and I'® are N x N matrices holding the param-
eters of the Lindblad equation yet to be determined by a fit of
A t0A L and

aux —phys
Q=T?_10,
(18)
A=T® 41O,
The vector
et =l ..l E ) (19)

contains the creation operators ciT(, and EL in the auxiliary sys-
tem, which is composed of original® “nontilde” and additional
“tilde” sites. They obey the usual fermionic anticommutation
rules. f is the position of the impurity site, which is typically
in the center, f = (N +1)/2, ngs = c}acfa, and 7i,, analo-
gously.

In this framework, steady-state expectation values as well
as Green’s functions are obtained as*

(A(t)B) = (I|1Ae"' Bl poo) , (20)

for local impurity operators A, B and times t > 0. Here
[poo) = lim,_, | p(#)) defines the steady state and |I) is the
so-called left vacuum®

i)y =>"ln.i),
{n}

I, ) = (=% " (€], 81,0 -+ (cy By )™ [O)IF) .
2

n;; and |0) are the occupation numbers and the vacuum in the
nontilde system and |F) is the completely filled Fock state in
the tilde system. Equations (16) to (21) describe the so-called
super-fermion (SF) representation.

2. Mapping procedure

The mapping to the auxiliary system is outlined in [50,53]
and we sketch it only briefly here. Starting from proper
initial values, the parameters E;;, Fl(.}), I‘SIZ.) are adjusted by
minimizing a suitable [49,50] cost function. This cost function
punishes deviations between the auxiliary and the physical
hybridization function and, in general, both the retarded and
Keldysh components contribute. Its evaluation involves only

2See, e.g., Eqs. (9) to (11) in [49].

3“Original” refers to Egs. (9) to (11) in [49].

“Here we used the fact that (/| L = 0.

3This representation of |I) follows from Eq. (13) in [52] via
particle-hole transformation.

the solution of a noninteracting problem, which is computa-
tionally cheap. In this paper, the optimization of the Lindblad
parameters is carried out with the ADAM [54] algorithm as
implemented in the PYTHON library TENSORFLOW [55].

In principle, the best fit is obtained by allowing the
Lindblad parameters to connect all pairs of lattice sites [50].
However, employing matrix product states (MPS) as a solver
for the many-body problem, as described in Sec. IIC3, it
is convenient to adopt a one-dimensional geometry, which
minimizes the entanglement. Specifically, here we adopt a
chain geometry with the impurity in the center. In this case,
the optimal solution numerically turns out to be such that all
sites to the left (right) of the impurity have T'® = 0 (I'" = 0)
and, therefore, are almost completely empty (full) [56]. This
situation is particularly convenient for the MPS many-body
solution since it prevents the propagation of entanglement, as
discussed in [56]. In addition, knowing this fact, it is then
sufficient to fit the retarded component of the hybridization
function, only, as explained in Appendix A 1.

We start from the zero-bias, ¢ = 0, i.e., equilibrium situ-
ation and perform the fit as discussed above. The important
physics obviously occurs in the region around w = 0 and is
controlled by the power-law exponent ». Thus, it is particu-
larly important to have an accurate fit there. To achieve this,
we introduce a weight in the cost function, which is twice
as large on |w| < 1 than on |w| > 1. For nonzero ¢, we can
construct the nonequilibrium fit from the equilibrium one, as
outlined in Appendix A 2. This has the advantage that the
accuracy of the fit to reproduce the power-law is independent
of the bias voltage, which is crucial, to faithfully investigate
the crossover to finite voltage.

3. Matrix product states implementation

We solve the many-body Lindblad equation employ-
ing MPS in combination with the time-dependent density
matrix renormalization group (tDMRG) algorithm [57,58].
MPS are especially suited for one-dimensional problems,
where they can provide an efficient representation with a
small bond dimension. In particular, ground states of one-
dimensional gapped closed systems are conveniently ex-
pressed as MPS [59]. On the other hand, also steady states and
Green’s functions of open quantum systems in a chain geom-
etry are reproduced accurately using MPS and the entangle-
ment remains limited [56]. We decided to employ tDMRG for
the time evolution here since it is conveniently implemented
with the C++ tensor network library ITENSOR [60].

Within AMEA, a chain geometry naturally results from
combining a nontilde and a tilde site associated with an index
i, according to Eq. (19), to a single effective site with a local
Hilbert space dimension of d = 16 [56], see Fig. 1. Since
the SIAM couples opposite spins only at the impurity, it is
convenient to separate spin-up and spin-down degrees of free-
dom [61], which reduces the local Hilbert space dimension
back to d = 4. Figure 1 shows the effective sites we use in
this work (lower panel) and sketches the steps to obtain them.
Note that in this arrangement, the Hubbard interaction is on
the bond between the spin-down and spin-up impurity sites.
Furthermore, it is necessary to introduce two long-range terms
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FIG. 1. Construction of effective sites for the MPS time evolu-
tion. The impurity sites are displayed as red circles, the full and
empty bath sites as blue and white ones. As discussed in the text,
by “full” and “empty” we mean sites for which I'") = 0 or I'® = 0,
respectively, for details, see Appendix A 1. Each site is labeled with
an index and its spin and tilde degrees of freedom. The upper panel
of this figure shows the sites and their couplings occurring in the
Lindblad equation in the augmented state space. Here the upper
(lower) part of this ladder structure is formed by nontilde (tilde) sites.
Lines connecting these two sets of sites represent I" terms, while
lines within the same set are hoppings. The central panel shows the
effective sites used in [56] that result from combining nontilde and
tilde sites with the same index. Finally, the lower panel shows the
effective sites used in this work that result from the combined sites
by separating the spin degrees of freedom. The advantage of this
representation is that the local Hilbert space has a dimension of 4,
instead of 16 as in our previous work. On the other hand, it introduces
two long-range hopping terms.

between the empty bath sites and the impurity, violating the
linear geometry.

We encode the left vacuum |I) as well as a proper initial
state |p(t = 0)) as MPS on these effective sites. We choose
|p(0)) o |I) since this has proved convenient in our previous
work [8,56]. Taking

I diny - onpon gy nnyiing -y ip)) 22)
® |nle7lfT - nNTﬁNTnf*ITﬁf*IT - anﬁ1T>

as basis states, we can express the corresponding expansion
coefficients ¥ ({n;,, 7i;» }) of any required state as products of
local matrices

V({nig, flip}) = A™I0 A0 ATV AR
X AT AN At A
(23)

In the case of |I), only matrices with n,, =1 — 7i;, are
nonzero. Specifically, comparing to Eq. (21), the correspond-

spin down <«——+—— spinup

odd

even

swap

1 time step

even

odd

FIG. 2. Single step in the MPS time evolution of the (PSG)
SIAM with separated spin degrees of freedom. The impurity sites
are represented as red circles, the full and empty bath sites as blue
and white ones. The same coloring also classifies the time evolution
gates that are represented as boxes. A time evolution step At consists
of five layers, labeled “odd,” “even,” and “swap.” In each layer, a site
io, with index i and spin o, is touched only by one gate. In the swap
layer, swap gates displayed as crossing time lines are employed to
cope with the long-range couplings between the empty bath sites and
the impurity sites.

ing expansion coefficients read

¥ ({ig. fig)) = [ [ Sny1-a, (=" (24)

resulting in the 1 x 1, i.e., scalar matrices A% = 1andA'" =
—i. Having expressed the relevant states as MPS, we can
proceed with the time evolution of the auxiliary system.

In tDMRG the time evolution of the system |p(t)) =
exp (Lt) |p(0)) is decomposed into a Trotter sequence of small
time evolutions on bonds induced by gates. After the applica-
tion of a gate, the original structure of the MPS, Eq. (23), is
restored with a singular value decomposition. As is usual at
this step, the smallest singular values are neglected, defining
a truncated weight, which is the sum of all discarded squared
singular vales. Then the next gate may be applied in the same
way [59].

Figure 2 shows the sequence of gates we use in this work to
evolve one time step A¢. There are five layers, labeled “odd,”
“even,” and “swap,” and the gates within them are displayed
as boxes. To understand them, we identify the following terms
as building blocks of the Lindbladian, Eq. (17):

iLinU = (E + iﬂ)l’jcjacjo' - ngjl')éjacja
+2r1(']2')ct"‘-06j0 + (E - isz)ijéjagja’

iyt =Ulnpgngy —fipfip, + g +ip). (25

Within the odd layers, all on-site terms in Eq. (25) as well
as the two-site terms on every second bond, according to
Fig. 2, including the impurity bond, are grouped, exponenti-
ated, and applied as gates, see Eq. (26). In the even layers, the
two-site gates on the remaining bonds are applied, excluding
the long-range bonds between the impurity and the empty
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baths, which are taken care of in the swap layer [59,62].
In the swap layer, the innermost sites of the empty baths
are swapped with their nearest neighbors, i.e., they change
positions until they are next to the impurity sites. Then the
time evolution gates are applied, before they are swapped
back to their original positions. Swap gates are displayed as
crossing time lines. Summarizing:

€Xp [(Liaja + chrio’ + Liaia + Ljaja)%]v

odd (i) =1(1,2), 4,5), ..}
At
exp [(Lyysy +Lyysr + Lyyr) 3
(26)
even : exp [(Liaja + Ljaio)%]»
@, j)={@3,4),...},
swap : exp [(Lf,l(,fg + Lyor—15) At ]

To complete the time step, also the constant in Eq. (17)
has to be taken into account, so we multiply the MPS with
exp {iAf [2Tr(E +iA) + U]}.

Notice that the described sequence of gates may be em-
ployed, provided that Nj is even, as reasonable at PH symme-
try, otherwise the sequence needs to be adjusted accordingly.
Since this sequence is derived from a second-order Suzuki-
Trotter decomposition, an error O(At?) is acquired in the time
evolution, which is further proportional to the commutators of
the Lindbladians, Eq. (26), in different layers. Additionally,
there is an error from the truncation of the singular values after
the application of each gate.

In this work, we employ the tDMRG scheme as follows:
We first determine the steady state |ps) o< exp(Lt*) |I)® via
the time evolution of the initial state with tDMRG up to a time
t*, for which expectation values of static observables, such as
single and double occupancies, are converged. Afterwards, we
compute, e.g., the lesser impurity Green’s function, G (f) =
i(l |c;g exp(Lt)crs|pso), by applying cy, to the steady state,
employing tDMRG again, applying ¢, to |1}, and calculating
the overlap. G (w) is obtained in the frequency domain via
Fourier transformation of G (¢) after linear prediction [63].

4. Physical versus auxiliary quantities

The observables obtained directly by the MPS treatment
of the auxiliary system are called “auxiliary” quantities in
the following. The auxiliary Green’s functions are used as
an approximation for the Green’s functions of the physical
model. As discussed, this approximation becomes exponen-
tially exact upon increasing the number of bath sites. We can
get an even better approximation by extracting the self energy
from Dyson’s equation for the auxiliary system, assuming
Znys(@) & X, (o) and reentering Dyson’s equation with the
(approximated) physical self energy and the (exact) physical
hybridization function. The Green’s functions extracted in this
way are refereed to as “physical” in the following.

5(I|p(t)) = 1 must be fulfilled for all ¢ since this corresponds to
Trp()=1.

III. RESULTS

Here we present results obtained with AMEA for the
parameters r = 0.25,U =6, T = 0.05,and I = 1 in the GK
phase and I' = 0.25 in the LM phase. In equilibrium, we
compare the results to the ones obtained with a direct MPS
time evolution of the Hamiltonian Eq. (1), at 7 =0 [61].
For clarity, we refer to this procedure as “Hamiltonian MPS”
(HMPS) to distinguish it from AMEA, which is also treated
via MPS. Of course, HMPS cannot be used to achieve the
steady state since the system is finite. Since HMPS is faster,
we also provide equilibrium results for different values of r
and U obtained with that approach.

A. Fit

We start by fitting the equilibrium hybridization function
with the auxiliary Lindblad system, as described in Sec. II C 2.
As discussed above, we use a weight function, such that the
hybridization function is reproduced better at low frequen-
cies. We also concentrate on reproducing the power law as
accurately as possible, while putting less emphasis on the
multiplicative factors as well as on the large-» behavior. The
results of the fit are displayed in Fig. 3.

From Fig. 3(a) we can see that the auxiliary (AMEA)
retarded hybridization function accurately matches the phys-
ical one for |w| 2 0.2, which, on the other hand, behaves
approximately as

ImAR (w) « || (27)

for |w| < 1.2. It follows that InAR () displays a power law
on the interval Q = (0.2 < |w| < 1.2), but the exponent is
slightly underestimated. In fact, a fit by Eq. (27) on the interval
Q yields ' = 0.23, whereas its value should be equal to r =
0.25. Note that the behavior of —ImAZX () is qualitatively
acceptable’ even down to |w| ~ 0.02, which is one order
of magnitude smaller than the lower edge of the power-law
interval Q. Below this value, though, it bends towards a
constant, —ImAX _(w = 0) ~ 0.39T", instead of going to zero.
Figure 3(a) also shows the hybridization function used in
HMPS, for comparison. Here it is plotted using a Lorentzian
broadening of n = 0.1.8 It features a good representation of
the power law, roughly on the same interval Q2 as AMEA,
but —ImAf{MPS(O) is larger for this value of 5. Note that
for HMPS many more bath sites are necessary to get such a
high resolution. Specifically, on |w| < 10 we use Np = 1301
for HMPS in comparison to Nz = 10 or 20 for AMEA® to
achieve roughly the same accuracy. In Fig. 3(b) the auxiliary

distribution function fjyy, obtained from AR (w) and AK (w)

"In the sense that it is decreasing

8In HMPS, in the Fourier transform of the Green’s function
Eq. (10), a modified kernel exp (iwt — n|t|) with a finite broadening
n is used instead of the mathematically exact limit 7 — 0. Note that
in w-space this is equivalent to a convolution of the exact (finite-size)
result with a Lorentzian distribution of width 5. Here n is chosen
such that the hybridization function, the spectral function, and the
self energy are smooth.

°Np = 20 in nonequilibrium, see Appendix A.
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FIG. 3. Equilibrium (¢ = 0) fit results. (a) Retarded hybridiza-
tion function —ImAR(w) in units of the hybridization strength T’
and (b) distribution function f determined from ImA® and ImAX
via Eq. (7). The power-law exponent r’ is obtained by fitting the
AMEA hybridization function with Eq. (27) on the interval €2. The
same procedure applied to the HMPS result yields quite the same
exponent (up to a deviation of 20.01). |w|" is plotted for comparison,
see Eq. (27). These curves are hardly distinguishable (black vs. red
dots).

via Eq. (7), is plotted. It compares well to the Fermi function,
i.e., the distribution function in the physical system.

Since 2 identifies the interval, where we can faithfully
represent the power law in AMEA and in HMPS with an
exponent r’ &~ r, it is also the interval where we should study
other quantities, such as the spectral function A(w) or the self
energy XX(w). With a bias voltage applied, the interval £
shrinks to

Qo) = <0.2+§ <ol <12— %) for¢ >0, (28)

since the hybridization functions AX and AR are shifted by
¢ with respect to each other. This also limits the values of the
bias voltage, in which we can reasonably estimate a power-law
behavior to ¢ < 0.6. This estimate is obtained by assuming
that we need a frequency interval of width € = 0.4, in which
to fit power-law exponents.

B. Many-body solution

After carrying out the fit, we solve the resulting Lindblad
equation (or Schrodinger equation in the case of HMPS) and
determine the steady state (or just equilibrium for HMPS)
Green’s functions, as described in Sec. IIC3 (or [61]). We
are especially interested in the spectral function as well as the
self energy, as there are predictions about their behavior in
equilibrium [23] and in the differential conductance. Unless
stated otherwise, our plots display the physical spectral func-
tions and not the auxiliary ones, according to the definition in
Sec. I C4. Due to the Trotter and truncation errors, the MPS
results break PH symmetry. Therefore, the curves we show
are PH symmetrized and the shadings indicate an estimate of
these errors obtained from the deviations from PH symmetry,
see Appendix B for a more detailed discussion.

1. Equilibrium case

The equilibrium case has been extensively studied in the
literature [11,17-35]. It is well established that in a certain
range of r, U, and ' the system displays a Kondo-like
behavior, the so-called generalized Kondo effect. In the GK
phase, the spectral function and the retarded self energy are
supposed to show a power-law behavior at small frequencies
lw| [23]

Alw)x |w|™*, s=r, 29)

ImZf(w) x o], & >r (30)

First, we would like to address the following question: To
which extent are these properties reproduced by our calcu-
lations, and, in particular, how are these affected by the fact
that AMEA cannot reproduce the pseudogap exactly down to
asymptotically low energies? Therefore, we study one set of
parameters in the GK phase, according to the phase diagram
in Fig. 5 of [24], which is reproduced in Fig. 6. of the
present paper. Specifically, we solve the many-body problem
for r =0.25, U =6, and ' =1 (and a small temperature
T = 0.05) and compute the spectral function and retarded self
energy. Then we fit Eqs. (29) and (30) to these quantities
on the interval Q and extract the corresponding power-law
exponents. In the following, we denote their numerical values
as s’ and «’, respectively. The results are plotted in Fig. 3.
together with the ones obtained by an HMPS treatment of the
model for 7 = 0and n = 0.1.

From the results plotted in Fig. 4. we conclude that ex-
ponents extracted from the two methods, AMEA and HMPS,
agree quite well. We can also see that «” > r is fulfilled, but s’
is significantly larger than the value » given in the literature.
This is because the interval 2 used to determine the exponent
lies at too large frequencies |w|.!” On the other hand, it is not
reasonable to go to smaller |w| values since the power-law is

!0This is checked easily by calculating the U = 0 spectral function
for the exact physical hybridization function. The outcome shows
that we need a good representation of the power-law exponent in
ImAX down to |w| values that are at least one to two orders of
magnitude smaller than the lower edge of €2 and this is not feasible
within AMEA or HMPS at the moment.
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FIG. 4. Equilibrium (¢ = 0) (a) spectral function A(w) and
(b) retarded self energy —ImX%(w) in the GK phase. The power-law
exponents s” and «’ are obtained by fitting the AMEA results with
Egs. (29) and (30) on the interval 2. The same procedure applied to
the HMPS results yields quite the same exponents (up to a deviation
of ~0.01). A power-law o |w|™* is plotted for comparison, see
Eq. (29). The error shadings, hardly to be seen in this figure, are
estimates of the PH symmetry errors, see Appendix B.

not well represented there in the hybridization function, see
Fig. 3(a). Possibly, a more appropriate way to proceed here
would be to use a logarithmic energy discretization as in NRG.
However, without the possibility to integrate out high-energy
degrees of freedom, this is no use here, and indeed the AMEA
fit becomes quite unstable.

It is also well established in the literature that upon in-
creasing U, the system undergoes a QPT from the GK to
an LM phase, where the Kondo-like behavior is absent. Our
next goal is to reproduce the phase boundary from Fig. 5
in [24], i.e., to numerically calculate the critical value U,,
which depends on r and I', see Fig. 6. We would like to exploit
Egs. (29) and (30) for that purpose. Since we find that it is
difficult to extract the correct exponent s" from the impurity
spectral function, we choose to use the one of the self energy
k" instead. In [23] it was shown that, in the GK phase, this
exponent must be larger than . In the equilibrium case, it is

0.6
..... e U=6
B B i
........... L &
0.5 T ' ........... ' lllll . U : 9
........................... .,....... - .
0.45 ... .— O,
e ]
e 04} —

(a)
0.7
HMPS
linear fit
06F e Ky = 0.25]
0.5+
~£ 04}
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0.2+
0.1 ‘ : ‘
4 6 ] 10 12
U
(b)

FIG. 5. Determination of the phase boundary by linear extrap-
olation of the power-law exponent «" of the HMPS self energy in
the GK phase. First, (a) «’ is extrapolated to vanishing values of
the broadening 7 to extract k; = «’( — 0) for various values of the
interaction strength U. Second, (b) the critical interaction strength is
determined from a second extrapolation, U. = U (k; — r).

convenient to use the HMPS solver rather than AMEA for the
numerical calculations. In Figs. 3 and 4 we already checked
that both methods provide essentially the same values for the
exponents up to a small deviation (*0.01). The HMPS solver
is suitable for the equilibrium case, and, since it is based on
a Hamiltonian time evolution, it is easier to employ and a bit
faster, even for this large number of 1301 bath sites.
Specifically, we compute the Green’s functions for dif-
ferent values of the interaction strength U and extract the
corresponding self energies from Dyson’s equation (13) for
various Lorentzian broadenings 7. Then we fit InX?(w) on
Q and determine «’ as a function of 5. The results of this
procedure are illustrated for r = 0.25 in Fig. 5(a). We can see
that «’ displays a significant dependence on 7 (in contrast to
¥ and s')!" and that it is almost a linear function of 5 for all
considered values of U. To extract the result without artificial

""This is due to the fact that the self energy is extracted from an
inversion of the Green’s function.
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broadening, we perform a linear extrapolation ), = «'(n —
0). In Fig. 5(b) the obtained values for &, are plotted and
we find again an almost linear dependence on the interaction
strength. According to the condition in Eq. (30), the system
should leave the GK phase at the value of U for which «{, = r.
Thus we perform a second linear extrapolation to extract the
critical interaction strength as U, = U (k) — ).

The phase boundary estimated in this way agrees well with
the ones obtained by the numerical renormalization group, see
Fig. 6. In particular, the deviations within the results obtained
from different NRG calculations are of the same size as the
deviation of the HMPS results from the NRG results for the
considered values of r.!? It is notable, though, that the HMPS
scheme tends to overestimate the critical interaction strength,
yielding slightly smaller values U’ ~! in Fig. 6. This could be
improved by taking into account that «'(») is not strictly a
linear function. By accounting for its curvature, one obtains
slightly larger values «(, [see Fig. 5(a)]. This, in turn, results
in smaller critical interaction strengths [see Fig. 5(b)] and
thus in larger values of U/~!, closer to the corresponding
NRG results. From the literature it is known that the GK
phase can occur only for 0 < r < 0.5, see, e.g., [28]. Close
to the phase boundary at r — 0.5, the HMPS calculations are
more involved, the quantities ' (1) and U (k) are much more
difficult to obtain and the extrapolation scheme described
above breaks down. Therefore, in Fig. 6 the HMPS results are
plotted only up to r = 0.45.

It is remarkable that our results reproduce the NRG phase
boundary to this level of accuracy, even though the low-energy
part of the bath hybridization function used in our calculation
is not reproduced perfectly and the Kondo effect is, of course,
especially dependent on the hybridization function at w = 0.
The encouraging performance of the HMPS scheme and the
good agreement between the results obtained from HMPS and
from AMEA prompts us to use AMEA to study the system in
its nonequilibrium steady state, for which HMPS cannot be
used.

2. Nonegquilibrium steady state

We now present nonequilibrium steady-state results ob-
tained by applying a finite bias voltage. Since the calculations
are more demanding than the conventional HMPS ones, we
focus on two points in the (equilibrium) phase diagram Fig. 6,
one in the GK and another in the LM phase, instead of doing a
complete sweep of parameters. Specifically, we take r = 0.25,
T =0.05,U =6and I' = 0.25 and 1, respectively.

We start by studying the behavior of the Kondo peak as
a function of voltage. Therefore, we plot in Figs. 7(a) and
7(b) the spectral function and the imaginary part of the self
energy. In the Kondo regime, we observe that upon increasing
the bias voltage from ¢ = 0 the equilibrium Kondo peak is
suppressed and broadened and, at some value of the volt-
age, it splits in two peaks. The split peaks then move apart

12Even though the phase diagram of [24] was obtained under the
assumption U < D, where D is the bandwidth, while in this work
we have U < D. For U « D, D is irrelevant as the energy scale and
the phase boundary is solely determined by I', U, and r, see [24].

2 . . .
oo-+~ NRG phase boundary
HMPS phase boundary
® AMEA points
1.5+ O
T o
SN
= GK
<
0.5+
. LM
<>
0 i , ® . .
0 0.1 0.2 0.3 0.4 0.5 0.6

T

FIG. 6. Phase diagram adapted from [24] (with kind permission)
displaying different NRG results.'*> On top of this we present our
HMPS results for the phase boundary obtained via the extrapolation
scheme discussed in the text. We also indicate the two points we
consider in AMEA, ie. r=025U=6and '=025and ' = 1.
If U is much smaller than the bandwidth, the phase boundary for a
given r is expected to depend on I'U"~! only [24].

together with the chemical potentials and they are further
suppressed and broadened. Qualitatively, this is very similar to
the situation observed for the nonequilibrium SIAM without
a pseudogap [49,56,64—72]. In our data, the splitting becomes
visible for ¢ > 0.8 in the spectral function and, even before,
for ¢ > 0.6 in the self energy.

A measure for the accuracy of the mapping between Eq. (1)
and the auxiliary open system, which is at the basis of the
AMEA approach, can be read off from the deviations between
the physical and the auxiliary spectral functions, defined in
Sec. IIC4. In the limit in which the mapping to the auxiliary
system becomes exact, i.e., for large Np, these quantities
become identical. Our data show that A, and Ay differ only
slightly for ¢ > 0.3. Decreasing the voltage below ¢ = 0.3
increases this deviation, especially for @ between the chemical
potentials, and it is largest at ¢ = 0, where the exact physical
spectral function is expected to diverge at @ = 0. Here we
expect the accuracy of the AMEA mapping to be less reliable.

It is notable that as soon as the Kondo split peaks appear,
they are very broad and poorly defined, even more in Appys,
but also in Auyx. They are first located at |w| values slightly
below |u;| = ¢/2, which they reach monotonically upon
increasing the bias voltage. The physical spectral function
displays additional features, namely two cusps at £¢/2, not to
be confused with the Kondo split peaks. We believe these to be
artifacts originating from the difference between the auxiliary
and the physical system and we expect them to disappear upon
improving the accuracy.

Figures 8(a) and 8(b) are obtained for the same parameters
as Figs. 7(a) and 7(b), but a reduced hybridization strength of
I' =0.25, instead of I' = 1. According to the phase diagram
in Fig. 6, the equilibrium system is in the LM phase, here.

3Results obtained by the local moment approach were removed
here since they are not relevant to the present discussion.
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FIG. 7. Nonequilibrium (¢ > 0) quantities in the Kondo regime, (a) spectral function, (b) retarded self energy, and (c) differential
conductance. The solid lines are the physical quantities and the dotted lines the auxiliary ones, see Sec. [IC4. Notice that the two curves
are often indistinguishable. The error shadings and error bars are estimates based on symmetry considerations, see Appendix B.

This is confirmed by our results which, indeed, do not show
signatures of the Kondo effect anymore, neither in equilibrium
nor at finite bias voltage.'* Specifically, at nonzero ¢, we
observe dips in the spectral function located almost exactly
at the values of the chemical potentials that appear to emerge
as images of the dips in the leads’ density of states. Also in
this case, the physical and auxiliary spectral functions agree
very well with each other, thus making us confident about the

“Notice that it is not clear whether a true phase transition or rather
a crossover occurs between the two phases at finite voltage.

accuracy of our results. Artificial cusps at |, | are also present
in Appys, but they are much smaller than the cusps in the Kondo
regime.!> These essentially lie within the error shadings of
Aaux and are notable only upon zooming in.

Figures 7(a) and 8(c) display the differential conductance
G, obtained from Eqs. (14) and (15) as a function of the bias
voltage at parameters corresponding to the Kondo and the LM
regime. A notable difference with respect to the conventional

SHere a smaller truncated weight was chosen in the SVDs in the
MPS time evolution, which could explain this improved accuracy.
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FIG. 8. Nonequilibrium (¢ > 0) quantities in the LM regime. Conventions are as in Fig. 7.

SIAM is that in the Kondo regime, the maximum of G(¢)
appears to be shifted to a finite voltage of ¢ ~ 0.2. On the
other hand, for ¢ 2 0.2, G(¢) decreases logarithmically, as
usual. The unusual structure of the differential conductance in
the Kondo regime is probably due to the fact that the position
of the pseudogap is shifted along with the bias voltage. On
the other hand, one should be aware of the fact that, due
to the relatively large error bars,'® it is not clear, whether
the maximum at finite voltage is a genuine feature: strictly

16The error bars as well as the error shadings are estimated from
the violation of PH symmetry of the corresponding quantities, as
discussed in Appendix B. Violation of PH symmetry via protocol

speaking, also a maximum at ¢ = 0 would be consistent with
the error bars. Furthermore, we already noticed in Fig. 7(a)
that the deviations between Appys and Aqyy are large at ¢ < 0.2
compared to the other bias voltages and this is exactly where
the peculiar behavior of G(¢) sets in. In contrast to the Kondo

2 produces a slight difference between the left- and right-moving
current | j, | and | jgr|, which is clearly unphysical for the steady state.
Since G(¢) is obtained by numerical differentiation of the j,(¢)
curves, its error is amplified. This explains why the error bars in the
G(¢) are so large.
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FIG. 9. Nonequilibrium (¢ > 0) effective power-law exponents
as a function of the bias voltage ¢. The three pairs of exponents are
extracted from a fit of the auxiliary retarded hybridization function
(r', r"), the spectral function (s’, s”) and the retarded self energy
(«’, k") with Egs. (31) to (33). The single and double primes cor-
respond to different fitting intervals 2(¢) and 2,(¢), see text.

regime, Fig. 8(a) shows that in the LM regime the differential
conductance increases with the bias voltage, as expected.!”

We now attempt extracting “effective” power-law expo-
nents in the Kondo regime, as we do in equilibrium, by carry-
ing out a fit of the nonequilibrium curves. More specifically,
in analogy to Egs. (27), (29), and (30), we fit the behavior

ImA* (@) o |o — purl” + o — uxl’, (31)
Alw) o — pur] ™ + o — url ™, (32)
ImZ*(w) o o — url* + | — ugl*. (33)

The finite voltage and the imperfect pseudogap set a low-
frequency cutoff to this behavior, which we expect not to
hold down to zero frequency. The exponents, ' (¢), s'(¢),
and «’(¢), obtained by a fit on the interval (¢), defined in
Eq. (28), are presented in Fig. 9. Since this interval shrinks
upon increasing the bias voltage, we can faithfully perform
the fit only for voltages ¢ < 0.6, as discussed below Eq. (28).
Thus we can just catch the beginning of the interesting voltage
region, where the Kondo split peaks start developing at ¢ ~
0.6, according to Fig. 7(a). Moreover, due to the lower cutoff

"There seems to be a flat region up to ¢ < 0.1 in G(¢»). However,
we do not believe this to have a particular physical meaning. This
apparent behavior may be due to the fact that the numerical eval-
uation of G is quite challenging. G is obtained from finite current
differences using three-point Lagrange polynomials to approximate
the derivative and cubic splines to interpolate the result. However,
we only have a coarse mesh of voltage points, with ¢ = 0.1 being
the first point at nonzero voltage (notice that only the points with
errorbars correspond to datapoints). On the other hand, using a finer
mesh does not make sense due to the limited accuracy of the fit. In
addition, this apparently flat behavior is enhanced by the logarithmic
scale of the ¢ axis. In a linear plot, the region ¢ < 0.1 obviously
looks much thinner and the curve displays a quadratic shape there.

in energy, the extracted exponents can only provide a rough
semi-quantitative estimate. In the range ¢ < 0.6 the exponents
depend only slightly on the bias voltage. Nevertheless, it is
notable that r’(¢) and s'(¢) are almost parallel. This may
indicate that deviations in InAR () (such as between ImAR
and ImAghys) mainly translate into deviations in the spectral
function, affecting InX®(w) in a minor way.'® Indeed, if the
self energy is more stable against numerical inaccuracies than
the spectral function, one could try to exploit this to study the
phase transition or crossover also out of equilibrium, with a
scheme similar to the one presented in Sec. III B 1. However,
to do this, it would be necessary to resolve a larger fraction
of the interesting voltage region ¢ = 0.6, which, on the other
hand, would require a larger 2 interval where the power law
in the auxiliary hybridization function is accurately resolved.

Figure 9 also displays the power-law exponents r”(¢),
s"(¢), and k" (¢) fitted on a larger interval Q;(¢) = 0.2 +
¢ < |o| < 1.2+ %, which is obtained by a rigid shift of the

equilibrium interval Q by %5 In the region ¢ < 0.6, where
both kinds of exponents (7 and //) are defined, their values lie
very close to each other. This confirms that the influence of the
exponential factor in the hybridization function is negligible
on these frequency and voltage intervals.

IV. SUMMARY AND CONCLUSION

In this work we addressed the single-impurity Anderson
model with leads displaying a power-law pseudogap in the
density of states (PSG SIAM) by means of a nonperturba-
tive approach to deal with nonequilibrium steady states, the
auxiliary master equation approach (AMEA). We studied the
generalized Kondo (GK) and the local moment (LM) phase
of this model in equilibrium as well as their extension out of
equilibrium.

To assess the validity of our approach, we first compared
the results to the ones obtained with a direct MPS time
evolution of the Hamiltonian (HMPS) [61]. HMPS is faster
than AMEA and it can treat a larger number of bath sites
in equilibrium, but, on the other hand, it cannot deal with a
nonequilibrium steady state due to the lack of a dissipation
mechanism. We found that the spectral function, the self
energy, and the power-law exponents of these quantities agree
very well between AMEA and HMPS, see Fig. 4. Further-
more, we implemented a scheme to find the phase boundary
upon linear extrapolation of the power-law exponent of the
self energy in the GK phase. The phase boundary obtained
in this way agrees quite well with previous NRG results, see
Fig. 6.

Out of equilibrium, we observe a splitting of the Kondo
peak in the spectral function and in the self energy as a
function of the bias voltage, see Figs. 7(a) and 7(b), as in the
case of the conventional Kondo effect. On the other hand, the
differential conductance appears to display a peculiar maxi-
mum at finite bias voltage, Fig. 7(c), which could be caused by

18This argument is supported by the fact that A enters Gy and G in
the same way in Dyson’s equation. This is easily seen by comparing
the general form of Eq. (13) to the result for zero self energy G = Gy.
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the shift of the hybridization functions at finite bias voltages.
Due to the error bars, it is not clear whether this maximum
can be considered a genuine feature of the model. We are not
aware of any other work on this model displaying this feature.
For example, in [47], the conductance maximum occurs at
zero bias. However, this work also does not show a splitting
of the Kondo resonance at finite bias voltages. The authors
attributed this to the fact that the system is not in the limit
of large interactions. A comparison to our results is difficult
since the position of the pseudogap as a function of voltage is
considered differently in our paper. More specifically, while
in [47] the pseudogap is fixed at w = 0, in our case it moves
with the chemical potentials of the two leads, consistent with
a rigid shift of the two leads.

Strictly speaking, what we observe in the Kondo regime
is the result of a superposition of the (pseudogap) GK effect
with a small contribution from the ordinary one. This is, due
to the fact that the imperfect mapping produces a nonzero
residual [Mpegiq = —ImAqu(O) ~ 0.39, even at zero bias volt-
age. However, the contribution from this residual DOS is
negligible since the resulting Kondo temperature Tk resia ~
0.0025 is much smaller than the temperature of our data
T ~ 20 Tk resia.”° Therefore, the Kondo resonances shown in
Figs. 7(a) and 7(b) are clearly dominated by the pseudogap
GK effect.

It would be clearly desirable to be able to extend an accu-
rate mapping of the hybridization function down to smaller
|w| values. This would further reduce the contribution of
the ordinary Kondo effect and it would allow for a more
accurate analysis of the low-frequency behavior. In previous
works [50,56] we demonstrated that the accuracy of the map-
ping increases exponentially upon increasing the number of
bath sites. However, this is only true if we find good enough
minima of the cost function measuring the difference between
Ay and Ao This has, so far, turned out to be difficult for
the PSG model studied here. To resolve the power law with
the cusp, bath sites on all energy scales would be required, as
used in NRG. To make progress in this direction, we tried to
fit the hybridization function on a logarithmic frequency grid
and/or include its power-law exponent explicitly into the cost
function, but without success so far. The fit seems to be quite
unstable in all of these cases.

On the technical side, this work presents a development
of the AMEA Lindblad many-body impurity problem within
a matrix product states algorithm. Due to the reduced local
Hilbert space obtained by separating the degrees of free-
dom, the present implementation is faster and more stable
than the one of our previous work, see [56]. On the other hand,
the disadvantage of the structure used here is that additional
long-range couplings between the impurity and the baths are
introduced, as illustrated in Fig. 2, and the entanglement must
be carried across the sites in between, which causes the bond
dimension to increase. An obvious way to avoid this is a
“fork” structure, in particular, a “double fork,” which has three
bonds at the impurity instead of two. This structure naturally

YTk is estimated with the widely used formula from [4], Ty =
JT'U/2 exp[—nU/(8I')], assuming a constant lead DOS with a
hybridization strength of I' = ['jegia-

takes into account the spin separation as well as the separation
between full and empty baths and, at the same time, only has
nearest-neighbor couplings. The disadvantage of this scheme
is that it cannot be represented by MPS because of the third
bond, and it thus requires the implementation of a new tensor
network, similar to the one described in [61]. Work along
these lines is in progress.
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APPENDIX A: CONSTRUCTION OF A NONEQUILIBRIUM
SYSTEM FROM EQUILIBRIUM BATH PARAMETERS

Here we show two results concerning the representation
of a noninteracting fermionic bath in terms of Lindblad
open systems, focusing on a geometry that is suitable for
a treatment with MPS. As discussed in our previous work,
see [56], for the sake of an MPS treatment, it is convenient to
connect the impurity to a bath which is full and one which is
empty. Each of the two baths should have a one-dimensional
chain geometry and couple on each side of the impurity. This
geometry guarantees a slower propagation of entanglement.
For this reason, in Appendix A 1 we show, how to represent
an arbitrary hybridization function as originating from a full
and an empty bath. This is valid both for a nonequilibrium
as well as for an equilibrium ¢ = 0 hybridization function. In
our paper, it is convenient to start with such a representation
for the fit of an equilibrium bath and then use this solution to
produce a full-empty representation for a finite voltage ¢ # 0.
How this is done, is shown in Appendix A 2.

1. Splitting into a full and empty bath

The effects of an arbitrary noninteracting fermionic bath
on a single-site impurity are completely described by its
hybridization function A(w) in Keldysh space. Here we show
that any (equilibrium or nonequilibrium) A can always be split
as A = Ap + Ag, where A, describes a full () and A; an
empty (E) (equilibrium) bath. As discussed above, these two
baths are represented by a Lindblad equation, where T'" = 0
or I'® = 0, respectively.

For better readability, we omit the frequency argument
o and introduce the two components of the hybridization
function

AK

AR =1mAR, Afi =", (A1)
21

In equilibrium, these two components are linked via the
fluctuation-dissipation theorem,

AR = AR —2f (0 — )], (A2)
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where f is the Fermi function and p the chemical potential.
For a full/empty equilibrium bath the relation

Afjg = FARE (A3)
follows from Eq. (A2) for f =1 (F) or 0 (E), respectively.
We can, therefore, decompose

Ki Ki Ki Ri Ri
A l:AFl+AEl:_AFl+AEl,
Ri Ri Ri
AT = AP+ AY,
which gives
AR[ F AK[
—
Note that Egs. (A2) and (A3) are equilibrium properties.
Therefore, these are valid for any component of each one of
the two (uncoupled) baths, E and F', and in particular for the
Green’s function matrix. Moreover, a matrix inversion pre-
serves these relations. However, for a matrix A?, B €{R,K},
such as the Green’s function or self-energy matrix, one has to

replace the imaginary part (A1) with the anti-Hermitian part,
1.e.,

Afjp = (Ad)

1
_AR_ART ,
2i( )

ARi —

. 1
AKl — _(AK _AKT)

4i (A3)

Notice that the Keldysh component AX is anti-Hermitian

anyway. In this case Eq. (A3) becomes

Ay = FAL)p. (A6)

Applying Eq. (AS5) to the Green’s function matrix of one of
the two uncoupled baths (cf. Egs. (40) and (41) in [49])

G W =wl —E+i@V +T@),
G = —2i(r® —TD),
results in
(Gfl)Ri — l"(l) + l"(2)7

, (A7)
(Q—I)Kl — r(l) _ r(z)

Inserting this result further into Eq. (A6) yields that a full bath
has IV = 0 and an empty one I'® = 0, as expected,

G =T, (G =T (A8)

Notice that this splitting procedure does not change the
properties of the impurity. Furthermore, it can be carried out
also for an equilibrium bath or for a situation in which the
leads are partially full or partially empty. A crucial point is
that in MPS, it is always convenient to split the baths in this

way because the entanglement is less severe, see [56].

2. From equilibrium to nonequilibrium

As discussed, we start by fitting a bath in equilibrium and
then we split it into a full and an empty one, see Fig. 10. In
fact, it turns out that such a geometry naturally comes out for
a chain geometry fit.

(b)

FIG. 10. (a) Impurity (red sphere) coupled to a partially filled
bath (semicircle) at chemical potential w. (b) The same hybridization
function can be obtained by coupling the impurity to a full and empty
bath with appropriate DOS.

For the situation depicted in Fig. 10(b) the fit produces the
following Lindblad matrices, assuming PH symmetry,

E . 0
E=]|0 t ¢ t O (A9)
t ~
0 o E
and
I o0 o0 0 0 0
M=o o o], =10 0 0
0 0 0 0 0 T

Here E and T are Np/2 x Np/2 block matrices and each
matrix A is A with the order of indices inverted and different
signs, see Eq. (27) in [50] for the exact relations. For MPS,
E and T should be tridiagonal, which corresponds to having
nearest-neighbor hoppings and I' terms only. The retarded
hybridization function of, for instance, the full bath is then
given by

Af () = *7F () (A10)
with the boundary Green’s function
7¥(@) = [l = E +iD)™'In (A1)

and the Keldysh hybridization function AX(w) is fixed by
Eq. (A3). The result for the empty bath follows from PH
symmetry.

Instead of the equilibrium situation in Fig. 10(a), we would
now like to represent a nonequilibrium one, as depicted in
Fig. 11(a). If the total DOS is fixed, this is obtained by reduc-
ing the hoppings to the impurity by 1/+/2 and by doubling
the number of bath sites and shifting their on-site energies
by £Ae. Then Fig. 10(b) schematically becomes Fig. 11(b),
which can no longer be represented in a chain geometry (with
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(b)

FIG. 11. (a) Impurity (red sphere) coupled to a partially filled left
bath and a partially filled right bath (semicircles), whose chemical
potentials differ by 2Ae. (b) The same situation with two full (blue)
and two empty (white) baths.

tridiagonal matrices). The matrix in Eq. (A9) becomes

E" + Ael 0 ; 0 0
0 E" — Ael 3 0 0
E=]| 07 0 ¢ & ¢ 0 0
0 0 LB Ael 0
/
0 0 lo 0 E + Ael
(A12)

with ¢ = t/+/2 and, correspondingly, I’ and T'®. In this
situation, Eq. (A10) still holds, but instead of Eq. (A11), we
have

2
AR(©) = S [7R(0 + Ae) + 7R (@ — Ag)l.
2
However, the matrix (A12) is not suitable for MPS, as it is not

tridiagonal. To make progress, we observe that AR (w) can be
obtained by considering the following matrix in block form:

0 0 0
s s
w=lo E — i’ — Ael 0
t - -
0 0 E —il' + Ael

and employing Dyson’s equation

1

R o —
Arl) == Ty,

(A13)
For MPS we need a tridiagonal form, as discussed above. This
can be achieved with a Bi-Lanczos transformation. All we
need is that [(wI — k’)~'];; remains invariant. The transfor-
mation is produced by a matrix (here the upper block is 1 x 1

and the lower is N x Np)

1 0
U= <o f])’
where U is, in general, nonunitary, yielding
K =U"'RU
0 ¢ 0

=\t ”
0 H

(Al4)

Here the non-Hermitian tridiagonal matrix H"” identifies the
new parameters of the full () bath

E// _ H//T —I—H”
5
i H//T _H
2i '
while the ones of the empty (E) bath are obtained by PH
symmetry, see Eq. (27) in [50].

Note that, since U/ is not unitary, E” and I are not simply
obtained by transforming E and T, separately. This can, and in
our case does, produce I that are not semi-positive—definite,
as should be required for the Lindblad equation. Still, the
steady state we obtain is stable and the spectral functions
turn out to be causal. The reason is that the new parameters
originate from semi-positive—definite matrices.

(A15)

APPENDIX B: SYMMETRY CONSIDERATIONS
AND ERROR ESTIMATION

In principle, we can calculate four Green’s functions in-
dividually, G% with o € {1, |} and « € {<, >}. The system,
though, is PH symmetric, which relates the lesser and the
greater Green’s functions to each other, and it is spin sym-
metric. Therefore, the following relations must be fulfilled:

G (@) = =G5 (—x), (B1)

G{(x) = G (x), (B2)

for x being either ¢ or w. This reduces the number of actually
independent Green’s functions to only one. Thus, to obtain
the spectral function, for example, it is in principle sufficient
to calculate only one G2, then construct G with & # « from
Eq. (B1) and evaluate Eq. (11). We refer to this as protocol 1.

However, if we calculate G% with AMEA employing
MPS, the symmetry relations, Eqs. (B1) to (B2), are not
exactly fulfilled. This is due to the approximations within the
MPS calculation, more specifically, due to the truncation and
Suzuki-Trotter errors. Figure 12 shows the consequences of
these violations at the example of the spectral function.

We can see that the spectral functions determined from
only one G¥%, according to protocol 1, are symmetric by con-
struction A% (w) = A%(—w), but they differ from each other,
A%(w) # A%(w) for & # @ and o # G. The area enclosed by
the four different solutions is color-shaded and the solid curve
in the center is the average of these solutions, which we call
the symmetrized spectral function in this paper. The devia-
tions of the borders of the shaded area from the symmetrized
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0.17
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3l
0.1695 + . \‘
< ; '
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|
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FIG. 12. Auxiliary spectral functions A(w) obtained from differ-
ent raw data for symmetry considerations and error estimation, see
text.

spectral function can be used as a measure for the symmetry
errors throughout the MPS calculation.

In this figure, we can also see the spectral functions naively
determined from two Green’s functions, G5 and G, by
evaluating Eq. (11) directly, without enforcing PH symmetry.
We refer to this as protocol 2. These spectral functions are not
exactly symmetric, A, (w) # A, (—w), as discussed above, but
they are close to the symmetrized spectral function and they
lie almost entirely within the shaded area for almost all bias
voltages (except ¢ = 0.8 and ¢ = 1).

Throughout this paper, we display also other, in princi-
ple symmetric, quantities as symmetrized curves with errors
in the form of color-shaded areas, obtained by protocol 1.
Specifically, the self energy and the differential conductance
are represented in this way, see Figs. 4, 7, and 8 . For the
differential conductance, we also consider deviations arising
by protocol 2 and plot the corresponding errors separately, as
bars, in addition to the shaded area, see Figs. 7(c) and 8(a).
For the other quantities these errors lie almost entirely within
the shaded area, anyway, and their inclusion does not make
any difference. The differential conductance, though, being
obtained as a numerical derivative of these quantities by
Egs. (14) and (15), is more sensitive to deviations.
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