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Using density functional calculations, we present a comprehensive study of the electronic and magnetic
properties of the quantum spin chain materials K2CuSO4Cl2 and K2CuSO4Br2. With the first-principles linear
response method, we calculate the magnetic exchange parameters, and the theoretical values are in a quanti-
tatively good agreement with experiments. Depending on the signs and magnitudes of the interchain magnetic
exchange interactions, we find that the magnetic order of K2CuSO4Br2 along the b axis is antiferromagnetic,
while K2CuSO4Cl2 has strong frustration along the b axis. Based on the obtained magnetic exchange parameters,
we successfully reproduce the experimental spin-wave dispersion. We also calculate Dzyaloshinskii-Moriya
interactions, which are found to dominate in these compounds compared to the interchain magnetic exchange
interactions. Finally, we obtain the phase diagram for these two materials using Monte Carlo simulations. Our
results are consistent with previous experiments, giving a complete explanation of the magnetic structure.
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I. INTRODUCTION

For a long time, low-dimensional quantum antiferromag-
netics have gained great interest because some novel and
peculiar quantum phases can be observed, such as spin liquids
[1,2]. In recent years, an increasing number of spin- 1

2 quasi-
one-dimensional materials, mainly Cu2+ compounds, have
been discovered, such as Cs2CuCl4 [3–8], Cs2CuBr4 [9–12],
and LiCuVO4 [13–21]. Besides the significant intrachain in-
teractions, the interchain interactions are also important and
can lead to magnetic long-range order, when the temperature
drops below the Néel temperature TN [22]. By constructing a
model with one-dimensional spin chains, we can understand
many interesting quantum magnets. Many of these quantum
magnets are characterized by significant anisotropy of ex-
change interactions, such as uniform Dzyaloshinskii-Moriya
(DM) interactions [23,24], staggered DM interactions [25], or
disorders [26,27].

Recently, Hälg et al. [28] investigated a family of spin
chain materials, K2CuSO4Cl2 and K2CuSO4Br2. The specific
heat measurements reveal that the Néel temperature is about
77 mK for K2CuSO4Cl2 and 100 mK for K2CuSO4Br2 [28].
In addition, the most interesting feature is the presence of
a uniform DM interaction in the intrachain exchange, and
DM vectors are arranged antiparallel to each other in adjacent
chains [28]. In general, DM interactions are caused by spin-
orbit coupling (SOC) and could lead to noncollinearity of
the magnetic ground state [29,30]. Although DM interactions
have been shown to be weaker than intrachain exchange
interactions, they are quite large compared to the interchain
exchange interactions in these materials [28]. For example,
for K2CuSO4Br2, the electron spin resonance experiment
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yields a value of D = 0.28 K, which is smaller than the
intrachain exchange interaction (J = 20.7 K) measured by
neutron scattering, and is larger than the interchain exchange
interaction (J ′ = 0.034 K) calculated from the value of TN

[28]. On the other hand, Jin and Starykh [31] investigated this
structure using the Heisenberg spin chain model and found
that different D/J ′ ratios would result in completely different
phase diagrams at low-temperature limits. Motivated by the
theoretical prediction [31], Soldatov et al. [32] measured
the spin gap of K2CuSO4Cl2 with electron spin resonance
experiments and estimated the value of DM interaction within
the interval 0.06 < D < 0.16 K. Compared to the strength
of the DM interaction, the value of the interchain exchange
interaction of K2CuSO4Cl2 is more debatable. The direct
measurement of inelastic neutron scattering in the saturated
phase finds the interchain exchange value of 0.45 K for
K2CuSO4Cl2 [33], which is 15 times larger than the value
(0.031 K) estimated from the value of TN [28]. Moreover,
Jin and Starykh [31] also calculated the interchain exchange
interaction using the same data, but the value is different
from that obtained by Hälg et al. [28]. Therefore, calculating
accurate spin exchange parameters and DM interactions is an
interesting issue, which we focus on in our current work.

In this work, based on first-principles calculations, we
systematically study the electronic and magnetic properties
of K2CuSO4Cl2 and K2CuSO4Br2. The calculations reveal
that K2CuSO4Cl2 and K2CuSO4Br2 are both insulators, with
band gaps of 2.56 and 2.10 eV, respectively. The calcu-
lated magnetic moments are 0.70μB for K2CuSO4Cl2 and
0.65μB for K2CuSO4Br2. Using the first-principles linear
response (FPLR) method [34,35], we calculate the magnetic
exchange parameters. There are four considerable magnetic
exchange interactions, which are all antiferromagnetic. Based
on the obtained magnetic exchange parameters, we calculate
the spin-wave dispersion with the linear spin-wave theory, and
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the calculated results agree well with the experiment [28]. We
also calculate the DM interactions, and the results indicate that
the DM interactions are quite large compared to the interchain
interactions in these materials, consistent with the previous
experimental works [28,32]. Moreover, using Monte Carlo
(MC) simulations, we study the phase diagrams of these two
materials.

II. METHOD

The electronic band structure calculations have been car-
ried out by using the full potential linearized augmented
plane-wave method as implemented in the WIEN2K package
[36]. The local spin-density approximation (LSDA) for the
exchange-correlation potential has been used here. We utilize
the LSDA+U scheme [37] to take into account the effect
of Coulomb repulsion in the Cu 3d orbital. For Cu oxides,
the values are chosen as U = 9 ± 1 eV and J = 1 eV from
previous theoretical works [38–41]. Thus, we use an addi-
tional effective Hubbard Ueff = U − J = 8 eV in this work.
Using the second-order variational procedure, we include the
SOC interaction [42]. Here, we use the experimental lattice
constants from Ref. [28] and optimize the internal atomic co-
ordinate. The basic functions were expanded to Rmt Kmax = 7,
where Rmt is the smallest of the muffin-tin sphere radii and
Kmax is the largest reciprocal lattice vector used in the plane-
wave expansion. A 5×2×2 k-point mesh is used for the Bril-
louin zone integral. The self-consistent calculations are con-
sidered to be converged when the difference in the total energy
of the crystal does not exceed 0.01 mRy at consecutive steps.

The exchange constants J are the basis to understand the
magnetic properties. In order to obtain the exchange con-
stants, the experimental results (for example, magnetization
curves and magnon dispersion) are usually reproduced by
fitting J . However, an unambiguous fitting is basically im-
possible. For example, as mentioned above, the interchain
exchange constant J ′ obtained by Hälg et al. is 0.031 K
[28] while the value obtained by Jin and Starykh is about
three times larger (0.083 K) [31], though their results are
obtained from the same experimental data [28]. In addition,
theoretical calculations can also be used to estimate exchange
interactions. Here, we use an efficient first-principles method
to calculate the magnetic exchange interactions, which is
based on a combination of the magnetic force theorem and
the linear response method [34]. We assumed a rigid rotation
of atomic spin at sites R + τ and R′ + τ ′ of the lattice (here
R are the lattice translations and τ are the atoms in the basis).
Then, the exchange interaction constant J can be given as a
second variation of the total energy induced by the rotation of
atomic spin at sites R + τ and R′ + τ ′ [35],

Jαβ

τRτ ′R′ =
∑

q

∑

k j j′

fk j − fk+q j′

εk j − εk+q j′
〈ψk j |[σ×Bτ ]α|ψk+q j′ 〉

× 〈ψk+q j′ |[σ×Bτ ′]β |ψk j〉eiq(R−R′ ), (1)

where σ and B are the Pauli matrix and the effective local
magnetic field, respectively. ε is the one-electron energy while
ψ is the corresponding wave function. With the electronic
structure information from the LSDA+U calculation, one can
evaluate the magnetic exchange interactions by using Eq. (1).

FIG. 1. (a) Crystal structure of K2CuSO4Cl2. (b) The nearest-
neighbor, next-nearest-neighbor, and fourth-nearest-neighbor inter-
chain exchange interactions and intrachain exchange interaction for
Cu magnetic moments shown by Jab, Jb, Jac, and Ja, respectively.

This method has been successfully used to evaluate magnetic
interactions, including DM interactions in a range of materials
[34,35,38,43–47]; therefore, we apply this method to calcu-
late the magnetic exchange interactions of K2CuSO4Cl2 and
K2CuSO4Br2 in this paper.

III. RESULTS AND DISCUSSION

As shown in Fig. 1(a), K2CuSO4Cl2 crystallizes in an
orthorhombic Pnma structure [48]. The lattice constants of
K2CuSO4Cl2 are a = 7.73 Å, b = 6.08 Å, and c = 16.29 Å
[28]. K2CuSO4Br2 was grown in the same structure. The
lattice constants of K2CuSO4Br2 are a = 7.73 Å, b = 6.30 Å,
and c = 16.43 Å [28]. The details of the crystal structure
are described in Fig. 1. The crystal structure of chlorosul-
fate consists of a CuO2Cl2 quadrilateral and a SO4 tetrahe-
dron [48]. The CuO2Cl2 quadrilateral is located in a plane
perpendicular to the b axis, and the bond angle around the cop-
per atom is strongly distorted. Sulfate SO4 is approximately
a regular tetrahedron. The SO4 tetrahedron is connected to
the Cu quadrilateral by two oxygen atoms. Because of their
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FIG. 2. Partial density of states of (a) K2CuSO4Cl2 and (b) K2CuSO4Br2 from the LSDA+U (= 8 eV) calculation. The Fermi energy is
set to zero.

electrostatic repulsion, S and Cu are pushed in opposite di-
rections, respectively. In addition, there are two symmetrical
independent K atoms located on the plane of the CuO2Cl2

quadrilateral. Each cell contains four Cu ions, each of which
extends along the a axis as an antiferromagnetic spin chain
[48]. The neutron powder diffraction experiments show that
the intrachain exchange interaction is antiferromagnetic, and
the nearest-neighbor interchain exchange interaction along the
b axis is also antiferromagnetic [28]. Based on the struc-
ture and magnetic configuration suggested by the experiment
[28,48], we perform the first-principles calculations.

With the LSDA+U (= 8 eV) calculations, we show the
density of states (DOS) of K2CuSO4Cl2 and K2CuSO4Br2

in Fig. 2. Our calculations show that K2CuSO4Cl2 and
K2CuSO4Br2 are both insulators with band gaps of 2.56 and
2.10 eV, respectively. For chloride, the Cl 3p states are mainly
located between −3.0 and 0.0 eV, while the O 2p states are
distributed between −9.0 and 0.0 eV. Thus, the bands near the
Fermi level are mainly contributed by chlorine and oxygen
atoms. The S 3s and 3p electrons have a significant covalency
with the ligand oxygens, which bring the bonding state in
between −9.0 and −5.5 eV. The nominal valence for K is +1
and that for Cl is −1, while the nominal valence of SO4 is
−2. Hence, the nominal valence of Cu is +2, which means
there are nine occupied states and one unoccupied state for
the 3d orbit. The occupied states of Cu ions are mainly located
between −5.5 and −4.0 eV and the unoccupied state appears
around 2.5 eV, indicating that there is a non-negligible hybrid
between Cu and O. On the contrary, the K states are far
away from the Fermi level, mainly above 6.0 eV. As shown
in Fig. 2, the DOS of K2CuSO4Br2 shows similar behavior

as that of K2CuSO4Cl2. Since the electronegativity of the
Br atom is smaller than that of the Cl atom, the degree of
hybridization of Cu-Br is higher than that of Cu-Cl. As a
result, the band gap of K2CuSO4Br2 is smaller than the band
gap of K2CuSO4Cl2. The calculated magnetic moment on the
Br atom (0.06μB) is larger than that on the Cl atom (0.05μB),
while the calculated magnetic moment on the Cu atom of
K2CuSO4Br2 (0.65μB) is smaller than that of K2CuSO4Cl2

(0.70μB). Both the calculated magnetic moments of the Cu
ions for K2CuSO4Cl2 and K2CuSO4Br2 are smaller than the
experimental value of 1.1μB [28].

As shown in Fig. 1(b), we depict the main magnetic in-
teractions. The fourth-nearest-neighbor exchange path (Ja) is
mediated by the Cu-X -X -Cu (X = Cl, Br) bond and produces
a spin chain along the a axis. The interchain exchange interac-
tion Jac along the [101] direction is the fifth-nearest-neighbor
and can be expected to be weak due to the long distance. In
addition, the nearest-neighbor Jab and next-nearest-neighbor
Jb exchange interactions are along the b axis and maybe
lead to a frustrated spin chain along b. By neutron-scattering
measurements, the experiments give the value of the inter-
chain exchange constants Jab, and the order of magnitude
is about 0.1 K [28,33]. Based on the calculated electronic
structures, we estimate the magnetic exchange interactions
using the FPLR approach [35]. Considering that the magnetic
exchange parameters are so small, we have taken different
k-point meshes and the calculated values are almost the same.
We list all the considerable exchange interactions in Tables I
and II. The fitting magnetic exchange parameters from pre-
vious experimental works are also shown for comparison
[28,31–33,49].
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TABLE I. Calculated magnetic exchange parameters (in K) of
K2CuSO4Cl2 evaluated from the LSDA+U (= 8 eV) scheme. The
fitting magnetic exchange parameters in the experimental works are
also presented for comparison.

Expt. This work

Ja 3.2,a 2.9,a 3.1,a 2.94b 3.14
Jab 0.2,a 0.031,a 0.073,c 0.083,d 0.45b 0.03
Jb 0.03
Jac 0.37
Dy

a 0.04,a 0.06,e 0.16e 0.11

aReference [28].
bReference [33].
cReference [49].
dReference [31].
eReference [32].

For K2CuSO4Cl2, it can be seen from Table I that the
intrachain exchange interaction Ja dominates over the others
in strength, which determines the magnetic ground state. Our
Ja (3.14 K) is consistent with the average of the values (3.1 K)
obtained by thermodynamic and neutron measurements [28]
and is slightly smaller than the fitting results (3.2 K) of
the magnetic susceptibility curve [28]. The measurement of
neutron scattering gives the value of 2.94 K [28,33], which
is smaller than our Ja. In addition, our interchain exchange
interaction Jab (0.03 K) agrees well with the result from
ordering temperature estimates (0.031 K) [28], but is smaller
than the fitting results of the neutron-scattering measurements
(0.45 K) [33]. Note that both the exchange constants Jab and
Jb are antiferromagnetic and there is competition between
these two exchange interactions along the b axis, which results
in frustration. Using the FPLR approach, we also calculate
the DM interactions. The intrachain DM interaction Da is
estimated to be (0, 0.11, 0) K. The direction of Da is parallel to
the b axis direction, which is consistent with the requirements
of symmetry analysis. Our calculated Dy

a is consistent with
the results of the electron spin resonance experiment, and the
value is in the range 0.06 < Dy

a < 0.16 K [32].
Turning to the discussion of K2CuSO4Br2, both our cal-

culated Ja and Dy are much larger than that of K2CuSO4Cl2,
which is consistent with the experimental results [28]. Our Ja

(16.17 K) is smaller than the average of the values (20.5 K)

TABLE II. Calculated magnetic exchange parameters (in K) of
K2CuSO4Br2 evaluated from the LSDA+U (= 8 eV) scheme. The
fitting magnetic exchange parameters in the experimental works are
also presented for comparison.

Expt. This work

Ja 20.4,a 20.7,a 20.5a 16.17
Jab 0.034,a 0.20,b 0.091c 1.06
Jb 0.03
Jac 0.20
Dy

a 0.28a 0.49

aReference [28].
bReference [49].
cReference [31].

FIG. 3. The phase diagram obtained by the MC calculation. Here
all the exchange interactions are in units of Ja. The insets show the
schematic diagram of the spin configuration.

obtained by thermodynamic and neutron measurements [28].
On the contrary, our Dy (0.49 K) is larger than the results
(0.28 K) of the electron spin resonance experiment [28]. Un-
like K2CuSO4Cl2, the Jab of K2CuSO4Br2 is much larger than
Jb (Jab/Jb ≈ 30), resulting in an antiferromagnetic sequence
along the b axis. One may naively expect that lower interchain
exchange constants will lead to lower Néel temperature, but
because the interactions between the various chains are all
antiferromagnetic, the situation is more complicated.

For these two materials, the obtained intrachain and in-
terchain interactions are all antiferromagnetic. When DM
interaction is negligible, the magnetic ground state should
be Néel order. On the contrary, for a single chain, the DM
interaction would make the spins to favor a helical order, and
the helical period depends on the value of D/J . However,
the DM interactions of adjacent chains are antiparallel to
each other, and the corresponding helical chains propagate in
opposite directions. The competition between the interchain
and DM interactions leads to a special kind of geometric
frustration [28].

Unfortunately, to our best knowledge, the magnetic ground
states of these two materials are not available currently and
are waiting for future neutron diffraction or local probe ex-
periments [28]. In order to better understand the competition
between interchain and DM interactions, we employ an ef-
fective spin model with intrachain interaction Ja, interchain
interaction Jab, and DM interaction Da. By comparing the total
energies of the Néel state and the helical state, it is easy to see
that in the case of Jab >

√
J2

a + D2
a − Ja, the Néel state has

the lower energy. Moreover, we perform MC simulations on
a 30×30×1 supercell with periodic boundary conditions and
obtain the phase diagram as shown in Fig. 3. As we expected,
the dominant Jab favors the Néel phase. With decreasing Jab,
there is a phase transition from the Néel phase to the helical
phase, where adjacent helical chains propagate in opposite
directions. Interestingly, we find that between the Néel phase
and helical phase, there is an intermediate phase in which
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FIG. 4. Calculated spin-wave dispersion along the a∗ axis in the
fully saturated state (μ0H = 12 T) for K2CuSO4Cl2. The positions
of high-symmetry points in reciprocal lattice units are �1(1, 0, 0) and
�2(2, 0, 0). The inelastic neutron-scattering spectra in Ref. [28] are
also shown as discrete points for comparison.

the spins are not lying in the plane perpendicular to Da, as
shown in Fig. 3. In this work, we have Jab/Ja = 0.01 and
Dy/Ja = 0.03 for K2CuSO4Cl2, while in the K2CuSO4Br2

system, Jab/Ja and Dy/Ja are 0.06 and 0.03, respectively. Thus
the magnetic ground states of these two materials are both
suggested to be in the Néel phase.

Using linear spin-wave theory, we also calculated the
magnetic excitation spectrum of K2CuSO4Cl2. The spin-wave
dispersion along the high-symmetry axis is shown in Fig. 4.

As a comparison, the inelastic neutron-scattering spectrum
in previous experimental work [28] is also shown as blue
discrete points. The experimental data from Ref. [28] are at
the temperature T = 1.6 K with an external magnetic field of
μ0H = 12 T. Our calculated results are consistent with the
experimental measurements.

IV. CONCLUSIONS

In conclusion, we presented a comprehensive investigation
of K2CuSO4Cl2 and K2CuSO4Br2 using first-principles cal-
culations. Our calculations reveal that both compounds are
insulators with band gaps of 2.56 and 2.10 eV, respectively.
Using the magnetic force theorem and the first-principles
linear response method, we calculated the magnetic exchange
parameters and the DM interactions, and our calculations are
in good agreement with the experiment. We also calculated the
magnetic excitation spectrum using linear spin-wave theory,
and the results agree well with the experimental inelastic
neutron-scattering spectra. Moreover, we used MC simulation
to obtain the phase diagram and suggest the ground state of
these two materials to be Néel phase.
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