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Based on first-principles calculations, we predict that the superconductor MgB, with an AlB,-type cen-
trosymmetric lattice hosts the so-called phononic topological Weyl nodal lines (PTWNLSs) in its bulk phonon
spectrum. These PTWNLSs can be viewed as countless Weyl points (WPs) closely aligned along the straight
lines in the —H-K-H direction within the three-dimensional Brillouin zone (BZ) and are always paired with
opposite Berry phase. Their topologically nontrivial natures are confirmed by the calculated Berry curvature
distributions on the planes perpendicular to these lines. These lines are unique, because they are located exactly
at the high-symmetry boundary of the BZ protected by the mirror symmetry and, simultaneously, are straightly
transverse to the whole BZ, differently from known classifications, including nodal rings, nodal chains or nets,
and nodal loops. On the (1010) crystal surface, the PTWNL-induced drumhead-like nontrivial surface states
appear within the rectangular area confined by the projected lines of the PTWNLs. Moreover, when the mirror
symmetry is broken, the double-degenerate PTWNLs are further lifted to form a pair of WPs with opposite
chirality. Our results pave the way for future experimental study of topological phonons on MgB, and highlight
similar results in a series of isostructural AlB,-type metallic diborides.
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I. INTRODUCTION

Accompanying extensive studies of topological insulators,
topological semimetals, and even topological superconduc-
tors in their electronic structures [1-3], topological phonons
[4-9] have most recently attracted attention in condensed
matter physics and material sciences. This is mainly because
topological phononic states will be interesting for potential
applications. Differently from various electronic fermions,
phonons, being among the bosons, are not limited by the Pauli
exclusion principle. This means that the whole frequency
zone of a phonon spectrum can be physically probed. Sim-
ilarly to topological properties of electrons, the topological
effects of phonons can induce one-way edge phonon states
or topologically protected surface phononic states. Physically,
these states will conduct phonon with little or no scattering
[4,5], suggesting possible applications for designing phononic
circuits [6]. For instance, utilizing the one-way edge phonon
states, an ideal phonon diode [6] was proposed with a fully
100% efficiency in a multiterminal transport system. Due to
the forward- or backward-moving states, the heat transporta-
tion will have directivity and one-way states, which can hold
the perfect diode effect between two terminals. This offers
an ideal example for experiments to detect the topological
straight nodal line, which is stabilized by crystal symmetry.
It can also be extended to the field of photonics and acoustics.
Due to the stability of the topological nodal line, it can be
immune to any symmetry-preserving perturbation and can
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be possibly used to control heat, photons, and sound. It was
even theoretically uncovered that the chirality of topological
phonons excited by polarized photons can be detected by a
valley phonon Hall effect in monolayer hexagonal lattices
[9]. In particular, it needs to be emphasized that, similarly to
various fermions of electrons, exciting progress with respect
to bosons (vibrational phonons) has been also predicted [7]
or observed in the three-dimensional (3D) momentum space
of solid crystals with topological vibrational states, such as
Dirac, Weyl, and line-node phonons in photonic crystals with
macroscopic acoustic systems of kHz frequency [4,5,7,10—
22] and theoretically predicted doubly-Weyl phonons in
transition-metal monosilicides with atomic vibrations at THz
frequency [23]. Most recently, also in a series of WC-type
materials (i.e., TiS, ZrSe and HfTe) with atomic vibration
at THz frequency, single topological Weyl phonons were
predicted, and they exist opening topological arcs of surface
phonons, connecting pairs of surface-projected Weyl points
(WPs) with opposite chirality [24,25]. However, to date no
phononic topological Weyl nodal lines have been reported in
macroscopic acoustic systems at kHz frequency or in atomic
vibrational periodic lattices at THz frequency.

It needs to be emphasized that topological nodal lines
[26] have been already extensively studied in electronic band
structures, optical lattices, and photonic and acoustic systems.
To date, nodal lines have been classified into various cat-
egories, such as (i) isolated closed nodal rings in alkaline
earth metals of hcp Be and Mg [27,28] and of fcc Ca and
Sr [28,29], in the TiSi family [30], in 3D carbon allotropes
[31], in antiperovskite Cus(Pb, Zn)N [32,33], in CasP, [34],
in photonic crystals [7], and in a hyperhoneycomb lattice [35];
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FIG. 1. (a) Crystal structure of MgB,. Three shadowed planes are the mirror planes. (b) The Brillouin zone and (1010) surface. The
PTWNLs traverse the whole BZ along both the —H to H and the —H' to H’ directions. Red (blue) lines have negative (positive) Berry phase.
Each PTWNL extends through the whole BZ one time along one of the directions with opposite Berry phase. The surface states at about
14.2 THz are schematically depicted on the surface. (c) The phonon dispersion of MgB, along the high-symmetry momentums paths in the
BZ. Three red thick bands (marked as 1st, 2nd, and 3rd) along the H-K direction correspond to double-degenerate PTWNLs, whereas three
blue thick double-generate bands along the I'-A direction are topologically trivial. (d) Three-dimensional phononic bands around the second
PTWNL on the shaded k plane across the —H-K-H direction as shown in the 3D BZ in panel (b). (¢) Three-dimensional phononic bands at
any WP on any PTWNL. Here, we visualize them by selecting a node on the second PTWNL at k, = 0.2.

(i) nodal chains or nodal nets in which several closed nodal
rings touch at a point to form a chain (or a net) stretching in
the whole BZ of iridium tetrafluoride [36], HfC [37], graphene
network structure [38], TiS [24], TiB,, and ZrB, [39-41]; (iii)
nodal links [42] featuring closed nodal loops which are linked
and interwound with each other in a so-called nodal-link
semimetal [42] or the Hopf-link semimetal Co,MnGa [43];
and (iv) nodal knots in which a single nodal ring entangles
with itself [44]. Besides these four main types of nodal lines
structures, some discontinuous nodal lines can also exists in
the BZ, such as in monoclinic C¢ [45] and metallic rutile
oxides [46]. To date, no Weyl nodal straight lines have been
reported.

Within this context, through first-principles calculations
[47], we report that the famous high-temperature BCS-type
superconductor MgB, [48,49], hosts phononic topological
Weyl nodal straight lines (PTWNLs) in its bulk BZ of the
phonon spectrum. These PTWNLs are always paired with
opposite Berry phase along the high-symmetry —H-K-H
and —H'-K'-H’ boundaries of the 3D BZ, extending the
whole BZ through the one-way direction [Fig. 1(b)]. The
Berry phases of these PTWNLs are =+, indicating their
nontrivial topological nature. On the (1010) surface, we
observe PTWNL-induced drumhead-like nontrivial surface
states confined in rectangular-shape regions formed by the
projected lines of the bulk PTWNLs. When the inversion
symmetry is broken, the double-degenerate PTWNLs
would be further lifted up and WPs occur. Afterwards, the
surface states form a opening arc structure connecting these
WPs.

II. STRUCTURE

The optimized lattice constants are a = 3.074 A and ¢ =
3.513 A. These values are in good agreements with previous
experimental [48—50] and computational [51-55] results. The
structure is shown in Fig. 1(a).

III. PHONON SPECTRA

Figure 1(c) presents the phonon spectrum of MgB, along
high symmetry momentum paths, which are in nice agreement
with previous calculations [51-55] and experimental char-
acterizations [56-58]. At the high-symmetry K (%, %, 0) and
H (%, %, %) points, there are three double-degenerate points
each. The phonon spectrum along —H to H in Fig. 1(c)
evidences the existence of the three double-degeneracy bands,
which are PTWNLSs in the strictly straight lines traversing the
whole BZ. In Figs. 1(d) and 1(e), we depicted the phonon
dispersions along a PTWNL on the xz plane and around a
specified point, (1/3, 1/3,0.2), in units of the reciprocal lat-
tice vector, of a PTWNL on the xy plane. It can be seen that the
dispersion around any point of the PTWNLSs exhibits a linear
dispersion on the xy plane. It is a hallmark of a WP. In other
words, the first, second, and third PTWNLSs in Fig. 1(c) are
unique. The first, along the —H-K-H direction, can be viewed
as countless WPs closely aligned in straight lines in its three-
dimensional BZ. In the second case, each PTWNL can extend
through the whole BZ along this high-symmetry direction in
the momentum space. In particular, all of them exactly lie at
the BZ boundary along the one-way high-symmetry direction,
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which are indeed protected by mirror symmetry. In addition,
it needs to be emphasized that—although such Dirac nodal-
line behaviors stretching the whole BZ along the one-way
direction were recently outlined in the electronic structures
of thombohedrally stacked honeycomb lattices [59] and of
nanostructured carbon allotropes [60] as well as of the type-1I
nodal-loop system of K4P3; [61]—these symmetry-protected
PTWNLs along the one-way direction high-symmetry lines
in the phonon spectrum of MgB, are still not recognized.
Because the symmetries of the phonon momenta obey a Cj,
point group along the —H-K-H direction, the three degenerate
lines belong to the E irreducible representation state and
the nondegenerate phonon bands belong to the A; or A;
irreducible representation states, respectively [see Fig. 1(c)].
Mechanically, these three different PTWNLs are associated
with three distinct phonon modes. The first PTWNL mainly
involves the in-plane vibrational mode of Mg atoms, the
second one is totally determined by the out-of-plane vibra-
tional mode of two boron atoms moving in opposite or same
directions along the ¢ axis while the Mg is stationary, and the
third one only involves the in-plane motion in which boron
moves along the x or y axes and Mg moves along almost the
diagonal direction of the xy axes. Another difference for these
three PTWNLs is that the second PTWNL shows an apparent
k-dependent dispersion of the frequencies, whereas both the
first and third PTWNLs are nearly flat in the frequencies
against the k vector along the —H-K-H or —H’-K'-H’ direc-
tion, as shown in Fig. 1(c). Furthermore, since the PTWNLs
are protected by crystal symmetry, as long as the symmetry
is preserved during expansion and shrink of the lattice un-
der a finite temperature, PTWNLSs would always present, no
matter whether harmonic or anharmonic approximations are
considered. We have calculated the expansion coefficient of
MgB, and used the expanded volume at room temperature to
calculate the phonon dispersion. In fact, we have found crystal
symmetry protected PTWNLSs at room temperature, as shown
in the Supplemental Material [47], proving the stability of
PTWNLs against the perturbation from a finite temperature.

IV. TOPOLOGICAL PROPERTIES OF PHONONS

To determine the topological nature of these PTWNLs, we
have derived the corresponding Berry phase distributions. For
a closed loop in the 3D BZ, the Berry phase is defined as

v = f AuK) - dl, (1)
C

where A, (k) = i{u,(K)| Vi |u,(K)) is the Berry connection and
u,(Kk) is the Bloch wave function of nth band. As illustrated
in Fig. 1(b), we first selected a closed circle on the xy plane
centered at a momentum position of the PTWNL (see the
circle marked by the green curves). Note that the radius of
the closed circle going around each PTWNL can be selected
to be arbitrarily large, as long as it does not also cover
another PTWNL. Interestingly, we have found that the Berry
phases for all three PTWNLs along the —H-K-H direction
are 7, whereas the other three PTWNLSs along the —H'-K'-H’
direction have an opposite Berry phase of —m. This means
that these PTWNLSs are topologically nontrivial, and it also
proves that the topological natures of the PTWNLs along the

—H-K-H direction and —H'-K’-H’ direction are opposite in
their Berry phase due to time reversal symmetry.

In addition, as shown in the phonon spectrum from I" to
A in Fig. 1(c) there are also three twofold-degenerate lines.
However, the analysis of their Berry phases and Berry curva-
tures confirm that these three lines are indeed topologically
trivial. Along the I to A direction, the symmetries of the
phonon momenta obey a Cg, point group, the degenerate lines
belonging to both E; and E, states [see Fig. 3(c)]. Due to the
degeneracy of both E; and E, states, which is kept by a C,
rotation symmetry, the Berry phases of the double-degenerate
phonon bands are enforced to be the same. In addition, with
the effects of both time reversal and inversion symmetries in
the BZ, the Berry phases of the double-degenerate phonon
bands along the I" to A direction have to be opposite. As a
result, the Berry phases of the phonon nodal lines along the
I' to A direction are enforced to be zero, being topologically
trivial states.

V. PHONONIC DRUMHEAD-LIKE SURFACE STATES

Furthermore, we have identified the surface phonon spec-
trum of the (1010) surface of MgB,. As expected, there should
be topologically protected phononic nontrivial drumhead-like
surface states in the rectangular region confined by the pro-
jected lines of the PTWNLs along the K to H direction and
along the K’ to H' direction. We calculate surface phononic
densities of states (PDOSs) by using the iteration Green’s
function method [62]. After Fourier transforming the force
constants, the surface Green’s function is built from the
dynamical matrix and the surface DOS is taken from the
imaginary part of surface Green’s function. Figure 2 presents
the surface states on the MgB, (1010) surface. In Fig. 2(a),
we depict the surface PDOSs along high symmetry moment
paths on the surface BZ ranging from 12.0 to 16.0 THz to
clearly show the phononic surface states associated with the
second PTWNL. It can be seen in Fig. 2 that in the X-M
direction the bright phononic nontrivial surface states are
clearly observable. In Figs. 2(b) and 2(c), we further show
the evolutions of drumhead-like surface states with respect
to increasing k, and frequency, respectively. We observe that
the surface states are confined well in the rectangular region
outlined by the projected lines of two second PTWNLs. In
Fig. 2(b), with increasing k, the downward parabolic-shape
nontrivial surface states climb up to a higher frequency and
the depth of the parabola becomes smaller and smaller. At
k, = 0.5 in Fig. 2(b), the shallow parabolic nontrivial surface
states are completely above the surface states at k, = 0.0. This
leads to an interesting evolution of the phononic nontrivial
surface states as the frequency increases. We have observed
three typical types of nontrivial surface states associated with
the second PTWNL in Fig. 2(c). When the frequency 13.3 <
f < 13.9 THz, the surface states appear to connect two points
on the same projected line of the bulk PTWNL. When 13.9 <
f < 14.8 THz, the surface states clearly connect two points
on the two projected lines of the bulk PTWNLs. When 14.8 <
f < 15.1 THz, the surface states form a ring on the 2D surface
BZ and do not intersect with any projected lines of the bulk
PTWNLs. Indeed, in another two different frequency regions
below 12 THz and above 16 THz,
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FIG. 2. Phononic states on the (1010) surface of MgB,. (a) The surface phonon spectrum along high symmetry lines. (b) The evolution
of the surface phonon spectra and the topologically protected phononic nontrivial surface states by increasing the k. value along the T'-X-T
direction. (c) The frequency-dependent evolution of the phononic surface states of the (1010) BZ as defined in Fig. 1(b) to show the change of
the phononic drumhead nontrivial surface states in the rectangular region confined by the projected lines of two PTWNLSs with opposite Berry
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FIG. 3. Phonon dispersion along the —H-K-H direction of ar-
tificial MgBC and its (1010) surface phonon dispersion. (a) The
phonon spectra along the high symmetry —H-K-H line. Two WPs
are observable with opposite chirality, + and —, as illustrated by
Berry curvature distributions in the insets. (b) The surface phonon
spectrum along the high-symmetry lines in the (1010) surface BZ
to show the nontrivial surface states. Two dashed lines denote the
frequencies of 11.80 and 12.21 THz, respectively. Opening arc states
connecting a pair WPs with opposite chirality in (c) the surface
Fermi-like plot with the frequency of 12.21 THz and (d) the surface
Fermi-like plot with the frequency of 11.80 THz.

we can certainly observe the phononic nontrivial surface states
which are associated with the first and third PTWNLs along
the bulk K-H directions.

VI. PHONONIC WEYL POINTS AND SURFACE ARCS

Interestingly, our calculations also reveal that the double
detergency of these PTWNLS can be lifted, possibly resulting
in the appearance of WPs, when both the mirror and inversion
symmetries are broken. To elucidate this feature, we have
substituted one boron atom with a carbon atom in the MgB,
unit cell, leading to the composition MgBC. With such a
treatment, the MgBC structure now belongs to the space
group of P6m2 (No. 187) because the inversion symmetry is
broken and, simultaneously, the mirror symmetry of the K-H
direction is also broken. As illustrated in Fig. 3(a), the derived
phonon dispersion along the H to K direction does not exhibit
any PTWNLs due to the lifting up of double degeneracy.
In contrast, a pair WPs appear because of the phonon band
crossings. We also analyzed their topological nature using
the Berry curvature distributions around each WP, obtaining
the nonzero topological charges of £1 as shown in Fig. 3(a).
Additionally, on the (1010) surface we have clearly observed
the opening phononic surface arc states connecting to such a
pair of WPs with opposite chirality in Figs. 3(b), 3(c), and
3(d).

VII. SUMMARY

From Fig. 2, the PTWNLs in MgB, are unique, compared
to both Weyl and Dirac nodal-line semimetals. It is well
known that a Weyl semimetal results in the appearance of bro-
ken Fermi arc states connecting a pair of WPs with opposite
chirality [Fig. 4(a)], and a Dirac nodal-line system leads to
drumhead-like nontrivial surface states confined in a closed
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FIG. 4. The diagrammatic comparison of topological (a) Weyl
nodes, (b) Dirac nodal lines, and (c¢) PTWNLs systems. The bulk
Weyl nodes, Dirac nodal lines, and PTWNLs are shown in lower
panels and their corresponding nontrivial surface states are outlined
in the upper panels.

circle-shape region formed by the projected ring of the bulk
Dirac nodal lines [Fig. 4(b)]. However, in MgB, PTWNLs
can be viewed as countless WPs, as in Fig. 4(c), always
paired with opposite Berry phase, and they induce drumhead-
like rectangular-shape nontrivial surface states, extending the
whole surface BZ through the one-way direction. In brief, the
PTWNLs-induced nontrivial surface states in Fig. 4(c) can be
also viewed as countless broken surface arc states. Available

experimental techniques [63—66] to probe these states include
neutron scattering, electron energy loss spectroscopy, and x-
ray thermal diffuse scattering. Finally, we have found that a
series of metallic diborides, such as AlB,, BeB,, CaB,, NaB,,
ScB,, SrB,, TaB,, TiB,, YB,, and ZrB, (see Supplemental
Material [47]), which are isostructural to MgB,, host similar
PTWNLs in their phonon spectra. These metallic diborides,
which host PTWNLSs, would provide a potential platform to
elucidate physical phenomena related to topological phonons,
possibly including heat conduction, electrical resistance, and
phonon waveguides.

Note added. Recently, we became aware of a publication
proposing the electronic topological Dirac nodal lines in
MgB, through first-principles calculations [67].
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