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Identification and time-resolved study of ferrimagnetic spin-wave modes
in a microwave cavity in the strong-coupling regime
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Recently the hybridization of microwave-frequency cavity modes with collective spin excitations has attracted
large interest for the implementation of quantum computation protocols, which exploit the transfer of information
among these two physical systems. Here we investigate the interaction among the magnetization precession
modes of a small yttrium iron garnet sphere and the microwave electromagnetic modes, resonating in a tridi-
mensional aluminum cavity. In the strong coupling regime, anticrossing features were observed corresponding
to various magnetostatic modes, which were excited in a magnetically saturated sample. Time-resolved studies
show evidence of Rabi oscillations, demonstrating coherent exchange of energy among photonic and magnon
modes. To facilitate the analysis of the standing spin-wave patterns, we propose here a procedure, based on the
introduction of a scaling variable. The resulting easier identification of magnetostatic modes can be exploited to
investigate, control, and compare many-level hybrid systems in cavity- and opto-magnonics research.
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I. INTRODUCTION

Combining different fundamental excitations is a recent
route for quantum computation applications, with the promise
to stimulate the development of new hybrid quantum tech-
nologies and protocols. Indeed, it was suggested that encoding
information in different physical systems can provide advan-
tages in overcoming the strict requirements in terms of deco-
herence timescales and capacity to process the information,
which can be difficult to match together. In this respect, a
crucial requirement is the achievement of a strong coupling
regime between the respective fundamental excitations in two
physical systems. Recent findings demonstrated the capability
to obtain a robust hybridization among light quanta and dif-
ferent excitations at low temperature, by employing trapped
atoms [1], nitrogen vacancy centers in diamonds [2], super-
conducting qubits [3], spin impurities in Si [4], and organic
radicals [5,6]. In this framework, magnons exhibited strong
stability in coupling with photons, when they are excited in
ferro-/ferrimagnetic (FM) materials, especially if yttrium iron
garnet (YIG) single crystals are used [7]. In contrast with
paramagnetic spin ensembles, which at room temperature
(RT) are weakly coupled to the photons, YIG presents at
least a three orders greater net spin density, which permits
to get the strong coupling. To couple spin waves (SWs) with
electromagnetic (EM) signals, a convenient way is to confine
the YIG in a three-dimensional (3D) microwave (MW) cavity
[8]. It was reported that this yields the stable formation of two-
level systems and magnon-cavity polaritons, as a consequence
of the hybridization among MW photons and the fundamental

magnetostatic mode [also known as Kittel mode and corre-
sponding to ferromagnetic resonance (FMR)] [9-15]. Even
nonuniform magnetostatic modes (MSMs) can be sustained
by the material depending on its shape, and they can be also
coupled to cavity modes [16,17]. The resulting pattern of
spectral features is more complex, and its association with
specific modes can be not straightforward.

In the present work, we investigate the interaction among
the magnetization precession modes in a small magnetically
saturated YIG sphere and the MW electromagnetic modes res-
onating in a tridimensional aluminum cavity at room temper-
ature. A rich spectrum characterized by several anticrossing
features is observed because of the strong coupling regime
in correspondence of various magnetostatic modes. Time-
resolved studies show evidence of Rabi oscillations, demon-
strating coherent exchanges of energy among photons and the
involved magnon modes at RT. For facilitating the analysis
of the stationary SW patterns, here we propose a procedure,
based on the introduction of a scaling variable, related to the
magnetic characteristics of the FM material and to the applied
external electromagnetic field. Notably, plotting the data with
respect to this variable, we obtain a direct identification of the
involved MSMs.

II. EXPERIMENTAL SETUP AND CAVITY MODES

The investigated system is composed of a single crystal
YIG sphere, 1 mm of diameter [18], located into an alu-
minum cavity with inner dimensions 44 x 22 x 9mm?’. YIG
(Y3Fes01,) is chosen for its peculiar characteristics. In partic-
ular, its magnetic moment comes from Fe*? ions in the 6Ss 2
ground state, and YIG behaves as a ferrimagnetic insulator
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FIG. 1. (a) 3D aluminium semicavity loaded by a YIG sphere and (b) FEM-simulated MW magnetic field distribution for the loaded cavity
at TE,¢, in a perpendicular static magnetic field H. (c) Semicavity loaded by YIG sphere on lateral side and (d) corresponding MW magnetic
field for TE(, (black dots on FEM simulations refer to position of sphere, corresponding to the magnetic antinodes in the two configurations).
(e) Experimental setup showing the loaded cavity between the electromagnet poles for application of the static magnetic field.

exchange constant o = 3 x 107'2cm? [19]. A crucial char-
acteristic for the applications is the low magnetic damping
and a correlated narrow linewidth of 2.3 x 107° T [19]. This
property has favored the use of the YIG crystals in optical
and radiofrequency devices, such as microwave oscillators,
circulators, and optical isolators for many decades.

First, the YIG sphere is placed in a central position at
the bottom of one semicavity of the ground wall as shown
in Fig. 1(a). Such a position corresponds to the magnetic
antinode for the fundamental (TE9;) mode [10], in order to
maximize the interaction of magnonic modes with the MW
field [Fig. 1(b)]. Then the cavity resonator is placed between
the poles of a GMW electromagnet [Fig. 1(e)] generating
a magnetostatic field, whose intensity is swept from 250 to
330 mT (with steps of 0.2 mT). Similarly, for further studies
of the second (TE;p;) mode, the YIG sphere is placed on
one of the three TE;p; magnetic antinodes, located on the
junction plane of the two semicavities [this configuration is
shown in Fig. 1(c)]. More precisely, the sphere is put close
to the rounded wall of the resonator, on one of the lateral
antinodes as shown in Fig 1(d). In this case, the magnetostatic
field intensity is swept from 360 to 440 mT, in order to get
the strong coupling regime. The resonator is excited with
an Agilent MXG N5183A signal generator, while transmis-
sion measurements are performed with an Agilent MXA
NO9010 spectrum analyzer. Both devices are controlled with
homemade LABVIEW software. Specifically, the frequency
is swept in a range of 320 MHz, centered around the first (or
the second) cavity eigenfrequency, at fixed magnetic field, and
spectroscopic measurements were performed applying 0 dBm
input power.

At room temperature, zero DC magnetic field, and loaded
with the YIG sphere, experimentally the cavity exhibits the
TE 9 mode at w./2w = 8.401 GHz and the TE;p; mode
at w./2m = 10.361 GHz. The loaded quality factor Q; of
the mere cavity with YIG at TE;q is 4000, with insertion
loss IL = —33.1dB. This leads to an estimated intrinsic Q

factor Q; = Qr /(1 — 10"2/20) ~ 4100. The second mode ex-
hibits a Q; of 4300, with /L = —30.16dB and Q; = 4450.
In these conditions, the system remains lossy coupled to the
measurement setup. At both the TE;y; and TE;(p, magnetic
antinodes, the insertion of the YIG sphere does not perturb
significantly the EM signal, in the absence of a drive mag-
netostatic field. Indeed, a resonant frequency shift of less
than 0.1% is observed. Furthermore, the ratio between the
crystal volume Vyjg and the magnetic modal volume V, is
Vyig/V. 22 x 107%, which also justifies the observed negli-
gible variation of the quality factor.

III. STRONG COUPLING REGIME

The loaded-cavity spectrum as a function of the perpendic-
ular magnetic field is reported in Fig. 2. While measuring at
frequencies around the first photonic mode, sweeping of the
magnetostatic field intensity gives a rich magnonic spectrum,
which is characterized by the presence of anticrossings points
around TE g, as shown in the 2D map in Fig. 2(b). The FMR
(known as the Kittel mode [9]) lies at 294.1 mT, as indicated
by a yellow arrow, and exhibits a bright mode indicating a
higher order interaction. Additionally, a series of MSMs are
exhibited, which are shown with dotted yellow lines, whose
separation gradually reduces towards lower magnetostatic
fields. Figure 2(a) illustrates how the signal amplitude at
TE o varies as a function of the magnetic field: the transmit-
ted electromagnetic signal takes the form of Fano resonances
[20,21], and it is significantly reduced corresponding to the
avoided crossings, with a splitting of the resonance peak [see
Fig. 2(b)]. On the other hand, the 2D map at TE ¢, shows only
a few clearly visible avoided crossings [Fig 2(c)], in addition
to the main uniform precession resonance (FMR) at 391.0 mT,
indicated with the yellow arrow. The relative signal amplitude
from the cavity at TE(, as a function of static magnetic field
is reported in Fig. 2(d).
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FIG. 2. (a) Transmission amplitude at TE;y; = 8.401 GHz for magnetic field ranging from 250 to 330 mT. (b) Cavity response as a function
of bias magnetic field and frequency near the fundamental TEo; mode. Dashed yellow lines and red arrows in the 2D maps of amplitude refers
to identified MSMs in (m, m) and (m + 1, m) families, respectively. (c) Cavity response near TE;(, for magnetostatic field ranging from 360
to 440 mT. Here the (3, 1) mode at higher static field is highlighted by a red arrow. (d) Transmission amplitude at TEp, = 10.361 GHz for
magnetic field ranging from 360 to 440 mT (in the second configuration with sphere on cavity lateral side).

The avoided level crossings in the map of transmitted where k /2m = (2x; 4 Kine) = @, /2w Qr is the photonic

signal amplitude 7 can be described by means of an input- damping for each mode resonating at w. /2w, which takes
output formalism [11,15,22,23]: into account the damping «, through the single connectors and
Ke the internal damping ki, associated to the mere aluminium

T(w) = cavity, j is the imaginary unit number, the index i identifies

(o —w.) — L . P . . . )
J(@ — o) 2(2Kf + Kint) + Zi —Lyitj(o—w) a specific magnetostatic mode, whose frequency line width

(1) is y;, and the interaction strength of the hybrid mode for the
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FIG. 3. Strong coupling between the fundamental magnetostatic mode in the YIG sphere and the TE,¢; and TE,q, cavity modes. (a) 2D
maps around TE;o; when the magnetostatic field ranges between 289 and 299 mT. The spectra corresponding to colored lines are shown on
the left, where formation of magnon-polariton systems is shown. (b) 2D maps around TE;;, when the magnetostatic field ranges between 386
and 396 mT. The spectra corresponding to colored lines are shown on the right. When the systems are fully coupled, g/27 is the frequency
mismatch between the resonance peaks, and broadenings y /27 and « /27 of both standing waves modes are similar.

whole magnonic system is

[nr (MO‘Z@)]

& _ g0VN _ JN
2w 27 21 ’

which is related to the coupling strength go;/2m for a
single interacting spin through the number N of net spins
in the examined sample [24]. Notably, 2g_7ir refers to coupling
strength between the two (magnonic and photonic) states and
is evaluated as the frequency mismatch among the resonant
peaks of the hybrid modes (Fig. 3, on the right). The quantity
I' = gup/h is the gyromagnetic ratio of spin ensemble, where
g is the Landé g factor, p is Bohr magneton, 7 is the reduced
Planck constant, and p¢ is the vacuum permeability. The spa-

tial overlap coefficient n = fs phere %d V between the
two subsystems (i.e., cavity and sphere modes) is calculated
taking into account the driving MW magnetic field H and the
complex time-dependent off-z axis sphere magnetization M
for the considered mode, while Hy,,x and My,,x correspond to
their maximum values in the sphere volume Vy;g. As a further
figure, the cooperativity of the two levels system is defined as
C =g /yi.

In Fig. 3 details of the spectra of cavity toward hybridiza-
tion, near the fundamental magnestostatic mode (FMR), are
reported for cavity modes TE; and TEq, at fields indicated
with vertical lines of corresponding color. When the subsys-
tems are fully coupled, g/2m corresponds to the frequency
mismatch between the resonance peaks, and broadenings
y /2m and « /2 of both wave modes are comparable. In these
conditions, obtained when the magnetostatic field intensity is
294.1 mT for the TE 9; and 391.0 mT for the TE;p; mode,

@)

cavity dissipation rates « /2w are 3.2 and 3.0 MHz, respec-
tively. Finally, the magnonic damping y /27 is 2.5 MHz. For
a FM sphere, the uniform precession frequency wpmr /27 is
related to the external field Hy by “’ZF;‘T“R = I'H, [25]. Since the
cavity mode frequencies and wgyr /27 must match when the
two subsystems are strongly coupled, it is then possible to
estimate the gyromagnetic ratio I' by posing wpmr = 0. =
2m T'Hy, and by substituting the corresponding H, values,
then we obtain I' &~ 28.76 GHz/T for the YIG sphere with
respect to the value 28 GHz/T reported in Ref. [26]. In Table I
the magnetostatic fields as well as the evaluated coupling
parameters, photonic/magnonic dampings, and cooperativity
C are summarized for all the observed anticrossing points
(this will be discussed in more detail in the next section with
reference to the MSM identification).

IV. IDENTIFICATION OF MSM

In order to identify and analyze the magnetization preces-
sion phenomena corresponding to the observed anticrossing
features, a discussion in terms of magnetostatic theory is
useful [26-29]. The MSMs’ resonant frequencies f (and
dispersion relation of SW modes, generally) in spheroids
inserted in MW cavity working at frequency w./2m can be
derived from the characteristic equation in terms of associated
Legendre functions P,"(f, Hp):

P (f, Hy)
P (f, Hy)

[ fMs
MH? — f2

n+1+% =0, 3)
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TABLE I. Summary of obtained parameters for TE;y; mode.

Ho(T) MSM-TE,, y/2r(MHz) «/2n(MHz) g/2n(MHz) C Period of oscillations (ns) Frequency of oscillations (MHz)
0.2718 9,9 3.9 4.0 2.05 0.27 370 2.70
0.2722 8,8) 2.9 4.2 2.35 0.45 369 2.71
0.2728 7,7 3.1 33 2.90 0.82 275 3.64
0.2734 (6, 6) 3.1 3.1 3.55 1.31 258 3.88
0.2746 5,5) 3 3.1 4.35 2.03 222 4.50
0.2760 4,4 3.1 2.8 5.45 342 176 5.70
0.2780 (3,3) 2.5 2.5 7.20 8.29 127 7.89
0.2826 2,2) 1.6 2.3 12.55 42.80 80 12.51
0.2941 (1, Dpmr 2.5 32 25.35 80.33 39 25.64
0.2943 (1, Dpur 2.5 3.2 29.45 108.42 35 28.47

where  H; = Hy — Ms/3, & = (1+ 4 — r_ziczsﬁi)l/z, and

P (f, Ho) = “HLm),

The index n € N labels localization of MSM on the surface
with respect to the external magnetostatic field Hy, while m
(Jm| < n) refers to the angular momentum, whose value could
attributed to the presence of magnetic quasivortices on the
sphere [30]. The MSMs relative to indexes n and m are then
labeled as (n, m) and are grouped in families as a function
of the value n — |m|. In general, the relation between the
resonant frequencies of MSM and the external magnetic field
is not linear, except for the mode families n — [m| = 0 and 1.
In these cases, Eq. (3) assumes the following simplified forms:

Hom 1
L Mo L My, @
FMS MS 3 2m+1

f Hy m(m+1) 1 m
— 2 - = = 1). 5

Equation (4) with fixedn = m = 1 gives f = I = I'Hy 11,
corresponding to uniform magnetization precession.

If the FM sphere is immersed in a confined magnetic
field oscillating at frequency w./2m and a strong coupling
regime is reached at Hy ,,,, the resonance frequencies of the
two subsystems must match. By imposing this condition it
is possible to determine the indexes m and n of the MSMs
associated to each anticrossing. Thus, after extrapolating
the Hy,, values associated to the various anticrossings
observed at [ ~ wyo; /27 = 8.405 GHz for the map at TE,
reported in Fig. 2(a) [31], a preliminary identification of
(m, m) MSM can be carried out. Accordingly to Eq. (4),
by using approximate values for I' (also estimated from
Hoq1 = “Z’fTMIB) and My (0.178 T in literature) [26], we exploit
the discrete nature of the indexes to facilitate association.
Moreover, analyzing the (m, m) MSM, the spacing of nine
consecutive splittings as a function of the external field
is observed to decrease, moving far from FMR condition
in Fig. 2. Subsequently, the trend of the magnetostatic
field Hp,,;, corresponding to (m, m) MSM anticrossing
conditions [Fig. 4(a)] is exploited to evaluate the saturation
magnetization My, as a fitting parameter for Eq. 4 [32].

However, the identification of the involved MSM following
this procedure is not immediate and hinders further analysis
from Fig. 2. Starting from this observation and the previously
discussed theory, for a more straightforward identification of

the different MSM, here we propose as an ansatz to rearrange
data in order to plot the resonator signal as a function of
cavity frequency and [Ho um — (525 — Ms/6)]~" [Fig. 4(b)].
The reason is that [according to mathematical manipulations
of Eqgs. (4) and (5)], this is expected to bring be equally
spaced features for each family when n — [m| =0 or 1, as
is demonstrated from the results shown in Fig. 4(b). In this
frame, the identification of MSM of (m, m) and (m + 1, m)
families at wjg;/2m is more direct. As a further improve-
ment, in Fig. 4(c) the signal is plotted as a function of
—1/2 + Mg /4 Ho mm — (5% — Ms/6)]”", which is obtained
by a rearrangement of Eq. (4). It results that the local minima
in oscillations of cavity amplitude are shown on an x axis now
indicative of the mode (m, m) index, clearly visible until the
ninth excitation. Notably, in this procedure, even if for My a
value from literature is employed, the discrete nature of the
indexes would allow a simple association of the mode.

For (m + 1, m) MSM identification, the magnetic field axis
should be modified following Eq. (5). In this case, the main
differences with the previous calculation are the presence of
—3/2 as coefficient and a scaling of 3/4 instead of —1/2 and
1/4, respectively. Apparently, several features corresponding
to modes (4 + 3k, 3 + 3k), k € N, are detected up to m equal
to 27. However, the most pronounced absorptions are limited
to a few recognizable modes, which are degenerate with
respect to other (m,m) ones; thus these features could be
also ascribed to the latters. Only smaller (m + 1, m) MSM
signatures can be distinguished separately in Fig. 2(a) (see
red arrows), as the (5, 4) and (6, 5) modes. As a result, we
conclude that the (m 4 1, m) MSM family is less coupled to
the cavity.

In Table I the identified (m,m) MSMs observed for the
YIG sphere within the cavity for the first transverse electric
mode are reported together with their corresponding magne-
tostatic fields, coupling parameters, and photonic/magnonic
dampings. Since for coupling with the Kittel mode a bright
mode is exhibited, the corresponding coupling strength is
reported as two frequency mismatches among the two external
branches and the central bright mode itself. Typically, a strong
coupling regime is associated to coupling strength g values
greater than the magnonic and the photonic damping y and
k. In our case, this condition is fulfilled up to the (6, 6)
MSM. It is also possible to discuss this aspect in terms of
the cooperativity of the two-level system, which is defined as
C; = & /yik with value 1 as threshold for a strong coupling
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FIG. 4. (a) Trend of the magnetic fields at resonance conditions
as a function of (m, m) MSM order at TE ;. (b) 2D map as a function
of frequency near TE o, and the introduced scaling variable. In this
frame, MSMs appear equally spaced. (c) At 8.405 GHz, (m, m)
modes are recognized up to m = 9. On the other hand, (m + 1, m)
excitations are not all visible (only the one corresponding to indexes
shown in red and in large part being degenerate with (m, m) modes).

regime. Notably we obtained cooperativity values even larger
than 100 for the coupling among (1, 1)pmr and TE;g; modes;
then cooperativity decreases but still remains higher than 1 up
to the (6, 6) MSM. Cooperativity C among FMR and TE ¢,

is at least one order greater than values at other frequency
splittings. Moreover, the photonic and magnonic losses were
estimated to be comparable for all the different MSM modes.

V. TIME-RESOLVED MEASUREMENTS

For further insight into the strong coupling regime, we
investigate also the time evolution of the strongly coupled
system. Specifically, for time-resolved measurements, after
sweeping the magnetic field to a specific value, we excited
the cavity at resonance with the same signal generator used
for the spectroscopic measurements, but now in combination
with an Agilent 811150A pulse function generator in order to
apply a pulsed 3 us signal modulated at the cavity resonance
frequency and cyclically pulse the signal in the cavity. The
input amplitude was set at 10 dBm. An ultrafast digital
sampling oscilloscope (Tektronix DSA8300), equipped with
a 80E04 dual-channel time domain reflectometry sampling
module and triggered by the same pulse function generator,
was then employed to record the time-resolved signal by
sampling every 125 ps and using the “envelope” acquisition
mode, in which the oscilloscope retains the running minimum
and maximum values in adjacent sample intervals, creating
an envelope of all waveforms acquired for the channel. For
each value of the magnetostatic field, we set the oscilloscope
to collect the signal over 250 acquisitions.

The spin ensemble dynamics heavily influences the signal
amplitude and both rise and fall times of cavity signal, as also
reported in Ref. [33]. In Fig. 5(a) the cavity response at TE;¢;
is shown: for lower values of the magnetostatic field, the sig-
nal is weakly modified, then it significantly grows for all the
pulse duration, with a sensitive increase of cavity relaxation
timescale. Successively, by a further increasing of the field,
the signal drastically reduces and then increases again, and
this phenomenon is repeated many times corresponding to the
anticrossing fields. The proposed ansatz also was employed to
facilitate analysis of this set of (time-resolved) measurements
leading to Fig. 5(b), where MSMs up to (9, 9) are visible
as increased absorptions [34]. As example, the time scan
relative to the coupling among the MW cavity TE ¢, and the
(2, 2) magnetostatic mode is shown in Fig. 5(c). Periodic
fluctuations of the cavity signal amplitude during charging and
relaxation of the system are clearly visible. These oscillations
are a further indication of on-resonance hybridization among
magnons and photons, which is reached when w./27m =
JSmagnon, Tesulting in a Rabi splitting in two peaks at energies
hi/2n (w. £ g;). The energy stored inside the cavity decays in
an exponential manner, but with periodic oscillations among
the two states, demonstrating coherent exchange of energy
among photon and magnon modes. In Fig. 5(d) the transients
related to the relaxation of the cavity coupled with each (m,
m) mode at given intensities of the static field are reported.
Interaction with the Kittel mode of the sphere is reported
two times being related to a higher order interaction between
FMR and cavity resonance. Beyond FMR, signal oscillations
are visible also for coupling with other MSMs, at least up to
(6, 6) mode, but with a different characteristic frequency and
periods that increase as the mode index increases. In Table I
the periods of cavity signal oscillations are reported for each
(m, m) MSM along with the relative frequency of oscillation,
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which can be compared to the coupling strength obtained
from spectroscopic measurements. Notably, values are very
close with relative frequency mismatch between spectroscopic
evaluation and time-resolved investigation below 1.3%. In
addition to the observation of oscillations for various modes,
this agreement is a clear indication of the physical origin of
these features attributed to Rabi oscillations. For coupling
with Kittel mode, due to a higher order interaction resulting
in a bright mode at 0.2891 T, the oscillations at 0.2890 and
0.2892 T exhibit a dephasing of m /2, while it is the sum
of the two oscillation frequencies which correspond to half
of the 109.6 MHz splitting among the branches observed in
spectroscopic measurements.

VI. CONCLUSION

The strong interaction regime between MSM modes ex-
cited in an YIG sphere and photonic modes in a 3D cavity
resonator was investigated at RT. A rich spectrum was ob-
served with several anticrossing features due to coupling to the

fundamental FMR mode as well as additional magnetostatic
modes. As an ansatz for enabling a simple identification of
the various MSMs, we proposed a rescaling procedure in
order to plot the resonator signal as a function of cavity
frequency and a scaling variable, just from a mathematical
rearrangement of the eigenvalue equations for the MSMs in
a spheroid [for both the (m,m) and (m + 1, m) families].
This procedure was applied to both the frequency-dependent
and time-resolved scans in a magnetic field and allowed us
to recognize the (m, m) modes as the ones more coupled to
the cavity. Magnetostatic fields, coupling parameters, pho-
tonic/magnonic dampings, and cooperativity C were evaluated
for all modes up to the (9, 9) one. Rabi oscillations were
clearly visible in time scans, demonstrating (at RT) coherent
exchange of energy among photons and the involved magnon
modes. The easier identification of magnetostatic modes can
be exploited to investigate, control, and compare many-
level hybrid systems in cavity- and optomagnonics research
[35-38].
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