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Quadrupole topological insulator is a symmetry-protected higher-order topological phase with the intriguing
topology of Wannier bands, which, however, has not yet been realized in plasmonic metamaterials. Here,
we propose a lattice of plasmon-polaritonic nanocavities which can realize quadrupole topological insulators
by exploiting the geometry-dependent sign reversal of the couplings between the daisylike nanocavities. The
designed system exhibits various topological and trivial phases as characterized by the nested Wannier bands
and the topological quadrupole moment which can be controlled by the distances between the nanocavities. Our
study opens a pathway toward plasmonic topological metamaterials with quadrupole topology.

DOLI: 10.1103/PhysRevB.101.041109

I. INTRODUCTION

Higher-order topological insulators (HOTIs) [1-26] pro-
vide a new platform for the study of topological photonics,
an emergent branch of science in search of topological phe-
nomena and their applications in photonics [27-45]. HOTIs
support multidimensional topological boundary states in a sin-
gle physical system [11,18,26], e.g., the edge and corner states
in two-dimensional photonic HOTTs, which can be exploited
as topological waveguides and cavity modes in integrated
photonic chips. A prototype of HOTIs is the quadrupole topo-
logical insulator (QTT), which exhibits gapped edge states and
in-gap corner states [1,2,7-9]. The QTIs are fundamentally
different from conventional topological insulators [27,28]
due to their quantized quadrupole moment and the topology
of Wannier bands. The Benalcazar-Bernevig-Hughes (BBH)
model is the first theoretical model [1,2] for the QTIs, which
is recently realized in mechanical metamaterials [7], electric
circuits [8,9], and coupled-ring resonators [17].

On the other hand, plasmon-polaritonic systems offer ver-
satile and effective ways to guide light and to control various
photonic modes and their couplings. Plasmonics provides
important applications in a broad range of disciplines in
photonics with the concepts of plasmonic metamaterials and
plasmonic nanophotonics [46—48]. Recently, plasmonic meta-
materials have been shown to host conventional topological
insulator phases of photons [49-52]. However, higher-order
topological phases of photons in plasmonic systems are yet to
be studied.

In this paper, we propose a scheme toward plasmon-
polaritonic QTIs. By utilizing the geometry-dependent sign
reversal of the couplings between daisylike plasmonic modes,
we are able to realize the BBH model for the QTIs in
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plasmonic systems. Various topological and trivial phases can
be realized by tuning the distances between the daisylike
cavities, exhibiting versatile topological phenomena related to
Wannier bands and topological edge polarizations. Our study
opens a pathway toward higher-order quadrupole topological
phenomena in plasmonic metamaterials.

II. RESULTS

The designed photonic systems consist of a square lattice
of daisylike cavities embedded into a metallic background
as illustrated in Fig. 1(a). The unit cell consists of two six-
petaled cavities filled with air and two eight-petaled cavities
filled with a dielectric material of permittivity &, = 1.525.
The lattice constant @ is fixed as 1050 nm in our model.
The structure of the unit cell is shown in Fig. 1(b). The
daisylike geometry can be described analytically in polar
coordinates. Explicitly, r(6) = rg; + djcos(66) for the six-
petaled cavity, while r,(0) = ro, 4+ dacos(860) for the eight-
petaled cavity. We adopt ro; = 0.17a, d; = 0.062a, rpp =
0.155a, and d; = 0.095a. The dashed circles in Fig. 1(a)
thus have the inner and outer radii of rg; — d; and ro; + d;
(ro2 — do and ry, + ds) for the six-petaled (eight-petaled) cav-
ity, respectively. The above material and geometry parameters
are designed to ensure the frequency resonance between the
hexagonal mode in the six-petaled cavity and the octopolar
mode in the eight-petaled cavity [53]. The electric-field pro-
files for these modes are shown in Fig. 1(a). The permittivity
of the metallic background is modeled by a Drude-like form
to induce the plasmon polaritons, &, = 1 — @} /(w*+iyw).
For the calculations in this work, we adopt w, = 1.37 x
10'® s~ (close to silver’s plasmon frequency) [54], although
our theory can be applied to other plasmonic systems. For
the sake of simplicity, the Drude loss y which induces the
dissipation and non-Hermitian effects, is ignored in the main
text. However, we discuss the effect of Drude loss in Sup-
plemental Material [53]. We notice that the non-Hermitian
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FIG. 1. (a) Structure of the designed plasmon-polaritonic system that realizes the BBH tight-binding model for the QTTI [illustrated in
right panel (c)]. The square-lattice system consists of two types of daisylike cavities: the six-petaled and the eight-petaled cavities. Left-up
(left-down) corner: the electric-field profile for the hexagonal (octupole) resonance in the six-petaled (eight-petaled) cavities. (b) The unit-cell

structure with lattice constant @ = 1050 nm. The tunable geometry parameters are the intra-unit-cell distances, d;-

and d”

intra®

along the x and

intra

y directions, respectively. (c) The BBH tight-binding model for the QTI. The unit cell is illustrated by the gray region. (d) Illustration of the
pole-pole orientation (negative coupling) or node-node orientations (positive coupling).

effect in higher-order topological insulators is also studied
in Ref. [55].

The focus of this work is to show that the BBH model of
QTIs [illustrated in Fig. 1(b)] can be realized in plasmon-
polaritonic lattice systems by exploiting the geometry-
dependent sign reversal of couplings between the daisylike
cavities. Such tunable tight-binding couplings between the
cavities rely essentially on the evanescent-wave nature of the
plamon polaritons. We emphasize that due to the localization
of the cavity modes, the next-nearest-neighbor couplings are
negligible in the plasmon-polaritonic systems deisgned in
this work. We show that within the nearest-neighbor tight-
binding approximation, the plasmon-polaritonic systems pro-
posed here can realize the BBH tight-binding model and the
QTTI phase.

To realize the BBH model, it is important to achieve the
tight-binding configuration in Fig. 1(c). The main challenge is
to realize simultaneously both the negative and positive cou-
plings. We now show that the sign of the coupling between the
daisylike cavities can be well controlled by their orientations.
Computationally, such a coupling can be determined by half
of the difference between the frequencies of the even (w,) and
the odd (w,) hybridized modes of the two coupled cavities,
ie., t = %(we — w,). For instance, as shown in Fig. 1(d), the
coupling along the x direction between the six-petaled cavities
is negative, since the the odd mode has higher frequency
than the even mode. It turns out that the coupling along the
y direction between the six-petaled cavities has the opposite
sign, i.e., the coupling is positive. This sign reversal for the
couplings between the plasmon-polaritonic cavity modes is
an intriguing phenomenon discovered in Ref. [56]. In fact,
the sign of the coupling depends on whether it is a pole-
pole orientation (negative coupling) or node-node orientation
(positive coupling) for the two coupled cavities [see Fig. 1(d)].
Exploiting such a mechanism, the BBH model can be realized

within the nearest-neighbor tight-binding approximation in
the plasmon-polaritonic systems studied in this work.

We find from first-principle calculations that the coupling
strengths between the nearest-neighbor cavities have expo-
nential dependences on the center-to-center distance between
them [53]. Such exponential dependences are signatures of
evanescent wave couplings which justify the tight-binding
approximation. On the other hand, such dependences enable
control of the relative strength between the intra-unit-cell
couplings (¥, and y,) and the inter-unit-cell couplings (Ax

and A,) through the intra-unit-cell dlstances (dby, and & )
and the inter-unit-cell distances (di.,,, = a — d,, and d;, . =

a—d, ). Figure 2(a) presents the evolutlon of the tight-
binding coefficients with the ratio dinga/diner When i), =
& . = dinga With diner = @ — dinga. The figure shows that
the tight-binding coefficients can be effectively controlled
by the geometry parameters. In particular, the sign reversal of
the couplings y; = —y, and A, = —A, holds for all geometry
parameters. With such geometric control, the relative strength
of the intra-unit-cell coupling and the inter-unit-cell coupling
can be switched. By mapping the plasmon-polaritonic system
into the BBH tight-binding model within the nearest-neighbor
approximation, we can determine the topological phase di-
agram of the plasmon-polaritonic systems using the phase
diagram of the BBH model in Refs. [2,12].

As shown in Fig. 2(b), the topological transitions in our
plasmon-polaritonic system take place at the two lines 4,
die and &, ~=d. . Four different phases are separated
by the two lines as shown in Fig. 2(b). Those phases are
characterized by their topological edge polarizations pf =
e, pi), where pl (p2) represents the polarization along
the y (x) direction for the edges normal to the x (y) direction.
The QTI has pf = (2, 2), while the trivial phase without
edge or corner state has pf = (0, 0). There are two other
first-order weak topological insulators with pf = (%, 0) and
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FIG. 2. (a) Dependences of the tight-binding coefficients on the
ratio dmlra/ dmtera when dmLm dlxmra = dinu‘a with dimer =a— dinlra-
(b) Topological phase diagram for the plasmon-polaritonic system.
(c) The Wannier bands and (d) nested Wannier bands for the case

with dintra/dinter = L.15.

= (0, %), respectively. They have edge states only along
the x or the y direction, respectively. The quadrupole topolog-
ical index is related to the bulk-induced edge polarization as
Gy = 2pfv py*. Therefore, gy, is nontrivial only in the Pt =
(%, %) phase.

To characterize the quadrupole topology from the Berry
phases, we calculate the Wannier bands and the nested Wan-
nier bands [1,2]. The Wannier bands are defined through the
Wilson-loop operators as follows. The Wilson-loop operator
along the y direction is Wy x (k) = Tpexpli f AY (k)dky], where
the subscripts y and k denote the direction and the starting
point of the loop, respectively. A¥(k) is the Berry connection
matrix where Ay, (k) = i(u, (k)| 0y, |u,(k)) with |u,(k)) being
the periodic part of the Bloch wave function for the nth band
with the wave vector k. Here, Tp represents the path-ordering
operator along a closed loop in the Brillouin zone.

In the BBH model, there are four bands where two of them
are below the topological band gap. When these two bands are
included in the Wilson-loop calculation (i.e., n, m = 1, 2), the
Wilson-loop operator becomes a 2 x 2 matrix. The Wilson-
loop operator essentially calibrates the polarization along the
y direction. Thus, the eigenvalues of the Wilson-loop operator
are the Wannier centers along the y direction, which are
obtalned by dlagonahzmg the Wllson -loop operator matrix,
Wykn . Here, n) & is the eigenvector for the
jth Wanmer band (j = 1, 2). The jth Wannier band is explic-
itly the dependence of the Wannier center vy (kx) on the wave
vector k, [see Fig. 2(c)]. The Wannier basis is defined as [1,2]
y’k]”|un(k)). The nested Wannier band is

2mv‘ (ky ))7

w; k) = 3,_, [n]
given by the eigenvalues of the nested Wilson loop along
the x direction for the Wannier basis py’ (ky) = % f A){ (k)dk,,
with A’l‘ (k) = i{w; (k)|d, |w;(k)) being the Berry connection
for the first Wannier band. Similarly, one can calculate the

Wannier bands and nested Wannier bands for the Wilson loop
along the x direction and the nested Wilson loop along the y
direction.

The QTIs are featured with two fundamental characteris-
tics: First, the Wannier bands are gapped (meaning that v, and
v, must not be 0 or %) and symmetric around 0. Such Wannier
bands imply that the total bulk dipole polarization vanishes for
the topological band, which is a unique feature of QTIs that
distinguishes itself from many other higher-order topologi-
cal insulators [1,2]. Second the Wannier-sector polarizations
must be nontrivial, py’ = Py = —, where p)’ is the average

of the nested Wannier bands, i.e., pv) = E S/ dky px (ky) and
p;x = % S/ dkxp;x (ky). It has been demonstrated in Ref. [2]
that the Wannier-sector polarizations are equal to the topolog-
ical edge polarizations induced by the bulk Bloch bands, i.e.,
pf = py and Py B = = py*. As shown in Figs. 2(c) and 2(d), the
calculated Wanmer bands are indeed gapped and the nested
Wannier bands are indeed nontrivially quantized to 5 L for the
QTI phase.

To reveal the nature of the topological phase transitions in
the plasmon-polaritonic systems, we study the evolution of the
Wannier bands, Wannier-sector polarizations, and the spec-
trum for a finite-sized (8 x 8 unit cells) supercell from both
the tight-binding calculation and the electromagnetic-wave
simulation. We first study the evolution of those quantities
along the red line in the phase diagram Fig. 2(b), where
At e = & s = dinra and diner = @ — dinga. The topological
transition takes place at dinga = diner = a/2 where the bulk
band gap closes. We emphasize that for the Wannier-sector
polarizations to be well defined, both the bulk band gap and
the Wannier gap are needed. We thus avoid the calculation
of the Wannier bands in the vicinity of the phase-transition
point in Figs. 3(a) and 3(b). In addition, our model is intrin-
sically anisotropic: even when d\, = d;, . the strengths of
the tight-binding couplings along the x and y directions are
different. Therefore, the Wannier bands, vy (k,) and v,(k,), are
different, as shown in Figs. 3(a) and 3(b) [also in Fig. 2(c)].
Across the topological transition, the Wannier-sector polariza-
tions, p;" and p;*, change from 0 to % This is a transition from
the trivial phase to the QTI phase, which is consistent with the
phase diagram in Fig. 2(b).

The evolution of the spectrum for the supercell with 8 x 8
unit cells is shown in Figs. 3(c) and 3(d). The former is
from the tight-binding calculation, while the latter is from
the electromagnetic-wave simulation. The results from these
two approaches agree well with each other, confirming the
validity of the tight-binding approximation. Here, the spectra
include the bulk, edge, and corner states. With increasing
dintra/dinter, the bulk band gap closes and reopens to enter into
the QTI phase. The corner states emerge immediately when
the topological bulk gap opens, demonstrating directly the
higher-order bulk-corner correspondence.

We then study the topological transition along the black
line in the phase diagram [Fig. 2(b)] where 4., is changed
but with d . fixed. With increasing d;',.., the Wannier band
vy experiences gap closing (i.e., vy goes to 0.5) and reopening
[see Fig. 3(e)], while the Wannier band v, is kept as gapped
[Fig. 3(f)]. Accompanying this transition, the Wannier-sector
polarization goes from p,’ =0 to py’ = —, while the pr is
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is fixed. (g), (h) Evolution of the spectra in a finite-sized supercell with 8 x 8 unit cells from (c) tight-binding calculation

and (d) electrodynamic simulation. The red lines in those figures indicate the corner states in the QTI phase.

kept as % For the spectrum of the finite-sized supercell, both

the tight-binding calculation and the electromagnetic-wave
simulation give the same feature that the corner states emerge
after the transition, which confirms the topological phase
diagram.

We now show explicitly the emergence of the corner
states in the designed plasmon-polaritonic system. Figure 4(a)
presents the spectrum of the supercell with 8 x 8 unit cells

for dingra/dineer = 1.15 which is in the QTI phase. Four cor-
ner states emerge in the bulk band gap. In contrast, for
the trivial phase with diyra/dinter = 0.87, there are no corner
states in the bulk band gap [see Fig. 4(b)]. The electric-
field profiles of the four corner states for the QTI phase are
presented in Fig. 4(c). These results demonstrate convincingly
the connection between the quadrupole topology and the
in-gap corner states. The edge states for the QTI phase as
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FIG. 4. (a) Spectrum of the supercell with 8 x 8 unit cells for diy, /diner = 1.15 from electromagnetic-wave simulation. The horizontal axis
is the number of the eigenmode solution labeled with ascending frequency order. (b) The spectrum for similar supercell but with diyya /diner =
0.87. (c) Distributions of the electric field along the z direction, E., for the four corner states in (a). Insets are the zoom-in of the electric-field

profiles for the corner states.
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well as those for the weak topological phases are shown in
Ref. [53].

Finally, we remark that, since for the finite-sized structures,
the mirror symmetry along the y direction, i.e., My : y — —y,
is broken, the four corner states in Fig. 4(a) are not degenerate,
but split into two pairs. One pair of corner states are localized
at the upper boundary, while the other pair of corner states are
localized at the lower boundary.

III. CONCLUSIONS AND OUTLOOK

We propose a scheme to realize QTIs in plasmon-
polaritonic systems. The key ingredient is the sign-reversal
mechanism for the couplings between the plasmon-polaritonic
cavities from the pole-pole orientation to the node-node

orientation. The designed plasmon-polaritonic system demon-
strates various topological and trivial phases which can be
controlled by the distances between the cavities. Our study
introduces quadrupole topology and its topological transi-
tions into plasmonic metamaterials which may inspire fu-
ture studies on topological metamaterials and their potential
applications.
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