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Recently, a novel planar Hall effect (PHE), which results from the resistivity anisotropy induced by an in-plane
magnetic field, was discovered on the surface of topological insulators (TIs). While the PHE phenomenon in
Weyl/Dirac semimetals is understood as a consequence of the chiral anomaly, the origin of the PHE in TIs,
however, remains unclear theoretically. Several theories and experiments have ascribed the appearance of the
PHE to the anisotropic backscattering induced by magnetic disorders, where the magnetization of the scatterers
is indispensable. Instead, we here show that the anisotropic backscattering can arise from the tilt of the Dirac
cone by an in-plane magnetic field, which emerges if nonlinear momentum terms are included, irrelevant to the
magnetic nature of the scatterers. We further find that a relatively strong scalar potential can further enhance the
PHE magnitude significantly, and the resulting impurity resonant state together with the tilted cone can produce
the double-peak structure of the PHE and the sign change of the anisotropic magnetoresistivity. Our theory
provides another perspective to understand the nontopological origin of the experimentally observed PHE in
topological materials.
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Introduction. Magnetotransport measurement is an ex-
tremely powerful and experimentally reliable tool to explore
the properties of materials. Recently, the negative longitudinal
magnetoresistivity (LMR) in the presence of parallel mag-
netic and electric fields has been confirmed experimentally
in a series of newly discovered topological semimetals and
is widely believed to be a signature of the chiral anomaly
[1–11]. Nevertheless, this explanation becomes ambiguous
since the negative LMR also emerges in other systems where
the chiral anomaly is not well defined, e.g., in topological
insulators [12–15]. Recent theories addressed that the chiral
anomaly in Dirac and Weyl semimetals [16–18] can induce
another intriguing effect, planar Hall effect (PHE), which
has been probed in quite a few experiments [19–23]. The
PHE, usually occurring in ferromagnetic systems [24–26],
manifests itself as a detectable transverse voltage in response
to a magnetic field applied in the plane of the sample and
electric current. The combination of the PHE with the negative
LMR is proposed to be a key transport signature of the chiral
anomaly [16], which also interpreted the angle narrowing of
LMR oscillation with magnetic field direction, observed in
recent experiment [1].

Interestingly, the PHE has also been reported recently in
doped three-dimensional topological insulators (TIs) [27–29].
While the PHE phenomenon in Dirac/Weyl semimetals was
well understood with the chiral anomaly, the origin of the
PHE in TIs still remains unclear theoretically. In a very
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recent experiment [27], Taskin et al. observed the PHE on a
TI Bi2−xSbxTe3 sample doped with nonmagnetic impurities,
which is contributed by the spin-momentum locking surface
states of the TIs. Afterwards, Shubnikov–de Haas oscillations
[28] of the PHE were observed in Sn-doped Bi1.1Sb0.9Te2,
further evidencing the PHE originating from the topological
surface states. To explain such PHE, Taskin et al. employed
a theory model of electron scattering off magnetic impurities
polarized by an in-plane magnetic field, in the spirit of the ex-
isting theories [30,31] in which the magnetization of impurity
is indispensable. As addressed in Ref. [27], while their model
is not expected to give a microscopic description of the actual
disorder in the experiment, it is a minimal model capturing
the field-induced anisotropic scattering essential to explain
the experiment. Also, to explain the simultaneously observed
sign change of the in-plane anisotropic magnetoresistivity
(AMR) and the unequal oscillating amplitudes between the
AMR and PHE, they took into account a possible extra out-
of-plane magnetic field. The sign change of the AMR has
been reported by Sulaev et al. in first-principles calculations
[32] and ascribed to the in-plane magnetic-field-induced shift
of two coupled surface states. Akzyanov et al. [33] took the
effect of hexagonal warping of TI surface states into account
and obtained the angle dependence of transverse conductivity
σxy following the function cos(3θ ), different from the exper-
imentally observed result of cos θ sin θ , where θ is the rela-
tive angle between the magnetic field and current directions.
Nandy et al. [34] addressed that the nontrivial Berry phase
and magnetic moments of bulk states may act as an origin of
planar Hall response, but obviously it cannot be applicable to
the above experiments with respect to TI surface states.
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In this Rapid Communication, we propose a microscopic
mechanism as an origin of the observed PHE and in-plane
AMR on the surface of TIs [27,28], namely, the tilt of the
Dirac cone induced by the applied in-plane field itself in
measurement of magnetoresistivity, not requiring magnetic
nature of the scatterers. In the TIs with nonlinear momentum
terms, e.g., describing the asymmetry between the electron
and hole bands, an in-plane magnetic field can tilt the upright
Dirac cone due to the broken Lorentz invariance. We find that
the tilted band structure can generate the PHE. Further consid-
eration of electron scattering off a strong impurity potential
can simultaneously produce the two-peak structure of PHE,
sign change of the in-plane AMR, and unequal oscillating
amplitudes between the AMR and PHE, all of which were
observed experimentally [27], with no need to introduce other
extra mechanisms.

Model and Hamiltonian. We consider an experimental
model with the low-energy Dirac electrons on the heli-
cal surface of TIs coupled to pointlike nonmagnetic im-
purities, which are randomly distributed at position rn

and read Vim(r) = ∑
n Uδ(r − rn) with a scalar potential

U . The Hamiltonian of the TI is described by HT I =∑
k′σσ ′c†

k′σ hT I (k′)σσ ′ck′σ ′ , with hT I (k′) = ε0(k′) + h̄vF (k′ ×
σ )z−σ · B‖ − μ. Here, c†

k′s = (c†
k′↑, c†

k′↓) is the creation oper-
ator of electrons with wave vector k′ = (k′

x, k′
y), vF represents

the Fermi velocity, σ is the spin Pauli matrices, and μ is
the electrochemical potential. The nonlinear momentum terms
ε0(k′) in TIs can stem from the asymmetry between the
electron and hole bands or the hexagonal warping effect. For
simplicity, we here only consider the particle-hole asymmetry
[35–37] with ε0(k′) = Dk′2. With respect to the PHE, we
would concentrate on the influence of an in-plane magnetic
field B‖ = (Bx, By) = B(cos θB, sin θB). If only taking the lin-
ear TI dispersion ε0(k′) = 0, B‖ can be gauged out and so
has no effect on the PHE. However, this is not the case
for finite ε0(k′), since B‖ not only shifts the origin point
of the Dirac cone (0, 0) → (By,−Bx )/h̄vF but also leads to
tilt of the Dirac cone. This point can be clearly seen when
one expands the Hamiltonian around the shifted Dirac point
(By,−Bx )/h̄vF , which is given by

hT I (k) = ε0(k)+h̄vF (k×σ )z+h̄vB(kx sin θB − ky cos θB)−μ,

(1)
where h̄vB = 2DB/h̄vF and the constant B2

‖ is dropped. Ob-
viously, the third term tilts the pristine upright Dirac cone,
as compared in Figs. 1(a) and 1(b). The intrinsic tilted dis-
persion of the Dirac cone also exists in two-dimensional
Dirac semimetals with special crystal symmetries [38,39]. In
contrast, the tilted dispersion here is induced by the external
field and so exhibits a strong dependence on B‖. The tilted
effect can be ignored in discussion of the out-plane magne-
toresistivity but it will play a decisive role for the PHE. After
introduction of the tilted term, for convenience of analytical
calculations, we first set ε0(k) = 0. In the above treatment,
we also have chosen the gauge for the vector potential A =
(0, 0, Az ) and therefore the orbital effect can be ignored.
In the following, we find that this field-induced anisotropic
energy dispersion will lead to the PHE even though the Dirac
electrons are scattered off nonmagnetic impurities.

FIG. 1. (a),(b) The Dirac energy band, (c),(d) spin texture at the
Fermi contour, and (e),(f) schematic picture of electron scattering
off nonmagnetic impurities, for TI surface states with hole-particle
asymmetry ε0(k) = Dk2. Left panels: without tilt; right panels:
with tilt by an in-plane magnetic field. In (f), the prohibition of
spin-flip backscattering between states |k〉 and |−k〉 is lifted along
the magnetic field (i.e., horizontal) direction when scattering off a
scalar potential, because the spins sk and s−k are not orthogonal at
the elliptic Fermi surface. In (e) and (f), the red and black arrows
stand for the spin and momentum direction of a Dirac electron,
respectively.

Band tilt-induced PHE. We use the Streda-Smrcka version
[40–42] of the Kubo formula to calculate the conductivity

σi j = − e2

2h

∫
dω

∂ f (ω)

∂ω

∑
k

Tr
{
vi[G

r (k, ω) − Ga(k, ω)]

× v jG
a(k, ω) − viG

r (k, ω)v j[G
r (k, ω) − Ga(k, ω)]

}
,

(2)

where vi = ∂hT I/∂ki is the velocity operator, f (x) =
[e(x−μ)/kBT + 1]−1 is the Fermi distribution function, and the
retarded/advanced Green’s functions Gr/a(k, ω) are obtained
as

Gr/a(k, ω) = 1

2

∑
γ=±

[1 + γ nk · σ ]Gr/a
γ (k, ω). (3)

Here, we define a momentum unit vector nk =
(−ky, kx, 0)/|k| and band-dependent Green’s functions
Gr/a

γ (k, ω) = [ω + μ ± i	 − Ekγ ]−1 with the energy
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Ekγ = h̄vB(kx sin θB − ky cos θB) + γ h̄vF |k| for the
conduction band (γ = +) and valence band (γ = −). To
see the influence of the reshaped band, we first consider
the weak scalar potential by introducing a constant
self-energy i	.

At zero temperature, T → 0, after performing the integral
and summation in Eq. (2), we obtain σi j (detailed derivations
are given in the Supplemental Material [43]):

σxx = σ⊥ + (σ‖ − σ⊥) cos2 θB,

σxy = (σ‖ − σ⊥) sin θB cos θB, (4)

with σ⊥ = 1
2

e2

h
|μ|
	

and σ‖ = e2

h
|μ|
	

( 1
2 − v2

B

v2
F

) for a not too strong
magnetic field h̄vB 	 h̄vF . Obviously, the interesting PHE σxy

emerges and shows a nonzero value for all field directions
except for the parallel and perpendicular orientations. σxy and
σxx satisfy the typical behaviors. Different from the ordinary
Hall effect which satisfies the antisymmetry property, the
PHE σxy is symmetric with respect to the magnetic field
since it is not generated by the conventional Lorentz force.
It is emphasized that the appearance of this PHE does not
originate from spin polarization of impurities as proposed in
Refs. [27,30,31].

We can understand the raised PHE as follows. The spin-flip
scattering is a necessary condition to cause the transverse
PHE. Without tilt, Ekγ is independent of direction angle θk

of k, and after integral over θk, the spin-flip (off-diagonal)
term nkγ · σ vanishes. However, finite tilt makes Ekγ depend
on Bxky − Bykx and so the integration over θk cannot cancel
the spin-flip term. Physically, the prohibition of backscattering
between states |k〉 and |−k〉 is lifted along the field direction
because their spins sk and s−k are not orthogonal due to the
elliptic Fermi surface, as illustrated in Figs. 1(d) and 1(f).
But, it is not the case along the direction perpendicular to the
magnetic field. This point can be easily verified by calculating
sk = 〈σk〉 with the eigenstates of Hamiltonian Eq. (1). As a
consequence of the anisotropy of scattering, there emerges
above PHE and AMR. Even though the scattering potential
is isotropic, the electron scattering still explicitly depends on
the direction of both incident and scattered electrons’ waves.
This scenario is very different from that in previous theories
[30,31], where the spin flip originates from scattering off
magnetic impurities.

Nonmagnetic impurity enhanced PHE. The above discus-
sions focus on the case of weak impurity potential. For a
strong impurity potential, we can obtain the impurity averaged
Green’s function of surface states from the Dyson equation

G(k, iωn) = G0(k, iωn)[1 − 
(iωn)Gk0(k, iωn)]−1, (5)

where G0(k, iωn) = 1/[iωn − hT I (k)] is the bare Green’s
function of the undisturbed TI surface and the impurity ef-
fect is taken into account by the self-energy 
(iωn). In the
Born approximation up to the first order in impurity con-
centration ni, we can calculate the self-energy by using the
T -matrix approach [44–46], 
(iωn) = ni[σ0 − Ug(iωn)]−1U,

where g(iωn) = ∑
k G0(k, iωn). As a consequence, we find

that the impurity averaged Green’s function also have the
same expression as Eq. (3) only if replacing the momentum k
with k̃ = (kx + 
y/h̄vF , ky − 
x/h̄vF ) and i	 with 
0, where
we denote 
(iωn) = 
0σ0 + ∑

j=x,y 
 jσ j .

FIG. 2. Variation of (a) PHR ρxy and (b) AMR ρxx with direction
θB of the magnetic field for μ = −0.02 and impurity potential
U = 1, 30, 50, 70. (c) The oscillating amplitudes �ρxy of PHE and
�ρxy of AMR as a function of U for different chemical potentials
μ = −0.02 and −0.05. (d) �ρxy and �ρxx as a function of μ for
U = 50. The impurity concentration is fixed at ni = 0.05% and other
parameters are chosen as D = 0.5, h̄vB = 0.3, h̄vF = 1, and all the
energies are measured in a unit of the cutoff energy 
 = 1.

We carry out numerical calculations for planar Hall
resistivity (PHR) ρxy = σxy/(σ 2

xx + σ 2
xy) and AMR ρxx =

σxx/(σ 2
xx + σ 2

xy). In the numerical calculations, we also pick
up the quadratic term ε0(k) = Dk2. In Figs. 2(a) and 2(b), we
plot the PHR ρxy and AMR ρxx as a function of direction θB of
magnetic field. Obviously, for weak impurity potential U = 1,
ρxy and ρxx follow Eq. (4), i.e., exhibiting the sin θB cos θB

and cos2 θB angular dependence, respectively. Moreover, the
oscillating amplitude �ρxy = ρxy(θB = π/4) of the PHR is
strictly equal to �ρxx = 1

2 [ρxx(θB = π/2) − ρxx(θB = 0)] of
the AMR. With enhancement in the impurity potential, while
the typical angle dependences, ρxy on sin θB cos θB and ρxx on
cos2 θB, do not change, ρxx and ρxy present different oscillating
amplitudes. These unequal amplitudes are contributed by
the off-diagonal components 
x and 
y of the self-energy,
which instead approximately vanish for the weak impurity
potential. In order to clarify this point, we derive analytical
expressions for conductivities by considering a little stronger
potential. When keeping 
x and 
y to the leading order and
ignoring the quadratic term ε0(k), we find that the longitudinal
and transverse conductivities in Eq. (4) are corrected by an
extra part (seeing the detailed derivation in the Supplemental
Material [43]):

σ ex
xx = 5

4ξ − 3
2ξ cos2 θB,

σ ex
xy = − 5

4ξ sin θB cos θB, (6)

where ξ = sgn(μ) ζ−(μ+ )+ζ−(μ− )
	

vB
vF

e2

h with ζ−(μ) the angle-
independent part of the self-energies 
x and 
y. As seen from
Eq. (6), while the correction by the off-diagonal components
of the self-energy presents the same angle dependence as
Eq. (4), it, indeed, makes the oscillating amplitude unequal.

041408-3



ZHENG, DUAN, WANG, LI, DENG, AND WANG PHYSICAL REVIEW B 101, 041408(R) (2020)

FIG. 3. Evolution of the double-peak structure in PHR amplitude
�ρxy with (a) different U and fixed B = 0.3, and (b) different B and
fixed U = 90, as a function of chemical potential μ (tunable by a
gate voltage). The inset of (b) shows the peak in �ρxy as a function
of the magnetic field strength B for μ = −0.02. The other parameters
are the same as in Fig. 2.

In Figs. 2(c) and 2(d), we depict the oscillating amplitudes
as a function of U and electrochemical potential μ, respec-
tively. With the increase of U or μ, while the amplitude �ρxy

of the PHR never changes the sign, the amplitude �ρxx of
the AMR changes from positive to negative value, whose
threshold is related to μ in Fig. 2(c) and U in Fig. 2(d).
The unequal oscillating amplitudes between the AMR and
PHR and the sign change of AMR have been observed in
recent experiments [27], the origin of which was attributed
to the orbital magnetoresistance induced by an out-of-plane
magnetic field due to a possible misalignment of the rotation
plane with respect to the film plane; very different from the
present mechanism of the strong impurity potential. In fact,
the strong impurity potential plays a role through impurity
resonant states as addressed below.

In Figs. 3(a) and 3(b) we illustrate the dependence of the
PHR amplitude �ρxy on U and B, respectively, as a function
of chemical potential μ which is tunable by a gate voltage
in experiments. Interestingly, Fig. 3 presents a double-peak
structure near the Dirac point, reproducing the scenario in
the experiment [27]. From Fig. 3(a), one can see that two
peaks are formed for strong impurity potential U . Otherwise,

FIG. 4. The energy dispersion of helical surface states in TIs
with (a) U = 1 and B = 0, (b) U = 90 and B = 0, and (c) U =
90 and B = 0.3. (d)–(f) The reversed density of states (1/DOS)
corresponding to (a)–(c), respectively. Impurity-induced resonant
states are developed remarkably in (b) and (c) for large U . The other
parameters are the same as in Fig. 2.

only one peak emerges for weak impurity potential U = 1.
Figure 3(b) shows the dependence of peaks on B. Obviously,
the double-peak structure is sensitive to B, which reduces as
a whole with B decreasing. The PHE vanishes completely for
B = 0 even for strong impurity potential because the spin-flip
scattering is prohibited by the spin-momentum locking of
helical Dirac electrons. In the inset of Fig. 3(b), a quadrat-
iclike dependence of �ρxy on B is shown for small B and
linearlike dependence for large B. In order to clarify the
origin of the double-peak structure in ρxy, we plot the spec-
trum function A(k, ω) = − 1

π
Im[TrG(k, iωn → ω + i0+)] in

Figs. 4(a)–4(c), which characterizes the energy dispersion of
TI surface states, and the corresponding reversed density of
state 1/DOS = 1/

∑
k A(k, ω) in Figs. 4(d)–4(f). For weak

impurity potential U = 1 in Fig. 4(a), the approximate typ-
ical linear dispersion appears and correspondingly, 1/DOS
in Fig. 4(d) shows a single-peak structure due to vanished
DOS in the Dirac point ω = 0. With the increase in U ,
the dispersion becomes fuzzy in the vicinity of the Dirac
point, as shown in Fig. 4(b), where an impurity resonant
state develops. The impurity resonant state exhibits a peak
in DOS or a dip in 1/DOS, around which two peaks emerge
in both sides, as shown in Fig. 4(e). The PHR is propor-
tional to 1/DOS [43] and so the double-peak structure in
ρxy originates from the impurity resonant state. Actually, the
impurity resonance peaks have been extensively reported in
many theories and experiments [44–47]. The resonant-peak
position ωc is determined by the singular point of 
(iωn),
i.e., Re[1 − 2Ug0 + U 2g2

0 − U 2g2
1] = 0 where g0 and g1 are

diagonal and off-diagonal matrix elements of Green’s function
g(iωn) in spin space. As B‖ is introduced, it is natural that the
resonant magnitude and position are dependent on B through
g1, as depicted in Figs. 4(c) and 4(f). Physically, resonant
states delay the electron lifetime located at the impurity
and so enhance the resistivity. The strong energy and spin
dependence of self-energies in the resonant state contribute
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differently to σxx and σxy in Eq. (2), which in turn leads to
different behaviors between the oscillating amplitudes of the
AMR and PHR.

In our Rapid Communication, we used dimensionless units
by setting h̄vF = 1 and the cutoff energy 
 = h̄vF kc = 1 of
the energy band for convenience of analysis. In practice, the
impurity potential U and chemical potential μ possess the
dimension of energy, which are scaled by the cutoff energy

, and parameter D is scaled by (
/h̄vF )2. In the three-
dimensional topological insulators Bi2Se3 [47], the cutoff
energy is 
 = 300 meV and the Fermi velocity is vF � 5 ×
105 m/s. According to this, we estimate the parameters in
our Rapid Communication as follows: the chemical potentials
plotted in the range μ ∈ (−0.1, 0.1) correspond to (−30, 30)
eV, U = 90 corresponds to about 27 eV, which are available
experimentally, for example in experiment [47] where U = 45
eV, and D = 0.5 stands for D ≈ 15 eV Å2, which is within the
range of realistic topological insulator samples [48].

Conclusion and remarks. In conclusion, we have proposed
a microscopic mechanism to explain the experimentally ob-
served PHE on the surface of TIs. We find that the Dirac cone
with nonlinear momentum terms can be tilted by an in-plane
magnetic field and the resulting anisotropic backscattering
leads to the PHE, in stark contrast to previous theories. When
considering the Dirac electrons scattering off a strong scalar

potential, the emerging impurity resonant state together with
the tilted Dirac cone can reproduce phenomena observed
experimentally [27], such as the double-peak structure of the
PHE, the sign change of the AMR, and unequal oscillating
amplitudes between the AMR and PHE, with no need to in-
troduce extra physics mechanisms. At the same time, since the
nonlinear momentum terms universally exist in topological
materials with spin-orbit interactions, it is expected that this
tilt-induced PHE provides an alternative perspective to under-
stand the nontopological origin of the PHE in TIs or even
in Weyl/Dirac semimetals. We notice that the PHE reported
in a recent experiment on type-II Dirac semimetals NiTe2

[49] cannot be ascribed to the chiral anomaly or nontrivial
Berry curvature but to an unknown nontopological origin.
From Eq. (6), one can find that the appearance of off-diagonal
components 
x and 
y introduces a B-dependent conductivity
to pristine B2-dependent conductivity in Eqs. (4), which pro-
vides a probability to exhibit Bβ-dependent conductivity with
fractional β as in Ref. [49].
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