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Weak coupling theory predicts the critical temperature of a phonon superconductor to be T, =
1.13¢732wpe~/*, where wp is the Debye frequency, A is the dimensionless electron-phonon coupling constant,

and the factor e=%/2

comes from fermionic self-energy and frequency dependence of the interaction. Other

corrections are small either in wp/EFr, by Migdal’s theorem, or in A. However, this formula assumes that
wp K Ep, where Er is the Fermi energy. We obtain 7, in the dilute regime, when the Fermi energy is smaller
than wp. We argue that in this situation Migdal’s theorem is no longer valid, and Kohn-Luttinger-type corrections
to the pairing interaction must be included to obtain the correct prefactor for 7.
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I. INTRODUCTION

This paper is devoted to the calculation of superconducting
T. with the prefactor for phonon-mediated superconductivity
in quasi-2D systems at weak coupling, in the small density
limit, when the Debye frequency is larger than the Fermi
energy.

The BCS theory of phonon-mediated superconductivity
[1] predicts the value of superconducting 7, = 1.13wpe~1/*,
The derivation of this formula uses three approximations.
First, the frequency-dependent attraction, mediated by an
Einstein phonon with frequency wp, is replaced by a con-
stant within a shell of width wp around the Fermi surface.
Second, a weak coupling is assumed (dimensionless A <
1) and all corrections of O(A) are neglected. Third, wp is
assumed to be much smaller than Er, where Ef is the Fermi
energy, and all corrections small in wp/Er are neglected
as well.

Subsequent studies have found that O()\) corrections to
the exponent in the BCS formula for 7, actually cannot be
neglected because they change the prefactor in 7, by a factor
o).

These corrections were studied in detail in the limit Ef >
wp for phonon-mediated pairing [2-8] as well as in the
more general case involving an arbitrary noncritical bosonic
propagator [9].

The corrections were argued to originate from the
fermionic self-energy and the frequency dependence of the
actual phonon-mediated interaction V (@, w),) a)%) J(wp —
a),/n)2 +a)12)]. The self-energy ¥(w,) = ilw,, changes 1/X
in the exponent to (14 A)/A =1/A+ 1, which changes
the prefactor for T, by e~!'. The frequency dependence of
the interaction additionally changes 1/A to (1 4+ A/2)/A =
1/ 41/2, ie., changes the prefactor by e~!/2. The full
prefactor of 7. is then e /2, ie., with these correc-
tions 7, = 1.13¢ 3 ?wpe~1/* = 0.252wpe™/*. Vertex correc-
tions, which give rise to Kohn-Luttinger (KL)-type renor-
malization of the pairing vertex, also change the argu-
ment of the exponent by O(A). However, in the adia-
batic regime where Er >> wp these corrections are smaller

2469-9950/2020/101(2)/024503(14)

024503-1

by O(wp/Er) by Migdal’s theorem and can be safely
neglected.

The goal of this work is to obtain expressions for 7, with
accurate prefactors in the situation when the coupling is still
weak, but the density of carriers is sufficiently low such that
Er < wp. Superconductivity in this limit has attracted high
interest in recent years chiefly due to advances in experi-
mental studies of SrTiO3, where superconductivity is present
at carrier densities as low as n ~ 10'® cm™3 [10-12], and
in other low-density materials, like Pb;_, Tl Te [13], half-
Heusler compounds [14], and single-crystal Bi [15]. A full
analysis of superconductivity in these systems requires one
to analyze the combined effect of phonon-mediated attraction
and electron-electron repulsion [10-39]. In this work we con-
sider only the attractive part of the interaction and explicitly
compute 7. in the low-density limit. We hope our results can
be used as input for future calculations of 7. which include
electron-electron interactions.

The limit Er < wp is often associated with Bose-Einstein
condensation (BEC) behavior, in which fermions form bound
pairs at a pairing instability temperature 7Ti,s, which then
condense at a smaller 7. However, in three dimensions (3D),
BEC behavior only holds at strong coupling, since there is a
threshold on bound state formation. In our study we consider
pairing in a quasi-two-dimensional (2D) system where the
crossover from BCS to BEC behavior already holds at weak
coupling and can be analyzed in a controllable way. We will
obtain the pairing instability temperature at weak coupling as
a function of the two scales: Er and Ey = wpe~>/*, which
denote the Fermi energy and the bound-state energy of two
fermions in vacuum, respectively (note that since we are
working at weak coupling, Ey < wp). For notational conve-
nience we label this temperature 7. with the understanding
that this is the onset temperature for the pairing; the actual
superconducting 7. is somewhat smaller due to the destructive
effect from phase fluctuations [7,40-42].

Our key results are summarized in Table I and Fig. 5.
We obtained expressions for 7. with accurate prefactors in
three regimes: Ep > wp, wp > Er > Ey, and Ey > Ep.
In each regime O(M) corrections to the exponent in the
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TABLE I. The summary of the analytic results of this paper. The
values of corrected 7, include the contributions of the self-energy,
the frequency dependence of the pairing vertex, and the dressing of
the interaction.

T. without T. including

corrections corrections w(T,)
wp K Er 1.13wp exp(—1/1) 0.25wp exp(—1/1) Er
E() < EF < wp 1~13’\/EFE0 0.12«/ EFEO EF
Er < Ey Eo/log(Ey/Er) 4.48Ey/log(Ey/EF) —4.48Ey

weak-coupling formula for 7, give rise to O(1) numerical
factors. At Er > wp, these corrections come from fermionic
self-energy and from frequency dependence of the interaction,
while KL corrections are small in wp/Er and can be ne-
glected. In the other two regimes KL corrections are relevant
and must be included to get right prefactor for 7. In particular,
deep in the anti-adiabatic regime, when Er < Ey < wp, KL
corrections increase the value of 7.. We also compute 7
numerically for values of Er across these regimes and find
good agreement between numerical and analytic results.

That KL corrections to the pairing interaction are relevant
at small Er is not obvious, since these corrections come
from the particle-hole channel. At low carrier density, i.e.,
at small enough Ef, the value of w(7;) is negative. In this
situation a particle-hole bubble, taken alone, vanishes because
at u(T.) <0 the poles in the two Green’s functions in the
bubble are in the same half-plane of complex frequency. If
the pairing interaction is frequency independent, then all KL-
type corrections to the pairing interaction (which here are
proportional to particle-hole bubbles) therefore vanish [7,43].
However, our interaction Vj(wp, w),) a)% /(@ — @, ) +
w?3] is dynamical and has poles in both half-planes of fre-
quency. The KL correction to the pairing interaction is a con-
volution of the two fermionic Green’s functions and the dy-
namical interaction, which does not vanish after frequency in-
tegration, even in the limit where Er approaches 0. To be pre-
cise, this statement holds when the bandwidth is much larger
than all other energy scales in the problem. For a general band-
width A, the KL correction is a function of A /wp and Er /wp.
In our analysis we assume that A >> wp. In the opposite limit
where A < wp, the interaction can be approximated by its
static form, and one retrieves previous results [7,43] that KL
corrections are irrelevant (see below and Appendix C).

We consider a model of 2D fermions with isotropic
dispersion &, = k*/2m —p  and effective  dynamical

interaction Vo(@m, @),) = —gwp/[(wn — @),)* + wp]. The
dimensionless coupling A is defined as A = gNy, where Ny =
m/2m is the 2D density of states per spin. We follow earlier
works [19,39,44] and assume that the RPA-type screening is
already included into Vp(ws, @),). Accordingly, we exclude
the screening diagram from KL renormalizations. The
resulting contributions to the effective interaction are shown in
Fig. 1.

Our work complements several recent mean-field studies of
superconductivity at low carrier density in both 3D and quasi-
2D systems. The analysis of T; at Er < wp in quasi-2D sys-
tems up to an overall factor has been done in Refs. [7,40,41]
and we use the results of these works as an input for our
calculations of T, with the prefactor. In Ref. [45] the authors
analyzed the mean-field 7, in a 3D Bardeen-Pines type model
with effective phonon-mediated attraction. However, these
calculations do not extend to the BEC regime.

In Ref. [46] the authors analyzed the combined effect of
electron-electron and electron-phonon interactions at weak
coupling, within the mean-field (ladder) approximation and
obtained 7, up to a prefactor. Our results pave the way toward
extending the work in Ref. [46] to obtain 7, with the accurate
prefactor.

References [22,25] computed 7, for a model with electron-
electron and electron-phonon interactions within the Eliash-
berg formalism. This formalism includes self-energy correc-
tions and corrections due to the frequency dependence of the
interaction, but neglects KL renormalization of the pairing in-
teraction in the particle-hole channel. Several other works also
analyzed superconductivity at low carrier density assuming
the system is close to a ferroelectric quantum-critical point
[21,32,47]. Here again we argue that KL renormalizations
must be included to obtain the onset temperature of the pairing
with the exact prefactor.

The paper is organized as follows. In the next section we
briefly review mean-field calculations of 7; up to a prefactor
at Er > wp, wp > Er > Ey, and Ey > Er. In Sec. III we
compute O(1) corrections to 7. from fermionic self-energy
and the frequency dependence of the interaction in the three
ranges of Ep, and then discuss KL corrections to the pairing
interaction. We then combine all O(1) corrections and present
the results for the onset temperature of the pairing in the three
ranges of Er. In Sec. IV we present the results of our numer-
ical calculations of 7. In Sec. V we present our conclusions.
In Appendix A we discuss in detail the calculations of the
KL corrections in the three regimes Er > wp, Ey < Er <
wp, and Er < Ey. In Appendix B we discuss numerical
calculations of 7, for a given Er. Finally, in Appendix C we

RO D

FIG. 1. The diagrammatic expansion of our irreducible pairing interaction (the double wavy line). The single wavy line is the phonon-
mediated interaction Vo(Q,,) = —gw? /(2 + w?). We have ignored conventional screening (a diagram with an internal particle-hole bubble),
as this is already included in the bare interaction for our analysis (a screened combined Coulomb and electron-phonon interaction, the attractive

part of which is Vy(£2,,), see Refs. [16-18,22,23,39,45,46]).
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(a)

FIG. 2. (a) The equation for the pairing vertex shown diagrammatically, within the BCS approximation. The fermionic Green’s functions
are bare, and the pairing interaction (dashed line) is treated as a step function. (b) The full equation for the pairing vertex. The Green’s functions
are fully dressed, and the interaction not only has the correct frequency dependence, but is dressed by Kohn-Luttinger contributions.

discuss how KL corrections get modified for a finite fermionic
bandwidth.

II. 7, TO LOGARITHMICAL ACCURACY

In this section we briefly review the derivation of T, to
logarithmical accuracy (i.e., at weak coupling, up to an overall
prefactor). We will find that there are three different expres-
sions for T, for Er > wp, wp > Er > Ey, and Ey > Ep.

To obtain 7, to logarithmical accuracy, we begin with the
BCS equation for the pairing vertex, shown in Fig. 2(a). Here
the phonon-mediated interaction is approximated by a step
function Vy($2,,) = —gO(wp — |2]). The equation for the
pairing vertex therefore becomes

D(wn) =gl ) / L9 G p6i—g)
m c . (27_[)2

m

X O(wp — [ — On|)P(2n), (2.1)
where G(g) = (i2,, — 8q)’1 is the undressed electronic
Green’s function, g, = g*/2m — u(T) is the shifted electron
energy, and u(T,) is the chemical potential of our system
at 7T..

The chemical potential as a function of temperature 1 (7;)
is determined by the constraint of fixed particle number:

d2
n=2r, Z/ S50

Upon insertion of the above form of G(p), one obtains an
expression for (7).

The conventional approximation, valid to logarithmical
accuracy (i.e., to leading order in 1), is to take ®(w,,) as
independent of w,, for |w,,| < wp and ignore complications at
|wm| ~ wp. Setting ®(w,,) = P and canceling it in Eq. (2.1)
we obtain

2.2)

d2
1=gT.y / (zjf)z G(@)G(~q)O(@p — | — wnl). (2.3)
Q

m

The simultaneous solution of (2.3) and (2.2) gives 7. and
w(T.), which for notational convenience we henceforth la-
bel w.. Integrating over momentum in Eq. (2.3) and using

n = 2NyEr, we obtain

1 [=m Me
1 =AT, —— | = + arctan <—>j| 24
m% |szm|[2 12
m|<Wp
and
je = T, loglexp(Er /T.) — 1], 2.5)

where A = gNy. Below we present the solution of Egs. (2.4)
and (2.5) in three ranges of values for Ep. As we will see,
T. < wp for all Ef.

A. Er > wp

In the range where Er > wp, we clearly have Er > T..
Applying this to the formula for the chemical potential, we
find u. ~ Ep. Hence, u./|2,| > Er/wp > 1 for all |Q,,] <
wp, and we can safely approximate arctan(u./|<2,|) by 7 /2.
Equation (2.4) then becomes

1
l=irl, Y. o (2.6)
|Qul<wp | m|
2¢eY wp
= Llog , 2.7
T,

from which we find T, = 1.13wp exp(—1/1), the usual BCS
result. The sum was done using the Euler-Maclaurin formula,
using 7. < wp.

B. Ey K Er K wp

As Er decreases, we enter the regime where Er < wp, but
Er > Ey = wp exp(—2/A). In this range we will assume and
later verify that we still have u, &~ Er, and T, < Er. Equation
(2.4) then becomes

1 1 2e¥ wp
—=-1 T
A 20g< T, )+ Z

[Q2m|<wp

U oretan (<), 29)
arcan{ — J. .
|2, Qp

In the second term, it is unnecessary to consider the cutoff
at wp since the sum converges at |2,,| ~ u. < wp. The
sum can be done using the Euler-Maclaurin formula, and the
equation for 7 becomes

1 1 ) 2eY wp n 1 1 2e” |4,
—==1o —1lo .
A2 g T, 2 & T,

(2.9)
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Solving for 7. and using u,~ Ep, we find T, =

1.13/wpEFr exp(—1/1) = 1.13/ErEy. Substituting this ex-
pression for T, back into (2.5), we verify that u. & Ep.

C. EF < E() < wp

As we further decrease Ep, we enter the regime where
Er is much smaller than both Ey and wp. To calculate T,
in this limit, we will assume and then verify that Er < T
and |u.| < wp. Using the first assumption, we find p. =~
T.log(Er/T.) <0 and |u.| > T.. Combining this with the
second assumption, we have wp > || > T.. The equation
for T, [Eq. (2.4)] therefore becomes

1 1 2e¥ wp 1 [ el
— =1 - T —— arct 2.10
. 2og( HTC> melarcan(Qm)( )

Qun

1 2e” wp 1 2e7 |1k

—_1 — 1 2.11
20g<7rTC> 2°g< T, @11
1

— ~log ( @D ) (2.12)
2 [iecl

Hence
|| = wp exp(=2/4) = Ey, (2.13)

and we see that |u.| < wp, as assumed. Using |u.| =
T.log (T./EF), we find

 log(Eo/Er)

to leading order in log(Ey/EF ). This justifies our assumption
that 7. > Er.

We reiterate that this temperature should be understood
to be the pairing instability temperature rather than the ac-
tual transition temperature, below which the system develops
long-range superconducting order. The latter is smaller due
to the destructive effect of phase fluctuations. Though this
distinction holds for all values of Ep, it is in this low-density
limit that the effect of phase fluctuations is most pronounced.

We also emphasize that Eq. (2.14) is valid only to logarith-
mical accuracy, i.e., up to numerical prefactors. To get T with
correct prefactors, one must include all corrections of O(}).
This is done in the following section.

(2.14)

c

III. 0(1) CORRECTIONS TO 7, FROM THE
SELF-ENERGY, FREQUENCY DEPENDENCE OF THE
INTERACTION, AND KL RENORMALIZATIONS

To illustrate the point that O(1) corrections to 7. come from
O(A) corrections to BCS theory, consider Eq. (2.6) with an
additional term CA. We have

2 Y
1= rlog 2222 4 o G.1)
w1
2eY €
— Alog £ €D (3.2)

c

Solving for T, we obtain T, = %ecwl)e‘l/’\. We see that
the exponent e~!/* is unchanged, but the prefactor has been
modified by a constant €. Hence, terms of order O(A) will

W /WD

FIG. 3. The Einstein and BCS approximation to the interaction
potential, in units of —g.

affect the prefactor for 7. This reasoning applies for all values
of E F-

To take O(A) corrections into account, we write down the
linearized equation for the full pairing vertex ®(w,,, k). It is
given diagrammatically by Fig. 2(b). In analytical form we
have

d*q
Q(wm, k) = —-T; f ——5 G2, )G(—=2m, —q)
QZM (27[)2

X Veff(a)mv k; va q)q)(Qms (I)» (33)

where G(€2,,,q) is the Green function for interacting
fermions, and Vg (@, K; €2, q) is the irreducible dynamical
interaction in the particle-particle channel, dressed by renor-
malizations from the particle-hole channel. Equation (3.3)
must be solved along with the equation for chemical potential
[Eq. (2.5)] with the full fermionic G) simultaneously for 7,
and p.. For our isotropic dispersion, the pairing problem de-
couples between harmonics with different angular momentum
. Since we are interested in 7, in the s-wave channel, the
corresponding pairing vertex is ®(w,,, k) = P(wy,).

In the previous section we approximated G(£2,,,q) by
its bare value Go(£2,,, ¢) = (I2,, — sq)‘l and the irreducible
pairing interaction by a step function Vy(w,,) - —g®(wp —
|wm])- Accordingly, we approximated the s-wave pairing ver-
tex ®(wy,) by frequency-independent P.

To find corrections O(A) we must go beyond these approx-
imations in three different directions:

(1) We must include O(}) renormalization of the electron
Green’s function G(£2,,, g).

(2) We must take into account the frequency dependence
of the bare phonon-mediated interaction V (£2,,) and solve for
the frequency dependent ®(w,,). The frequency-dependence
of the Einstein phonon-mediated interaction is shown in
Fig. 3.

(3) We must include KL corrections, which account for
the difference between Vy(w,,; 2,,) and Ve (w,, K; 2, q).

We emphasize that we are only interested in O(X) correc-
tions to the argument in the exponent for 7,—these give rise
to O(1) renormalizations of the prefactor for 7;.. Accordingly,
we neglect regular O()) corrections to 7. In the following we
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consider each correction individually and later add the results,
which is legitimate to O(A).

A. Corrections from the fermionic self-energy

The fermionic self-energy renormalizes the coupling A into
A" =A/Z, where Z = 1 — id X (w,,)/dw,,. The one-loop self-
energy is shown in Fig. 4 and is given by

d2
Sn ) =T / G0 Vo — 0, ()

where we remind Vy(L2,,) = Performing the Mat-

Cl)2
=
subara sum, we obtain

)\‘ [ee]
D k) = Zww) = 50p [ d(w

e & —iwy — wp

+1 —HF(S)-FHB(G)D)) (3.5)

e —iw, +owp
Because T, is exponentially small, and ¥(w,,) already con-
tains A in the prefactor, the self-energy can be safely
approximated by its value at T = 0, where np(e) = O(—¢)
and ng(wp) = 0. We then end up with two expressions, de-
pending on the sign of pi..

1 p.>0

Here

wp — lwy,

</’Lc +wp + lwm)]
— log B — .
n~+ wp

Because the relevant w,, are of order T, i.e., exponentially
smaller than wp, one can expand in w,,. This gives
A Z/LL + wp

2 e+ wp .

At Ep > wp, e ® Er > wp,and Z = 1 + A. This is a well-
known result [48]. At Ey < Er < wp, we have . ~ Er <
wp, and Z = 1 4+ A/2 instead.

(3.6)

Z=1+2Z (3.7)

2. ue <0
For . < 0, only one of the two integrals survives. Now
A .
Swm) — B(0) = “22 Jog <M> (3.8)
2 lttel + wp — iwp

This yields
A wp

Z=14+-—-+7—. 3.9
2 |pel + wp
Since |u.| < wp for negative u., we have Z = 1 4+ A/2.
. ——— = e +

> >

TABLE II. The summary of the analytic results of this paper
regarding modifications to the prefactor of 7, from all corrections of
O(}). Also listed is the total correction to the prefactor of 7, obtained
by multiplying the factors from each contribution together.

Y(wy) O (w,,) KL Total
wp K Ep e”! e /2 1 e 32
Ey € Er L wp e? e V4 e e
Er < Ey e e 12 & &2

Equations (3.6) and (3.8) can be combined into

+ pe +
2(0) + iwy, = M’

= (n
(n) = 2 el + wp

(3.10)
which holds for both positive and negative p..

With this, we may now derive modified expressions for 7,
in all three regimes of Er, by simply replacing A — A* = 1/Z
in the expressions for 7, in the previous section. The effect
on the prefactor of 7, due to the inclusion of the self-energy
in all three cases is summarized in Table II. We recall that
T. o< e~ '/* when Er > Ej and T, o< e~>/* when Er < Ey. In
all cases, including the self-energy reduces T..

B. Correction to 7, from the frequency dependence of V;,(£2,,)

Next we obtain the O(1) correction to 7. from the
frequency dependence of the electron-phonon interac-
tion Vy(L2,). For Er > wp, this has been considered in
Refs. [2-6,8,49]. We analyze the correction to T in all three
regions of Er. We follow the computational approach used in
[8,49].

We start with the Eq. (3.3) for the frequency-dependent
pairing vertex at 7., which we rewrite as

2

®p
D(wy) = Z/ Q)2 Qz + 82 wD + (W — Q2 )?

X D(Qy). (3.11)

The leading, logarithmical contribution to the r.h.s. of (3.11)

comes from small internal €2,,, for which ®(<2,,)/ [a% +

(W — Q)?] =~ ©(0)/ (w,2D + a),i). Accordingly, we search for

the solution of (3.11) in the form
2

“p
D (wn) = q’(o)(m

D m

+k8©(wm)). 3.12)
We substitute this into (3.11) and set external w,, to have
the smallest possible value, w,, = 7 T,. Because T, is much
smaller than typical €2, in all three regimes, we can safely
neglect w,, = w T, compared to €2,, on the r.h.s. of (3.11). We

p— + ...

FIG. 4. The fermionic Green’s function to first order in the interaction. The tadpole correction (not shown) is already incorporated into ..
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find

1+ A8D(0) =

2

w

T D
Z/ (27)* Q2 +82 w + 2,

m

0)2
x [ ——L2— + A8D(Q,,
< ) + ( ))

To the same accuracy, the last term on the right-hand side can
be approximated as

(3.13)

ASD(0)], (3.14)

where
2

)
Z/ (2m)? 22, +82 wh + Q2

One can verify that I = 1 4 O(X). Substituting this back into
(3.13), we obtain

2 2
wp
Z/ (2m)? Q2 +e2 <a)D + Q2 )

=14 A8P0)1 —1)=1+0L?).

(3.15)

(3.16)

To order O()\) we then have

Zf ( wp )2—1 3.17)
2n)2 Q2 +82 wh+9Q2) '

Comparing this with Eq. (3.3), we see that the effect of the
frequency dependence of the pairing vertex is that ®(wp —
1Qn]) = [wh/ (@3 + 92)]*. This difference becomes rele-
vant at frequencies comparable to wp.

Integrating over momentum in (3.17) we find

2
1 [7 Me
1_)\T§ tan [ £ .
(wDsz) % |[ +arca“<|szm|>}

(3.18)

At Er > wp, this reduces to

| = mTZ i — log 249D
- wD+s22 N7

Comparing with 7, in the previous section, we see that T is
reduced by ./e.

For Er < wp, recall that the second term on the r.h.s.
of Eq. (3.18) converges at |$2,,| ~ | el < wp. Therefore, the
modification ®(wp — |Q|) — [wh/(w} + 22)]* has no ef-
fect on this sum. In this situation, the renormalization factor
for T, comes only from the 7 /2 term, and equals 1/e'/*
instead of 1//e. For smaller Fermi energies (Er < Ey), the
only contribution to the renormalization is again from the /2
term on the r.h.s. of Eq. (3.18). However, since 7, e~ 2/* the
renormalization factor is (1/e!/4)? = 1//e.

(3.19)

C. KL renormalization of the pairing interaction

We now take into account the first-order KL correc-
tion to the interaction. We express the dressed interac-
tion as Ver(wm, k; @y, k') as Vegr (@, ks @), k') = Vo(wm —

wm)—i—)»SV(wm,k;w;n,k/)—kO(Az). The point of this sec-

tion is to calculate the effect of A8V (wy, k;w),, k') on T..
For convenience, we pull out the coupling constant g and

express Vgt (Wm, k; ), k') = —gDer (0, ks @), k/) where
Defi (W, ks @), k') = Do(w, — w;,) + A8D(wy, ks w),, k') is
dimensionless.

The KL diagrams for 8 D(w,,, k; w),, k) are shown in Fig. 1.
There are three first order corrections to the bare interaction.
The first two describe vertex corrections, and the third is the
exchange (crossing) diagram.

Before calculating §D(w,,, k; w),, k') explicitly, we show
how it modifies 7.. For this we go back to Eq. (3.3) for the
pairing vertex ®(wy,, k), explicitly express Vg as the sum
of the two terms, and neglect other O(A) corrections, i.e.,
approximate G by its free fermion value and approximate
V(£2,,) by a step function. The equation for the pairing vertex
then reduces to

D(wp, k) = A—Z/(zn)z T 2[®(|9m—wm|—wa>

+ A8D(wm, K; 2, Q1P (2, ). (3.20)

Due to the factor of (8; + Q2)7!, the integrand peaks
at ¢ =k, = /2mu, for pu. >0 and at g =0 for p. <O.
In D(wy,, K; 2,,, q) we then set k = nk, ©(u.) and q =
ngk, O (u.). Like before, we set w,, = T, and set the pairing
vertex to be a nonzero constant for |w,| < wp and 0 for
|wm| > wp, mirroring the frequency dependence of the bare
interaction. We then obtain

I_A_ Z /(2n)292 +e2

% Q1<

No Z /(2n)2§22+82

[Q2m|<wp

x 8DI[0, ik, O (pec); 2, Mgk, O(pac)]. (3.21)

For the last term there is a logarithmical contribution com-
ing from small frequencies around €2,, = 0, which cancels
one power of A. Accordingly, we set €2,, = 0 in §D. Typical
momenta are around g = k, O (ui.). Thus, when 1, > 0, these
momenta are around the Fermi surface. for p, < 0, they are
around g = 0. Accordingly, for u, < 0, we set the momenta
in 6D to zero. Taking into account finite momenta would lead
to additional O(A?) term on the r.h.s. of (3.21), which we do
not need.

The part of the KL interaction relevant for our purposes,
is therefore §D[0, nik, O (u.); 0, ngk, O(u.)]. We still need
to integrate over the angle between n; and n, as we are
computing 7, for s-wave pairing. We therefore define §D =
fozn 40 5-6D(6), where 6 is the angle between n; and n,. Using
that to first order in A,

T. d 1
e Y[ =
No 0 27T Qz-l-é‘z

[Qm|<wp m

(3.22)

we obtain from (3.21)

No Z / Q)2 Q2 +¢2 +gz =1—-48D +0(%). (3.23)

1€ < m
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We see that the KL renormalization of the interaction changes
1/x to 1/A —3D. For Er = Ey, T, x e~ Y* then acquires a
factor ¢*?. For Er < Ey, T. o< e~2/*, and the factor is e?°°.

The calculation of 8D is somewhat involved and is pre-
sented in Appendix A. The results are as follows: for Ep >
wp, 8D is small in wp /EF, in agreement with Migdal’s
theorem. At Ey <« Er < wp, we find D = —3/2, so the KL
renormalization reduces 7. by ¢%. At Ep < Ey, we find
8D = 3/2. Hence, the KL renormalization increases 7, by e>.
In the last regime, i, < 0 and we take §D(8) = 6D(0, 0; 0, 0)
to be constant. As before, this is since we are keeping O(A)
terms and neglecting terms of 00\2).

The sign change of 8D between Ey K Er K wpand Er K
Ey is specific to 2D and can be understood by analytically
computing §D at T = 0. The sign change occurs at £y ~ Ef,
when . changes sign. To see this, we note that each diagram
for 6D in Fig. 1 is the convolution of the interaction V;(€2,,)
and two Green’s functions. For Er ~ Ey < wp, the relevant
internal momenta and frequencies in the Green’s functions are
much larger than the relevant external ones. Therefore, up to
an overall factor, each KL term is given by

0 w2 A de
J:/ A ——"— _ , ,
—00 Qm + wp J—p (lQm _8+)(lQm _8—)

(3.24)

where we have introduced a cutoff A, and ¢, and e_ are
the energies for two nearly coinciding momenta. That is, the
difference between relevant ¢, and ¢_ are on the order of
|[ne| < wp, while typical e and _ are on the order of wp.

The integral over €2, and ¢ in (3.24) is not singular and
can be integrated in any order. Let us first integrate over £2,,,.
Consider the case u, < 0. Since ¢, e_ > 0 for negative 1.,
the frequency integral is entirely determined by the pole in the
bosonic propagator at €2,, = iwp. Once this pole is taken, we
can safely set e, = ¢_ = ¢ and integrate over dispersion. The
integrand is singularity free, and we obtain

wp A — el
wp + el A+ wp ’

Jy<0=Tm (3.25)

For positive p. there are two contributions to J:
>0 = J1,u,>0 + J2,;.>0. The contribution (J;,, ~0) again
comes from the pole in the bosonic propagator. For this one
can set, as before, ¢, = ¢_ = ¢ and take the pole of V,(£2,,)
in the frequency half-plane where there is no double pole in
the fermionic propagator. Afterwards, one can integrate over
e. This procedure is again free from singularities, and the
result is

wp A+ e Ape
wp + e A+ wp (wp + pe)(A + wp)
(3.26)

Np>0=m7

At . = 0, this term coincides with the one in Eq. (3.25).
The second contribution comes from the split poles in
the fermionic propagators, from the range where ¢, and &_
have opposite signs. Because |u.| is much smaller than wp,
the corresponding €2,, are small compared to wp. The term
J2,4u,~0 18 then, up to an overall factor, the product of the
static interaction [set equal to 1 in Eq. (3.24)] and the static
particle-hole susceptibility. The latter is independent of u.(for

e > 0)in 2D and is equal to —27. We hence have

JZ,M( >0 = —27. (327)

Combining Egs. (3.26) and (3.27), we find that near u,. = 0,
J,..>0 has an additional —27 compared to J,,, <o:

wp(A + wp + W)
(wp + pe)(A 4+ wp)’
(3.28)

wp A+ e
J;L(>O=7T -
wp + e A+ wp

Therefore, the KL contribution to the pairing vertex, and
hence, to the prefactor of 7, jumps by a finite value between
Er 2 Ey, where u. > 0 and Er < Ep, where . < 0.

This discontinuity is in fact artificial, because we computed
J at T = 0, when the static particle-hole susceptibility x (i.)
is discontinuous at u. = 0. At finite T = T, it is continu-
ous, but varies rapidly in the range |u.| < T.. Accordingly,
the KL correction to the exponent is continuous, but varies
rapidly around Er ~ Ey. We note in passing that the same
discontinuity between J, - and J, .o can be obtained if one
approximates V(£2,,) by a step function.

We also note that the magnitude of the KL renormalization
for p, < 0 depends on the ratio A/wp. For A > wp, the
magnitude of the KL correction is the same at positive and
negative (., only the sign is different: J, .o ~ 7, J, >0 &
—m. For A <« wp, the KL renormalization at . < 0 becomes
parametrically small: J,. <o ~ 7 A/wp < 1. This last result
is consistent with earlier studies, which have found [7,43]
that for a static interaction the KL renormalization vanishes
for u. < 0. To verify this, it is convenient to evaluate J, .o
by integrating over ¢ first. Doing so, one finds that typical
frequencies are of order A. Hence, for A < wp the interaction
term w? /(w3 + ©2,) can be treated as static.

D. Total O(L) corrections to the exponent,
and the renormalization of T,

We now combine the renormalizations from self-energy,
frequency dependence of the interaction, and KL renormaliza-
tion. To first order in A, the numerical prefactor for 7 is the
product of the renormalizations from these three sources. Our
analytical results for these prefactors are shown in Table II.

1. The case Er > wp
Here only self-energy and frequency dependence of the
interaction affect the prefactor for 7;. The result is

T. = 0.252wp exp(—1/1). (3.29)

This formula has been obtained earlier [2-6,8,49], and is
presented here for completeness.

2. The case Ey K Er < wp

In this regime we have

2e¥ _

T, = 2 V4P JopEr exp(—Z/%)  (3.30)
T

— 0.12</@pEr exp(—1/1). (3.31)
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FIG. 5. T, as a function of Er in the three regimes Er > wp, wp > Er > Ej, and Ey > Er. The orange curves are our analytic
expressions for 7, derived in each region. At Er < E, we included into the analytical expression the leading corrections to 7, of order
Olloglog(Ey/Er)/log(Ey/Er)]. Our numerical results for 7. were found by self-consistently solving for 7. and u. as a function of Ep. We
used A = 0.2, whereby Ej &~ 0.45 x 10~*wp. The limiting value of 7, at large Er /wp is T, = 0.252wpe™"/* &~ 1.7 x 103wy, (the dashed line

in the last panel).

3. The case Er K E,
In this regime we have T, = |u.|/log (|ic|/EF) and

l1te] = ePe Pwp exp(—2Z/1) = ¢¥/*Ey ~ 4.48E,. (3.32)
Hence, to leading order in log Ey/Er, we obtain
Ey

T, =448——>
log (Eo/EF)

(3.33)

IV. NUMERICAL CALCULATION OF T,

For general values of Er, we calculate 7, numerically by
simultaneously solving Egs. (2.5) and (3.23). In Fig. 5 we
present the numerical results for 7, in the three regions of
Er (EF > wp, wp > Er > Ey, and Ey > Ep) and compare
them with our analytic expressions. We see good agreement
between analytical and numerical results for all values of Ep.
This figure summarizes the key results of our work.

In Fig. 6 we present the result of our numerical evaluations
of the KL correction 3D over a wide range of Ep, obtained
by using the numerically obtained w.(Er) and T.(Er). We
see from Fig. 6 that the KL correction is small for Er > wp,
in agreement with Migdal’s theorem. As Ef is decreased, SD
reaches a sizable finite value close to —1.5 at Er ~ 103Ey ~
0.1wp. Upon further reduction of the particle density, we
cross the region where Ep ~ Ej. Here sD changes sign, and
saturates at 1.5 for smaller Er/Ey. This limiting behavior
agrees well with our analytical results.

The shaded region in Fig. 6 marks the range near Er ~ Ej,
where the result for 8D is more subtle and depends on whether
the calculations are done perturbatively or self-consistently.
This also affects the behavior of 7. and . as functions of
Er/Ey. In the perturbative calculation, one computes 8D by
using “bare” values of u. and T, obtained without O(})
corrections. The bare u.(EF) is obtained by solving Egs. (2.4)
and (2.5), and is a continuous function of Er/Ejy. Addition-
ally, one can show that the bare u. changes sign at Ep =
2 log(2)e? Ey ~ 0.8E,.

Accordingly, 8D, computed using the bare ju.(Er) and
T.(EF), is also a continuous function of Er and also changes
sign at Er ~ 0.8E,. We show this perturbative result for §D
in Fig. 7(c). Combining this perturbative A8D with other O(})
corrections, we obtain the result for the renormalized . and

T, which we present in Figs. 7(a) and 7(e). We see that while
T. is a continuous function of Er/Ej, it is not monotonic,
having a maximum at Er ~ 0.04E.

The problem with the above perturbative calculation is that
the bare y. and 7, are used to compute 5D, which is highly
sensitive to where (at which Er/Ej) i, changes sign, as well
as how u. evolves with Er/Ey. Meanwhile, O(A) correc-
tions, although nominally small, add factors O(1) to both T
and p.. This is since both 7. and w. go as exp(—2/1) for
Er < Ey, and O()) corrections to the exponent change both
by O(1)).

Therefore the value of Er/E( at which w. changes sign,
also changes by O(1). One can see this in Fig. 7(a), where
the “dressed” p. calculated perturbatively changes sign at
Er =~ 0.4E), rather than Er =~ 0.8E| as it did originally. This
significantly affects the behavior of 8D, which in turn leads
to O(1l) corrections to p. and 7. This mutual dependence
clearly calls for a fully self-consistent calculation of 7, in the

15[
1.0 |
0.5 il
S 0.0 Ui
0.5 '
“1.0 .

-1.5

10 0.001 0.100 10 1000 10°

Er/Ey

FIG. 6. The result of the numerical evaluation of the KL correc-
tion to s-wave pairing interaction 8D as a function of Er/E, for
a wide range of Er. The KL correction is small at Er > wp, in
agreement with Migdal’s theorem, but becomes sizable at smaller
Ep and evolves from §D ~ —1.5 to D ~ 1.5 at Er ~ 0.17E,. The
behavior near Er ~ 0.17E, (the shaded region in the figure) requires
more detailed consideration. We show the behavior in this region in
Fig. 7.
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FIG. 7. The numerically calculated values of T, (., and 8D in the region where the KL correction changes sign. The plots on the left
are calculated within strict perturbation theory, while the plots on the right are calculated self-consistently. Self-consistent calculations yield
multivalued quantities around Er = 0.2E), which in practice means that 7, and (. change discontinuously upon variation of Er /E, (dashed

lines on the right-hand-side panels for 7, and p.).

range Er ~ Ej, where 8D rapidly evolves. In other ranges
of Ep/Ey, where 8D saturates and only weakly varies with
Er /Ey, self-consistency is not required.

‘We show the results of self-consistent calculations of .,
8D, and T, in the right three panels of Fig. 7. To obtain
these results, we treat 3D as a function of 7. and WUe, and
substitute 8D (i, T,) into Eq. (3.23). This equation is then
solved self-consistently with Eq. (2.5). We see from the plots
that over some range of Er/Ey, T, is a multivalued function
of Er/Ey. In practical terms this implies that the supercon-
ducting transition temperature (the largest possible T, for a
given Er /Ey) jumps by a finite amount at Er ~ 0.2E,. There
is of course a corresponding jump in . at this Er /Ey. Though
subleading corrections to 7. may yield a continuous transition,
T. should change sharply around Er/E, = 0.2 in either case.
Note that the maximum in 7, at smaller values of Er also
emerges in a self-consistent calculation, but is located at a
larger Er ~ 0.06E).

V. CONCLUSION

In this paper we derived expressions for the onset temper-
ature of the pairing (7, in Eliashberg approximation) with ex-
act prefactors for quasi-2D electrons, with Einstein-phonon-
mediated attraction at weak coupling. Previous studies chiefly
considered the adiabatic limit Er > wp. We analyzed T. in
the two other regimes Er < Ey and wp > Er > Ej, where
Ey = wpe?/* is the bound state energy for two fermions in a
vacuum and X is the dimensionless electron-phonon coupling
constant. In these two regimes the corrections to 7, come from
three sources: fermionic self-energy, frequency dependence
of the phonon-mediated interaction, and KL renormalization
of the pairing interaction by particle-hole excitations. KL
corrections are small in wp/EF in the adiabatic regime, but
become O(1) in the other two regimes. We found that the
combined renormalization from the three sources reduces T,
from its mean-field value by a factor of almost 10 in the
intermediate regime Ey < Er < wp, and increases 7, by
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nearly a factor of 5 in the regime Er < Ey, which corresponds
to very low carrier concentration. We hope that our results will
form a starting point for studies of 7. beyond logarithmical
accuracy in the physically more relevant case when both
electron-electron repulsion and electron-phonon attraction are
present.
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APPENDIX A: EVALUATION OF THE KL CORRECTIONS

Here we calculate the KL corrections 8D(k, g) to the
interaction. This is a sum of two types of diagrams: vertex
corrections and exchange corrections, and we will write §D =
Dyerex 4 pyerex DX Before calculating these diagrams, we
discuss the relevant values of these parameters in the various
limits for EF.

As discussed in Sec. III C, we will calculate 6D at zero
external frequency, and with the magnitudes of k and q
fixed to ©(u.)k,. Depending on the value of Ef, there are

J

d’l

essentially three limiting regions:

(A) e <0and |u.| > T.: This is where Er < Ej.

B) u.~0 and T, > |u.|: This region describes the
crossover between Er < Ep and Ey < Er < wp.

(C) pe > 0and p. > T.: This includes the regions £y <
Er < wp and EF > wp.

In both regions A and C we have |u.| > T.. Since T, is
therefore smallest energy scale in the calculation, we may
simply evaluate these diagrams at 7 = 0 as an approximation.
We also fix the external frequencies equal to zero in both
regions A and C.

Regarding region B where p. = 0, we cannot evaluate
these diagrams at 7 = 0, since 7, is not the smallest energy
scale in the problem. However, we will still calculate these di-
agrams at zero external frequency and momenta. The validity
of setting the external frequency and momenta to zero will be
discussed below.

1. Vertex corrections

Let us first consider the vertex corrections, denoted D‘l’ertex
and D3, One can verify that these two corrections will end
up being equal, so we will calculate DY*"™* and take DY*"™* =
2Dye"e*. Referring to Fig. 1, we write the expression for
DYe"®X below, where we have used Do(w,,) = w,% / (a),% + a)%),
Gk) = (iwy, — &), and g, = k% /2m — .

1

3D = 2T, Do(w /
8TDo(eo,) ; QTR iy + iy — & 1S + 0y + iy — €14

Do (L2,n). (AD)

In the above expression we have defined p =k — q and o, = w; — w,, and £, is a bosonic Matsubara frequency. Since
wp = W — wy is on the order of 7. < wp, we may replace Do(w,) = 1. Using partial fractions we find

A Dverlex = gwp

d*l 1 1 1

ADVertex — 2¢T. Z/ 5 . ( . . - — - - )DO(Qm) (A2)

. Q) eryp — & —iwp \iQy +iwg +iwy, — €14p 12, + iw; — &
Calculating the Matsubara sum, and setting ng(wp) = 0 (since T, < wp), we have
d*l 1 < nr (8l+p) 1 —ng (Sl+p)
Q)2 e14p — &1 — iwp \iwg + 0, — €14p +0p  @p + E14p — 0y — i®)
£ 1-— e
nr(&r) nr(er) ) (A3)

iwg — & +wp  wp+& —iwy,

Now we may simplify our three different limits.

a. Region A

Let us begin with region A, where || > T, and u, < 0.
All Fermi functions are effectively zero in this region, and we
have after some algebra

d?l 1 1
(27 )? wp+ &1— iwg wp + E14p — iy — W)
(A4)

A Dxerlex = gwp

As discussed above, in region A, we set all external fre-
quencies and momenta to zero. This expression then becomes

]
)\Dxertex = gNoa)D/ dgm (AS)
—He
20 (A6)
wWp — He¢

Since ., < wp in region A, we have D}f“e" ~ 1. As
alluded to in the main text, this KL correction is nonzero in
region A (where . < 0). From this calculation, we see that
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this is due to the dynamical nature of our interaction (more
precisely, the presence of a pole in our bosonic propagator).

b. Region B

In this region we must now include the terms with Fermi
functions. For reasons that will become clear below, we will
refer to this as the singular part of DY*"**, Regarding the terms
without Fermi functions, we may simply take our above result
from region A, since we are still working at zero external
momenta and frequencies. We will refer to this expression as
the regular part of D'*"**. Focusing on the singular part of
DV we have

Dverlex

/ d?l 1
(6]
sing £@p Q) e1qp — & — iw),

% ( ng(&14p)

lwy+iwp— €14 p+ wp
nr (&)

wp+e& —iwg)

Since wp is the largest energy scale in region B, we

simply replace the denominators of all Fermi functions by wp,
obtaining

nF(51+p)
wp + &14p — iy — iw),

_ nr(gr)
iwg — & + wp

(A7)

—nr(er)

2
ADYEEX 2 d=l np (SH‘P)
Elyp — & — ia),,

sing (27T )2 (A8)

Working in the static limit, and taking p — 0, we find

dzl dnp(Sl)
DVerteX 0 A9
=0 =2 [ S (A9)
d
— 2eN, / PRGN
e de
= —2Anp(—c), (A11)

so we have DZI“;I““ (p=0) = —2np(—pu.). Note that this
Fermi function leads to a steplike jump as we transition from
region A to region C through region B. This is why we refer
to it as singular. In contrast, the other part of this vertex

correction is essentially 1 across the transition, which is why

This is what we use in the numerical calculations of T.
As we will see below, this expression which was evaluated
at p = 0 overestimates the effect of the singular piece in
the crossover region. However, it has the correct qualitative
behavior, i.e., the vertex corrections smoothly decrease from
1 to —1 connecting the limiting behaviors of both region A
and region C.

With this, we now turn to the complications discussed
above that we cannot naively evaluate this diagram at p =
w, = 0. Instead we must consider momenta g and k such
that &, and ¢, are on the order of 7.. We will see that in this
crossover region where |u.| < T, the Danr‘e" (p) dies quickly
with increasing p. This invalidates the assumption made in the
main text, that the KL diagram is relatively constant over the
region of q which contribute significantly to the integral. In
fact, the quick decay of D;’flfée" (p) with p destroys the logarith-
mical singularity in the second term of Eq. (3.21). Therefore,
the effect on 7, in region B due to the vertex correction is not
due to the singular piece, but the regular piece.

To show this, let us rewrite DY:"**(p) and take u. = 0 for

sing
convenience. Using Eq. (A8) we have

d*l np(ersp) — np(er)

Dverlex — 2 A12
sng - (P) = 28 Qr)? ey — & —iw) (A12)
_>y dzl nr(gr) _ nr(gr)
= Qr)? \er —e14p — iy  E14p— & — W),
(A13)
d?l
= —2gP M (A14)

(27)* e14p — &1

To obtain the last equality, we took w, = 0 for simplicity.
Doing the angular integration, we find

2 (P dllng(g))
Dvertex - _Z Al5
sing ( ) 2 Jo /—(p/2)2 — 12 ( )
~ —2nple(p/2)]. (A16)

To obtain the final expression, we first notice that the
integrand peaks when / = p/2. Therefore, as a crude approx-
imation, we pull ng(¢;) outside of the integral, evaluated at
! = p/2, and do the remaining integral. As asserted above,
this expression decays quickly with p. One may verify that

we called it the regular part of DY*"*™*. Putting Di3'™* and  this indeed leads to the disappearance of the logarithmical
D™ together, we find D™ (p = 0) = — tanh 47 singularity upon insertion into Eq. (3.21).
J
¢. Region C

Asinregion A we have || > T, and we can again evaluate this expression at 7 = 0. However, both the regular and singular
pieces of the vertex correction now contribute since . > 0 (we cannot set the Fermi functions to zero). However, we can use

our T = 0 approximation to replace the Fermi function ny (x) with ®(—x). Using this and | — O(—x) =

®(x), we find

ADE™™ = gwpP

We rewrite the step functions in terms of sgn functions, obtaining

d’l 1 O(— <} O(— S
2 ( (=erp) _ Olyy)  O=e) . ) ) (A17)
QCr) eyp—e\—6i4p+wp wp+ey, —&+wp wpt+e
A (- entery) | sente) ) (AL8)
Elp — &l wp + |81+p| wp + &
ldl 1
— 2gwpP / ldl sen(en) (A19)

2 wp + |&f]

2 p2/2m +Ipcos(8)/m’
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Doing the angular integration and canceling a factor of A = gNO, we find

Déerlex _ zwD /

sgn(e;) (A20)

w/(p/2)2 —2wp+ el

Since in region C we set the external momenta ¢ and k equal to k,,, we have p = |q — k| = 2k, sin6/2, where 6 is the angle
between q and k. Therefore, the upper limit of this integral is p/2 =k, sin0/2 < k,. Since &, = [*/2m — ., if | < k, (as in

the above integral), we have ¢; < 0. Therefore, we set sgn(e;) = —1 and |g/| = u, — 12 /2m, obtaining
pyeres _ 200 [P0 d] : . (A21)
P Jo J(p/2?-12wop+pe—122m
We now rescale [ = k,x and ji. = u./wp, plug in p = 2k, sin6/2, and average over all 6 to obtain
1 T 1 sin(0/2) d 1
Déerte)((ﬁc) - __ / do— xax _ —. (A22)
7 Jo sin(0/2) Jo Vsin?(0/2) — x2 1+ fe(l —x%)

This is the expression we use to numerically calculate the vertex corrections for any p. in region C. We can simplify this
expression analytically in the limit of large and intermediate density (Er >> wp and wp > Ep > Ej), obtaining D*"** = 0 and

Dy = —1, respectively. Note that the vertex corrections go to zero in the limit of small wp/Er in accordance with Migdal’s

theorem.

2. Exchange diagram

We now move on to the exchange diagram, which we will denote DX. We have from Fig. 1

DX = gT Z / o )zGo(l)Go(l-i-P)Do(Q — 0)Do(Qn — 1),

where we have redefined o, =
wy, we have instead

(A23)

—(wy + wy), p = —(q + k), and 2, is a fermionic Matsubara frequency. If we let 2,, — €, —

! (A24)

- % [ v
=T Q) iy + iwy — €1 12y + iwg + iw, — &4,

DO(Qm)DO(Qm + Wy — a)k)s

where the redefined 2, is now bosonic. Since wy and w, are on the order of 7 < wp, we may approximate this sum with

1

1
Do(Q)*.

ADX =gT
§ Z/ Q)2 i + iwg — €1 12y, + iwg + iw, — €14,

Note that the expressions for D¥*"** and DX are identical
except for a difference of 2 in the prefactor and the fact that
Dy(£2,,) is squared in the exchange diagram. We will exploit
this similarity to obtain expressions for DX in all three regions
from our previous work. Using the definition of Dy(£2,,), one
may verify

d Dy(Q, Do(2)?
i 0(2 ):_ 0(4 ). (A26)
doy  wj w},
We therefore have
DX( ) Cl)é d 1 DvertCX( ) (A27)
,wy) = ———| — ,wy) ).
P> @p 2 da)lz) a)% P> @p

We have explicitly written the dependence on w, and p
to emphasize that this identity is true only before we write
how p depends on k and ¢g. This is because in the case of the
vertex corrections above, p = k — ¢, while for the exchange
corrections, p = —q — k. We now use this derivative formula
to calculate DX in our three limits.

(A25)

(
a. Region A

In region A we have p= —qg—k =0. Applying our
derivative formula [Eq. (A27)] to our previous result in region
A, DV"* = 1/(1 — ji.), we obtain

fad - 2

(A28)
b. Region B

In region B we also have p = 0. Applying our derivative
formula to our previous equation in region B, we obtain

1 c
DY = —— tanh He
2 2T,

(A29)

As before, this is a sum of regular and singular parts, with
the singular piece switching on across . = 0. As before,
this expression overestimates the effect of the singular piece,
which does not affect T, until || exceeds T..
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TABLE III. The summary of the analytic results of this paper
regarding the KL corrections. These directly affect the prefactor of
T. in each region for E.

Dvertex Dexchange sD
Er < E 1 12 3/2
Ey K Ep < wp -1 —-1/2 —3/2
wp K Er 0 0 0
c. Region C

Applying the derivative formula to Eq. (A20), we find

1 P/Z sgn g; 2+ &
2p Jo ,/(p/2)2 — 2+ &h*

where we have defined &/ = ¢;/wp. Since wehave k = g =k,
in region C, we have p = |k + q| = 2k, cos 8 /2. We can now
simplify this expression as before to obtain

D{(k, q) =

(A30)

1 T cos(9/2) x
D (i) = ——/ T o
4 Jo cos(9/2) cos2(0/2) — x2
2+ fic(1—x?)

(A31)

T+ e =P

This is the expression we use to numerically calculate the
exchange contribution for any jt. in region C. As before, we
can simplify this expression analytically when u, < wp (cor-
responding to Ey < Er < wp) and . > wp (corresponding
to Er > wp), obtaining —1/2 and 0, respectively.

d. Total KL contribution

The total correction to the interaction 6D is found by
summing the contribution from the vertex corrections and
the exchange diagram §D = DY"'®X 4 Dexchange We can now
numerically calculate KL contribution at any ., given the
region (A, B, or C) in which u, exists. Additionally, though
we do not have an analytic expression that holds for general
e, We have obtained simple results for this correction in our
general limits of Ep, which are summarized in Table III. The
total correction as a function of Er/Ej as been plotted in
Fig. 6.

APPENDIX B: DETAILS OF NUMERICAL
CALCULATIONS

For our numerical calculation of T,, we start from the full
equation for the pairing vertex, Eq. (3.3), which we rewrite
below for convenience:

d’q
q)(a)ma k) =-T E / —G(Qm» q)G(_Qm’ —61)
o (2m)?

X Vet (W, K5 Qon, Q)P (20, Q). BD

In the main text we discussed all three effects on T,
separately, and added their contributions at the end, which
is valid at weak coupling. Doing so, our expression for the

pairing vertex becomes
4

Z/ =2 5D B
(2n)22292+82(%+93n)2 A

Integrating over momentum and doing one of the fre-
quency sums, this equation becomes

1 2e” e
3 log (m) + T, Zarctan (Q

_ Z(e)
Y

e

—8D(j1.), (B3)

where we have redefined all varia@s to be relative to wp, and
emphasized the fact that Z and 8D are functions of ji.. We
now rewrite the second term on the left-hand side as follows:

T, Z arctan <g—;) (;_22 _Lm|

1+Q,)" |

He -1 1 1 2.3 1
= / dx _sech?— + T tanh —
0 x2 — 18T, 2T, 4(x% —1)2 2T,

1

e — 1y W oE ) (B4)
This integral is more convenient than the original sum for
computational purposes. To derive this expression, recall
that for any function f(it.), f(fi.) = fo ‘ %dx, assuming
f(0) =0. This is what we did above, where after taking
the derivative, the sum has been evaluated explicitly. This
simplified version of the equation for the pairing vertex is then
solved simultaneously with ji. = T, log[exp(Er /T,) — 1] for
a given Er.

Though this can in principle be done for any Er, we only
use the above equation for Er > 5E), and instead solve a sim-
plified equation for Er < 5Ej, where |u.| < wp. For Er >
5E, we also use the Kohn-Luttinger expression calculated in
region C, from the above Appendix. The threshold of Ep =
5E) is of course artificial. We only require |u.| < wp for our
simplified equation to apply, and we find that at Er = 5E),
we/wp =2 x 107* « 1 (using A = 0.2).

In the region where |u.| < wp, the above sum can be
simplified to

_ i\ 1 fe
T. Zarctan ﬁ— — = f dx— tanh x_ .
o Qm Qm 0 2x ZTC

Additionally, for || < wp, wemaysetZ = 14 A/2. The
resulting equation for 7, can be written as

2ev—3/2 n Fe tanh 2~
log(e~ )—3tanh“—~+/ — 2 —,
T, 2T, 0 X

(B5)

(B6)

where all quantities with tildes have been expressed in terms
of Ey. Note that we have used the expression for the Kohn-
Luttinger correction which applies only in the crossover re-
gion (region B), where u, < T.. It is in fact unnecessary to
use the expression calculated in region A (Ef < Ej), since
the expression in region B smoothly saturates to the constant
value calculated in region A. This is the computationally more
convenient equation we solve (both self-consistently and non-
self-consistently), along with the equation for the chemical
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potential for 7, and u. for Er < SEj. All numerical results
are obtained using A = 0.2.

APPENDIX C: ASSUMPTION OF BANDWIDTH

Throughout this paper we have worked in the infinite band-
width limit, i.e., the bandwidth A is much larger than Er and
wp. In general, the effect of the Kohn-Luttinger corrections
will depend on the ratio A/wp. To illustrate this point, we
will evaluate the vertex correction DY at finite bandwidth.
For simplicity, we will evaluate this correction at . < 0, for
el > T, (see region A). Referring to our calculations in
Appendix A, we may simply take Eq. (A6) and replace the

upper limit by A. The new result at finite bandwidth is then

DXertex — (X)D _ wD . (Cl)
wp — e wp— A

If we work in the limit where |u.| << wp and A, the
expression simplifies to D}*"* = A /(A — wp). Note that if
we work in the limit where A > wp, we have DX"’“C" =1,
and we retrieve the result obtained in Appendix A. However,
if we work in the opposite limit where wp > A, we obtain
Dy ~ —A /wp — 0. This agrees with previous work on
Kohn-Luttinger corrections that considered static interactions
[7,43], which found that the Kohn-Luttinger corrections dis-

appear in the low-density limit (i, < 0).
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