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We present a comprehensive first-principles analysis of the nonadiabatic effects due to the electron-phonon
interaction on the vibrational spectrum of the electron-doped monolayer MoS2. Deep changes in the Fermi
surface upon doping cause the linewidth broadening of the normal modes governing the spin-conserving
intervalley electronic scattering, which become unstable with the population of all the spin-split conduction
valleys. We find that the nonadiabatic spectral effects modify dramatically the adiabatic dispersion of the
long-wavelength optical phonon modes, responsible for intravalley scattering, as soon as inequivalent valleys get
populated. These results are illustrated by means of a simple analytical model. Finally, we explain the emergence
of an intricate dynamical structure for the strongly interacting out-of-plane polarized A′

1 optical vibrational
mode spectrum by means of a multiple-phonon quasiparticle picture defined in the full complex frequency
plane, showing that this intriguing spectral structure originates from the splitting of the original adiabatic branch
induced by the electron-phonon coupling.
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I. INTRODUCTION

Most standard first-principles calculations of both elec-
tronic and vibrational properties of solids [1–3] rely on the
adiabatic approximation [4], which assumes an instantaneous
response of the carriers to the motion of ions, and therefore,
that the lattice dynamics is only influenced by electrostatic
fields. The adiabatic approximation has proved to be of great
success, as demonstrated by the good agreement between
experimental and theoretical phonon dispersions, as well as
electron-phonon coupling strengths [5–9]. The reason for
this success is partially due to the fact that the corrections
to the vibrational spectrum induced by the interaction with
electrons beyond the adiabatic approximation, i.e., nonadia-
batic effects, are in most cases weak in metals [10]. How-
ever, both Migdal [10] and Engelsberg and Schriffer [11]
already indicated the possibility of large nonadiabatic ef-
fects on optical phonon dispersions in the long-wavelength
limit, which was subsequently studied by means of simple
models [12,13]. Since then, great efforts have been made
to experimentally detect such many-body effects, mainly by
Raman spectroscopy [14], but also using inelastic neutron [15]
and x-ray spectroscopies [16], all of them being valuable tools
for reporting lattice vibrational spectra. Thereby, phonon fre-
quency renormalizations due to electron-phonon interactions
have been found in several cases, among them standing out
large phonon frequency hardenings of up to 30% [16–23].
In all these systems, an approximated ab initio lattice vi-
brational theory including nonadiabatic effects has proved
to be essential in order to interpret the experimental spectra
that otherwise cannot be explained only within the adiabatic
approach.

More recently, Raman experiments on the monolayer
MoS2 have revealed strong sensitivity to electron doping of
the optical phonons with a dominant out-of-plane polariza-
tion, which exhibit an increasing frequency softening at low
carrier concentrations (ρ < 2 × 1013 cm−2) [24]. Although
this effect was first understood by means of adiabatic vibra-
tional calculations, several works focusing only on the � point
have pointed out the importance of nonadiabatic corrections
when increasing the carrier doping concentration (ρ ∼ 5 ×
1013 cm−2) [25,26]. Moreover, the experimentally measured
superconductivity [27] and the intricate carrier photoemission
spectra [28] at larger doping have been theoretically explained
by a considerably large strengthening of the electron-phonon
coupling promoted by abrupt changes in the topology of the
Fermi surface (FS) [29–31]. In this respect, large adiabatic fre-
quency softenings of the strongly interacting phonons mediat-
ing electronic intervalley scattering have been also obtained
by ab initio calculations [32,33].

In this paper we analyze the nonadiabatic corrections in-
duced by the electron-phonon coupling not only to the � point
but also to the whole vibrational spectrum of the electron-
doped monolayer MoS2 from first principles. For the phonon
modes driving effective electronic intervalley scattering, we
report large spectral broadenings as soon as the correspond-
ing spin-conserving electron-hole channels are energetically
allowed with increasing doping. Besides, we detect that these
vibrational modes develop lattice instabilities precisely at
the moment when all the multiple inequivalent spin-split
conduction valleys get populated. Interestingly, large phonon
frequency hardenings and sharp dispersions emerge for the
optical vibrational branches accompanied by an intricate dy-
namical structure and the broadening of the spectral function
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at finite momenta close to the Brillouin zone (BZ) center. We
explain the emergent spectrum in terms of a multiple-phonon
quasiparticle picture which puts in evidence the splitting of
the optical phonon branch induced by the electron-phonon
interaction.

This paper is organized as follows. In Sec. II we briefly
review the theory based on many-body Green’s function
methods for calculating from first-principles nonadiabatic ef-
fects due to electron-phonon interactions on lattice vibrations.
Section III summarizes the computational details. In Sec. IV A
we shortly present the electronic and vibrational adiabatic
calculations of the doped monolayer MoS2 as a necessary step
before addressing in Sec. IV B the calculated phonon spectral
functions including nonadiabatic effects. In Sec. IV C we
concisely emphasize the importance of the complex frequency
plane in order to correctly describe and understand the emer-
gent and intricate spectrum in terms of phonon quasiparticles.
Section V summarizes our conclusions.

II. THEORY

Since the adiabatic approximation neglects retardation ef-
fects on the electronic response to the ionic motion, the
interatomic force constants are strictly real magnitudes within
this approximation. The adiabatic phonons are defined as the
solutions of the secular eigenvalue problem [3],∑

s′α′
Dαα′

ss′ (q)es′α′
ν (q) = ω2

ν (q)esα
ν (q), (1)

where ων (q) and esα
ν (q) are the frequency and the polarization

vector of the lattice vibrational normal mode with branch
index ν and momentum q, respectively. Here and in the
following, atomic units are used. Dαα′

ss′ (q) is the adiabatic
dynamical matrix which is related to the Fourier transform
of the interatomic force constant matrix Cαα′

ss′ (q) as follows:
Dαα′

ss′ (q) = Cαα′
ss′ (q)/

√
MsMs′ , with Ms the mass of the sth ion

within the unit cell (u.c.). Since Dαα′
ss′ (q) is Hermitian by

definition, the adiabatic phonons as defined above have real
frequencies and are, therefore, infinitely long-lived excita-
tions [3]. Physically, the interatomic force constants describe
the force acting on the sth ion in the α direction when the s′th
ion is displaced along the α′ direction from its equilibrium
position [34]. In this sense, a useful expression for Cαα′

ss′ (q)
can be obtained by differentiating the Hellmann-Feynman
forces [35] with respect to the ionic displacements from the
equilibrium geometry and using the density linear response
theory [34]

Cαα′
ss′ (q) =

∫∫
∂Vscf (r)

∂uα′
s′ (q)

(
χ0

q (r, r′, 0)
∂Vscf (r′)
∂uα

s (q)

)∗
drdr′

−
∫∫ (

∂n(r)

∂uα
s (q)

)∗
K (r, r′)

∂n(r′)
∂uα′

s′ (q)
dr′dr

+
∫

n(r)
∂2Vext (r)

∂u∗α
s (q)∂uα′

s′ (q)
dr + ∂2Eion

∂u∗α
s (q)∂uα′

s′ (q)
.

(2)

Here n(r), Vext (r), and Eion are the electron charge den-
sity, the electron-ion interaction external potential, and the

Coulomb interaction energy between nuclei, respectively.
K (r, r′) is the Hartree and exchange-correlation kernel. uα

s (q)
corresponds to the displacement amplitude of the sth ion
along the α direction for a lattice distortion of wave vector
q. ∂Vscf (r)/∂uα

s (q) and ∂n(r)/∂uα
s (q) are the self-consistent

static-screened change of the external potential and charge
density, respectively, with respect to the ionic displacement
uα

s (q). χ0
q (r, r′, ω) is the density-response function of the

noninteracting electronic system, defined as [36]

χ0
q (r, r′, ω) = 1

Nk

1BZ∑
k

∑
mn

f
(
εk

n

) − f
(
ε

k+q
m

)
εk

n − ε
k+q
m + ω + iη

× [
ψk

n (r)
]∗

ψk+q
m (r)

[
ψk+q

m (r′)
]∗

ψk
n (r′), (3)

where εk
n and ψk

n (r) are the energy and wave function of
the Kohn-Sham (KS) electron state of band index n and
momentum k, respectively. f (εk

n ) represents the Fermi-Dirac
(FD) occupation factor of the KS state, η is a positive real
infinitesimal, and Nk is the number of k points considered
for the BZ integral. All the magnitudes presented so far are
directly accessible from state-of-the-art calculations based on
the density functional theory (DFT) [1,2] and the density
functional perturbation theory (DFPT) [3]. From the first term
on the right-hand side of Eq. (2), it is clear that the adiabatic
dynamical matrix in Eq. (1) is valid as long as a electronic
static screening of lattice vibrations is similar to the response
function at typical phonon frequencies, i.e., χ0

q (r, r′, ω) ≈
χ0

q (r, r′, 0). In other words, adiabatic phonons are valid as
long as the phonon-mediated electronic transition energies
between occupied and empty states are much greater than the
vibrational frequencies themselves, i.e., |εk

n − ε
k+q
m | � ων (q)

in Eq. (3).
The above condition is satisfied in insulators and large-

gap semiconductors, but may be compromised for several
metals and narrow-gap semiconductors. This is so because the
dynamical matrix should in principle incorporate the retar-
dation effects on the electronic response to the ionic motion
with a finite frequency dependence (ω �= 0). In this case,
Eq. (1) becomes a self-consistent dynamical problem given
by |Dαα′

ss′ (q, ω) − ω2| = 0 [34]. The effects due to the dynam-
ical response of the electron gas are equivalently taken into
account by means of many-body perturbation theory based
on Green’s functions [36]. Within this formalism, the dressed
phonon Green’s function for normal modes with momentum
q, Dνν ′ (q, ω), is obtained from the bare phonon Green’s
function D0

νν (q, ω), and the phonon self-energy �νν ′ (q, ω),
by solving the following Dyson’s equation [37]:

Dνν ′ (q, ω)−1 = D0
νν (q, ω)

−1 − �νν ′ (q, ω). (4)

The above equation describes the dynamical perturbation due
to the electron-phonon coupling, which is encoded by the
�νν ′ (q, ω) matrix, and in principle describes the hybridization
of the bare phonon modes given by the diagonal matrix
D0

νν (q, ω). However, we found numerically that the diagonal
approximation turns out to be excellent in MoS2, and here-
inafter, only the diagonal form of the Dyson’s equation is
considered for simplicity. The formal definition of the phonon
self-energy in Eq. (4) includes an impractical infinite series
of electron-phonon Feynman diagrams. From now on we
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will consider only the simplest polarization diagram for the
phonon self-energy. This procedure leads to the extensively
used expression of the so-called retarded phonon self-energy
due to the electron-phonon interaction [37–39]

�ν (q, ω) = 1

Nk

1BZ∑
k

∑
mn

∣∣gν
mn(k, q)

∣∣2 f
(
εk

n

) − f
(
ε

k+q
m

)
εk

n − ε
k+q
m + ω + iη

.

(5)
Here gν

mn(k, q) are the static-screened electron-phonon matrix
elements, defined as [37,38]

gν
mn(k, q) =

∑
sα

esα
ν (q)√

2ων (q)Ms

〈
ψk+q

m

∣∣∣∣ ∂V̂scf

∂uα
s (q)

∣∣∣∣ψk
n

〉
, (6)

which physically describe the strength of the effective cou-
pling between the KS states |ψk

n 〉 and |ψk+q
m 〉 via the normal

mode of branch index ν and momentum q. The matrix ele-
ments in Eq. (6) as well as the retarded phonon self-energy
in Eq. (5) are directly computable magnitudes from DFT and
DFPT calculations. We consider the Fröhlich Hamiltonian as
the starting point in order to obtain the expressions for the
self-energy both for electrons and phonons, where the vertex
is simply the screened electron-phonon matrix element (in
lowest order). The phonon self-energy physically accounts for
both the dynamical (ω �= 0) and static (ω = 0) screening of
lattice vibrations by electron-hole pair excitations induced by
the phonon itself. It therefore holds the information on the
vibrational frequency renormalizations and linewidth broad-
enings due to the electron-phonon interaction up to first order.
In this respect, from Eq. (5) it is clear that large corrections
should be expected when the phonon-mediated electronic
transition energies are close to the vibrational frequencies, i.e.,
|εk

n − ε
k+q
m | ≈ ων (q).

In practice, one has to be careful when accounting for the
static screening contributions to the phonon self-energy in
Eq. (5), and bear in mind that these terms are already included
in the adiabatic phonon calculations. Within this scheme, the
bare propagator in Eq. (4) for a phonon mode with branch
index ν and momentum q is defined in terms of the adiabatic
phonon frequency as

D0
ν (q, ω) = 1

ω − ων (q) + iη
− 1

ω + ων (q) − iη

= 2ων (q)

ω2 − [ων (q) − iη]2
. (7)

Thus, the actual expression of the phonon self-energy that
takes into account only retardation effects on the electronic
response to the ionic motion, i.e., nonadiabatic effects due to
the electron-phonon interaction, is given by [38]

�̃ν (q, ω) = �ν (q, ω) − �ν (q, 0). (8)

Plugging now Eq. (7) into Eq. (4) and substituting �ν (q, ω)
with �̃ν (q, ω), one finds the expression for the retarded
dressed phonon Green’s function including nonadiabatic
effects:

Dν (q, ω) = 2ων (q)

ω2 − ω2
ν (q) − 2ων (q)�̃ν (q, ω)

. (9)

Within the Green’s function formalism, the poles of
the dressed phonon propagator in Eq. (9) conform the
actual vibrational quasiparticle spectrum of the system, i.e.,
dressed phonons with renormalized frequencies and finite
lifetimes due to many-body effects. Thus, the solutions
of the quasiparticle equation are defined as ω2 − ω2

ν (q) −
2ων (q)�̃ν (q, ω) = 0. At this point, it is essential to realize
that although ω has been so far considered as a purely real
excitation frequency, the Dyson’s equation should in principle
be solved for the entire complex plane, where the complex
poles zν (q) describe the phonon quasiparticle excitation fre-
quencies 
ν (q) and linewidths γν (q) in a unified way, zν (q) =

ν (q) − iγν (q). This is so because the phonon self-energy
is itself a complex function of complex frequency argument.
The complex extension of the Dyson equation into the whole
complex plane leads to two coupled nonlinear equations for
the renormalized phonon frequencies and linewidths [38]:


2
ν (q) = ω2

ν (q) + γ 2
ν (q) + 2ων (q) Re �̃ν[q,
ν (q)− iγν (q)]

γν (q) = − ων (q)


ν (q)
Im �̃ν[q,
ν (q) − iγν (q)]. (10)

Above, the nonlinear coupling between the real and the
imaginary parts of the quasiparticle poles appears explicitly
obvious. Similar to the case of electrons [40,41], the main
drawback for solving the complex phonon Dyson’s equation
in Eq. (10) consists of extending the phonon self-energy into
the whole complex frequency plane, i.e., to consider the latter
as as a complex function of complex variable. In this respect,
following Refs. [40–43], one can recover a mathematically
meaningful Dyson’s equation in the whole complex plane
by first replacing (ω → z) in the phonon self-energy for the
upper half complex plane, and then analytically continuing
the obtained �̃ν (q, z) from the upper to the lower half com-
plex plane.

The role of the complex frequency plane in Eq. (10) has
been traditionally neglected in ab initio calculations, assum-
ing that γν (q) � 
ν (q) and |Im �̃ν (q, ω)| � Re �̃ν (q, ω).
Therefore, considering the analytical continuation of the
phonon self-energy is not the standard treatment. Follow-
ing the above approximations, the phonon quasiparticle
frequencies may be approximated by solving the phonon
Dyson’s equation [Eq. (10)] only along the real frequency
axis, i.e., the so-called Brillouin-Wigner perturbation the-
ory [36], as in Refs. [16,22,23], finding [
BW

ν (q)]2 ≈
ω2

ν (q) + 2ων (q)Re�̃ν[q,
BW
ν (q)]. An even more drastic

approximation, but most frequently considered in litera-
ture, is to consider the non-self-consistent version of the
Dyson equation as in Refs. [17–21], [
RS

ν (q)]2 ≈ ω2
ν (q) +

2ων (q)Re�̃ν[q, ων (q)], which is equivalent to the Rayleigh-
Schrödinger perturbation theory [36].

In this work we compute the retarded dressed phonon
Green’s function in Eq. (9) by means of the first-principles
calculations of the retarded phonon self-energy in Eq. (8). In
Sec. IV B we present the calculated phonon spectral functions.
In Sec. IV C we consider an approximate numerical procedure
to obtain the complex phonon quasiparticle poles in the entire
complex frequency plane, and discuss the possible limitations
of the above standard procedures.
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III. COMPUTATIONAL METHODS

All self-consistent first-principles calculations were per-
formed using the noncollinear DFT [1,2] and DFPT [3] with
fully relativistic norm-conserving pseudopotentials [44,45] as
implemented in the QUANTUM ESPRESSO package [46]. The
Perdew-Zunger local density approximation was adopted in
order to describe the exchange-correlation potential [47]. For
electronic calculations, we used a 32 × 32 k mesh in combina-
tion with a Gaussian smearing of 5 mRy and a plane-wave ba-
sis with a cutoff of 80 Ry. Lattice vibrational properties were
evaluated based on the calculation of the dynamical matrices
on a coarse 8 × 8 q mesh [48]. Carrier doping effects were
self-consistently taken into account by the addition of excess
electronic charge into the unit cell system, compensated by a
uniform positive jellium background. Electron-phonon matrix
elements were calculated considering doping-sensitive full-
spinor electron states, phonon states, and deformation poten-
tials, on coarse 16 × 16 and 8 × 8 k and q meshes for elec-
trons and phonons, respectively. Our analysis is focused on the
electron-doped metallic monolayer MoS2, and therefore, polar
effects and long-range contributions to the electron-phonon
matrix elements are not present in this system [49]. The
computation of all electron-phonon related magnitudes was
carried out through fine integrals over the 1BZ, using Wannier
scheme interpolated matrix elements [50–52]. In particular,
the 1BZ summations of the retarded phonon self-energy in
Eq. (5) are computed using a mesh of 1800 × 1800 k points
with a broadening parameter of η = 1 meV and a smearing
energy of 5 meV equivalent to a temperature of 58 K included
via the FD occupation factors.

The monolayer MoS2 consists of a hexagonal close-packed
structure of two planes of sulfur (S) atoms with an inter-
calated plane of molybdenum (Mo) atoms, bounded in a
trigonal prismatic arrangement. We considered the in-plane
lattice parameter equal to the experimental bulk value a =
3.16 Å [53], and a height of five times a, which provides a
large enough vacuum in order to avoid any interplay between
adjacent sheets. In all cases, the equilibrium cell geometry
was determined keeping the lattice parameter fixed to a, and
relaxing all atomic forces up to at least 10−6 Ry/a.u. For the
undoped monolayer, the relaxed interplanar distance is equal
to 1.56 Å, equivalent to a Mo-S bond length of 2.40 Å.

IV. RESULTS AND DISCUSSION

A. Electronic and vibrational properties of the monolayer MoS2

within the adiabatic approximation

We start this section by briefly presenting the electronic
and vibrational structures of the undoped monolayer MoS2

within the adiabatic approximation. Figure 1(a) shows the
electron conduction-band structure (left) and its correspond-
ing density of states (DOS) (right) on the meV range of
energy, while the inset in the left panel shows the band struc-
ture on the eV range centered on the semiconducting direct
band gap. The solid blue and dashed red lines represent the
opposite out-of-plane spin-polarized conduction bands, due
to the pure two-dimensional (2D) nature of the system [54].
An energy minimum is predicted at the Q (Q′) points, about
140 meV higher in energy than the main minimum at the

FIG. 1. (a) Electron conduction-band structure (left) and the
corresponding DOS (right) of the undoped monolayer MoS2 on the
meV range of energy. Solid blue and dashed red lines represent
opposite out-of-plane spin-polarized bands. The inset shows the band
structure on the eV range centered on the semiconducting direct gap
at the high-symmetry point K (K ′), with an energy of about 1.7 eV.
(b) Phonon dispersion relation (left) and the corresponding phDOS
(right) of the undoped monolayer MoS2.

K (K ′) points. Furthermore, while the K (K ′) valleys are
almost spin degenerated, spin-orbit (SO) interaction induces
an energy splitting of �SO ∼ 80 meV at the Q (Q′) band
edges. Figure 1(b) shows the adiabatic phonon dispersion
(left) and its related density of states (phDOS) (right) of
the undoped monolayer MoS2. The in-plane vibrating lon-
gitudinal (LA) and transverse (TA) acoustic normal modes
disperse linearly near the � point, while the out-of-plane
acoustic (ZA) branch exhibits a parabolic dispersion. The
E ′′ and E ′ vibrational branches correspond to two pairs of
in-plane longitudinal (LO) and transverse (TO) optical modes.
While the E ′′ modes correspond to only S atoms vibrating
in counterphase, Mo and S atoms vibrate in counterphase
in the E ′ branches. In addition, while the E ′′ modes are
degenerated at the � point with an energy of 36 meV, the
E ′ branches are split with a LO-TO splitting of 0.5 meV at
energies between 48 and 49 meV. The A′

1 mode corresponds
to the almost dispersionless optical branch at 51 meV at the �

point, with S atoms vibrating out-of-plane in counterphase.
Finally, the A′′

2 mode corresponds to the highest frequency
optical mode with an energy of 59 meV at the � point, with
Mo atom and S atoms vibrating out-of-plane in counterphase.
Our calculations are in excellent agreement with previous
theoretical and experimental results [55–59].

Henceforth, we focus on the influence of the electron
doping on both the electronic and vibrational properties of
the monolayer MoS2, which are in fact necessary before
addressing our later analysis on the electron-phonon induced
nonadiabatic corrections to the phonon spectrum. It is also
a valuable examination, as it allows us to do a first scan
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FIG. 2. Electron conduction-band structure (left) and its corresponding DOS (right) of the monolayer MoS2 for some representative
electron-doping concentrations ρ = 0.03 (a), 0.09 (b), and 0.135e/u.c. (c). The inset in the left panels show the FS contour. Solid blue and
dashed red lines represent opposite out-of-plane spin-polarized bands. The Fermi level is set to zero (horizontal dotted black line). Horizontal
dashed-dotted green lines delimit the energy window (shaded green area) within which an electron-hole pair can be excited (relaxed) by the
decay (emission) of a phonon with maximum frequency ωmax = 60 meV. Phonon dispersion relation (left) and its corresponding phDOS (right)
of the monolayer MoS2 for the representative carrier concentrations ρ = 0.03 (d), 0.09 (e), and 0.135e/u.c. (f). Solid gray and dashed magenta
lines represent the undoped and doping-dependent phonon branches, respectively.

of normal modes coupled to electrons by exploring for in-
stance the presence of frequency softenings. Figures 2(a)–2(c)
present the conduction-band structure of the doped mono-
layer MoS2 (left) and its related DOS (right) for three rep-
resentative carrier doping concentrations ρ = 0.03, 0.09, and
0.135e/u.c., respectively [60]. As before, the solid blue and
dashed red lines represent the opposite out-of-plane spin-
polarized conduction bands. The dashed-dotted green lines
delimit the shaded green area that represents the energy win-
dow within which an electron-hole pair can be energetically
excited by the emission or absorption of a phonon. Addi-
tionally, the inset in the left panels shows the corresponding
Fermi contour for each doping level. We can easily distinguish
three different doping regimes: the “small” doping regime for
ρ � 0.06e/u.c., where only the K (K ′) valleys are occupied
(see Fig. 2(a) and the Supplemental Material Figs. S1(a)–
S1(d) [61]); the “intermediate” doping regime for 0.06 � ρ �
0.120e/u.c, where the lower spin-split Q (Q′) valleys get
also populated (see Fig. 2(b) and the Supplemental Material
Figs. S1(e)–S1(h) [61]); and the “large” doping regime for
ρ � 0.120e/u.c., where the upper spin-split Q (Q′) states
are finally occupied (see Fig. 2(c) and the Supplemental
Material Figs. S1(i)–S1(j) [61]). The high doping sensitivity
of the energy difference between the K (K ′) and Q (Q′)

minima highlights the importance of self-consistently incor-
porating the impact of doping on the vibrational calculations,
where the correct band structure is necessary in order to
appropriately account for the electronic static screening [see
Eq. (2)]. Figures 2(d)–2(f) compare the undoped (solid gray
lines) and doped (dashed magenta lines) adiabatic phonon
dispersion relations of the monolayer MoS2 (left) and their
corresponding phDOS (right) for the same three carrier con-
centrations as in Figs. 2(a)–2(c). In the small doping regime,
significant frequency dips of ∼5 meV are reported for the
A′

1 and LA branches at q = � and M that sink even more
as doping increases (see Fig. 2(d) and the Supplemental
Material Figs. S2(a)–S2(d) [61]). This clearly indicates that
these normal modes are coupled to carrier states at K (K ′)
and Q (Q′) [62], and are hence effectively static screened
at this level by means of spin-conserving K (K ′) intravalley
and K ↔ Q′ (K ′ ↔ Q) intervalley electron-hole pairs [see
Fig. 2(a)]. At intermediate doping concentrations, however,
frequency softenings also appear for different branches at q =
Q(Q′) and K (K ′) (see Fig. 2(e) and the Supplemental Material
Figs. S2(e)–S2(h) [61]). Besides, the previously observed
Kohn anomalies for the LA and A′

1 modes at q = � and M are
also intensified, the former exhibiting impressively large soft-
ening values larger than 10 meV. This directly results from the
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FIG. 3. Density plot of the phonon spectral function of the monolayer MoS2 for some representative electron-doping concentrations ρ =
0.03 (a), 0.06 (b), 0.09 (c), and 0.12e/u.c. (d). The color code scale represents the height of the spectral function. Dashed black lines represent
the adiabatic dispersions. In those areas where Im �̃(q, ω) = 0, we use a finite broadening of η = 0.35 meV in order to appreciate the different
phonon peaks.

enrichment of the FS topology, which gives rise to additional
spin-conserving scattering channels connecting electron and
hole states at the K (K ′) and/or Q (Q′) valleys (see the
Supplemental Material of Ref. [31]), screening the lattice
vibrations themselves through the electron-phonon coupling.
Finally, within the large doping regime, the in-plane acous-
tic Kohn anomalies develop instabilities at the q = K (K ′)
and M points, and also at q = Q(Q′) as doping increases
(see Fig. 2(f) and the Supplemental Material Figs. S2(i) and
S2(j) [61]). In this case, all the spin-polarized valleys are
occupied, the number of FS-nesting channels being maxi-
mum. Hence, the static screening induced by the electron-
phonon coupling is so large that a lattice phase transition is
energetically favorable [33].

It is worth noting that the ZA, E ′′, and A′′
2 normal modes are

practically insensitive to doping through all BZ, as expected
from symmetry arguments [58]. Thus, we exclude them from
our following discussion.

B. Signatures of nonadiabatic corrections to the phonon
spectral functions of the doped monolayer MoS2 due to the

electron-phonon coupling

In this section we present the first-principles phonon spec-
tral function of the doped monolayer MoS2 including nonadi-
abatic renormalizations due to electron-phonon interactions.
The phonon spectral function is defined as [36]

B(q, ω) = − 1

π

∑
ν

Im Dν (q, ω), (11)

where the retarded dressed phonon Green’s function is con-
structed as in Eq. (9). Physically, the phonon spectral func-
tion describes the probability density of phonon states in

the momentum-energy (q, ω) space, and is experimentally
accessible by means of several techniques [15].

Figures 3(a)–3(d) show the calculated phonon spectral
functions of the monolayer MoS2 for the representative car-
rier concentrations within the small doping regime ρ = 0.03
and 0.06e/u.c., and within the intermediate doping regime
ρ = 0.09 and 0.12e/u.c., respectively [63]. The large doping
regime is not shown, since the lattice becomes unstable [see
Fig. 2(f)]. The dashed black lines show the corresponding
adiabatic phonon dispersions. The differences between the
adiabatic branches and the main features defined by the spec-
tral function allow us to appreciate nonadiabatic corrections.

In the following, we will concentrate on studying more
specifically the large and small momentum regimes q � �

and q ≈ �, respectively, as this will allow us to rationalize the
results with a simple model theoretical treatment.

1. Large momentum regime (q � �)

By the large momentum regime we refer to the set of
wave vectors away from � that take part in the phonon-
mediated intervalley electronic scattering. This is governed by
the doping-dependent topology of the FS, as already noted in
Sec. IV A, and comprises momenta near q ≈ Q(Q′), K (K ′),
and M.

In Fig. 3 we show that the nonadiabatic corrections do
not change the adiabatic vibrational structure within the large
momentum regime, and, to a large extent, the renormalized
phonon frequencies follow the adiabatic ones, i.e., 
ν (q) ≈
ων (q). Thus, the only significant spectral feature related to
the electron-phonon coupling is the broadening of the phonon
spectra. Given that in this case the phonon energy is much big-
ger than its lifetime broadening, we can deduce from Eq. (10)
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FIG. 4. The phonon linewidth γν (q) as a function of electron
doping for (a) acoustic and (b) optical vibrational modes at momenta
q ≈ Q(Q′), K (K ′), and M, represented by solid blue, dotted red, and
dashed green lines. In (a), circles and squares represent the acoustic
TA and LA normal modes, respectively, while in (b) the optical
E ′ and A′

1 normal modes, respectively. The white and shaded gray
areas correspond to the small and intermediate doping regime, re-
spectively. (c) The electron-phonon coupling strength λ as a function
of doping.

that the phonon linewidth can be taken approximately equal to
the imaginary part of the phonon self-energy evaluated at the
adiabatic frequency itself, i.e., γν (q) ≈ | Im �̃ν[q, ων (q)]|.
From the imaginary part of Eq. (8), this is given by

γν (q) ≈ π

Nk

1BZ∑
k

∑
mn

∣∣gν
mn(k, q)

∣∣2 [
f
(
εk

n

) − f
(
εk+q

m

)]

× δ
[
εk

n − εk+q
m + ων (q)

]
, (12)

which is the same as one would obtain by Fermi’s golden
rule or the Rayleigh-Schrödinger-like scheme mentioned in
Sec. II. In Figs. 4(a) and 4(b) we represent the calculated
values of γν (q) as a function of doping for the set of the
acoustic TA and LA and the optical E ′′ and A′

1 phonon modes,
respectively, evaluated at the momenta q ≈ Q(Q′) (solid blue
lines), K (K ′) (dotted red lines), and M (dashed green lines). At
small doping concentrations (white area), only the interacting
LA and A′

1 normal modes (squares) with momentum q ≈ M
exhibit a weak but appreciable broadening of the linewidth.
This is so because in this regime only these specific nor-
mal modes are allowed to decay by exciting spin-conserving
K ↔ Q′ (K ′ ↔ Q) intervalley electron-hole pairs, which are
energetically possible via the actual phonon structure for
doping concentrations ρ � 0.045e/u.c. (see red dashed lines

within the green shaded area in the Supplemental Material
Fig. S1 [61]).

At intermediate doping concentrations (gray area), the
additional energetically available electron-hole pair channels
[see Fig. 2(b)] lead to the effective decay of normal modes
also at q ≈ Q(Q′) and K (K ′) by acquiring an appreciable
finite linewidth broadening (see Figs. 3(c) and 3(d) and the
Supplemental Material Figs. S3(e)–S3(h) [61]). Likewise, the
broadening of the above discussed phonon peaks at q ≈ M is
also enhanced. It is particularly interesting that the LA phonon
modes exhibit broadening values as large as three times that of
the other modes. Of course, the phonon linewidth is intimately
related to the electron-phonon coupling strength as [64]

λ = 2

πNEF Nq

1BZ∑
qν

γν (q)

ω2
ν (q)

, (13)

where Nq is the number of q points considered for the BZ
and NEF is the DOS at the Fermi energy EF. Therefore,
the enhancement of the linewidth broadening of the LA
phonon mode close to q ≈ M is directly connected to the
enhancement of the electron-phonon coupling strength in the
electron-doped monolayer MoS2 from intermediate doping
concentrations (ρ � 0.06e/u.c. ≈ 7 × 1013e/cm2), as shown
in Fig. 4(c). This is in agreement with the experimentally
measured superconducting state appearing from this doping
level [27], as well as to the K (K ′) valley intricate electron
photoemission spectrum [28], whose genuine spectral features
have been recently explained in terms of three elementary
many-body carrier quasiparticle states [31].

2. Small momentum limit (q → �)

In the small momentum limit, we focus on the phonon
spectral function for wave vectors close to �, which are
the ones which take part in the phonon-mediated intravalley
electronic scattering. We thus avoid discussing the acoustic
branches, since their interaction with electrons vanishes when
q → � [37].

Unlike in the large momentum regime, in this case the
nonadiabatic effects are not only limited to the broadening
of the phonon linewidth, but also lead to a large hardening
of vibrational frequencies at q = �, which is accompanied
by an increasingly steeper dispersion of the branch, com-
pletely breaking the adiabatic picture [12,13]. While at small
doping concentrations only the out-of-plane polarized A′

1
optical phonon branch exhibits significant spectral features
in Figs. 3(a) and 3(b), at intermediate doping concentrations
the in-plane polarized E ′ optical normal modes also display
appreciable spectral features in Figs. 3(c) and 3(d). The latter
appear rather unsensitive to doping, which is consistent with
the fact that electron-phonon matrix elements do not vary with
larger carrier concentrations.

Henceforth, we focus exclusively on the A′
1 branch, which

reveals the most interesting and complex evolution of the
spectral features upon doping. Figure 5 represents the renor-
malized frequency shift with respect to the undoped frequency
as a function of doping for the A′

1 phonon mode at q = �.
Our theoretical results (green triangles) are compared to the
experimental results from Ref. [25] (blue circles) and the
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FIG. 5. The renormalized frequency shift with respect to the
undoped frequency as a function of electron doping for the A′

1

phonon mode at q = �. Our theoretical results (green triangles) are
compared to the experimental results from Ref. [25] (blue circles)
and the theoretical results from Ref. [26] (red squares).

theoretical results from Ref. [26] (red squares). We obtain
frequency shifts that match accurately both the experimental
measurements and the previous theoretical results within the
small doping regime. Likewise, we obtain results similar to
those of Ref. [26] within the intermediate doping regime.
Nevertheless, close to the border between the small and
intermediate doping concentrations, our results exhibit more
sharply the break down of the adiabatic picture. We associate
this effect with a different smearing energy included via the
FD occupation factors, equivalent to a temperature of 58 K
(5 meV) in our work and 300 K (26 meV) in Ref. [26].

In order to get more insight about the physics of this
intriguing case not only at the � point but also slightly away
from it, we use a simple analytic model of the monolayer
MoS2 that reproduces the first-principles results (see the
Supplemental Material Note S3 for details [61]). We consider
an Einstein-like model consisting on a 2D free electron gas
interacting with one single optical vibrational branch with the
same properties as the A′

1 phonon mode. The electron gas is
composed of four equivalent K-like and six equivalent Q-like
parabolic bands, one for each direction of the spin polarization
and each valley [see Figs. 2(a)–2(c)], with m∗(K ) = 0.60
and m∗(Q) = 0.80 electron effective band masses, respec-
tively. Since the spin-split bands are oppositely spin polarized,
interband scattering can be safely neglected, and thereby,
an analytical expression for the phonon self-energy of the
coupled electron-phonon model is built directly from Eq. (8):

�̃A′
1
(q, ω) = 4g2

A′
1
(K )

(
χ0,K

2D (q, ω) − χ0,K
2D (q, 0)

)
+ 6g2

A′
1
(Q)

(
χ

0,Q
2D (q, ω) − χ

0,Q
2D (q, 0)

)
, (14)

where χ0,x
2D (q, ω) and gA′

1
(x) represent the 2D Lindhard func-

tion [65] and the matrix element describing the coupling of the
A′

1 phonon mode of wave vector q = � with electrons at the
x = K (K ′) and Q(Q′) points, respectively. The latter are taken
from first-principles calculations. Table I gathers the values
of the Fermi level as well as the matrix elements for all the
considered carrier concentrations.

The color code in Fig. 6 represents the spectral function
of the A′

1 phonon mode obtained from ab initio calculations

TABLE I. Ab initio calculated parameters used in the Einstein-
like model for the monolayer MoS2. EK

F and EQ
F are the energies of

the Fermi level with respect to the bottom of the occupied K and Q
valleys, respectively. gA′

1
(K ) and gA′

1
(Q) are the intraband electron-

phonon matrix elements of the A′
1 phonon mode at q = � interacting

with electron states at strictly k = K and k = Q, respectively.

ρ (e/u.c.) EK
F (meV) EQ

F (meV) gA′
1
(K ) (meV) gA′

1
(Q) (meV)

0.000 – – 87 66
0.015 28 – 84 68
0.030 67 – 82 69
0.045 91 – 65 86
0.060 104 – 52 98
0.075 110 18 46 104
0.090 112 35 41 109
0.105 111 49 35 114
0.120 107 61 30 119

(zoom in of Fig. 3) and using the Einstein-like model, both
evaluated in the small momentum limit along the �K direction
for the same carrier concentrations as in Fig. 3 [66]. The good
agreement between both vibrational spectra for all doping
levels confirms that our analytic model contains the rele-
vant physics of the nonadiabatic renormalizations due to the
electron-phonon interaction. We see that the intensity of the
spectral effects decreases with larger carrier concentrations
within the small doping regime, where only K (K ′) intravalley
electron-hole scattering occurs (see Figs. 6(a) and 6(b) and the
Supplemental Material Figs. S4(a)–S4(d) [61]). This trend is
explained by a screening induced reduction of the value of
the matrix element gA′

1
(K ) upon charge carrier accumulation

(see Table I). Oppositely, the spectral effects are outstandingly
enhanced as the doping concentration grows within the inter-
mediate doping regime, where Q (Q′) intravalley electronic
transitions are also allowed (see Figs. 6(c) and 6(d) and the
Supplemental Material Figs. S4(e)–S4(h) [61]). In particular,
at ρ = 0.12e/u.c. in Fig. 6(d), the renormalization of the adi-
abatic frequency ων (q) = 43 meV results in a sharp phonon
peak with maximum at frequency ω ≈ 57 meV at q = � and
ω ≈ 63 meV at |q| ≈ 0.05 Å−1 in the �K direction. These
values correspond to a frequency enhancement of ∼33% and
∼46%, respectively, representing both of them the largest
energy renormalization reported value so far in any material
(∼30%) [20]. Indeed, at intermediate doping concentrations,
gA′

1
(Q) is larger than gA′

1
(K ) and increases with doping (see

Table I), a behavior that has been recently explained in terms
of an electrostatic screening suppression caused by out-of-
plane deformation potentials [25].

For all the considered doping levels in Fig. 6, it is seen that
the main renormalized phonon peak acquires an appreciable
broadening at a given finite momentum |q| ≈ 0.03–0.05 Å−1.
By exploring the spectral functions of the Einstein-like model,
we quickly notice that the broadening occurs as soon as the
vibrational peak enters the dissipative electron-hole excitation
pair continua of the K and Q-like valleys, bounded by solid
gray lines in Fig. 6. Indeed, phonons with frequencies higher
than the boundary of the Landau damping region have too
much energy to decay by exciting any electron-hole pair, and

054304-8



EMERGENCE OF LARGE NONADIABATIC EFFECTS … PHYSICAL REVIEW B 101, 054304 (2020)

FIG. 6. Density plot of the spectral function of the monolayer MoS2 for the A′
1 phonon mode obtained by means of ab initio calculations

(left) and the Einstein-like model (right), for the same carrier concentrations as in Fig. 3 and within the small momentum regime along
the �K direction. The color code scale represents the height of the phonon spectral function. Dashed black lines represent the adiabatic
dispersion. Solid gray lines bound the electron-hole excitation damping continuum in the simplified model at zero temperature, delimited by:
(q2 + 2qkx

F )/2m∗
x � ω � (q2 − 2qkx

F )/2m∗
x , where kx

F is the Fermi momentum for each x = K (outer lines) and Q-like (inner lines) valley.

are therefore well-defined quasiparticles with long lifetimes,
since in this case Im �̃A′

1
(q, ω) = 0. However, from a quan-

tum many-body point of view, these phonons are allowed
to simultaneously excite and reabsorb virtual electron-hole
pairs of lower energy, even in the absence of available en-
ergy [67]. Thereby, a dressing cloud of charge carriers is
produced, which oscillates with the lattice and results in an
increase of the vibrational frequencies. This gives a physi-
cal explanation to the hardening and steeper dispersions in
Fig. 6. Note that close to the border of the damping region,
the undamped renormalized phonon frequency is maximum
and follows the dispersion of the dissipative electronic con-
tinuum edge. Indeed, at this frequency, the lattice and the
dressing electronic cloud vibrate in phase, and therefore, the
phonon phase velocity coincides with the Fermi velocity vF

as 
A′
1
(q)/|q| ≈ |vF| [12,13]. At higher momenta, phonons

acquire a finite lifetime, since they are energetically allowed
to decay by exciting real electron-hole pairs, which gives
Im �̃A′

1
(q, ω) �= 0. Besides, for these damped phonons, the

frequency renormalizations vanish.
The above spectral signatures have been explained with a

simple free electron gas model, and therefore, are not unique
to the doped monolayer MoS2. Indeed, the occurrence of
this phenomenon should be expected for any optical phonon
branch within the small momentum regime in the presence of
strong electron-phonon coupling.

C. Vibrational quasiparticle branch splitting induced by the
electron-phonon interaction in the small momentum regime

We start this final section analyzing in more detail
the dynamical structure of the spectral function for the

strongly interacting A′
1 optical phonon mode within the small

momentum regime. By exploring more closely Fig. 6, we ob-
serve that along with the above illustrated main renormalized
phonon peak around ω ∼ 55–65 meV, a substantial part of
the spectral weight remains in the lower frequency range of
the phonon spectrum (see blue area). This spectral feature
develops inside the boundary of the dissipative electron-hole
continuum, and thus, has quite a wide structure. While im-
mediately close to q = � its spectral weight is negligible, the
low-frequency feature accumulates an increasing weight when
approaching the adiabatic optical branch to the detriment
of the high-frequency peak. This weight also increases with
the strength of the nonadiabatic effects, and hence with the
electron-phonon coupling upon doping.

Let us try to explain the vibrational spectral details in
terms of phonon quasiparticle poles. As seen in Sec. II, the
quasiparticle poles of the dressed phonon propagator are prop-
erly defined in the whole complex frequency plane. Besides,
the nonlinear character of the Dyson’s equation in Eq. (10)
leads to the possibility of finding several solutions, as found
for electrons [11,31,40,41]. Assuming that the phonon self-
energy is analytic in the entire complex frequency plane, the
dressed phonon Green’s function is given by

Dν (q, z) = 2ων (q)

z2 − ω2
ν (q) − 2ων (q)�̃ν (q, z)

. (15)

Suppose now that this function has several poles, labeled by
the index j, and located in the lower half complex plane at
z( j)
ν (q) = 


( j)
ν (q) − iγ ( j)

ν (q). In this way, one can define the
first-order Laurent series expansion of Dν (q, z) [Eq. (15)]
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around them,

Dqp
ν (q, z) =

∑
j

Z( j)
ν (q)

z − z( j)
ν (q)

− Z( j)
ν (q)

z + z( j)
ν (q)

=
∑

j

Z( j)
ν (q)

2z( j)
ν (q)

z2 − [
z( j)
ν (q)

]2 , (16)

where Z( j)
ν (q) is the renormalization factor of the phonon

quasiparticle pole, which is mathematically defined as the
complex residue of Dν (q, z) evaluated at z( j)

ν (q):

Z( j)
ν (q) = 1[

z( j)
ν (q)/ων (q)

] − �̃′
ν

[
q, z( j)

ν (q)
] . (17)

Noting that Z( j)
ν (q) is a complex magnitude, the spectral

representation of Dqp
ν (q, z) in Eq. (16) can be written as

follows:

Bqp
ν (q, ω) = − 1

π

∑
j

ImDqp
ν (q, ω)

=
∑

j

[



( j)
ν (q)± ω

]
ImZ( j)

ν (q)+ γ
( j)
ν (q)ReZ( j)

ν (q)

π
{[



( j)
ν (q)± ω

]2+ [
γ

( j)
ν (q)

]2} .

(18)

Again, similar to electrons, the imaginary character of Z( j)
ν (q)

in Eq. (18) leads to the appearance of distorted or asymmetric
peaks in the vibrational spectral function [41]. Besides, the
total phonon spectral weight coming from the vibrational
quasiparticle modes is equivalent to the sum of the real parts
of Z( j)

ν (q) and must be smaller than or equal to unity (see
the Supplemental Material Note S6 [61]) [41]. Still, the most
standard procedure to rationalize the phonon spectral function
in terms of quasiparticle solutions is to completely neglect the
imaginary part of the renormalization factors.

In Fig. 7(a) we represent a cut of the dressed phonon
spectral function BA′

1
(qs, ω) (gray area), calculated from first-

principles [Eq. (11)] for the A′
1 mode and ρ = 0.12e/u.c., at

the momentum qs = |q| = 0.05 Å−1 along the �K direction.
We also show the phonon quasiparticle spectral functions
obtained by considering the Rayleigh-Schrödinger BRS

A′
1

(qs, ω)
(see long-dashed light-blue line), and the Brillouin-Wigner
BBW

A′
1

(qs, ω) (see short-dashed dark-blue line) perturbation
theories. While BA′

1
(qs, ω) displays a two peaklike structure

with maxima at ω ≈ 36 and 62 meV, both BRS
A′

1
(qs, ω) and

BBW
A′

1
(qs, ω) exhibit a single Lorentzian peaked function. Their

phonon quasiparticle frequency, linewidth, and (real) renor-
malization factor values are gathered in Table II. Note that
BRS

A′
1

(qs, ω) completely fails describing the ab initio spectral

structure, and BBW
A′

1
(qs, ω) roughly approximates its high-

frequency spectral feature. This is consistent with the fact that
the Brillouin-Wigner perturbation theory is only valid when
|Im �̃A′

1
(qs, ω)| � Re �̃A′

1
(qs, ω), which is satisfied in the

vicinity of 
BW
A′

1
(qs), as can be appreciated in Fig. 7(b). There

the real and imaginary parts of the first-principles phonon
self-energy evaluated at qs are represented by the solid orange
and dashed magenta lines, respectively.

FIG. 7. (a) The spectral function and (b) the self-energy for the
A′

1 phonon mode and ρ = 0.12e/u.c. evaluated at qs. In (a), the gray
area represents the ab initio spectral function BA′

1
(qs, ω). The

long-dashed light-blue and short-dashed dark-blue lines represent
the quasiparticle spectral functions resulting from the Rayleigh-
Schrödinger BRS

A′
1
(qs, ω) and the Brillouin-Wigner BBW

A′
1

(qs, ω) per-

turbation theories. The vertical dotted black arrow indicates the
adiabatic spectral delta line. In (b), the real and imaginary parts of
�̃A′

1
(qs, ω) are represented by the solid orange and dashed magenta

lines, respectively. The dotted black line represents the inverse of
D0

A′
1
(qs, ω), whose cut with Re �̃A′

1
(qs, ω) defines 
BW

A′
1

(qs ).

The low-frequency ab initio spectral feature at ω ≈
36 meV develops at frequencies where the imaginary part
of the self-energy is larger than the real part [see Fig. 7(b)].
It is therefore reasonable to think that this spectral feature
originates from an additional phonon quasiparticle pole with

TABLE II. The phonon quasiparticle frequency 
x
A′

1
(qs ),

linewidth γ x
A′

1
(qs ), and renormalization factor Zx

A′
1
(qs ), within the

Rayleigh-Schrödinger (x = RS) and Brillouin-Wigner (x = BW)
perturbation theories, and within the spectral fitting procedure,
x = (1) and (2), starting from the adiabatic frequency ωA′

1
(qs ) =

43.1 meV for the A′
1 optical phonon mode and ρ = 0.12e/u.c. at qs.

Recall that the quasiparticle complex poles are defined as zx
A′

1
(qs ) =


x
A′

1
(qs ) − i γ x

A′
1
(qs ).

x 
x
A′

1
(qs ) γ x

A′
1
(qs ) Zx

A′
1
(qs )

RS 54.1 meV 8.8 meV 0.78
BW 62.3 meV 3.4 meV 0.69
(1) 62.9 meV 2.6 meV 0.52 + i 0.12 (∼65%)
(2) 36.3 meV 9.4 meV 0.33 + i 0.04 (∼35%)
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FIG. 8. (a) Spectral function of the double-phonon quasiparticle
picture for the A′

1 phonon mode and ρ = 0.12e/u.c. evaluated at
qs. The spectral contributions of the high-frequency B(1)

A′
1

(qs, ω) and

low-frequency B(2)
A′

1
(qs, ω) quasiparticle poles, and their addition

Bqp
A′

1
(qs, ω) are represented by short-dashed red, long-dashed green,

and solid black lines, respectively. The inset compares Bqp
A′

1
(qs, ω)

with BA′
1
(qs, ω), represented by the dashed yellow line. (b) The

contour map of the spectral function on the complex plane z, where
the two complex poles are well defined at z(1)

A′
1

(qs ) and z(2)
A′

1
(qs ). The

color code represents the height of the spectral function.

larger linewidth. Using Eq. (18), we developed a numeri-
cal fitting procedure of BA′

1
(qs, ω) in order to extract the

complex poles and the complex renormalization factors of
the phonon quasiparticles. We find that a double complex
pole picture is consistent with the structure of the ab ini-
tio phonon spectral function, whose results are presented
in Fig. 8. Their phonon quasiparticle frequency, linewidth,
and (complex) renormalization factor values are gathered in
Table II. Note that the spectral weight corresponding to the
high- (1) and low-frequency (2) poles represent about the
65% and 35% of the total, respectively. The spectral contri-
butions from each phonon quasiparticle pole are labeled as
B(1)

A′
1

(qs, ω) (short-dashed green line) and B(2)
A′

1
(qs, ω) (long-

dashed green line), respectively [see Fig. 8(a)], and their
simple addition Bqp

A′
1
(qs, ω) (solid black line) fits perfectly

with the ab initio spectral function [see yellow line in the
inset panel of Fig. 8(a)]. Figure 8(b) exhibits the contour
map of the phonon quasiparticle spectral function in the
whole complex frequency plane, with the high- and the low-
frequency poles found at z(1)

A′
1

(qs) and z(2)
A′

1
(qs), respectively.

Physically, the high-frequency phonon quasiparticle mode has
its frequency within the Landau damping region of the K
(K ′) valleys and acquires a finite linewidth due to allowed
intravalley electron-hole pairs excitations. However, it is also

FIG. 9. (a) The renormalized frequency and (b) the linewidth
dispersions for the A′

1 phonon mode and ρ = 0.12e/u.c., within
the small momentum regime. The adiabatic dispersion is repre-
sented by the dotted black line. The quasiparticle frequencies and
linewidths resulting from the Rayleigh-Schrödinger 
RS

A′
1
(q) and

γ RS
A′

1
(q), and the Brillouin-Wigner 
BW

A′
1

(q) and γ BW
A′

1
(q), perturbation

theories are represented by the long-dashed light-blue and solid
dark-blue lines, respectively. The frequencies and the linewidths of
the high-frequency 


(1)
A′

1
(q) and γ

(1)
A′

1
(q), and low-frequency 


(2)
A′

1
(q)

and γ
(2)

A′
1

(q), quasiparticle modes are represented by open red circles

and open green squares, respectively. In (a), solid gray lines bound
the electron-hole excitation pair continua in the simplified model at
zero temperature as in Fig. 6. The size of the markers is proportional
to the spectral weight of each pole.

more energetic than the threshold of the Landau damping at Q
(Q′) valleys. Thereby, the excitation of virtual electron-hole
processes is strongly promoted, leading to a strong frequency
renormalization of this mode (see Sec. IV B). On the other
hand, the low-frequency phonon quasiparticle mode has its
frequency also within the dissipative continuum of the Q
(Q′) valleys. Thus, this mode decays into the corresponding
electron-hole pair excitations and results highly damped, with
a linewidth 3.5 times larger than that of the high-frequency
mode (see Table II).

We conclude that the double-phonon quasiparticle picture
puts in evidence the splitting of the adiabatic A′

1 vibrational
mode at qs into two different and well-defined nonadia-
batic modes, which is an effect due to the electron-phonon
coupling. Figures 9(a) and 9(b) compare the frequency and
linewidth dispersions, respectively, of the phonon quasipar-
ticle modes resulting from the standard methods and the
spectral fitting procedure for the A′

1 optical vibrational branch
and ρ = 0.12e/u.c., within the small momentum regime along
the �K direction. A single-phonon quasiparticle picture (see
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light-dashed and dark-solid blue lines) is valid very close to �

and deep within the Landau damping region, while the nona-
diabatic splitting of the optical branch occurs in the vicinity of
the edge of the electron-hole excitation pair continua (see gray
lines). Moving away from the � point, as the renormalized
high-frequency optical branch (see red circles) approaches the
Landau damping region, its spectral weight is smoothly trans-
ferred to the highly damped low-frequency acoustic branch
(see green squares). Once the high-frequency peak overlaps
with the electron-hole pair continua at momentum |q| ≈ qs, its
linewidth broadens rapidly, coinciding with the total transfer
of its spectral weight to the emergent low-frequency branch,
which follows at higher momenta a damped dispersion similar
to the adiabatic one and a linewidth in the range of 5–10 meV.

V. CONCLUSIONS

In summary, we have studied the nonadiabatic effects due
to the electron-phonon interaction on the vibrational spectrum
of the electron-doped monolayer MoS2. We have found that
the linewidth of phonon modes increases with doping as the
spin-split conduction valleys get populated. This causes the
strengthening of the electron-phonon coupling, which is at
the origin of the experimentally measured superconductivity
onset [27]. Likewise, we have found that as soon as all the

spin-split conduction valleys are fully occupied, the enhance-
ment of the electron-phonon interaction is so strong that lattice
instabilities are induced in the vibrational structure. Moreover,
we found that the optical branches appear very strongly
renormalized when approaching the area corresponding to the
Landau damping, the reason being that the virtual excitation
of electron-hole pairs is heavily promoted. In fact, the original
adiabatic branch is split into two physically different quasipar-
ticle phonon states. Though MoS2 represents a good example
of strong electron-phonon monolayer system with a relatively
simple electron valley structure, it is evident that the physics
described in this article is of a general nature.
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