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Here we analyze the divergences of the irreducible vertex function in dynamical mean field theory, which may
indicate either a nonphysical breakdown of the perturbation theory or a response to some physical phenomenon.
To investigate this question, we construct a quasiparticle vertex from the diverging irreducible vertex functions.
This vertex describes the scattering between quasiparticles and quasiholes in a Fermi liquid. We show that the
quasparticle vertex does not diverge in the charge channel, wherein the irreducible vertex does diverge; and
we show that the quasiparticle vertex does diverge in the spin channel, wherein the irreducible vertex does not
diverge. This divergence occurs at the Mott transition, wherein the Fermi-liquid theory breaks down. Both the
half filled Hubbard and Anderson lattices are investigated. In general, our results support that the divergences of
the irreducible vertex function do not indicate a nonphysical failure of the perturbation theory. Instead, the
divergences are the mathematical consequence of inverting a matrix (the local charge susceptibility) which
accumulates increasingly negative diagonal elements as the Hubbard interaction suppresses charge fluctuations.
Indeed, we find that the first divergences of the irreducible vertex in both Hubbard and Anderson lattices occurs

near the maximum magnitude of the (negative) vertex-connected part of the charge susceptibility.
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I. INTRODUCTION

Landau Fermi-liquid theory [1] is one of the cornerstones
of modern quantum many-body theory.

It states that the low energy excitations of a Fermi system
can be thought of in terms of quasiparticles and quasiholes,
with the same quantum numbers as the noninteracting Fermi
system, but with renormalized parameters such as their mass
and velocity. There are residual interactions among those
quasiparticles which have to be taken into account when the
response to external fields are considered, and they define the
Fermi-liquid parameters.

The Landau Fermi-liquid theory was later derived by dia-
grammatic perturbation theory. In this derivation, as interme-
diate steps, one utilizes Green’s functions which are assumed
to have a pole at the quasiparticle energy, and irreducible (with
respect to pairs of Green’s functions) vertex functions which
describe the quasiparticle interactions [1,2].

Landau Fermi liquid was then derived nonperturbatively,
using Wilson’s renormalization group, showing that its valid-
ity does not rely on the convergence of perturbation theory
[3,4]. Dynamical mean field theory (DMFT) is a nonper-
turbative technique which is exact in the limit of infinite
dimensions, as introduced by Metzner and Vollhardt [5]. Its
application to the metallic phases of the Hubbard model
enabled the evaluation of the parameters of the Fermi-liquid
phase and their evolution as the Mott transition is approached.
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It was therefore a surprise when an important paper [6]
reported that one of the essential elements in the diagrammatic
derivation of Fermi-liquid theory, the irreducible vertex in the
particle-hole charge channel, diverges in DMFT well before
the transition is reached.

A divergence computed within a theoretical approach can
either indicate a physical effect or an unphysical breakdown
of an approximation. For example, the susceptibility of the
order parameters diverges at a second order phase transition.
In this case the divergence is a physical effect, and one learns
something from the divergence in a perturbative calculation of
a second order phase transition above its upper critical dimen-
sionality. In contrast, one finds unphysical divergences in the
spin susceptibility of a Kondo impurity due to the breakdown
of perturbation theory, which indicates the need for more
advanced theoretical techniques such as the renormalization
group technique.

The divergence of the irreducible vertex was investigated
further in Refs. [7-10]. While it was first interpreted as a
precursor to the Mott transition, it was later shown that the
divergence also occurs in the Anderson impurity model, which
does not undergo a Mott transition. Therefore, the divergence
was reinterpreted as a growth of the negative, diagonal compo-
nents of the local susceptibility matrix due to the suppression
of charge fluctuations by the Hubbard interaction [8]. Addi-
tionally, Nourafkan et al. recently reported that the Hubbard
model can undergo a doping driven Mott transition without
a divergence occurring in the irreducible vertex, provided the
particle-hole symmetry is broken [11]. They found that the
eigenvalues of the local susceptibility become complex when
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FIG. 1. The total susceptibility x is decomposed into the part
generated by bubble diagrams o and the part generated by the
remaining, vertex-connected diagrams .

this symmetry is broken, and the imaginary parts of these
eigenvalues prevent the divergences from manifesting as the
real part of the eigenvalues cross zero [11].

With this background established, let us outline the objec-
tives of this study. First, we want to lay to rest the worries that
the divergence of the vertex function is an artifact of DMFT
and establish that it instead reflects the physical nature of
charge fluctuations in the strongly correlated regime. Second,
we want to evaluate the Fermi-liquid interaction parameters
and show that they remain finite despite the divergence of the
irreducible vertex, even when the irreducible vertex is used
as a fundamental building block in the Fermi-liquid theory.
Finally, we want to demonstrate the generality of the diver-
gence of the irreducible charge vertex function in the strong
correlation regime. To accomplish these goals, we study the
periodic Anderson lattice model (PAM) within DMFT and
compare the results with the Anderson impurity model (AIM)
and Hubbard model.

We show that the divergences of the Anderson impurity,
as found in Ref. [10], also occur in the Anderson lattice and
correlate with the suppression of charge fluctuations. Indeed,
we show that the divergence occurs near the maximum mag-
nitude of the (negative) vertex-connected part of the charge
susceptibility in both the Anderson and Hubbard lattices.
(Figure 1 shows the decomposition of the susceptibility into
bubble and vertex-connected parts.) To understand why these
divergences are nonperturbative, let us make an analogy be-
tween the irreducible vertex and the self-energy, which is
the one-particle, rather than two-particle, irreducible object.
The divergence of the self-energy (via a pole in the DMFT
Green’s function) signals the opening of a gap or pseudogap
in the one particle spectrum. Similarly, the divergence of the
vertex function reflects the nonperturbative suppression of the
charge fluctuations. It is important to recognize that the vertex
function, just like the self-energy, is only an intermediate ob-
ject, which in itself is devoid of direct physical interpretation:
The evaluation of a self-energy is just an intermediate step
in the computation of the physical spectral function, and the
evaluation of the irreducible vertex is just an intermediate step
in the computation of the physical response functions.

A local (k-independent) self-energy leads to a description
of the transport via quasiparticles with a modified dispersion
(k-dependent) relative to the bare particles. Similarly, the ef-
fect of a local, k-independent but strongly w-dependent vertex
function was shown to involve a frequency independent but
k-dependent vertex function at low energies. (For recent ex-
amples of these effects see Refs. [12,13].) This vertex function

leads to a description of the interaction of the renormalized
quasiparticles. Here we aim to show that the divergence in the
(nonphysical) vertex function does not indicate a divergence
in the (physical) quasiparticle interaction and the failure of the
perturbation theory.

A valid Fermi-liquid theory requires continuity in the
coupling constant and adiabatic continuity (lack of level cross-
ings) from the noninteracting case. This is a weaker require-
ment than analyticity in the coupling constant and conver-
gence of the perturbation theory series. Still, we support our
physical interpretation of the divergence in the perturbation
theory by deriving and evaluating the Fermi-liquid interaction
parameters (and a quasiparticle vertex). In our formalism, the
full vertex F? is an expansion of all quasiparticle-quasihole
interactions:

— q
Fi= FZP + rngO,quq’ M

where ng is the quasiparticle vertex and xg, p are the dressed
quasiparticle-quasihole lines. As we will show, one can extract
the antisymmetric and symmetric, static Fermi-liquid parame-
ters Aé“/ %) from the quasiparticle vertex in the spin and charge
channels,

AG" =D (g = 0, vy, vy o), (2)

where z is the weight of the quasiparticle, D*(0) is the
reduced density of states at the Fermi level, and v, and w,,
are fermionic and bosonic Matsubara frequencies. As the
quasiparticle vertex describes a physical interaction in a Fermi
liquid, it and the associated Fermi-liquid parameters should be
well behaved in the Fermi-liquid regime.

We show that the symmetric Fermi-liquid parameter and
the associated quasiparticle vertex in the charge channel do
not diverge, despite the numerous divergences in the associ-
ated irreducible vertex. Furthermore, we show that the anti-
symmetric Fermi-liquid parameter and the associated quasi-
particle vertex in the spin channel do diverge, but only when
the Fermi liquid is no longer well defined, e.g., at a Mott
metal-to-insulator (MIT) transition. Note that the irreducible
vertex does diverge in the charge channel, but it does not
diverge in the spin channel [6—8,10]. Therefore, we show that
our Fermi-liquid theory captures the breakdown of the Fermi-
liquid theory at the MIT, and does not reflect underlying diver-
gences in the irreducible vertex used to build the quasiparticle
vertices. We stress the important role of the incoherent parts
of the Green’s function in avoiding the divergence and show
how Fermi-liquid theory provides guidance when interpreting
the perturbative results.

Krien et al. recently investigated the Fermi-liquid parame-
ters in the Hubbard model within DMFT [14]. Despite investi-
gating a different lattice and developing a different formalism,
our results agree surprisingly well.

In Sec. II we will derive the formalism. Then in Sec. III
we will present one-particle results for the PAM, and in
Sec. IV we will discuss the divergences of the irreducible
vertex in the PAM. In Sec. V we will evaluate the Fermi-liquid
parameters in both Hubbard and Anderson lattices. Now, let us
begin.
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II. FORMALISM

In this section we describe the lattice models we will
investigate and outline the DMFT method for their solution.
Then we present the decomposition of the full vertex into
irreducible and reducible parts, describe how the irreducible
vertex is computed using the Bethe-Salpeter equation (BSE),
and show how the irreducible vertex is used to compute the
response functions of the lattice. Finally, we decompose the
bubble and full vertex into coherent and incoherent parts in
order to derive a quasiparticle vertex and evaluate the Fermi-
liquid parameters.

A. Lattice models in DMFT

Let us begin with a brief description of the Hubbard
model and its solution within DMFT before moving on to the
Anderson lattice and its solution.

1. Hubbard lattice

The one-band Hubbard model is characterized by the
Hamiltonian

Hyubbard = —1 Z fifio +U anlm, 3)
(ij)o i

where ¢ is the hopping interaction between nearest neighbors,
fl; and f;, are the annihilation and creation operators for
an electron on site { with spin o, and n;,, = f;, fio 1s the
associated number operator. (The Anderson lattice, which has
interacting states f and noninteracting states ¢, motivates our
use of f and f7 to represent the creation and annihilation
operators in the Hubbard lattice.) Here we consider the square
lattice in the paramagnetic phase, and we use the bandwidth
of the noninteracting DOS, D = 4¢, as an energy scale, so
that our results can be directly compared to those presented in
Ref. [6]. We work at half-filling where particle-hole symmetry
holds, i.e., at u = U/2.

In DMFT, one self-consistently maps the lattice problem
onto a local Anderson impurity model (AIM) hybridized with
a noninteracting bath [15]. The self-consistency condition
requires that

> Gk, ivy) = G(ivy). 4)
k

where G(k, iv,) is the Green’s function of the lattice, G(iv,)
is the Green’s function of the impurity, iv, is a fermionic
Matsubara frequency, and we have dropped the spin subscript
for brevity. (Recall that we are working with the paramagnetic
solutions.) These Green’s functions are computed using the
Dyson equation

Gk, iv,)™" = iv, + 1 — & — Zi(ivy), o)

G(iv,) ™" = G(ivy) ™! — Z(ivy), (©6)

where p is the chemical potential, € is the Fourier transform
of the hopping matrix, X (iv,) and X(iv,) are the self-energy
of the lattice and impurity, and G(iv,) is the Weiss field which,
along with the Hamiltonian, defines the AIM. In the limit of
infinite coordination, the self-energy is purely local, ¥; = %,

and these equations define a self-consistent method [15]. In
DMFT we maintain this result even for finite dimension.

The local Green’s function G(t) = (T, f(z)f7(0)), and its
Fourier components G(iv,) may be measured for a given
Weiss field and local Hamiltonian using an impurity solver.
Here the local Green’s function is computed using the a
continuous-time quantum Monte Carlo (CTQMC) algorithm
based on the hybridization expansion [16] solver using the
worm algorithm [17] and improved estimators [18,19] to com-
pute these Fourier components. The details of our implemen-
tation will be discussed in a subsequent paper [20]. Analytical
continuation to the real frequency domain is accomplished
using Pade approximants [21], so that we can also investigate
the spectral functions A;(v) = —1/7Im[G;(v)] [22].

2. Anderson lattice

The Anderson lattice is characterized by the Hamiltonian
[15]

; _
Hpaym = Z €ChoCro T EF ijfa +Ungng,

ko o

+ D Vil fo + flci,): ™
ko

where c;a and ¢y, are the annihilation and creation operators
for the noninteracting lattice state with wave vector k, spin
o, noninteracting energy ¢, and f; and f, are the annihila-
tion and creation operators for the interacting impurity state
with spin o and energy ;. Note that we have absorbed the
chemical potential into €y, which we set to —U/2 to ensure
particle-hole symmetry. We model lattices with a constant
interaction parameter V3 = V and use V/2 = 1 as our energy
scale.

In the Anderson lattice, the AIM is supplemented by
the self-consistency condition of DMFT: Y, G,(k, iv,) =
G (iv,), where Gy (k, iv,) is the dressed Green’s function and
Gy(iv,) is the local Green’s function of the f state. In the
PAM, the dressed Green’s functions of the ¢ and f states are
[15,23]

V2

G.(k,ivy) ' =iv, — e — ,
ek vn) T i — e — (i)

®)

V2
Gk, iv,) ™" = iv, —er — Tp(iv,) — - .9
1, — €

and the local self-energy of the f state X¢(iv,) is computed
using the Dyson equation (6). The impurity solver provides
Gy(iv,), and we can solve the PAM using the same DMFT
method described above (Sec. IT A 1).

In this study we discuss a toy Anderson lattice with a
flat noninteracting density of states, D(¢) = 1/W, with half-
bandwidth W = 10. This parametrization matches the AIM
investigated by Chalupa et al. [10], allowing for a direct com-
parison. We will also discuss the square Anderson lattice so
that we can explore the behavior of the Fermi liquid through-
out the Brillouin zone. For the square lattice, we include
the nearest-neighbor interactions with hopping r = 2.885, so
that the noninteracting DOS has the same standard deviation
as it does in our toy model. At the one-particle level, the
square lattice behaves qualitatively the same as the toy lattice.
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At the two-particle level, it exhibits qualitatively identical
divergences. However, the location of the divergences and
phase diagram lines are located at different 7 and U'.

With the lattice models described, let us discuss the irre-
ducible vertex.

B. The two-particle irreducible vertex

Just as the local one-particle irreducible vertex (the self-
energy) provides the means by which we compute the one-
particle quantities of the lattice, the local two-particle irre-
ducible (2PI) vertex provides the means by which we compute
the two-particle quantities of the lattice, e.g., the susceptibil-
ities. In DMFT, the 2PI vertex is not incorporated into the
self-consistency loop. Instead, it is measured post hoc so that
one can examine the two-particle response of a given lattice
without wasting computational resources. In this section we
define the 2PI vertex and its use.

In order to define the irreducible vertex, we first define the
susceptibility from which the vertex is computed. In the PAM,
the local susceptibility of the impurity is given by

Xioc,f,00' (T15 T2, T3, T4)
= (T, £ (o) f, () fL (1) f, ()
—(To £, T £ () £, (). (10)

Due to time-translation invariance, this object can be de-
scribed in some representation [ [particle-particle (pp),
particle-hole (ph), or transverse particle-hole (ﬁ)] via three
Fourier components: Xioc, f,5,0 (iVy, iV, i@y, ), Where iw,, is a
bosonic Matsubara frequency. Here we measure the Fourier
components in the particle-hole representation, where fre-
quencies iv,, iv,y, and iw, are associated with the time dif-
ferences t; — 75, T3 — 74, and T3 — 1y, respectively. Note that
o denotes a bosonic frequency and v a fermionic frequency.
In a single-band impurity model, the susceptibility of the f
states in the charge (c) or magnetic/spin (m) channels may be
easily computed as

Ko @V, iV i) = Koo, 114 (Vs iV, i)
+ Xloc,f,iT(ivna iy, iwy,). (11)

Let us condense our notation by making a few obser-
vations. First, divergences in the irreducible vertex do not
occur in the spin channel [6,7,9,10]. Second, correlation in the
conduction states occurs through hybridization with impurity
states; therefore, all divergences which appear in the conduc-
tion state two-particle objects will appear in the f-state vertex
functions. Third, the equations we will write are diagonal in
o within the particle-hole representation.

From these observations let us assume we are discussing
the charge channel of the f states and drop the associ-
ated specifiers f and (c¢). (Note that in the equations de-
rived in this section and in Sec. IIC, the results hold for
both spin and charge channels.) Additionally, let us repre-
sent all three frequency objects as matrices with elements
given by the fermionic frequencies. For example, the object
Xlloc,f,c /m(ivn, ivy, w) is more compactly written as the matrix
Xio. with matrix elements ngc,nn/ = Xioc(iVy, iV, ). Nonlo-
cal quantities also depend upon the momentum transfer q. Let

F = | "

Wl
AN

ph reducible

~

™
>

ph reducible

fully irreducible pp reducible

FIG. 2. The full vertex decomposed into the two-particle irre-
ducible and reducible diagrams in the particle-hole channel. The
irreducible diagrams combine both the fully two-particle irreducible
diagrams (like the pictured envelope diagram) and the two-particle
reducible diagrams in the particle-particle and transverse particle-
hole sectors.

us absorb this into our notation by using a vector g = {q, w},
and denote nonlocal matrix objects as x?, where this matrix
has elements ann, = x(q, iv,, ivy, ). When appropriate, we
will first give the equation for the local impurity quantity
and follow it with the equation for the lattice quantity. This
notation and the nomenclature used hereafter are summarized
in Table I for easy reference.

Now, let us derive the irreducible vertex and its use.

The full vertex is the vertex-connected part of the suscep-
tibility with the outer Green’s lines truncated. That is,

Xl\‘/)c,loc = Xi‘éc,OF?())cXi‘:)c,O’ (12)
Xt = XoF X (13)

where i, and x{ are the bubble diagrams of the impurity
and lattice. They have matrix elements

Xloc,O(ivnv iV,,', la)m) = —,BG(iV,l)G(iVn/ + ia)m)ann’» (14)

X()(qa ivn’ ivn’a la))

=—BY_ Gk, iv))Gk + g, ivy + iwy)8u. (15)
k

Note that G is the Green’s function of the f state, G, per our
simplified notation discussed above.

The full vertex F is decomposed into the two-particle
irreducible and reducible diagrams I'! and @’ for the particle-
hole (ph), transverse particle-hole (ﬁ), and particle-particle
channels (pp). That is,

F =T+, (16)

for [ € {ph, pp, ph}, as depicted in Fig. 2 for the particle-hole
channel (I = ph). Here two-particle reducible means that a
diagram can be separated by removing two Green’s function
lines. Again, we will work in the particle-hole representation
and drop this superscript for brevity.
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TABLE I. Nomenclature and notation.

Symbol Description Symbol Description
v Fermionic frequency w Bosonic frequency
k Wave vector (lattice) q Wave vector (transfer)
q Combined vector {q, } Go Weiss field
G(v) Local Green’s function G(k,v) Lattice Green’s function
Xloc The local susceptibility X The lattice susceptibility
Aveloc Vertex-connected part of the local susceptibility Ave Vertex-connected part of the lattice susceptibility
Xoeloc Local susceptibility matrix xZ Lattice susceptibility matrix
Xap Coherent part of xy. Xine Incoherent part of .
X0 Bubble of the f state X0.qp Coherent part of xo
X0.inc Incoherent part of o Ao Fermi-liquid parameter (g = 0 @ — 0)
F Full vertex F Fermi-liquid parameter (w = 0 ¢ — 0)
r Irreducible vertex P Reducible vertex
Cgp Coherent vertex Dine Incoherent vertex
Superscripts
(c) Charge channel (m) Magnetic (spin) channel
Note: We discuss the charge channel unless otherwise specified.
(s) Symmetric part (a) Antisymmetric part
Subscripts
loc Local quantity o spin
c c-state (PAM) f f state

Note: In the PAM, we discuss the f-state quantities unless otherwise specified.

Within this decomposition, one can express the full vertex
as the irreducible vertex expanded in ladders of the bubble,
ie.,

;(())C = rf(())c + rﬁ))cxi(())c,OFﬁ))c’ (17)

F4 =T+ T9yF9. (18)

With some algebra, this allows us to relate the irreducible and
full vertex:

Foo=[(T2) ™ = Xieo] (19)

Fo=[r™ -] (20)
where we emphasize that the (---)~! notation indicates the
matrix inverse of the matrix (- - - ). Then, the susceptibility and
irreducible vertex are related through the BSE as

(x2) ™ = (Xieo) " — T Q1)

() =(xg) -1 22)

Finally, we compute the single-time susceptibility of the
lattice x (g, w), which is an observable. It is computed by
summing all elements in the matrix xZ. [24]. That is,

X(g @)=Y x(q,ivy, ivy, ). (23)

The single-time vertex-connected susceptibility is computed
in the same manner.

In a typical DMFT calculation of the lattice susceptibility,
the local susceptibilities of the impurity are measured by the
impurity solver. Then, the local charge and spin susceptibil-
ities are computed. Next, the irreducible vertex function is
computed from Eq. (21). To proceed, one assumes that that

the irreducible vertex function is purely local, i.e., 'Y =TT, ,

and computes the lattice susceptibility using Eq. (22). (This
is equivalent to the DMFT approximation of the one-particle
irreducible vertex, the self-energy, as purely local: £ = X.)
As an aside, one can avoid the numerical issues associated
with irreducible vertex and its divergences by instead com-
puting the local full vertex, then the nonlocal full vertex, and
finally the lattice susceptibility as suggested in Ref. [25,26].
Howeyver, the conceptual concerns remain.

C. The quasiparticle vertex

Here we present an alternative decomposition of the full
vertex into coherent and incoherent parts rather than reducible
and irreducible parts. To do this, we focus on irreducibility
with respect to the quasiparticle part of the electron Green’s
function instead of the full Green’s function.

Let us begin by splitting the local and lattice bubble dia-
grams x>, and x§ into coherent (quasiparticle) Xioc,0.qp and

q ; » q ;
Xo,qp and incoherent i .. and xo ... parts, i.e.,
1) L, 1)
Xloc,O - Xloc,O,qp + Xloc,O,inC’ (24)

Xg = Xg,qp + X?),inc‘ (25)

Here we define the coherent bubble as the low-frequency
region which avoids the branch cuts in the Green’s functions.
That is, G(iv, < 0)G(iv, + w, > 0) or

® Xf())c 0 Ve (_w’ O)’
_ , 26
Xloc,0,qp { 0 otherwise, 20
q
XO UNS (_a)v O)’
. 27
Xo.qp {0 otherwise. @n

This is a reasonable definition, for a few reasons. Quali-
tatively, Fermi-liquid theory is a low-energy theory focused
on the behavior of quasiparticles on or very near the Fermi
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surface. Our definition is limited to this low-energy regime.
More quantitatively, in the Green’s function approach to Lan-
dau Fermi-liquid theory, one describes the quasiparticles via
the pole in the Green’s function which has some quasiparticle
weight z; and renormalized energy €. At finite temperature
or in a system with impurities, these quasiparticles scatter (at
rate ) which disperses these poles. Still, if the quasiparticle
lifetime remains long, y — 0, and if the energy and mo-
mentum exchange between quasiparticles vanishes, w — 0
and ¢ — 0, then we can capture the quasiparticle bubble in
Landau Fermi-liquid theory as [27]

q 2
Xo.ap(@) = G,
O.ap ;kZIy—a)—vk-q

2imd(ex — 1) (28)

where z; = (1 + 82k/8w|wzﬂ)",u is the chemical potential,
and v, = dei/0k is the quasiparticle velocity. This definition
also appears in the theory of disordered Fermi liquids [27,28].

From this equation we can see that the primary information
captured by the coherent part of the bubble (the quasiparticle
bubble) is contained between and near the two poles, i.e., in
the low-frequency domain, particularly when the quasiparticle
is well defined (y — 0). Note that the remaining incoher-
ent part must primarily capture the high frequency domain
away from the poles. Thus, our definition which takes all
information between and at the two poles, should provide a
reasonable definition of the coherent bubble. Furthermore, it is
a definition restricted to objects which are naturally computed
in finite temperature DMFT.

Next we decompose the full vertex into coherent Iy, and
incoherent ®;,. parts
foc = Tiocgp T Pl (29)

loc loc,inc?

— q
Fi=T! 4 & (30)

inc’

Then we can expand the full vertex in ladders of the coherent
bubble and vertex, i.e.,

Fii())c = rii())c,qp + r?())c,qprl())c,o,quil())c’ (31)
— q
Fi = I‘gp + ngxo.quq. (32)

With some algebra, we can write the coherent vertex in terms
of the full vertex as

il())c,qp = [( ﬁ))c)71 + Xﬁ))c,o,qp]il’ (33)

T =[(F)™" +x8,] - (34)

Note that if the coherent bubble vanishes, i.e., at w = 0, then
the quasiparticle vertex and full vertex are identical.

Using Egs. (19) and (20) we can compare the irreducible
and quasiparticle vertices:

. ri

rloc,qp = 1— Xfu j)c‘ rf} i (35)
¢

o A — (36)

qp q ’
1- XO,inC re

where the denominator represents a matrix inverse. From this
result we can see that the coherent vertex will not diverge

+ eee

= r + r Xome [0 R

I
T

FIG. 3. Diagrammatic connection between coherent and irre-
ducible vertices.

when the irreducible vertex diverges, unless xi"nc =0. Ad-
ditionally, we see that the coherent vertex is an expansion
of the irreducible vertex in ladders of the incoherent bubble
diagrams, as shown in Fig. 3. In effect, the incoherent part
of the bubble screens the divergences which arise in the
irreducible vertex.

Equations (19) and (20) also allow us to relate the impurity
and lattice quantities when we assume the irreducible vertex is
purely local. For example, we can write the full vertex of the
lattice in terms of the local full vertex and the nonlocal bubble

[25,26]
FO=[(F) " - G7)

where Xgl'q = X§ — Xie.o- This approach allows us to avoid
the numerical issues associated with the divergences of the
irreducible vertex.

Finally, let us show how one can extract the Fermi-liquid
parameters from the quasiparticle vertex.

D. The Fermi-liquid parameters

In Landau Fermi-liquid theory, the free energy is expressed
as [1]

F=Y (&~ 8o+ Y fioko®hodnys,  (38)
ko ko ko’

where ¢ is the energy of the quasiparticle, fj, ', describes
the interaction between two quasiparticles, and dng, is the
difference between the occupation of state k, o and the Fermi
function. The interaction can be decomposed into symmetric
and antisymmetric Fermi-liquids parameters and expanded
using, e.g., the Legendre polynomials, as

feowo < SiPi(cos)(EY +o0'F?), (39)

where P are the Legendre polynomials and 6 is the angle
between k and k'. In DMFT we lose the k dependence and
can only evaluate the zeroth order parameters F*’ and F,*.

Within our formalism, the quasiparticle vertex contains the
related A((f/ ) Fermi-liquid parameters:

AGter = Z2D* Oyl vy, iv_y, iwy), (40)

AY = 2D O™ (g = 0,ivy, ivoy,iw), (4D
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FIG. 4. (a) Phase diagram of the PAM and the first symmetric divergence of the irreducible vertex function I', (b) the spectral function of
the conduction states in the Kondo insulating (blue) and metallic (orange) states, and (c) the f-state spectral functions in the metallic state as it
transitions from a metallic (light orange) to Mott-insulator-like (dark orange) state. Each curve in (b) and (c) is labeled by a numeral in (a). The
insulating and metallic phases are delineated by the Kondo temperature (red line). While the f state does not undergo an independent phase
transition, we mark its transition between metallic and Mott-like regions (dashed black lines). The first symmetric divergence of the irreducible
vertex is also shown (dashed green line; see Sec. IV). This divergence does not correlate with any phase transition.

where v_; = —inT and w; = i2nT. The FO(S/ ) parameters
may be easily computed from the A”* parameters via [27]
A(~Y/!l)
(s/a) 0
peo— Ao (42)
0 (s/a)
1 _AOS a

The A( parameters are called the static parameters, whereas
the F parameters are called the dynamic parameters.

With the formalism established, let us begin discussing our
results. We start with the one-particle properties.

III. ONE-PARTICLE PROPERTIES

The one-particle properties of both Hubbard [6,29,30] and
Anderson lattices [23,31,32] are well established in the liter-
ature. Still, it is useful to provide a few results here which
will provide context for the discussions on the irreducible
and quasiparticle vertices which follow. In particular, it will
be useful to understand the phase diagram of the PAM. (The
half-filled Hubbard model has a less complicated diagram,
featuring a single transition from a metal to a Mott insulator
at low temperatures.) Here we discuss the toy Anderson
lattice described in Sec. II A 2. (Recall that the square lat-
tice will have qualitatively identical one-particle properties.)
Figure 4(a) provides the phase diagram of this material. Let
us discuss.

At high temperatures the conduction states do not interact
with the impurity, and the spectral function of the conduction
states A.(w) approaches that of the noninteraction density of
states, as shown in Fig. 4(b). That is, in the atomic limit
the PAM is a ¢ metal. As the temperature approaches the
Kondo temperature Tk, the hybridization between impurity
and conduction states becomes important. This hybridization
suppresses the spectral functions of both conduction and f

states, A.(w) and A r(w), at the Fermi level. As the temperature
falls below the Kondo temperature, this hybridization creates
a band gap at the Fermi level, and the PAM becomes a Kondo
insulator, as shown in Figs. 4(a) and 4(b).

While the PAM at half-filling does not undergo a Mott-
Hubbard MIT, the f states do exhibit a transition reminiscent
of such a MIT, as shown in Figs. 4(a) and 4(c), and as dis-
cussed in the literature [23,31,32]. That is, as the interaction
strength increases, the spectral function of the f states tran-
sitions from a single-peaked, Gaussian-like form (metal), to a
triple-peaked form (two Hubbard bands emerge at U /2), and
finally to a double-peaked form (Mott insulator). However,
some small spectral weight remains between these two peaks
and at the Fermi level, so that the f states never become truly
insulating. Moreover, the conduction states hybridize less to
this quasi-Mott insulating f state than they do to the metallic
f state, as there is less spectral weight at the Fermi level. Thus,
not only do the conduction states not undergo a Mott-like
transition, but the Kondo temperature also decreases as U
increases.

For any T and U, both conduction and f states remain
half-filled, as guaranteed by the particle-hole symmetry of the
PAM Hamiltonian with e, = —U/2.

With the well known one-particle behavior of this PAM
introduced, let us discuss the two-particle results. (We refer
the reader to Refs. [23,31,32] for a more thorough discussion
of the one-particle behavior of the Anderson lattice.) Let us
begin with a discussion of the divergence of the irreducible

Vertex.

IV. DIVERGENCES OF THE IRREDUCIBLE VERTEX

In this section we will focus on the toy Anderson lat-
tice for which we presented one-particle results in Sec. III.
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FIG. 5. Comparison between T-U diagrams of the first antisym-
metric (black, red) and symmetric (gray, orange) divergence lines
in two models (AIM, PAM). The AIM data is from Ref. [10]. The
Kondo temperature is shown for both models. In the PAM, this
delineates the boundary above which the PAM is metallic and below
which it is a Kondo insulator. The PAM exhibits both a higher
Kondo temperature and also divergence lines which occur at larger
interaction strengths than the AIM.

Divergences of the irreducible vertex in the Hubbard lattice
have been well established in the literature [6—8]. Here we use
the Hubbard lattice primarily to investigate the generality of
our observations and conclusions.

Before we proceed, however, it is helpful to first provide
a spectral decomposition of the inverse susceptibility. That

. . 1. . . <7 .
is, we write xlocl in terms of its eigenvectors V ;(iw) and the
eigenvalues A; of xycioc as [33]

Xioc (v, iV, i)™ =D Vi (i0)A] Vi (i), (43)

where V; ,(iw) is element n of the eigenvector T/),-(ia)). As
noted in Ref. [7], adivergence in T = x~! — Xo ! occurs when
an eigenvalue A; of the local susceptibility approaches and
then crosses zero, such that ){1 diverges. It has also been
noted that the eigenvectors associated with these divergences
tend to alternate between antisymmetric and symmetric be-
havior as one increases the Hubbard interaction strength
[7,10]. Indeed, one can plot alternating antisymmetric and
symmetric divergence lines on a T-U diagram for the Hubbard
lattice [6,7], AIM [10], and PAM (Fig. 5). For reference,
Fig. 6 presents the irreducible vertex on either side of these
divergence lines in the PAM.

The irreducible vertex divergences in the PAM behave
much like divergences in the Hubbard lattice or Anderson
impurity. These divergences are presaged by the appearance
of more substantial and negative diagonal components of

U=3.65 U=3.675
10——T—T—T—TT1— T© —TT—T T r©
L 1250 1 300
5F - - -
oL e 10 L DU |
2 2 e =1
Sk . - .
dob ey 2200 0, 0, o, . ]300
U=47 U=438
0——TF—T——T—T—T— 1O 1T [©
L {500 {300
5+ - - —
ot .
gof Mia4d I' B
Sk . - -
-10 1 1 1 -50 ey .1, oy, 2000
-0 -5 0 5 10 -10 -5 0 5 10
v v

FIG. 6. The real part of the static (w = 0) irreducible vertex on
either side of the antisymmetric (top row) and symmetric (bottom
row) divergence lines at 8 = 5. To see the divergence, note that blue
(red) denote a large and negative (positive) value. Therefore, when
one sees that a region of a graph changes colors as one looks from one
column to another, the vertex has diverged at those frequencies. For
example, examine the first quadrant of I', for U = 3.65 and 3.675,
wherein the sign flips from a large positive to a large negative value
(and the color flips from dark red to dark blue).

Xio.» i.e., by the suppression of charge fluctuations. (The
first divergence appears shortly before the diagonal becomes
negative, while the second divergence occurs as the diagonal
becomes negative [33]). Moreover, the first divergence lines
appear near the maximum magnitude of the (negative) x'¢,
as shown in Fig. 7. Note that the first divergence should not
be connected to a physical response, as it is antisymmetric
and its contributions to any observable therefore vanish. In
contrast, the second divergence is symmetric and might be
physical [6-8]. The divergences forming in the vicinity of
the maximum magnitude of the negative vertex corrections
to the charge susceptibility supports the hypothesis that the
suppression of charge fluctuations leads to these divergences.
In the Anderson lattice, this result becomes more approximate
as one reaches low temperatures, e.g., T < Tk, where the first
divergence occurs well before 9 xy./0U =~ 0. In the Hubbard
lattice this trend is less pronounced, suggesting that the Kondo
physics play a role in shifting the first divergence line from
dxve/0U = 0 to a lower interaction strength. Regardless, this
observation supports the hypothesis that the suppression of
charge fluctuations leads to these divergences.

While the second divergence in the Hubbard model occurs
near the onset of the Mott MIT [6], the second and symmetric
divergence line does not coincide with some phase change in
the PAM, as shown in Fig. 4. Indeed, there is no true Mott MIT
in the Anderson impurity or lattice, but there are divergences.
In general, our results support that these divergences do not
foreshadow a phase transition [10]; instead, they are the ubig-
uitous consequence of the Hubbard interaction suppressing
charge fluctuations in the strong-coupling regime [8].
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FIG. 7. The charge susceptibility of the f state near the first
divergence lines in (a) the toy Anderson lattice and (b) the square
Hubbard lattice at a few temperatures. The first divergences occur
0Xc.r/0U =~ 0 in both models. The first and second divergence lines
are indicated by the onset and termination of the shaded regions
behind each curve.

Figure 5 also compares the first two divergence lines of
the PAM and an AIM model with the same noninteracting
bath and coupling. At high temperatures, i.e., as both models
approach the atomic limit, these divergence lines converge.
This is the expected behavior, as the models are identical in the
atomic limit. At low temperatures, however, the divergences in
the PAM appear at larger values of U. As shown, the Kondo
temperature is also substantially larger in the PAM. Therefore,
we can conclude that the coupling in the AIM is suppressed
by the enhanced hybridization in the PAM, delaying the onset
of the strong-coupling regime and its associated divergences.
This aligns with the relative magnitude of their Kondo tem-
peratures, as shown in Fig 3, and as discussed in Ref. [34].

As expected, there is no divergence in the spin channel.
This has been true in every model studied so far [6,10]. Still,
the spin susceptibilities as a function of U are presented in
Fig. 8 at various temperatures and both lattice models for the
interested reader. Now, let us discuss the behavior of the Fermi
liquid near the divergences.

V. RESPONSE OF THE FERMI LIQUID

Here we investigate the Fermi liquid in the square Ander-
son and Hubbard lattices. We investigate the square, rather
than toy, Anderson lattice so that we can investigate the g # 0
behavior of the Fermi liquid, because we are no longer com-
paring our results with those of Chalupa et al., and because we
will be comparing the results to the square Hubbard lattice. As
stated in Sec. I A 2, our previous observations about the toy
Anderson lattice can also be made for the square Anderson

FIG. 8. The spin susceptibility of the interacting state near the
first divergence lines in (a) the toy Anderson lattice and (b) the square
Hubbard lattice at a few temperatures. No spin response is connected
to the divergences in the charge channel, and no divergences occur in
the spin channel.

lattice. Still, one should note that the divergences occur at
larger U and the Kondo temperature is suppressed by the
van Hove singularity in the noninteracting DOS. Here we
will discuss the Fermi-liquid parameters, the structure of the
Fermi-liquid vertices, and the coherent and incoherent part of
the lattice susceptibility. Let us begin with a discussion of the
Fermi-liquid parameters.

A. Fermi-liquid parameters

Figures 9 and 10 show the Fermi-liquid parameters in
the Hubbard lattice for variations in the interaction strength
during a Mott crossover (8 = 10) and Mott transition (8 =
40). Recall that a crossover indicates a gradual transition from
Fermi liquid to Mott physics, and the transition indicates
a sudden change from a Fermi-liquid (metallic) state to an
insulating, Mott state. Here the Mott MIT is found by ex-
amining the spectral function. The transition is accompanied
by a sharp drop in D(0), when the quasiparticle peak at the
Fermi surface vanishes. In contrast, the onset of the crossover
region is identified only qualitatively here by the formation of
prominent Hubbard bands in the spectral function.

As expected [1], the symmetric Ay parameter converges to
unity from below, Aés) — 1, at the Mott transition or during
the Mott crossover. Moreover, the antisymmetric parameters
become nonphysical when the Mott regime is entered. That
is, the Fermi-liquid theory breaks down if there are no well-
defined quasiparticles at the Fermi surface. (Af)”) — Fo00 or
FO(“) = —1 can also indicate a magnetic instability. Here no
such magnetic instability exists and this result indicates the
expected breakdown of the theory rather than some magnetic
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FIG. 9. The Fermi-liquid A, parameters in the square Hubbard
lattice at (a) 8 = 10 and (b) B = 40 for variations in U. The region of
the Mott crossover (8 = 10) is indicated by a gray background, while
the Mott MIT (8 = 40) is indicated by a dotted line. The Ay =1
line across which the Fy parameters diverge is shown by a dashed
line. The symmetric parameters converge to this line from below
during a Mott transition or crossover. The antisymmetric parameters
diverge at the Mott MIT, after which they become nonphysical.
(Typically, this sort of divergence indicates a magnetic instability.
Here it indicates that the Fermi-liquid theory breaks down in a Mott
regime.) The results of Ref. [14] on the triangular lattice are shown
for comparison.

phase transition.) In general, one should not analyze the be-
havior of the Fermi-liquid parameters after a Mott transition,
as there is no Fermi liquid to analyze. We show the parameters
during the crossover and after the transition for complete-
ness, for comparison with Krien et al., and to illustrate the
divergence. However, one should not look to extract physical
meaning beyond this: The Fermi liquid no longer exists.

As we have discussed, Krien et al. also examined the
Fermi-liquid parameters in the Hubbard model in DMFT. It
is important to compare the results, as we have derived a
different expression for the Fermi-liquid parameter. Before
continuing, we note that we are simulating a square lattice,
and they examined triangular lattice. Still, we expect that the
Fermi-liquid parameters should be similar between these two
lattice models, as the quantities in question are primarily local.

Indeed, the two theories predict nearly identical behavior in
the Fermi-liquid regime. As we enter the Mott regime, how-
ever, the predictions differ drastically. As we have discussed,
this is not particularly concerning, as no insight should be
extracted from the behavior of the Fermi-liquid parameters in
the Mott regime.

Let us examine the Fermi-liquid parameters in the square
Anderson lattice. Figures 11 and 12 show the Fermi-liquid

Log|F |

a)
F, 0

— Lattice
] N R || S — Local ]
- R R Ref. [11] 1
74 IR NP NP RNNPUR PO Bl S PR RSP PR B B
0 1y 2 3/0 1 g 2 3

FIG. 10. The Fermi-liquid Fy parameters in the square Hubbard
lattice at (a) and (c) B = 10 and (b) and (d) 8 = 40 for variations in
U. The region of the Mott crossover (8 = 10) is indicated by a gray
background, while the Mott MIT (8 = 40) is indicated by a dotted
line. The Fy = —1 line across which the A, parameters diverge is
shown by a dashed line. Small errors for Aé” ~ 1 lead to extremely
large errors in FO(” and spurious sign changes, motivating our plotting
of |F0(’“)| for (a) and (b). FO(") — —oo at the Mott MIT, reflecting the
breakdown of the theory in the Mott regime. The results of Ref. [14]
on the triangular lattice are shown for comparison.

parameters in the square Anderson lattice for variations in the
interaction strength. Interestingly, the A(()S/ 9 of the Anderson
lattice are qualitatively similar to those of the Hubbard lattice.
That is, the symmetric parameters converge to unity and the
asymmetric parameters diverge at large U. This is surprising,
as the Anderson lattice does not undergo a true Mott transi-
tion. Instead, it becomes a quasi-Mott f insulator with some
spectral weight remaining between the two Mott bands. (See
Fig. 4 for an example of the spectral functions in this regime.)
Moreover, the square Anderson lattice does not undergo a
magnetic transition, so this divergence does not have physical
meaning. As in the Hubbard model, it must therefore indicate
a breakdown of the theory.

If we overlay the phase diagram of the square Anderson
lattice with this divergence, as in Fig. 13, we see that at low
temperatures the divergence occurs precisely when we enter
the quasi-Mott insulator regime. Note, however, that there
is not a clear boundary between the regimes: The spectral
function never becomes truly Mott insulating, there is no
divergence in the self-energy, and there are no signs that
we have entered a Mott regime. Instead, the quasiparticle
peak is gradually suppressed, but never disappears. In Fig. 13
we have somewhat arbitrarily selected As(w = 0) = 0.05 as
the boundary between the transitioning and quasi-insulating
phases, and this selection coincidentally aligns the “phase
boundary” and the divergence in A(()“). Still, we can connect
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FIG. 11. Fermi-liquid A, parameters of the local and lattice f
state in the square Anderson lattice as a function of U at § = 10. As
the lattice enters the quasi-Mott insulating phase, the antisymmetric
parameters diverge (dotted red line) and the symmetric parameters
converge to unity. This is qualitatively identical to the behavior in the
Hubbard model during a Mott crossover. We indicate the behavior in
this figure with transition from a white to gray background. The Ay =
1 line across which the Fy parameters diverge is shown for reference.

this quasitransition with the divergence. That is, the diver-
gence is a sign that a substantial amount of Mott physics are
present, that the Fermi-liquid picture is no longer complete,
and that the Fermi-liquid theory has broken down.

Finally, let us emphasize again that the behavior of the
Fermi liquid is not correlated to the divergences of the irre-
ducible vertex. From Fig. 13 we see that these divergences
occur well before the divergence of Ag'). Furthermore, they
occur in the charge channel, whereas the divergence in the
quasiparticle vertex occurs only in the spin channel (antisym-
metric parameter). Most importantly, the many divergences in
the irreducible vertex in the charge channel do not prevent
our perturbation theory based on this vertex from accurately
capturing breakdown of Fermi-liquid theory as one enters a
Mott or quasi-Mott regime. This is the most important result
of this study. It shows that the divergences of the two-particle
irreducible vertex do not indicate that there is a breakdown
in the perturbation theory, just as divergences in the the self-
energy do not indicate a breakdown of the perturbation theory.

B. Structure of the Fermi-liquid vertex

Now let us examine the structure of the quasiparticle and
incoherent vertices in the charge and spin channels. In particu-
lar, let us show why the charge channel objects cannot diverge
unless the susceptibility diverges; and let us show why the spin
channel objects can diverge even when the susceptibility does
not. We begin with the charge channel.

2 Ll I Ll I Ll I Ll I Ll I T T
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=1 1
S |
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= ol i
-1 . :
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FIG. 12. Fermi-liquid F, parameters of the local and lattice f
state in the square Anderson lattice as a function of U at = 10.
The symmetric parameter goes towards infinity during the quasi-
Mott transition, as in the Hubbard model during a Mott transition
or crossover. The growth is relatively slow in comparison and Ags)
remains sufficiently far from unity for us to avoid issues with the
error. The antisymmetric parameter also goes towards —oo during
the quasi-Mott transition, but its growth is markedly slower than in
the Hubbard model and there is no indication that a true divergence
will occur, as expected. The Fy = —1 line across which A, diverges
is shown for reference. We also indicate the quasi-Mott transition in
this figure with a transition from a white to gray background.

1. Charge channel

Figure 14 shows a typical set of the full vertex, and its
coherent and incoherent parts. Figure 14(b) highlights that the
central element of the quasiparticle vertex I'y! is proportional

to the Fermi-liquid parameter A(()‘Y) . [See Eq. (41).] For the
parameters chosen in this figure, the irreducible vertex has
undergone multiple divergences; however, no divergence is
experienced by the full, coherent, or incoherent vertices.
Indeed, we find no divergence and no indication that such
a divergence is possible unless the lattice susceptibility also
diverges. Let us support this claim through a careful exami-
nations of the structures which exist in the full, coherent, and
incoherent vertices.

As one might expect from Eq. (32), the coherent vertex
strongly resembles the full vertex as w — 0. However, there
are major differences, particularly when one examines the
asymptotic structure of the full vertex, i.e., those structures
which do not decay as v,V — oco. The full vertex shown
in Fig. 14(a) contains asymptotic structures on the main
diagonal defined by v =1’ and on the cross defined by
the four lines v =V = (v + w) = (v + w) = 0 (the dashed
lines in Fig. 14). It also contains the constant background
term. Of these structures, the incoherent vertex contains the
background, the cross, and the portion of the diagonal that lies
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FIG. 13. The phase diagram of the square Anderson lattice, the
first symmetric and antisymmetric divergence lines for the irre-
ducible vertex, and the only divergence line of the Fermi-liquid
parameters (A(()”)). The first irreducible vertex divergences occur near
the start of the quasi-Mott transition in the f states, while the Fermi-
liquid divergence occurs, at low temperature, when the f states
become nearly Mott insulating. We define the onset of the quasi-Mott
insulating state by the location where the f-state spectral function
As(w = 0) =0.05.

within the low-frequency domain, w < v < 0; and the coher-
ent vertex contains the remaining, high-frequency portion of
the diagonal. These structures are generated by diagrams like
those illustrated in Fig. 15 [35,36]. These structures can be
linked to a bosonic exchange [37], and no divergence can arise
in these structures unless a local observable, e.g., G (iv)
or xp., diverges. Therefore, they cannot be responsible for a
divergence in the coherent vertex unless there is a correspond-
ing divergence in the impurity observables.

We classify the decaying structures according to their sym-
metry. The incoherent vertex contains the symmetric decaying
structures, and the coherent vertex contains the antisymmetric
and asymmetric decaying structures of the full vertex. These
observations hold for both the PAM and Hubbard model
regardless of the location in the phase diagram, bosonic
frequency w, or wave vector ¢. Again, the full vertex cannot
diverge unless the lattice susceptibility also diverges. There-
fore, if the coherent vertex diverges and the full vertex does
not, then the incoherent vertex must exhibit a corresponding
divergence. However, the symmetry of the decaying structures
are different in the coherent and incoherent vertices, prevent-
ing this balance. Therefore, we can conclude that the coherent
vertex does not diverge unless the lattice susceptibility, a
physical observable, also diverges.

Finally, we note that these observations hold in the Hub-
bard lattice, see the Appendix A for a depiction of the coherent
and incoherent parts of the full vertex in the Hubbard lattice.
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FIG. 14. (a) The full vertex, (b) quasiparticle vertex, and (c) in-
coherent vertex at U = 7 and B = 10 for the first nonzero bosonic
frequency in the square Anderson lattice with ¢ = 0. The quasi-
particle vertex contains the asymmetric decaying components and
asymptotic diagonal (v >~ V') structure of the full vertex, whereas the
incoherent vertex contains the symmetric decaying components and
the asymptotic cross (v = —w/2 and v/ = —w/2) and uniform back-
ground structures. The incoherent vertex also absorbs those elements
of the diagonal structure which fall within the low-frequency regime
defined by the coherent bubble (—w < v, V' < 0, dashed lines), as
shown more clearly in (d) which displays the incoherent vertex at
the third nonzero bosonic frequency. (b) Highlights the Fermi-liquid
parameter, which is proportional to the central element of Ia-

2. Spin channel

Having now examined why the symmetric Fermi-liquid
parameter does not diverge, let us examine why the antisym-
metric Fermi-liquid parameter does diverge even as the spin
susceptibility does not. To answer this question, we focus

- ' v v
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FIG. 15. (a)—(d) Diagrams responsible for the asymptotic struc-
tures of the full vertex, and (e) an illustration of the respective
diagrams, color coded to match the diagrams. These diagrams and
their colors are as follows: (a) and (b) The particle-particle kernel-2
diagrams (pp, gray). The (c) transverse particle-hole (ph, red), and
(d) particle-hole kernel-1 diagrams (ph, blue). Here x“ is a single-
time susceptibility and x®" is a two-time susceptibility. For a more
thorough discussion, we refer the reader to Ref. [35].
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FIG. 16. Quasiparticle (a) and (b) and incoherent (c) and (d) ver-
tices before (a) and (c) and after (b) and (d) the Mott MIT in the
square Hubbard lattice at 8 = 10. The full vertex is dominated by
the coherent part before the divergence at U = 2.4, with only a small
part of the constant background diagrams contained in the incoherent
vertex. Near and after the divergence, the cross structure dominates in
both coherent and incoherent vertices. These structures have opposite
sign and cancel out, such that the full vertex does not diverge.

on the square Hubbard lattice, which exhibits divergences
in the antisymmetric Fermi-liquid parameter (and thus the
Fermi-liquid vertex in the spin channel) but not the spin
susceptibility.

The quasiparticle and incoherent vertices are shown in
Fig. 16 on either side of the divergence (and MIT). As shown,
the asymptotic structures of the full vertex are not segregated
into coherent and incoherent structures in the spin channel
like they are in the charge channel. Indeed, the coherent
(quasiparticle) vertex and full vertex are nearly identical at
low U, and the coherent vertex contains what appears to be
all symmetric and asymmetric components of the full vertex.
In contrast, the incoherent vertex primarily contains some
portion of the cross and constant background structures.

While this incoherent vertex does suppress the cross and
background structures, the symmetry arguments used to ex-
plain why the Fermi-liquid vertex does not diverge in the
charge channel do not hold in the spin channel. For example,
a divergence in the cross structure of the quasiparticle vertex
can be compensated by a corresponding and opposing diver-
gence in the cross structure of the incoherent vertex. This is
precisely what happens in the square Hubbard lattice. That is,
close to the MIT (and divergence), the cross structures of both
quasiparticle and incoherent vertices grow very large with
opposite sign and approximately equal magnitude, as shown
in Fig. 16. The comparatively small difference between the
two cross structures leaves behind the cross structure of the
full vertex, which does not diverge.

Qualitatively similar results are found in the Anderson
lattice, as shown in the Appendix A.
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FIG. 17. (a) The vertex-connected part of the lattice susceptibil-
ity and its coherent part along the high-symmetry lines of the BZ
at the first bosonic frequency. The incoherent part is shown as the
difference between these curves. (b) The spectral function of the
f states along the same high-symmetry lines. The purely coherent
dip in the susceptibility is connected to the intraband excitations,
whereas the peak at X is connected to the interband excitations.

It is not clear at this point why the structures in the spin
and channel are not separated and why the structures in charge
channel are. This is left for future study. For now, let us discuss
how the Fermi-liquid vertex can be used to investigate the
coherent and incoherent parts of the susceptibility.

C. Coherent and incoherent susceptibilities

One can use the quasiparticle vertex to examine the co-
herent part of the vertex-connected susceptibility xd,, where
Xip = X¢T&,xG- Let us examine the coherent and incoherent
parts of the lattice charge susceptibility in both the square
Anderson and Hubbard lattices. We begin with the square
Anderson lattice.

1. PAM

Figure 17(a) shows the decomposition of the vertex-
connected part of the susceptibility into coherent and inco-
herent parts in the transitioning phase. [Figure 17(b) shows
distinct valence and conduction quasiparticle bands in the f
states. However, substantial spectral weight remains at the
Fermi level.] As shown, the coherent part of the susceptibility
dominates the incoherent part. Moreover, both coherent and
incoherent parts have the same shape: a peak at M, a plateau
at X, and adip in aring around I'. Interestingly, the incoherent
part completely vanishes on this ring around the I" point, such
that the susceptibility is completely coherent. Far from this
ring, however, the coherent part contributes a nearly constant
fraction to the total susceptibility. This behavior is replicated
in the Hubbard model in the metallic phase, as we will discuss
in Sec. VC 2.
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FIG. 18. (a) The vertex-connected part of the lattice charge sus-
ceptibility and its coherent part along the high-symmetry lines in the
BZ for the first bosonic frequency. (b) The spectral function along
the same lines. In the metallic phase (solid lines), the susceptibility
becomes both suppressed and purely coherent on a ring around
the I' point. This coherent structure is connected to the nearly flat
quasiparticle band crossing the Fermi level at X. (The peak at M is
connected to the X — X interactions.)

Let us take a moment to note that the total susceptibility
(the connected and bubble parts) vanishes as ¢ — 0 due to the
conservation of charge. However, the connected and bubble
parts themselves do not. Here and throughout this study we
focus only on the vertex-connected part of the susceptibility,
as this is the part which depends upon the vertex functions
which are diverging and in which we are interested.

Now let us examine the ring around the zone center
wherein the incoherent part vanishes. While the incoherent
vertex is suppressed on this ring, it does not vanish. Instead,
the incoherent part of the susceptibility vanishes because the
cross structure (which suppresses the susceptibility) and the
diagonal and symmetric decaying structures (which enhance
the susceptibility) balance with each other on this ring. Inside
the ring, the diagonal structure dominates; outside the ring,
the symmetric decaying structures dominate. The dip in the
coherent susceptibility arises through a similar mechanism.
However, the asymmetric decaying structures (i.e., those
structures which exist within the region of the cross structure)
do not dominate the coherent vertex. Therefore, they cannot
fully suppress the contributions from the diagonal structure,
which does dominate the vertex.

More physically, we can connect this ring of suppressed
susceptibility to the intraband interactions: Fig. 17 shows that
this ring corresponds to the trough of the conduction and
valence bands.

2. Hubbard

Figure 18(a) shows the decomposition of the lattice charge
susceptibility into coherent and incoherent parts for the metal-

lic phase. The behavior is very similar to that of the PAM
shown in Fig. 17. That is, the lattice susceptibility is entirely
coherent on a ring around the I' point, where the coherent
susceptibility is suppressed, and exhibits a peak at M and a
plateau at X. Again, this purely coherent feature is connected
with the features of the spectral function near the Fermi
surface, as shown in Fig. 18(b). That is, the phase space
available for an “intravalley” interactions on the nearly flat
quasiparticle crossing at X. In comparison, the peak at M is
connected to the “intervalley” interactions: X — X.

Unsurprisingly, the Hubbard model in the Mott insulating
phase is notably different from the PAM model in the quasi-
Mott insulating phase: While both are relatively insensitive
to the wave vector, the Hubbard model retains a substantial
incoherent susceptibility in this phase, whereas the PAM
model becomes almost completely coherent. Additionally, the
Hubbard model does exhibit some g dependence, with nearly
the inverse structure to that seen in the metallic phase: a large
dip at M, a plateau at X, and a peak at I". Of course the
Fermi liquid has vanished in the Hubbard model after the Mott
transition, so the validity of the Fermi-liquid theory is dubious
at this point.

Note that we are only looking at the charge susceptibilities
of the lattice. If we examine the spin susceptibilities, we see
that coherent and incoherent parts of the susceptibility diverge
near the Mott transition. This divergence begins at the M
point before quickly spreading throughout the BZ. Of course,
Landau Fermi-liquid theory is primarily concerned with the
low-energy (w — 0) and low-momentum transfer (¢ — 0)
behavior. Therefore, we must be cautious when investigating
the response of the Fermi liquid far from the zone center.
Let us return to more solid ground and summarize our major
results.

VI. CONCLUSIONS

In this study we have examined the divergences of the
irreducible vertex function and the two-particle response of
the Fermi liquid in both the Anderson and Hubbard lattices.
We have shown that these diverging vertex functions can be
used to accurately capture the behavior of the Fermi liquid,
indicating that the two-particle perturbation theories based
around the irreducible vertex remain intact.

In order to accomplish this, we build a quasiparticle vertex
from the irreducible vertex by expanding it in ladders of
the incoherent bubble. (Equivalently, the full vertex can be
built via an expansion of the quasiparticle vertex in ladders
of the coherent bubble.) Then we show that the antisym-
metric Fermi-liquid Ay parameters extracted from this vertex
only diverge as one transitions from a Fermi-liquid to Mott
physics regime, i.e., as the Fermi-liquid theory breaks down.
Furthermore, we show that in the Fermi-liquid regime, these
parameters behave as expected, regardless of the divergence
of the underlying irreducible vertex.

Indeed, our results support that the divergences of the
irreducible vertex are the physical result of a suppression
of charge fluctuations, and not the nonphysical consequence
of the perturbation theory breaking down. Further support
comes from our observation that the first divergences of the
irreducible vertex occur near the maximum magnitude of the
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negative, vertex-connected part of the charge susceptibility,
which acts to suppress charge fluctuations.

We also discuss the structure of the quasiparticle vertex and
demonstrate that the structures of the full vertex in the charge
channel can be cleanly separated into coherent and incoherent
parts. However, we show that this is not true in the spin
channel. This allows the associated Fermi-liquid parameter
A(()“) to diverge near a Mott MIT. In contrast, the division
of structures in the charge channel prevents the associated
Fermi-liquid parameter AOS) from diverging.

Finally, we use the quasiparticle vertex in order to compute
the coherent and incoherent susceptibilities throughout the
BZ. We show that features of the susceptibility may become
completely coherent along particular curves (or surfaces) in
the BZ, and that this coherence can be connected to the
one-particle spectral function. We show that this behavior
is strongly U dependent and that it vanishes in the Mott
insulating regime, wherein one should not apply the Fermi-
liquid theory.

Note added in proof. Additional papers on the vertex
divergence have recently appeared in the arXiv, Refs. [38]
and [39]. Such divergences can be analyzed in terms of the
quasiparticle vertex in order to understand them better.
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FIG. 19. The coherent and incoherent parts of the full vertex
in the metallic (U = 1) and Mott insulating (U = 3.05) phases
of the square Hubbard lattice in the charge channel for the first
bosonic frequency. Before the MIT, the typical asymptotic structures
dominate the vertex: Diagonal, off-diagonal, cross, and constant
background. After the MIT, the vertex is dominated by quickly
decaying structures.
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FIG. 20. The coherent and incoherent parts of the full vertex in
the spin channel near a divergence in the associated Fermi-liquid
parameter Ag’). The divergence is symmetric, and there is not the
clear division of asymptotic structures seen in the charge channel.

APPENDIX: SUPPLEMENTAL RESULTS

In this Appendix we present a few results which may
be helpful reference for the interested reader, but are either
not new or else not unique between the two lattice models
discussed. In particular, we show the coherent and incoherent

(a)-0.05|||||||||||||||

Square Lattice

~ Square Lattice __
I : £=10

FIG. 21. The (a) charge and (b) spin susceptibility of the f
state near the first divergence lines in the square Hubbard lattice
at a few temperatures. The first symmetric divergence occurs near
x9/0U ~ 0. The first and second divergence lines are indicated
by the onset and termination of the shaded regions.
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parts of the full vertex in the charge channel for the square
Hubbard lattice and spin channel for the square Anderson
lattice. We also present the charge and spin susceptibility in
the square Anderson lattice.

Figure 19 presents the coherent and incoherent parts of
the full vertex in the metallic and Mott insulating phases for
the Hubbard model in the charge channel. Contrast this with
Fig. 14, which shows similar results for the PAM. As in the
PAM, the various asymptotic structures are divided between
the coherent and incoherent parts; and the decaying structures
appear to be separated according to their symmetry. For a
thorough discussion of these structures, see Sec. V B.

Figure 20 presents the coherent and incoherent parts of the
full vertex in the metallic and quasi-Mott insulating phases

of the square Anderson lattice in the spin channel. Contrast
this with Fig. 16, which shows similar results for the Hubbard
model. As shown, and as in the Hubbard model, the diver-
gence is created by a symmetric eigenvector, and there is not
the clear division of asymptotic structures seen in the charge
channel. For a more thorough discussion, see Sec. V B.

Figure 21 shows the charge and spin susceptibilities in
the square Anderson lattice. We present this figure in order
to further test our claim that the first divergences occur
near 8xv(§?f/8U ~ 0, cf. Sec. IV and Fig. 7. As shown, the
divergences do occur near but not at the maximum magnitude
of the negative Xv(z,)f This help to support the claim that
the divergences are associated with the suppression of charge
fluctuations.
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