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Attenuated total reflection (ATR) by surface plasmon polariton (SPP) is a method for evaluating the dispersion
relation of SPP from the position of a dip in the reflection spectrum. However, recent studies have shown
that the dips are displaced from SPP resonance because they are produced by a type of Fano resonance, i.e.,
the interference between the resonant reflection process accompanied by resonant excitation of SPP and the
direct reflection process without resonant excitation. This result suggests that the system properties difficult
to be achieved in the dispersion relation of SPP can be characterized using the ATR method. In this study, we
investigate the effect of surface roughness due to nanosized dimples created in the initial stage of pitting corrosion
on the ATR spectrum, from the viewpoint of Fano resonance. Using the temporal coupled-mode method, it is
shown that the Fano resonance in ATR is caused by the phase change of direct reflection because of the absorption
on the metal surface, and the spectral shape is determined by this phase, along with the ratio of the external
(radiative) decay rate to the total decay rate of the resonant mode. Moreover, it is clarified that the internal and
external decay rates extracted from the ATR spectrum provide information on corrosion, such as the effective
thickness of the metal film and the randomness in dimple distribution.
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I. INTRODUCTION

Surface plasmon resonance sensors using resonant ab-
sorption by surface plasmon polariton (SPP) are practically
realized as highly sensitive, refractive index sensors, and used
widely in the fields of chemistry and biotechnology [1–3].
Kretschmann configuration is the most popular structure of a
surface plasmon resonance sensor, which uses the attenuated
total reflection (ATR) caused by SPP on a thin metallic film
evaporated on a prism [4]. ATR is a phenomenon that pro-
duces sharp dips in the reflection spectra at a specific incident
angle or incident wavelength due to the resonant excitation
of SPP through the evanescent wave produced by the total
reflection of the prism.

It is considered that the dips in ATR originate from the
material loss of the metal film during the resonant excita-
tion of SPP, and that the dip position directly corresponds
to the dispersion relation of SPP. Kretschmann derived a
Lorentzian spectral function typical for resonant phenomena
by approximating an exact reflection coefficient for a three-
layer structure near the resonant wave number of SPP [5,6].
This result is the basis of the above view and was used in
interpreting the results of subsequent studies. In this view, the
change in the dispersion relation of SPP (relation between
the incident angle and resonant frequency) appears directly
in the position change of the dip, and enables to evaluate the
change in the refractive index of the ambient medium using
the expression of the dispersion relation.
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However, recent studies [7,8] have shown that resonant
dips are produced by a type of Fano resonance [9]. There
appears a shift between the complex wave numbers of the
reflection coefficient pole (complex resonant wave number)
and the reflection coefficient zero (complex zero-point wave
number) due to the metallic loss. As a result, there appears an
asymmetric peak-dip structure in the spectrum. Such behavior
of the reflection coefficient can be interpreted as a result
of the interference between the resonant reflection process
accompanied by the excitation of the resonant mode and the
direct reflection process without resonant excitation.

There is a shift between the dip and resonant positions
in the Fano spectrum, whose size is determined by the in-
terference of the two reflection processes and changes in
a complicated manner with a change in the amplitude and
phase of the reflected waves. Therefore, calibration using the
measured value of the real system is necessary to precisely
evaluate the refractive index of the ambient medium. On the
other hand, using the notion of Fano resonance, the properties
that are difficult to be achieved in the dispersion relation of
SPP (the real part of the complex resonant frequency) can
be evaluated. For example, diffusive scattering caused by the
surface roughness affects the interference between resonantly
reflected wave and directly reflected wave, and may shift the
position of the dip (peak) produced by destructive (construc-
tive) interference.

Indeed, there have long been studies evaluating the rough-
ness of a metal surface using the ATR method [6,10]. Ex-
perimental studies have shown that the effects of surface
roughness are clearly seen as changes in dip position and
width [10–15]. In addition, there have been attempts to study
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the corrosion resistance of the metal by observing these
changes in the ATR method [16,17]. However, theoretical
studies that treated the effect of roughness as perturbation
have shown that second-order approximation is necessary for
describing the influence of roughness on the SPP dispersion
relation, which gives about a factor 10 smaller change in
the dip position as compared to the observed data [6,18].
Although attempts have been made to explain the difference
between theory and experiment in a specific situation [19],
as far as we know, there is no theory that can quantitatively
estimate the effect of roughness of a metal surface on the
dip position in general systems. What is lacking here is the
viewpoint that the dip and the dispersion relation of SPP are
not directly related but displaced with each other due to Fano
resonance. From this viewpoint, the results of experiments and
theories obtained so far are consistent.

Thus, reconsideration of the ATR method from the view-
point of Fano resonance will provide information on the
system property, e.g., the progress of corrosion, with high
accuracy. Especially, at the initial stage of pitting corro-
sion [20–22], nanosized pits are created on the metal surface
and can cause strong diffusive scattering to SPP. This is
expected to influence the shape of the reflection spectrum
via Fano resonance, and may enable the deduction of the
initial progress of pitting corrosion from the spectral shape.
Pitting is a type of localized corrosion that occurs in a metal
with a passivation film, such as aluminum alloy or stainless
steel. It is a dangerous process, causing accelerated localized
dissociation of metals that trigger mechanical failures or stress
corrosion cracking. Therefore, it is quite important to detect
its initial process. If the roughness of the metal surface can
be read accurately from the ATR spectrum, it will become
possible to detect the initial process of pitting corrosion on
nanoscale.

In this paper, to build a base to quantitatively deduce the
roughness of metal surfaces from a spectral shape, the relation
between the ATR spectrum and metal surface condition is
clarified by analyzing the Fano resonance in the ATR of
Kretschmann configuration using the temporal coupled-mode
(TCM) method [23–25] and the spatial coupled-mode (SCM)
method [25–27]. Especially, distribution of cylindrical dim-
ples is used for a model of surface roughness or pits created
in pitting corrosion. The effect of the periodic and random
arrays of dimples on the ATR spectrum is studied in detail.
Specifically, first, we identify the parameters that determine
the shape of the resonant spectrum based on the expression
of the reflection coefficient obtained using the TCM method.
Next, we calculate the reflection spectrum by using the SCM
method and extract parameters for a system composed of a
flat metal film with various thicknesses and material loss and
for a system composed of an aluminum film with a periodic
or random array of cylindrical dimples. Finally, we study the
correlation between the parameters and the condition of the
metal film to verify the possibility of evaluating the pitting
corrosion from the ATR spectrum shape.

System

Figure 1 shows a schematic of our concerned system.
Cylindrical dimples are created periodically or randomly in
the aluminum thin film evaporated on a SiO2 substrate. To
account for the natural oxide film created on the surface of the
aluminum film, a homogeneous Al2O3 film with a thickness
of 2.7 nm covers the aluminum film even at the top of the
dimple. Although it is plausible that the oxide film at the top of
the dimple is removed, we omit this effect because it produces
only a small change in the reflection spectrum.

(a) (b)

)e()d()c(

FIG. 1. System configuration. (a) Schematic of a cylindrical nanodimple array created on an aluminum film. (b) A cross section of the
system. (c) Configuration of a periodic dimple array. (d), (e) Random arrangements of dimples that produce the smallest (d) and largest (e)
internal losses in 100 samples.
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In what follows, it is assumed that the radius and depth of
the cylindrical dimple are r and d , respectively; the thickness
of the aluminum film left below the bottom of the dimple is
h; and the period of the periodic dimple array is p, as shown
in Fig. 1(b). The refractive indices of the SiO2 substrate and
Al2O3 film are 1.457 and 1.6764, respectively, and the space
above the Al2O3 film and the inner space of the dimples are
filled with a NaCl solution whose refractive index is 1.338.
The Drude-Lorentz model, proposed in [28], is used for the
dielectric function of aluminum εAl(ω).

We focus on the resonant structure that appears in the
incident-angle dependence of zeroth-order reflection when
an incident light with wavelength λi = 650 nm is irradiated
from the substrate side under the total reflection condition.
We study the spectral change in the following three cases to
reveal the influence of the surface condition on the spectral
shape: Without dimples (d = 0 nm, corresponding to a flat
metal film), with a periodic dimple array [Fig. 1(c)], and with
a random dimple array [Figs. 1(d) and 1(e)]. Here, the random
array is composed of randomly placed cylindrical dimples
with a radius of 80 nm. We produce 100 samples of a random
dimple array under the condition that the distance between
adjacent dimples is not less than 60 nm and 100 dimples
exist in the 4 μm × 4 μm area, which is the calculation area
imposed by the periodic boundary condition along the x and
y directions. We select three samples from the 100 samples in
which the effect of diffusive scattering is considered minimum
[Fig. 1(d)], maximum [Fig. 1(e)], and near the average, judg-
ing from the analysis of the spectral shape factor described
below. In what follows, we will present only the data of these
three samples for random arrays.

II. METHODS

A. Temporal coupled-mode method

Kretschmann configuration in plasmonic ATR is a system
in which a cavity with a single resonant mode corresponding
to SPP is attached to a single input/output port representing
a connection with the incident and reflected waves. The TCM
method describes resonant scattering phenomena in a unified
way by considering the dynamics of cavities attached to
ports [23–25]. Therefore, our system can be described by
the TCM method, which reproduces general features of the
resonant spectrum by setting a few parameters, and is effective
in understanding the origin of the resonance.

In the case where the cavity couples with the port weakly,
the amplitude of the resonant mode with a resonant angular
frequency of ωr is described by the following coupled-mode
equation [23,24,29]:

da

dt
= −iωra − γ a + κs+,

s− = rdeiφd s+ + da, (1)

γ = γi + γe.

Here, γi denotes the internal decay rate due to the loss of the
materials composing the cavity and γe denotes the external
decay rate due to the loss caused by the radiation to the port.
The variables s+ and s− denote the amplitudes incoming and
outgoing the radiative modes through the port, respectively,

where the mode fields are normalized so that |s±|2 denote
the powers of the modes. The parameters rd and φd denote
the magnitude and phase of the direct reflection coefficient,
which determines the reflection process in which the incoming
wave from the port is reflected directly to the port without the
resonant excitation. The parameter κ (d) denotes the coupling
constant between the incoming (outgoing) mode and cavity
mode through the port.

In the case where the internal loss of the resonant mode,
the energy absorption in the direct reflection process, and the
coupling to the port are all weak, the parameters γe, d , and
κ can be approximately treated as independent of the internal
decay rate γi and absorption in the direct reflection process.
Considering the case where γi = 0 and the direct reflection
coefficient is expressed as rc = eiφc , the relations |d|2 = 2γe,
rcd∗ = −d , and d = κ are obtained from the principle of
conservation of energy and the time-reversal symmetry [24].
For continuous-wave incidence with the angular frequency of
ω, the reflection coefficient is expressed as (see Supplemental
Material [30] for the derivation)

r(ω) = rdeiφd

(
1 − 2i γe

rd
eiφ

ω − ωr + iγ

)

= rdeiφd

(
ω − ω0 + iγ0

ω − ωr + iγ

)
, (2)

ω0 = ωr − 2 sin φγe/rd, γ0 = γ − 2 cos φγe/rd. (3)

Thus, the change in the phase of direct reflection due to
absorption φ = φc − φd makes the shape of the reflection
spectrum asymmetric and shifts the minimum from the res-
onance condition.

B. Spatial coupled-mode method

The SCM method describes the electromagnetic field in
the metal film with nanoholes by waveguide modes in the
nanohole. It enables a semiquantitative calculation for re-
flectance and transmittance with a small computational re-
source and high speed. However, because it is assumed that
the electromagnetic field becomes zero inside the metal film
in the SCM method developed so far, it is not possible to
accurately describe a system with a thin metal film in which
the effect of tunneling through the film is large. To make
the SCM method applicable to the system with a thin metal
film, we make the following improvements (see Supplemental
Material [30] and Refs. [31–36] therein for the derivation):

(i) to adopt the boundary condition considering the pen-
etration of electromagnetic wave inside the metal (transition
boundary condition [37] with in-plane wave-number depen-
dence);

(ii) not to use mean-field approximation for the inner
product of the waveguide mode and plane wave [27];

(iii) to fix reciprocity using the scattering matrix.
As mentioned in the last item, we use a scattering ma-

trix that enables to calculate spectra for arbitrary multilayer
films by using recurrence formula [38]. Therefore, the usual
Kretschmann configuration without the layer of nanohole
array can be treated similarly.
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Through the above treatments, the quantitativity of the
SCM method for a system that contains a metallic thin
film is improved enough to yield almost the same result
as that obtained using the rigorous coupled-wave analysis
(RCWA) method [38] as shown in Fig. S2 in the Supplemental
Material [30].

III. RESULTS AND DISCUSSION

A. Fano resonance spectral profile in attenuated total reflection

Consider the case where the angular spectra near the res-
onant angle are obtained using a focused incident light with
an angular frequency of ωi = 2π

cλi
, where c is the speed of light

in vacuum. The wave-number dependence of resonant angular
frequency in the narrow range near ωi can be approximated as
linear, and other parameters as constants. In this case, the con-
crete formula of wave-number dependence of the reflectance
can be obtained from the formula of the TCM method (2).

First, we assume that the resonant wavelength at which
SPP is resonantly excited by the incident light with the angular
frequency of ωi is denoted by kr, in other words, the dispersion
relation of SPP passes through the point (kr, ωi ). We also
assume that the relation between ωr and kx is linear with the
gradient of the group velocity vSPP of SPP on the surface of the
semi-infinite metal. Then, the kx dependence of ωr, namely,
the dispersion relation of the resonant mode, is expressed as

ωr = vSPP(kx − kr ) + ωi. (4)

Taking the values at kx = kr for the parameters γe, γ , rd, and
φ in Eq. (2), the reflectance R = |r|2 becomes

R(kx )

Rd
=

{
vSPP
γ

(kx − kr ) − 2χ sin φ
}2 + (1 − 2χ cos φ)2{(

vSPP
γ

)
(kx − kr )

}2 + 1
.

(5)

Thus, the shape of the reflection spectrum as a function of
the normalized wave number vSPP

γ
kx is determined using the

following two parameters: Ratio of external decay rate to total
decay rate modified by the magnitude of the direct reflection

coefficient rd,

χ = γe

rdγ
, (6)

and the phase change φ due to the absorption during direct
reflection. Here, Rd = r2

d is the direct reflection rate.
The wave numbers k+ and k−, which provide the maxi-

mum and minimum of Eq. (5), respectively, are given by the
following equations using p = ±1, which is the sign of sin φ,
namely, sin φ = p| sin φ|:

k∓ = kr ± p
γ

vSPP
f ∓(φ, χ ), (7)

f ∓(φ, χ ) =
√

(cos φ − χ )2 + sin2 φ ∓ (cos φ − χ )

|sin φ| . (8)

The local maximum R+ and the local minimum R− of re-
flectance are given by

R± = Rd

{
1 ± 2χ |sin φ|

f ±(φ, χ )

}
. (9)

Thus, the total absorption (|r|2 = 0) is realized when

χ = γe

rdγ
= 1

2 cos φ
, (10)

which is a modified critical coupling condition.
At the midpoint between the wave numbers of the

reflectance maximum and minimum, kd = k++k−
2 , the re-

flectance equals the direct reflection rate (see Supplemental
Material [30] for the derivation):

R(kd) = Rd. (11)

In addition,

Rr = R(kr ) = R− + R+ − Rd = R− + f −

f + (Rd − R−). (12)

Considering the relation f + f − = 1,

f − =
√

f −

f + =
√

Rr − R−
Rd − R−

. (13)

These characteristics of the reflection spectrum are shown in
Fig. 2(a), where f ± is an important factor that determines

(a)

Wavenumber

R
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(b) (c)

FIG. 2. Characteristics of spectral profile of Fano resonance. (a) Characteristics of the reflection spectrum determined by SSF f ±. (b),
(c) Dependence of SSF on the direct reflection phase φ and the ratio of decay rates χ . The dashed line in (c) denotes the critical coupling
condition (10).
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the spectrum shape. Therefore, we call f ± the spectral shape
factor (SSF) in the following.

Equation (7) shows that the shift of the dip wavelength
k− from the resonant wavelength kr is determined by the
product of SSF f − and the decay rate γ . Although the shift
basically increases with γ , the value of f − can change largely
depending on the parameters. Figures 2(b) and 2(c) show the
behavior of the change in f − due to the system parameters.
We can see that f − can become very large in the case where
χ > 1 and φ ∼ 0 or in the case of φ ∼ π . Especially, in
the region of a small phase, f − changes discontinuously
depending on the value of χ . Therefore, it is important to
investigate how parameters χ and φ change depending on the
system configuration. Because the in-plane wave number kx is
related to the incident angle θ by the relation kx = n ωi

c sin θ ,
with n being the refractive index of the prism, it is possible to
evaluate the parameters χ , φ, γ , and f ± from the information
of the angular spectrum, such as the minimum and maximum
points, as shown in the next section.

B. Parameter extraction methods

Because the reflection coefficient r(ω) can be calculated
rapidly by using the SCM method (scattering matrix method
for homogeneous multilayer films), we can find the pole ωr −
iγ and the zero ω0 − iγ0 easily. Then, rd is evaluated as the
ratio between r(ω) and (ω − ω0 + iγ0)/(ω − ωr + iγ ). From
Eq. (3), we obtain

φ = arctan

(
γ − γ0

ωr − ω0

)
, (14)

χ = γe

rdγ
=

√
(ωr − ω0)2 + (γ − γ0)2/(2γ ). (15)

In this paper, we call this method parameter extraction by
zero-point search (ZPS).

On the other hand, using Eqs. (7), (8), (9), (11), and (13)
obtained by the analysis of the TCM method, the values of
kr, χ , and φ can be deduced from the angle spectrum. The
value of Rd is obtained from the maximum point (k+, R+)
and minimum point (k−, R−) using Eq. (11). Then, f − is
determined by reflectance Rr at the resonant wavelength kr

using Eq. (13). Using Eq. (7), the decay rate can be expressed
as γ = vSPP|k− − kr|/ f − and is determined by kr. Using
Eq. (9), χ sin φ is obtained from Rd, f −, and R−, and then
using Eq. (8), χ and φ can be obtained by considering that
γ0 becomes 0 and cos φ changes its sign under the critical
coupling condition (10). Therefore, only kr is left for the
determination of reflectance of the TCM method (5). In other
words, if the value of kr is provided, all parameters included
in the reflectance of the TCM method (5) are determined
using the SCM spectral data, and the TCM spectral data,
such as R± and Rd, can be obtained. Thus, it is possible
to determine the parameters consistently with the model of
the TCM method by determining kr so as to minimize the
difference between the R± and Rd values evaluated using the
SCM and TCM methods. In this paper, we call this method
parameter extraction using the TCM method.

In what follows, after checking the consistence between
the two parameter extraction methods, ZPS and TCM, we
explore the possibility of characterization of the metal surface

(a) (b)

(c) (d)

FIG. 3. Extracted parameters for a flat metal film. Solid lines
denote the results obtained by parameter extraction by ZPS. Dashed
lines denote the results obtained by the parameter extraction by using
the TCM method. (a), (b) Wave number kr and decay rate γ of the
resonant mode as functions of (a) the metal film thickness h and
(b) metal loss factor η. (c), (d) Direct reflection phase φ and ratio
of decay rates χ as functions of (c) h and (d) η.

condition by studying the variation in SSF depending on the
metal surface condition.

C. Flat metal film

First, in a usual Kretschmann configuration without dim-
ples (d = 0), we calculate the dependence of the reflection
coefficient on the thickness h and the imaginary part of the
permittivity of the metal film. Figure 3 compares the param-
eters extracted using ZPS and those extracted using the TCM
method from the reflection coefficient data.

Here, the imaginary part of the permittivity of metal is
controlled by the metal loss factor η as εm(ω) = Re[εAl(ω)] +
iη Im[εAl(ω)] with εAl(ω) being the original permittivity of
aluminum. In Fig. 3, the resonant wave number kr, the decay
rate γ , the change in the direct reflection phase φ due to
absorption, and the ratio of decay rates χ = γe

rdγ
are shown

as functions of the metal film thickness h and the metal loss
factor η. The solid lines depict the parameters extracted by
ZPS, while the dashed lines depict the parameters extracted
by the TCM method. In Figs. 3(a) and 3(c), we take η = 1
and change h from 22.2 to 7.2 nm. In Figs. 3(b) and 3(d),
we take h = 22.2 nm and change η from 0.01 to 1.8. For
comparison, the resonant wave number for the SPP on the
semi-infinite metal surface is also indicated as a dotted line.
These results indicate that appropriate values of parameters
can be extracted by the TCM method using only the shape
of the angular spectrum in the cases where the metal film
thickness h is not less than 10 nm or the metal loss factor η

is not more than 1.5. In the case that the thickness of metal
film is too thin or the metal loss is too large, the assumptions
of weak damping and weak coupling in the derivation of the
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(a) (b)

(c) (d)

FIG. 4. Resonant and dip angles extracted for a flat metal film.
(a), (b) Dependence of angular spectra of reflection on (a) the metal
film thickness h and (b) metal loss factor η. Dotted lines depict
the resonant angles extracted by the TCM method. Arrows denote
the dip positions. (c), (d) Resonant angle extracted by ZPS (blue
squares) and by the TCM method (orange circles) and dip angle
(green triangles) as functions of (c) h and (d) η. Dotted line depicts
the resonant angle obtained using the dispersion relation of SPP.

TCM method are violated and the approximation of the TCM
method becomes worse (see Supplemental Material [30] for
the derivation of the TCM method).

Figure 4 shows the angular spectra of reflection, the dip
angle, and the resonant angle. Figure 4(a) shows the change
in the spectrum as the metal film thickness h changes from
22.2 to 10.2 nm. The solid lines depict the results obtained
by the SCM method, and the dashed lines depict the results
obtained from Eq. (5) using the parameters extracted by the

TCM method. We can see that the spectrum obtained by the
TCM method reproduces well the behavior around resonance.
Figure 4(b) shows the angular spectra of reflection calculated
in the cases where the imaginary part of the metal permittivity
is multiplied by the metal loss factor η from 0.2 to 1.8. This
result also indicates the consistency between the SCM results
(solid lines) and TCM results (dashed lines). In Figs. 4(a)
and 4(b), the resonant angles extracted by the TCM method
are depicted by dotted lines, and the dip positions are depicted
by arrows. The changes in these values are summarized in
Figs. 4(c) and 4(d), which indicate that both the changes of
the metal film thickness h and the metal loss factor η cause
the shift of the resonant angle in the opposite direction to that
of the dip angle and the shift of the resonant angle is smaller
than that of the dip angle.

Extracting parameters from the angular reflection spectrum
by the TCM method, we can obtain the total decay rate γ of
the resonant mode, the external decay rate γe by radiation,
the internal decay rate γi = γ − γe caused by the metal loss,
and the phase change φ caused by absorption in the direct
reflection. Note that the decay rates are determined in ac-
cordance with the model of the TCM method. Because the
far-field radiation from the resonant mode is restricted to a
single port in the model of the TCM method, the external
decay rate γe is determined only by the radiation to the zeroth-
order diffraction. The decay caused by all other channels is
expressed by the internal decay rate γi. The changes in these
parameters are shown in Figs. 5(a) and 5(b). Figure 5(a) shows
that the external decay rate γe and the total decay rate γ

increase as the metal film thickness h decreases, while the
internal decay rate γi decreases weakly. On the other hand,
Fig. 5(b) shows that the internal decay rate γi and the total
decay rate γ increase as the metal loss factor η increases,
while the external decay rate γe decreases weakly. In both
panels, the direct reflection phase φ changes in the same
direction as that of the change in the internal decay rate γi.

The coincidence between the changes in the direct re-
flection phase φ and the internal decay rate γi is reasonable
because both result from the absorption by the metal loss,
whose effect decreases as the metal film thickness decreases.
On the other hand, because the radiation from the resonance

(a) (b) (c)

FIG. 5. Parameters extracted by the TCM method from the reflection spectrum of a flat metal film. (a), (b) Total decay rate γ , external
decay rate γe, internal decay rate γi, and direct reflection phase φ as functions of (a) metal film thickness h and (b) metal loss factor η.
(c) Relation between direct reflection phase φ and the ratio of decay rates χ depending on η and h plotted on a color map of spectral shape
factor f −, where h is varied from 22.2 nm (lower right) to 7.2 nm (upper left) by 1 nm.
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Resonant and dip angles extracted for the nanodimple periodic array. (a)–(c) Dependence of the reflection spectrum on (a) dimple
radius r, (b) period of dimple array p, and (c) depth of dimple d . Dotted lines depict the resonant angles extracted by the TCM method. Arrows
denote the dip positions. (d)–(f) Resonant and dip angles as functions of (d) r, (e) p, and (f) d . Dotted line depicts the resonant angle obtained
using the dispersion relation of SPP. Here, we assume that the thickness of the aluminum film outside the dimple is h0 = 22.2 nm, and the
fixed values of r, p, and d are 80, 400, and 10.2 nm, respectively.

caused by SPP at the NaCl solution side becomes stronger as
the metal film thickness decreases, the external decay rate γe

increases accordingly.
Figure 5(c) shows the changes in the direct reflection phase

φ and the ratio of decay rates χ due to those in the metal
thickness h and the metal loss factor η on the color map of
SSF f −. The lines with colors ranging from yellow to green
denote the results for η from 0.2 to 1.8, as shown in the figure
legend. The circles on the lines denote the parameter values
for different values of h from 22.2 nm (lower right) to 7.2 nm
(upper left). This figure indicates that the thickness of the
metal film and the internal loss are reflected in the values of
parameters χ and φ. In other words, h and η of a flat metal
film can be deduced by determining the parameters χ and φ

from the measured spectral shape of normalized reflectance.

D. Nanodimple periodic array

The inhomogeneity on the metal surface is expected to
change the internal decay rate of SPP or the amplitude and
phase of direct reflection. To estimate this change, we study
the change in the reflection spectrum and the parameters due
to the formation of a periodic array of cylindrical dimples on
the surface of the aluminum film. In what follows, we assume
that the thickness of the aluminum film outside the dimple is
h0 = 22.2 nm (h + d = h0).

Figure 6 shows the dependencies of the reflection spec-
trum, dip angle, and resonant angle on the radius of the
dimple cylinder r; period of the dimple array p; and depth
of the dimple d . Figures 6(a) and 6(d) show the results in
the case where the value of r is changed from 20 to 170 nm
while fixing d = 10.2 nm and p = 400 nm. It is observed
that as the dimple radius r increases, the dip angle [arrows
in Fig. 6(a)] and resonant angle [dotted lines in Fig. 6(a)] shift
to the wider-angle side. Note that the change in the dip angle
is much larger than that in the resonant angle. Figures 6(b)
and 6(e) show the results in the case where the value of p is
changed from 600 to 250 nm while fixing d = 10.2 nm and
r = 80 nm. It is observed that as the period p decreases, the
dip angle and resonant angle shift to the wider-angle side.
Moreover, the change in the dip angle is larger than that in
the resonant angle. Figures 6(c) and 6(f) show the results in
the case where the value of d is changed from 2.2 to 18.2 nm
while fixing r = 80 nm and p = 400 nm. It is observed that as
the depth d increases, the dip angle and resonant angle shift to
the wider-angle side. Moreover, the change in the dip angle is
larger than that in the resonant angle.

Figure 7 shows the decay rates γ , γe, and γi and the
direct reflection phase φ extracted by the TCM method.
Figures 7(a), 7(b), and 7(c) show the results for the same
condition as that in Figs. 6(a), 6(b), and 6(c), respectively.
These results indicate that an increase in the dimple radius
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(a) (b) (c)

FIG. 7. Parameters extracted by the TCM method from the reflection spectrum of the nanodimple periodic array. Total decay rate γ ,
external decay rate γe, internal decay rate γi, and direct reflection phase φ as functions of (a) dimple radius r, (b) period of dimple array p, and
(c) depth of dimple d . The system configuration condition is the same as that in Fig. 6.

r, decrease in the period of dimple array p, or increase in the
depth of dimple d , namely, increase in the ratio of the region
of dimple in the metal film region, results in an increase in
the decay rate and decrease in φ. However, the increase in the
internal decay rate γi is rather small, and that in the decay
rate mainly originates from the increase in the external decay
rate γe. This tendency is similar to that observed when the
thickness of a flat metal film is decreased. It can be interpreted
that the formation of dimples reduces the “effective thickness”
of the metal film and enhances the radiation from SPP at
the NaCl solution side to the substrate side, to increase the
external decay rate. Hereafter, we use the term “effective
thickness” of the metal film for the thickness of a flat metal
film without a dimple that gives the same external decay rate
as the metal film with dimples. Note that the electromagnetic
field inside the metal region decays exponentially, which re-
sults in the exponential dependence of the external decay rate
on the metal film thickness. Therefore, the most remarkable
effect of the reduction of the metal film thickness appears in
the enhancement of external decay. The change in the direct
reflection phase φ can also be explained by the decrease in
the effective thickness of the metal film, but it can also be

interpreted as a result of effective decrease of the metal loss
factor η.

The trend of the internal decay rate γi is opposite to that in
the case of change in the thickness of a flat metal film. This
behavior indicates that the diffraction of SPP by the dimple
array enhances the internal decay. However, the change in
the direct reflection phase φ is mainly determined by the
material loss (volume of metal region) because the diffraction
produced by the periodic array with the period comparable to
the wavelength is restricted to a few diffraction orders and the
influence on the direct reflection process is weak.

E. Random array

For the periodic array discussed in the previous section,
the effect of diffusive scattering is weak because the radiative
diffraction order is restricted. In this section, we discuss a sys-
tem with randomly distributed dimples in order to include the
effect of diffusive scattering. Figure 8 shows the dependence
of (a) the angular spectrum, (b) dip and resonant angles, and
(c) decay rates and the direct reflection phase on the depth of
dimple d for a sample whose extracted values are near the

(a) (b) (c)

FIG. 8. Parameters extracted by the TCM method from the reflection spectrum of the nanodimple random array. (a) Dependence of the
reflection spectrum on the depth of dimple d . Dotted lines depict the resonant angles. Arrows denote the dip positions. (b) Resonant angle and
dip angle as functions of d . Dotted line depicts the resonant angle obtained using the dispersion relation of SPP. (c) Total decay rate γ , external
decay rate γe, internal decay rate γi, and direct reflection phase φ as functions of d . Here, we assume that the thickness of the aluminum film
outside the dimple is h0 = 22.2 nm, and the radius of the dimple is set to 80 nm.

085414-8



EVALUATION OF SURFACE ROUGHNESS OF METAL … PHYSICAL REVIEW B 101, 085414 (2020)

averaged values of randomly produced 100 samples. Here,
the dimple radius r is set to 80 nm, and the depth of dimple
d is changed from 0.2 to 18.2 nm for the same distribution
of dimples in the xy plane. In addition, in this section, the
thickness of the aluminum film outside the dimple is assumed
to be h0 = 22.2 nm.

Comparing the results for the periodic array in Figs. 6(c)
and 6(f) and those for the random array in Figs. 8(a) and 8(b),
it is found that the extension of the width of the dip and
the shift of the dip angle due to an increase in the depth of
dimple d are larger in the random array. In addition, Figs. 7(c)
and 8(c) show that the direct reflection phase φ increases with
d in a random array, contrary to the case of periodic array.
These results are similar to those obtained when the metal loss
factor η is increased in a flat metal film. Thus, the introduction
of a random dimple array produces a similar effect as that of
an increase in metal loss. The diffusive scattering produced
by the random array suppresses the direct specular reflection,
like absorption.

F. Effect of dimple array on parameters

From the above consideration, it is deduced that one
of the effects of dimple formation is the reduction in the
effective thickness of the aluminum film. This results in
an increase in external decay, namely, the enhancement of
radiation from the resonant mode. The radiation from the
resonant mode is limited by the tunneling process within the
metal region, which depends exponentially on the product
of the decay rate of the evanescent field in the z direction,
γz =

√
k2

SPP − Re[εAl]ω2
i /c2, and the thickness of the metal

region. Here, kSPP is the wave number of SPP at an angular
frequency of ωi. Therefore, we define the effective thickness
of the metal film as follows:

exp (−2γzheff ) = πr2

p2
exp (−2γzh)

+
(

1 − πr2

p2

)
exp (−2γzh0), (16)

where h0 = 22.2 nm and h denote the thickness of the alu-
minum film outside the dimple and that left below the bottom
of the dimple, respectively. The period of array p is taken to
be 400 nm in the random array case, considering the average
density of the dimples.

Figure 9 shows the relation between the value of effec-
tive film thickness heff defined by Eq. (16) and the external
decay rate. The black solid line depicts the results for a flat
aluminum film with thickness heff. The light-blue dashed line
denotes exponential dependence on heff, expressed by the left-
hand side of Eq. (16), based on the value at heff = 22.2 nm. All
data coincide well, which shows the validity of the estimation
of effective thickness using Eq. (16). Thus, we can evaluate
heff from the value of the external decay rate γe assuming the
exponential dependence between them, and use it as an index
for corrosion.

In Fig. 10(a), the values of the ratio of decay rates χ and the
direct reflection phase φ extracted from the reflection spectra
for various conditions of the periodic array (yellow circles)
and random array (green squares) of dimples are plotted on

FIG. 9. Relation between the external decay rate γe and the effec-
tive aluminum thickness heff for nanodimple periodic array (red dots),
nanodimple random array (green squares), and flat aluminum film
(black solid line). The light-blue dashed line depicts the exponential
dependence on heff based on the value at heff = 22.2 nm.

the color map of the spectral shape factor (SSF) f −, as in
Fig. 5(c). The black solid line depicts the result of a flat
aluminum film with various thicknesses decreasing from the
lower right to upper left, where the metal loss factor η is fixed

(a) (b)

(c) (d)

FIG. 10. Parameters extracted by the TCM method from the re-
flection spectra for various configurations of nanodimples. (a) Direct
reflection phase φ and ratio of decay rates χ for periodic array
(yellow circles) and random array (green squares) plotted on the
color map of the spectral shape factor f −. (b), (c) Thickness hSSF

and the metal loss factor ηSSF for the flat metal film that gives the
same shape of the normalized reflection spectrum as the dimple array
system with the effective thickness heff. (d) Internal decay rate γi as
a function of heff. Red dots, green squares, and the black solid line
denote the results for nanodimple periodic array, nanodimple random
array, and flat aluminum film, respectively.

085414-9



MUNEHIRO NISHIDA et al. PHYSICAL REVIEW B 101, 085414 (2020)

to 1. Using the results shown in Fig. 5(c), we can deduce
the thickness of the aluminum film hSSF and the metal loss
factor ηSSF for the metal film that provides the values of χ ,
φ, and f − at the points in Fig. 10(a). Thus, we obtain a flat
metal film model with thickness hSSF and metal loss factor
ηSSF for each dimple array system. This model gives the same
shape of the normalized reflection spectrum as the dimple
array system. Figures 10(b) and 10(c) show hSSF and ηSSF as
functions of effective thickness heff for periodic arrays (red
dots), random arrays (green squares), and a flat aluminum film
(black solid line). Figure 10(b) shows that hSSF corresponds
rather well with heff, which is consistent with the notion that
one of the effects of the dimple array is to reduce the effective
thickness of the aluminum film and result in the exponential
enhancement of radiative decay. While from Fig. 10(c), an-
other effect of the dimple array can be considered to alter
(enhance in most cases) the imaginary part of the permittivity
of aluminum effectively. This effect seems to be produced by
diffusive scattering, which depends on the configuration of the
dimples. Indeed, we can see that random arrays provide higher
enhancement than the periodic array.

These effects of the dimple array appear in each parameter
value, such as the internal decay rate γi shown in Fig. 10(d)
and the direct reflection coefficient rd shown in Fig. S1
in Supplemental Material [30]. These parameters strongly
depend on the structure and distribution of dimples, even
though they provide the same effective thickness. Especially,
the plots of γi for the flat films, periodic arrays, and random
arrays are distributed separately. Note that we studied only
100 samples of random distribution of dimples, in which
the variation of distribution is quite limited and rare cases,
such as quasiperiodic distributions, are not included. These
results indicate that a more detailed characterization of the
metal surface condition can be achieved by analyzing these
parameters systematically, e.g., by using machine learning
with much bigger data sets. However, this will be taken up
in the future.

Finally, we comment about the effect of system geometry
on the parameters. Otto configuration is another setup used
in the ATR method, in which a thick metal film is positioned
close to a prism [39]. It has been shown that the Fano reso-
nance occurs also in the Otto configuration in [8]. Therefore,
the Otto configuration may also be used to detect pitting cor-
rosion. We summarize the results of corresponding calculation

for the Otto configuration in the Supplemental Material [30].
As shown in Fig. S7, the shift of the dip angle due to the
growth of dimples is as small as the shift of the resonant angle.
Therefore, the Kretschmann configuration is superior for the
detection of pitting corrosion on nanoscale. Note that Fig. S7
shows that the shift of the resonant angle calculated using
the SCM method for the both configuration is comparable
to the result of the perturbation theory [40,41] for the SPP
resonance on the aluminum surface with the same random
array of nanodimples, and it is much smaller than the shift of
dip angle in the Kretschmann configuration. In a real pitting
corrosion, various shapes of dimples may be created. The
geometry of dimple may affect the ATR spectrum. Because
the effective thickness defined by Eq. (16) is determined only
by the area A = πr2 and the thickness h of the metal film left
below the dimple array, we expect that the estimation of the
effective thickness using Eq. (16) is applicable to the case
of other geometry, such as spherical dimple, by introducing
some geometrical correction to the area A and the thickness h.
Experimental or numerical confirmation of this expectation is
necessary, but it will also be taken up in the future.

IV. CONCLUSIONS

In this paper, we have shown the possibility of evaluating
the surface roughness of a metal film by analyzing the ATR
spectrum from the viewpoint of Fano resonance. Using the
temporal coupled-mode method, it was found that the geo-
metrical feature of the ATR spectrum is characterized by a
single shape factor, which is determined by the following two
parameters: Direct reflection phase and ratio of decay rates.
Based on this information, we have developed a method to
extract key parameters, such as internal and external decay
rates, from spectral data, and shown that these parameters
provide corrosion information such as the effective thickness
of the metal film and the distribution of nanosized dimples.
These results form the basis for developing a method for
characterizing the initial stage of pitting corrosion on a metal
surface using plasmonic ATR.
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