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Recently, a local-Ising-type magnetic order was inferred from neutron diffraction of the antiferromagnetic
Er,Ge,0; (pg-ErGO) with an applied magnetic field. Here, we use neutron spectroscopy to investigate the
energetics of pg-ErGO and the isostructural Yb,Ge,O; (pg-YbGO) to evaluate the adequacy of the local-Ising
description. To begin, we generate a model of the magnetic structure of pg-YbGO using neutron diffraction
and find a net ferromagnetic moment. While pg-ErGO and pg-YbGO have highly symmetric crystal structures
(P4,2,2 tetragonal space group 92) with only one trivalent rare-earth magnetic site, the point symmetry of the
rare-earth site is low with only a single symmetry element (point group C;). For both compounds, the energy
scale of the first excited state is large compared to the magnetic ordering temperature, suggesting Ising character.
The ground-state Kramer’s doublet of both compounds is dominated by the maximal m; component. However,
the low point group symmetry of the rare-earth site leads to finite mixing of all other m;’s, which suggests
potential deviations from Ising behavior. Moreover, quasielastic scattering is observed deep in the ordered state
of pg-ErGO and pg-YbGO that may be due to non-Ising behavior. The dominant magnetic interaction in both
compounds is found to be magnetostatic by considering the magnetic excitations in the ordered state. From
consideration of these data, the pg-YbGO is more Ising-like than pg-ErGO. Also, quantum multicritical points

are anticipated with applied magnetic field in both compounds.

DOI: 10.1103/PhysRevB.101.014420

I. INTRODUCTION

The Ising model has a rich history in the study of coopera-
tive phenomena and was originally invoked to understand the
confusing nature of ferromagnetism [1]. More recently, Ising
models have been identified as model systems to test quantum
computers [2]. While the Hamiltonian that governs a given
two-level system is often trivial to write down, e.g.,

Hising = —J ) Y SiS5,5 )
i §

(where the summation index i is over all sites, § is over nearest
neighbors, J is the interaction energy, and there are two states
per site) solutions to these many-body problems are difficult
and continue to be a topic of research [3]. Considering the
impetus of the model, it is fitting that magnetic materials
are a plentiful resource for experimental realizations of Ising
Hamiltonians. The criterion for a magnetic Ising system is
twofold: (i) the ground state must be a doublet that is well
separated from other single-ion excited states (e.g., the first
excited state energy Ep_; should be much larger than the
thermal energy associated with the onset of magnetic order
kgTx) and (ii) the interacting matrix elements mixing the
ground-state doublet on different sites should be zero [4].
This second condition is more subtle to characterize than the
first. In addition, a high degree of symmetry is useful during
modeling so tractable Hamiltonians may be considered.
Rare-earth containing insulators have been used to realize
magnetic Ising models in a variety of different lattices, as
the interaction energies of 4f electrons may be weak in
comparison to the anisotropy energies [5]. Here, we briefly
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review crystal symmetry, magnetic ion local symmetry, and
Ey_.1/kgTn for some related rare-earth systems. Rare-earth
ethylsulfates are hexagonal with Cs;, point symmetry for the
magnetic ions [6], and possess extremely large Ey_.|/kgTn
values of 200 [7,8], 1600 [9,10], and >8000 [11,12] for
dysprosium, erbium, and ytterbium, respectively. Rare-earth
hexahydrates are monoclinic with C; & Dy, symmetry for the
magnetic ions [13], and also have large Ey_ {/kgTn values
of 350 [14] and 300 [14,15] for dysprosium and erbium,
respectively. As a frame of comparison to some popular
Ising magnets, Dy3Als0;,, DyPO4, LiHoF,, K,CoF, have
Eo—1/kg Ty values of 27, 20, 7, and 4, respectively [4]. The
coupling matrix element condition is less described in the
literature as it requires details of the single-ion wave functions
and interaction energies. Rare-earth magnets with pyrochlore
structures are an example of local-Ising systems and the emer-
gent rules resulting from their geometrically frustrating lattice
geometry dominate the magnetic properties, although such
frustration makes the Ey_, ; /kg Ty parameter less applicable in
determining Ising character [16]. The pyrogermanate tetrago-
nal P4,2,2 (space group #92) crystal structure, Fig. 1(a), is
stable for the series between Tb and Lu with only one distinct
rare-earth site (Wyckoff position 8b) in the unit cell [17,18].
Locally, the rare-earth ions are surrounded by seven oxygen
atoms and there is only the identity point symmetry, Fig. 1(b).
The three-dimensional connectivity of the rare-earth ions is
visualized in terms of five nearest neighbors that have just
three unique bond distances, Fig. 1(c). For the eight rare-earth
sites there are four local anisotropy axes that are not along any
particular coordinate axis such that throughout the unit cell the
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FIG. 1. Structure of pg-ErGO. (a) Crystal structure of one unit
cell, where the erbium sites are represented by a large green circle,
germanium is shown as the intermediately sized pink circle encap-
sulated by its coordinating tetrahedron, and oxygen is illustrated
as the smallest red circle. (b) The local coordination sphere of
erbium. (c) The magnetic structure is visualized with black arrows,
and the nearest-neighbor erbium bond distances are shown as green
(3.5743 A), red (3.5961 A), and blue (3.8014 A). These images build
on renderings by VESTA [25].

local-anisotropy axes are not always parallel. In this work we
will provide Ey_,/kgTn values and investigate the non-Ising
interaction mixing for pg-YbGO and pg-ErGO.

This paper focuses on inelastic neutron scattering of
the putative local-Ising pyrogermanate Er,Ge, 07 (pg-ErGO)
and the isostructural Yb,Ge,07 (pg-YbGO). These pyroger-
manate compounds have the same chemical formula as a py-
rochlore structured material, but both the crystalline symme-
try and the local symmetry of the rare-earth site are different.
Recently, the magnetic structure of pg-ErGO was modeled as
a function of applied magnetic field to reveal a local-Ising
character with metamagnetism [19]. In this paper, we seek to
better understand the nature of this local-Ising magnetism in
pg-ErGO and compare with pg-YbGO.

Prior reports on magnetism within the rare-earth pyroger-
manate family suggest the potential for Ising physics. Early

work by Wanklyn provided a description of synthesis and
structural characterization and indicated magnetic ordering
temperatures of 2.05 K, 2.15 K, 1.45 K, and 1.15 K for
the pyrogermanates Tb,Ge,07, Dy,Ge,07, Ho,Ge, 07, and
Er,Ge, 07, respectively [18]. Soon after, optical absorption
spectra were modeled using a crystal field Hamiltonian [20],
and one description of the crystal field methodology is de-
scribed in Ref. [21]. These optical data models can be ex-
trapolated to give the energy levels of the ground-state terms,
such that the first excited states are estimated as 8 meV
(Ey—1 ~90K) and 40 meV (Ep_, ~ 500K) for Er,Ge, 05
and Dy,Ge,07, respectively, thus satisfying the first Ising
model condition for magnetic materials. More recently, a
model of a crystal field Hamiltonian based upon the magnetic
susceptibility measurements of Er,Ge,O; predicted the first
excited state to be 5 meV (Ep_.; = 60 K) above the ground-
state doublet [22]. Notably, the aforementioned crystal field
models used a limited parameter set of four terms, by approx-
imating the local environment to have a fivefold rotation sym-
metry (*Dsy,) about the vertical axis, which is nearly along the
crystallographic ¢ axis. In 2019, neutron diffraction measure-
ments of pg-ErGO demonstrated an antiferromagnetic ground
state, Fig. 1(c), with a first-order metamagnetic transition at
~0.35T for a field along the crystallographic a axis [19].
A study of the magnetothermodynamics of pyrogermanate
Dy,Ge, 07 [23] bears out an Ising-like description of the
magnetization, although details of spin freezing and metam-
agnetism leave open questions. Similarly, the pyrogermanate
ho,Ge, 07 magnetic structure was reported and it along with
the magnetization measurements indicate Ising-like behavior
[24]. The magnetic structure of Ho,Ge,O5 is different than
that of pg-ErGO with each local magnetic moment rotated
by 108° when going from one structure to the other, but
there is consistency when considering the sign change of the
a Steven’s factor for Er’* versus Ho’* that gives rise to a
90° rotation of the anisotropy axis for uniaxial anisotropy
dominated Hamiltonians [21]. This line of reasoning suggests
two approximate sets of localizing axes for the rare-earth
pyrogermanates with « < 0 Ce, Pr, Nd, Tb, Dy, and Ho of
one type and « > 0 Pm, Sm, Er, Tm, and Yb of a second
type. So, the rare-earth pyrogermanates bode well as a less
studied lattice supporting Ising models against which to test
the current theories.

In the following section, we use neutron scattering to quan-
tify the Ising character of pg-ErGO and pg-YbGO. We first
consider the magnetic structure of pg-ErGO and pg-YbGO
with neutron diffraction, which yields the local anisotropy di-
rection. Next, the paramagnetic, single-ion wave functions of
pg-ErGO and pg-YbGO are modeled using excitations within
the ground-state term probed by inelastic neutron scattering
at temperatures that mainly populate the ground state but
are above the magnetic ordering temperatures. These single-
ion energy levels from neutron spectroscopy directly test the
first criterion of Ising behavior, e.g., Eo—1/kgTn is large.
The model-derived single-ion wave functions help test the
second criterion of Ising behavior, to determine what matrix
elements may connect interacting ions within the compounds.
From this point, excitations within the ordered phase are
considered, which provide observables that set the energy of
magnetic interactions. A model based purely on magnetostatic
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interactions is posed. Finally, the results are summarized
to quantify the degree of Ising character in these systems.
Technical details are reported in Appendix A.

II. RESULTS AND DISCUSSION

A. Magnetic structures

To begin setting the stage to look for Ising magnetism,
the ordered magnetic structure of pg-ErGO and pg-YbGO are
considered. The magnetic structure of pg-ErGO was already
reported [19], and here we present a model for the magnetic
structure of pg-YbGO [26]. Both compounds were measured
for inelastic studies using the cold neutron chopper spectrom-
eter (CNCS) of the Spallation Neutron Source (SNS), and the
elastic channel was isolated to model static magnetic contribu-
tions. The elastic magnetic contribution was further separated
by subtracting 7 = 1.5 K data above magnetic ordering from
T = 0.1K data below magnetic ordering. The overall scale
factor was taken from nuclear scattering of pg-YbGO data at
1.5 K, almost entirely from the (101) peak. The same scale

factor was used for pg-ErGO after correcting for absorption,
as there are no strong pg-ErGO nuclear peaks observable for
the E; = 1.55meV (A = 7.26 A) neutron energies used. Lat-
tice parameters were fixed to the reported values for pg-ErGO
[19]. For pg-YbGO, neutron powder diffraction data (Fig. 9)
collected on the HB-2A neutron diffractometer of the High
Flux Isotope Reactor were modeled to extract a structural
model (Table VII) that is described in Appendix B, from
which lattice parameters were fixed for magnetic structure
refinements.

For both pg-YbGO and pg-ErGO, magnetic diffraction is
observed with statistically significant intensities at positions
commensurate with the parent crystallographic cell. Six dif-
ferent magnetic models were tested, and the ferromagnetic
(along the ¢ axis) irreducible representation '3 was found
to fit the data with the lowest residual for pg-YbGO while
the antiferromagnetic [, was again found to best fit the pg-
ErGO data, Table 1. These data, modeled intensities, modeled
residuals, and modeled magnetic structures are visualized in
Fig. 2. For the best-fit models, the quantization axes of the
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FIG. 2. Magnetic structures of pg-ErGO and pg-YbGO. The data are shown in comparison with the best-fit models of the two smallest
Ry, T> and T'; and the residuals for (a) pg-YbGO and (b) pg-ErGO. Tick marks identify reciprocal lattice vectors of (001), (100), (002),
(101), (110), (102), and (111). The overall scale is the same, with different arbitrary offsets added to remove paramagnetic oversubtraction.
Residuals are shown below data and models. The magnetic structures associated with the modeled intensities are shown for (c) pg-YbGO I,
(d) pg-YbGO I, (e) pg-ErGO I';, and (f) pg-ErGO I';. The magnetic structure images build on renderings by VESTA [25].
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TABLE I. Goodness of fit for magnetic structures. The weighted
profile crystallographic R factor, R,,, is listed for both compounds
for each model. The best fit R,,, is highlighted for each compound.

Irreducible Magnetic pg-YbGO, pg-ErGO,
representation space group R, Ry
ry P4,2,2 75.1 385
I, P412,2 434 12.9
I3 P4,2,2 17.9 26.2
Iy P4,22 46.4 43.6
I's P212\2 58.5 30.2
C22'2) 473 30.6
P2

moments are similar for both compounds and primarily along
the ¢ axis, Table II. The overall magnitude of the ordered
erbium moment is found to be larger in the CNCS data than
in the HB-2A data, and this difference may be due to errors in
the scaling that assumes identical illumination and packing of
pg-ErGO and pg-YbGO, the lower temperature of the CNCS
measurement (0.1 K on CNCS versus 0.5 K on HB-2A) or
a systemic issue with refining CNCS diffraction data. The
ytterbium moment may be smaller than the maximally ordered
moment, as there are no existing reports on the magnetic
ordering temperature for pg-YbGO.

B. Single-ion Hamiltonians and wave functions

Neutron spectroscopy can directly measure the ground-
state term energy levels of pg-ErGO and pg-YbGO and then
be modeled to get single-ion wave functions, the results
of which address the potential for Ising magnetism. So, a
magnetic model for pg-ErGO is first built from the single-ion
physics of the Kramers ion Er’*. Trivalent erbium has eleven
4f electrons with the *I;5 s2 ground-state ~ 1000 meV lower
in energy than the next state, T3 ;2 [5]. This spin-orbit-based
splitting is not the aforementioned Ej_,; energy, but rather
shows the validity of only using the *I;s /2 term when ana-
lyzing the magnetic ground state. The interactions of the Er3*+
|/ = 15/2) state with the crystalline lattice due to electrostatic
and bonding effects are parameterized in the crystal field
formalism of Stevens that uses spherical harmonics up to
£ = 6 [21]. These crystal field split states of the 4115/2 term
are directly germane to the magnetic ground state, and it is
the energy difference between the crystal field ground-state
doublet and crystal field first-excited state doublet that is
considered as the energy Ey_, ;.

There is one Er’* site in pg-ErGO (replicated eight times
in the crystallographic unit as it is on the Wyckoff 8b po-
sition), and it has a C; symmetry. Previously, a single-ion

Hamiltonian for pg-ErGO was fit to optical spectroscopy [20]
and anisotropic magnetic susceptibility [22] measurements.
This Hamiltonian assumed a dominant Ds; local symmetry,
and while the available data were reproduced in each case,
this simple model cannot account for the neutron scattering
measurements. These pentagonally symmetric crystal field
parameterizations were previously shown inconsistent with
Mossbauer spectroscopy of pg-ErGO [27]. This Ds;, symme-
try is approximately along the c axis, with the five coordinated
oxygen ions approximately in the ab plane.

Here, neutron spectroscopy was performed (on SEQUOIA
of SNS) to further quantify the single-ion pg-ErGO wave
function. By varying the Ei, the incident energy, (600 meV,
300 meV, 160 meV, 50 meV, 20 meV) at T = 5K, a region
of interest for the peaks between ~10meV and ~60 meV
was determined. A map of intensity as a function of sample
energy transfer and momentum transfer magnitude for E; =
160meV, T = 5K is shown in Fig. 3(a). Seven distinct,
inelastic magnetic peaks are observed, and a model free fit of
the E; = 160meV, T = 5K intensities to resolution limited
Gaussians shown in Fig. 3(b) gives the measured intensities
reported in Table III. The magnetic character of these dis-
persionless excitations is confirmed by an agreement of the
measured momentum dependence to that reported for the Er3*
magnetic form factor [28] in the dipolar approximation.

The E; = 160 meV, T = 5K peaks of pg-ErGO were mod-
eled with no symmetry constraints to the crystal field Hamil-
tonian. The Ds;, Hamiltonians are unable to reproduce the ob-
served T = 5 K neutron spectra, and the alleged pseudo-Dsy,
quantization axis does not align with the moment directions
observed via neutron diffraction [19]. With no symmetry,
there are 27 parameters (5 from £ = 2, 9 from £ = 4, and 13
from £ = 6 terms), and there are ostensibly seven observables
related to the peak positions and seven observables related
to the peak intensities. A random initialization of By,,’s was
found ineffective and instead a series of starting conditions for
minimization were generated using point charge Hamiltonians
with cutoff distances ranging from 3-20 A. Each of these ini-
tial guesses were first subjected to a three-parameter fit scaling
all £ =2, ¢ =4, and £ = 6 terms together, and subsequently
all parameters were minimized as described in Appendix A.
The best-fit calculated solution is reported in Table III, with
the parameters tabulated in Table VIII of Appendix C after
rotating to maximize the expectation value of the J* oper-
ator. A scale factor was applied to the measured intensity
values when fitting to the model that results in absolute units.
This fit reproduces all positions and intensities, except for
an underestimated intensity of the 53 meV transition. It is
not clear if this failure is of the model assumptions (e.g., a
need for an even more highly parameterized Hamiltonian)
or of the fitting procedure. The temperature dependence is

TABLE II. Ordered moments of best-fit models at 7 = 0.1 K. The th unit vectors correspond to the local quantization axes of the ions.

beamline compound r m, (i4p) my, (1) me (14p) Im]| (us) 1h

Hb2a [19] pg-ErGO I, 2.66 3.03 —6.98 8.06 [0.33, 0.38, -0.87]
CNCS pg-ErGO I, 2.15 3.11 -8.52 9.32 [0.23, 0.33, -0.91]
CNCS pg-YbGO I's 0.31 0.09 -1.17 1.21 [0.26, 0.08, -0.96]
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FIG. 3. High-energy neutron spectroscopy of pg-ErGO single-
ion effects. Data are from SEQUOIA with E; = 160meV and T =
5K. (a) An intensity map is shown with the isobar values in units of
mb/sr/meV/Er. (b) An averaging of momentum transfers between
0 =[2,4] A~ with fits to resolution limited Gaussians.

semiquantitatively reproduced when heating to 7 = 160K
and T = 320K.

The ground-state pg-ErGO wave function associated with
the best fit, using the maximum anisotropy axis as the quanti-

zation axis, is a Kramer’s doublet dominated by my = +15/2
with nonzero contributions of all other m; values, as reported
in Table IX of Appendix C. This solution yields a ground-state
moment of 8.514 ug = 0.005 up (uncertainty is 1 standard
deviation confidence interval from model fitting), which com-
pares well to the measured ordered moment of 8.1 ug at T =
0.5K [19]. These ground-state magnetic moments may be
considered as local Ising from an energy scale consideration,
as the first excited state is 114 K above the ground state
with a Ty = 1.15K. For pg-ErGO the model is fairly well
determined, as can be seen by the relative uncertainties.

A similar experimental procedure and analysis is possible
for the pg-YbGO compound. Trivalent ytterbium has thirteen
4f electrons with the 2F; /2 state 21300 meV lower than the
next spin-orbit state 2F5/2 [5], which motivates using the
J =7/2 manifold when considering the magnetic response.
Within the crystal-field-split >F7/, states there is a spectrum
for which the Ey_, energy is defined. This J = 7/2 state
then allows only four Kramers doublets, and the potential for
three paramagnetic transitions from the ground state. From a
modeling perspective, this decreased number of observables
causes the pg-YbGO spectrum to be underdetermined.

One interpretation of single-ion physics in pg-YbGO is
possible starting from the pg-ErGO parameters in Table VIII
without any experimental constraints. These Er** parameters
may be scaled to Yb** in the limit of zero covalency by taking
the shielding parameters and radial matrix element expecta-
tion values from an electrostatic model [29] and including the
Stevens factors [21]. The resulting Hamiltonian would have
neutron transitions at energies of 28.8 meV, 82.7 meV, and
114.7 meV. The ground-state wave function associated with
the scaled Hamiltonian has a magnetic moment of 3.04 up.
The disagreement between this scaling and the observed spec-
tra suggests that covalency is important in these compounds.
Previous crystal field analysis of bulk data that used the
local Ds;, symmetry also found poor scaling across different
pyrogermanates [30].

This scaled pg-YbGO model may be tested with inelastic
neutron scattering. By varying the incident energy (600 meV,
300 meV, 160 meV, 50 meV, 20 meV) at T = 5K, a region
of interest for the peaks between ~20meV and ~80meV
was determined. A map of intensity as a function of sample
energy transfer and momentum transfer magnitude for E; =
160meV, T = 5K is shown in Fig. 4(a). Of the observed
intensity peaks, only three were found to decrease intensity

TABLE III. Crystal field levels in pg-ErGO at T = 5K, E; = 160 meV. Data are averaged over Q = [2, 4] A~!. Measured and calculated
Scr(w) have the momentum dependent magnetic form factor contribution divided out. The uncertainties on measured quantities are 1 standard
deviation confidence intervals from profiling the data in Fig. 3. The uncertainties on calculated quantities are 1 standard deviation confidence

intervals of the model fitting.

transition measured /iw (meV) calculated fiw (meV) measured Scr(w) (mb/st/Er) calculated Scg(w) (mb/st/Er)
0—1 9.85 +£0.01 9.86 + 0.01 424 £ 2 424 + 2

0—2 14.75 £ 0.01 14.765 £+ 0.002 340 + 2 340 + 2

0—>3 21.97 £ 0.04 21.905 £+ 0.005 59.1 £ 1.0 629 £ 0.3

0—>4 27.89 £+ 0.04 27.860 £+ 0.003 425 + 0.9 415 £ 0.2

0—5 48.13 £+ 0.05 48.28 4+ 0.01 24.6 £ 0.7 32.8 £ 0.2

0—>6 53.44 £ 0.04 53.54 £ 0.01 446 £ 14 25.1 £ 0.1

0—>7 60.45 £+ 0.09 63.81 £+ 0.01 42 +£ 04 2.8 + 0.1
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FIG. 4. High-energy neutron spectroscopy of pg-YbGO single-
ion effects. Data are from SEQUOIA with E; = 160meV and T =
5 K. The isobar intensity values are in units of mb/sr/meV /Er.

with momentum as per the dipole approximation of the Yb3*+
magnetic form factor [28]. The spectra were fit with a linear
background plus a series of resolution limited Gaussians for
both nonmagnetic and magnetic transitions. This fit of the
E; =160meV, T = 5K intensities is shown in Fig. 4(b)
with the extracted intensities reported in Table IV. Then,
starting with the scaled parameters, a minimization of model
residuals as described in Appendix A gave the calculated
values in Table IV, with crystal field parameters reported in
Table X of Appendix C. Unlike the pg-ErGO solution, the
pg-YbGO optimization problem as posed has no quantifica-
tion of uniqueness other than the agreement of the model
with the available observables, and therefore no parameter
uncertainties are reported.

The ground-state pg-YbGO wave function associated with
the best fit, using the maximum anisotropy axis as the quan-
tization axis, is a Kramer’s doublet dominated by m; = +7/2
with nonzero contributions of all other m; values, as reported
in Table XTI of Appendix C. This solution yields a ground-state
moment of 2.3 ug, which is larger than the 1.21 ug moment
refined from the magnetic diffraction data at 7 = 0.1K re-

TABLE IV. Crystal field levels in pg-YbGO at T = 5K, E; =
160 meV. Data are averaged over Q = [2, 4] A~!. Measured and cal-
culated Scp(w) have the momentum-dependent magnetic form factor
contribution divided out. The uncertainties on measured quantities
are one standard deviation confidence intervals from profiling the
data in Fig. 4.

measured calculated measured calculated
ha hiw Scr(w) Scr(w)
transition (meV) (meV) (mb/sr/Yb)  (mb/sr/Yb)
0—1 24.40 £ 0.04 24.6 315+ 4 314.7
0—>2 27.86 £ 0.05 28.5 211 £3 224.9
0—>3 66.50 £ 0.05 66.5 5241 52.4

ported in Table II and the discrepancy may be due diffraction
data not being in the fully ordered state. These ground-state
magnetic moments may be considered as local Ising from an
energy scale consideration, as the first excited state is 283 K
above the ground state with 7y < 1 K.

So, for both pg-ErGO and pg-YbGO, the pyrogermanate
local environment stabilizes a large contribution of the maxi-
mal angular momentum state, but with finite mixing of other
angular momentum states. Both compounds have large sepa-
rations of the first excited state from the ground state, in com-
parison to the magnetic ordering energy scales, Ey—1/kgTn =
99 for pg-ErGO and Ey_,;/kgTn > 283 for pg-YbGO. And
so, the first condition of Ising behavior is well met for both
compounds.

C. Ising spin-flip energy

Building upon the single-ion behavior, the energetics of
the interacting ions of pg-ErGO and pg-YbGO in the mag-
netically ordered states can be probed with high-resolution
neutron spectroscopy. In the magnetically ordered state, there
will be additional transitions associated with flipping the pu-
tative local-Ising spins and potentially collective excitations.
The incident neutrons may have either spin-flip (AS = £1)
or non-spin-flip scattering processes (AS = 0), so for a pure
my = +J ground state there are no matrix elements connected
by neutron scattering, but for the mixed wave functions
produced by the low rare-earth site symmetry such neutron-
induced transitions are nonzero.

The low-energy neutron spectra of pg-ErGO have fea-
tures consistent with local-(quasi-)Ising magnetism, as seen
in the temperature dependence (15 K, 1.5 K, 0.1 K) of E; =
1.55meV data in Fig. 5. Three features are observed in the
energy spectrum: an elastic peak, a quasielastic response,
and a dispersionless inelastic peak associated with spin
flipping.

A quantitative visualization is possible by averaging over
momentum transfer, as shown in Fig. 6. The spin-flipping (SF)
mode is fit to a Gaussian and the quasielastic (QE) intensity
is fit using a function corresponding to exponential decay of
correlations in time [31] such that

wl’ 1
w? +F21—efk% ’

SQE (a)) = X; (2)
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FIG. 5. Low-energy neutron spectroscopy of pg-ErGO in the ordered state. Data are from CNCS with E; = 1.55 meV. The isobar intensity
values are in units of mb/sr/meV /Er. The data are shown on a logarithmic intensity scale.

where x’ is the susceptibility and 7i/T" is a correlation time. At
T = 15K, which is well above Ty, QE excitations are present
but no SF mode is observed. Cooling to 7' = 1.5K, which
is still above Ty, shows a broad SF peak and a reduction
in the QE scattering. At T = 0.1 K the SF peak is stronger
and resolution limited, and the QE scattering is significantly
decreased. These fitting results are reported in Table V. The
observation of only one SF peak is due to only one sym-
metrically distinct Er** site in pg-ErGO. The persistence of
QE scattering deep in the ordered state may be associated
with some non-Ising character in pg-ErGO due to nonzero
AS = %1 matrix elements from interactions between erbium
ions or domain wall motion.

A similar analysis is possible for the magnetic excitations
in the ordered state of pg-YbGO. The temperature dependence
of the low-energy neutron spectra shows quasielastic intensity
above and below the magnetic ordering temperature (7 <
1K), Fig. 7, with a much lower-energy spin-flip mode at
approximately 0.07 meV. Averaging over momentum transfer
shows the different aspects of the scattering more clearly,
Fig. 8. These pg-YbGO data could not be fit using exponen-
tially damped time correlations, as in Eq. (1). This Lorentzian
fitting failure is due to the long tails in energy of a Lorentzian
function that are not present in the data, as can be seen in
Fig. 8 where the scattered intensity is negligible by ~0.3 meV.

TABLE V. Low-energy excitations in pg-ErGO for E; =
1.55meV. The quasielastic mode parameters are as in Eq. (2). The
spin-flip mode parameters correspond to a Gaussian centered at
Esg, having a full-width-half-maximum of FHWMgg, and integrat-
ing scattering function intensity of Ssp. Momentum dependence is
averaged in the range from 0.2-0.8 A~'.

x' Esp FHW Mgk Ssr(w)
T (K) (mb/st/Er) T (meV) (meV) (meV) (mb/sr/Er)
15 48.7 0.109
1.5 291.9 0.109 0.477 0.202 1.3
0.1 245.5 0.109 0.477 0.026 6.8

Instead, a better fit was found to Gaussian time correlations:

x'hw 1 (hw/o)? 1
S w) = el — 3
QEG (W) Y P (3)

where yx’ again plays the role of a susceptibility, but the
frequency space and time space are modeled by Gaussian
functions. Parameters from fits are reported in Table VI.
There is a subtle inflection at /iw = 0.17meV that is not
captured by a single Gaussian, most obvious in the 15 K data.
This uncaptured inflection suggests that the interpretation as
Gaussian time correlations may not be as simple as a zero-
energy mode, but rather some highly damped finite energy
mode(s). Such a model is not reported because a mode with
an energy offset converged to zero energy offset during model
optimization. The decrease in full-width-half-maximum of the
quasielastic component at 1.5 K may be due to finite spin-
flip intensity above the magnetic ordering temperature, as in

300r . took . X
m T=15K ¥
_250p 4 T=15K
=
> 200}
£
2150t
O
g
3100t
A
50t
~1.0 -0.5 0.0 0.5 1.0

ho (meV)

FIG. 6. Low-energy neutron spectroscopy of magnetic ordering
effects in pg-ErGO. Data are from CNCS with E; = 1.55meV.
Momentum dependence is averaged in the range from 0.2-0.8 A~!.
The data displayed as x symbols were not included in the fitting of
inelastic scattering. Lines are fits to Eq. (1).
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FIG. 7. Low-energy neutron spectroscopy of pg-ErGO in the ordered state. Data are from CNCS with E; = 1.55 meV. The isobar intensity
values are in units of mb/sr/meV/Yb. The data are shown on a logarithmic intensity scale.

pg-ErGO. The spin-flip excitation in pg-YbGO is resolution
limited in energy. The resolution function was not explicitly
included in the quasielastic fit, but the resolution is highly
linear over the region from —0.2meV to 0.2 meV, varying
from 0.044-0.033 meV, such that the FWHMgqgg values in
Table VI may be adjusted for experimental effects by subtract-
ing 0.038 meV.

It is striking that both pg-ErGO and pg-YbGO show dis-
persionless, resolution limited peaks associated with spin-flip
transitions when cooled below their magnetic ordering tem-
peratures. For both compounds, there is quasielastic scattering
both above and below the magnetic ordering temperature. It
is not clear if there is a fundamental reason why the pg-
YbGO compound could not be fit well with exponential time
correlations. Notably, pg-ErGO is entirely antiferromagnetic
while pg-YbGO has a large ferromagnetic component and any
spin diffusion is then expected to be different. Also, it may be

35001
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FIG. 8. Low-energy neutron spectroscopy of magnetic ordering
effects in pg-YbGO. Data are from CNCS with E; = 1.55meV.
Momentum dependence is averaged in the range from 0.2-0.8 A~'.
Lines are fits to Eq. (2).

that the inability to fit pg-YbGO quasielastic intensity with a
single Lorentzian is due to an additional damping term.

D. Dipolar fields

For rare-earth-based magnets, the dipolar interactions are
often dominant, although superexchange may be present
[5]. For the pyrogermanates, a superexchange component
is expected as the rare-earth polyhedral are edge sharing.
Nevertheless, the magnetostatic contribution to magnetic in-
teractions may be calculated from the reported magnetic
crystal structure of pg-ErGO [19] and the pg-YbGO struc-
ture presented in Sec. Il A. A semiclassical model that dec-
orates the crystallographic lattice with magnetic moments
of the experimentally determined magnitude gives rise to
local magnetic fields of a magnitude hgpp e = 0.47T, and
hdip,Yb =0.07T for Myy = 1.21 MuB Or hdip,Yb =0.14T for
my, = 2.3 ug. For pg-ErGO the erbium site with mag-
netic moment projections along the crystallographic axis
[a,b,c] of mg, = [3.03 up, 2.66 ug, —6.98 ug], the dipo-
lar magnetic field from the ordered lattice is Haip gr =
[0.247T, 0.387T, —0.118 T], such that the angle between
mg, and Hgip g is 47.1°. Using these values, the semiclas-
sical moment-flip energy of pg-ErGO is then calculated to
be 0.30 meV. Using the wave functions for pg-ErGO from

TABLE VI. Low-energy excitations in pg-YbGO for E; =
1.55meV. The quasielastic mode parameters are as in Eq. (3). The
spin-flip mode parameters correspond to a Gaussian centered at
Esg, having a full-width-half-maximum of FHWMgg, and integrat-
ing scattering function intensity of Ssg. Momentum dependence is
averaged in the range from 0.2-0.8 A~".

x' FWHMqec  Esg FHWMgr  Ssp(w)
T (K) (mb/sr/Yb) (meV) (meV) (meV) (mb/sr/YDb)
15 892.3 0.198
1.5 10441.4 0.190
0.1 19947.6 0.205 0.072 0.036 24429
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the crystal field analysis and degenerate perturbation theory
for the Hamiltonian associated with the local magnetic field,
the off-diagonal elements have a small contribution and the
energy splitting of the ground state is 0.32 meV (measured
ground state splitting is 0.477 meV). The matrix elements
of the local dipolar field are (A|mg:Hgip gr|[A) = —0.16 meV,
(BImg:Hgip grJ|B) = 0.16 meV, and (A|mgHgip grJIB) =
(B|mg:Hgjp g J|A) = 0.03 meV. For pure Ising interactions,
the off-diagonal matrix elements would be zero, and
for a pure Ising dipolar magnet the local dipolar fields
would be parallel to the local quantization axes. For pg-
YbGO, the dipolar magnetic field from the ordered lat-
tice of Mmyp = [031 MUB, 0.09 MUB, -1.17 ;,LB] is Hdip,Yb =
[-0.028'T, 0.003T, —0.068 T], such that the angle between
my;, and Hgp vy is 24.6°. The semiclassical moment-flip
energy of pg-YbGO is then calculated to be 0.009 meV for
myp = 1.21 ug or 0.034 meV for my, = 2.3 ug (measured
ground-state splitting is 0.072 meV). Similarly to pg-ErGO,
the degenerate perturbation theory calculation of the ground-
state splitting due to a dipolar field in pg-YbGO modifies the
semiclassical result by less than 10%. This underestimation
in the magnetostatic model for both compounds implies that
there is a molecular field due to superexchange that is of
the same order of magnitude as the internal magnetic dipolar
field.

Within the dipolar field model, there are a number of
quantum phase transitions with applied magnetic field. There
is a generic nature to such rich phase diagrams as in some
other metamagnets [32], although the details are unique to
pg-ErGO and pg-YbGO. For pg-ErGO, applying the magnetic
field along a specific anisotropy axis will cause the local dimer
to flip at an applied field of Ausaip = 0.47T and give rise
to net moments along all three crystallographic axes in four
unique ways as there are four distinct local anisotropy axes.
Applying a field along a given crystallographic axis will yield
a net moment only along the applied field direction. A field
that is geometrically between two local dimer axes will cause
two dimers to go critical simultaneously in this model. All
of these fields are anticipated to be less than 10 T (often
~1T) and therefore easily accessible with superconducting
magnets, and some with permanent magnets. And so, the
metamagnetic transition experimentally reported along the
a axis at ~0.35T in pg-ErGO [19] is slightly larger than
in the magnetostatic model but the overall picture is well
captured. Similar considerations apply to pg-YbGO, with the
modification that the ordered magnetic structure of pg-YbGO
is ferromagnetic along the ¢ axis. The multicritical points
present in the pyrogermanates are a result of their complicated
magnetic structures.

E. Non-Ising interaction terms

In regard to the second condition for Ising behavior, first
consider the isotropic Heisenberg Hamiltonian where the
spin-spin interaction that connects neighboring sites may be
parameterized with

HHeisenberg =-J Z Z (stf-&-é + SlyStvaB + SlZSIZ-‘rtS) (4)
i )

or equivalently
- 1 _ -
HHeisenberg =—J Z Z (S;S;+6 + E(S?SH(; + Si S;(; )1
P8

&)

where the S operators now explicitly refer to spins and sum-
mations are as described in Eq. (1). For a paraxial system that
satisfies the first Ising condition that the first excited Kramers
doublet is well separated in energy from the ground state,
the raising and lowering operators result in vacuum states
and Eq. (5) formally reduces to the Ising model of Eq. (1).
However, the details of the ground-state wave functions may
cause non-Ising behavior even if the ground states are well
separated from the first excited states. Moreover, dipolar
interactions are long-range and may introduce interactions not
even present in Egs. (4) and (5), such as next-nearest-neighbor
operators.

For the single-ion physics, it is useful to consider a local
coordinate system where the J* operators are diagonal. The
Tables IX and X are for this local coordinate system of pg-
ErGO, for which mgy joca1 = [0, 0, 8.5 up], and analogously
the Tables XI and XII are for the different local coordinate
system of pg-YbGO for which myy jocat = [0, 0, 2.3 ug].
In these local coordinate systems, the J¥ and J* operators
acting on the paramagnetic moments are zero for the ground-
state doublets by design. For considering interactions between
magnetic ions, a coordinate system common to all ions must
be defined. For these pyrogermanates there is no coordinate
system for which a J” operator is diagonal for all ions in
the unit cell, which is trivially deducible from the existence
of local magnetization components having antiferromagnetic
alignments without applied magnetic field. While a higher
symmetry could exist where the interaction operators are still
diagonal and Ising behavior is preserved, the finite angle
between the local dipolar fields and local ordered moments
means that this possible higher symmetry is not present for
pg-ErGO and pg-YbGO.

This exercise of coordinate system rotation is shown
representatively for the pg-ErGO parameters but is simi-
larly calculable for pg-YbGO parameters. Taking the crys-
tallographic coordinate system and the quantization axis of
the local moments from the diffraction data, the result-
ing wave functions and crystal field operators are listed
in Tables XII and XIII. The expectation values of the
magnetic moments in the crystallographic system for the
noninteracting single-ion wave functions are then mg, =
[2.87 up, 3.24 up, —7.20 ug] for one site, whereas the exper-
imentally measured values via diffraction for that crystallo-
graphic site are mg, = [2.66 ug, 3.03 ug, —6.98 ug] (from
Table II) and the net dipolar field of the measured moments
on that site is Hgip gr = [0.387T, 0.247T, —0.118 T]. The
other Er** sites are related by the symmetry operators of
the magnetic structure. In general, the dipolar interaction
has even more non-zero terms than the isotropic Heisenberg
Hamiltonian, with nine different combinations of J-, JT, and
J? and six independent prefactors, although only Heisen-
berg XXZ-like terms survive for collinear moments [33]. A
nearest-neighbor dipolar interaction Hamiltonian written in
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terms of the crystal coordinated system can be calculated
corresponding to the three unique red, green, and blue dis-
tances in Fig. 1 by using the experimentally determined mag-
netic structures. Then, even considering only magnetostatic
interactions, there will exist non-Ising dispersive modes due
to nonzero raising and lowering operator expectation values
of the ground-state doublet. Again, this violation of strict
Ising behavior is experimentally confirmed by the nonzero
transition in the ordered state induced by the neutron radiation
that is a rank-1 tensor in angular momentum.

This line of thinking then concludes that to mitigate non-
Ising contributions to the Hamiltonian of a so-called effective
J = 1/2 material, the crystal system should have parallel
quantization axes for the magnetic moments in question.
As the angle between the dipolar magnetic field and
the orientation of the ordered moment is more parallel in the
pg-YbGO system, at least those magnetostatic interactions are
more diagonal for the pg-YbGO than the pg-ErGO and better
satisfying the second condition of Ising behavior.

III. CONCLUSIONS AND OPEN QUESTIONS

These results show that pyrogermanates have an Ising
character, but additional non-Ising terms arise from the inter-
actions between magnetic moments. The first criterion of the
Ising model is well met by pg-ErGO and pg-YbGO, whereby
there is a ground-state doublet well separated from the first
excited state doublet with the ordering temperature setting the
relevant energy scale. The large values of Ey_,/kgTn = 99
for pg-ErGO and Ey_,; /kgTn > 283 for pg-YbGO put them
in an elite class of materials measured by that metric. The
second criterion of the Ising model requires a vanishing of
off-diagonal matrix elements between neighboring sites, e.g.,
<A|hinteraction|B>/(A|hinteraction|A) — 0 where |A> and |B> are
the lowest-energy Kramers doublet wave functions. While
quantitative details of the spin-spin interactions are not com-
pletely known, the nonvanishing off-diagonal matrix elements
of the magnetostatic interaction suggests the potential for
non-Ising behavior from this second criterion. The inelastic
neutron scattering of the ordered state are dominated by a
resolution-limited flat mode in energy, which is the fundamen-
tal excitation of a dispersionless Ising system, and coexisting
with this Ising mode there is additional quasielastic scattering
in the ordered state. We have quantified the quasielastic in-
tensity, and while a microscopic model for these correlations
is not completely determined there are now many observables
to test such a model. For both Ising conditions, the pg-YbGO
compound is more ideal, although the second condition was
quantified with dipolar interactions and not superexchange.
The magnetic structure of pg-YbGO was modeled and found
to have a net ferromagnetic component, which is unique
within the reported pyrogermanates.

Looking forward, rare-earth pyrogermanates may be a
useful model system for testing the theory of magnetism and
phase transitions. Single-crystal neutron scattering measure-
ments in the ordered state may reveal dispersive modes and
anisotropies hidden by powder averaging. Quantum multicrit-
ical points are anticipated with applied magnetic field, making
these systems appropriate for studying universal behavior near

multicritical points. Another interesting check will be to apply
a magnetic field perpendicular to one of the local anisotropy
axes to see if the ordered moment can be made to decrease
at high fields. A doping series, such as Ery, Y, _»,Ge,O7 or
Yb,, Y,-2,Ge;O7 may also be of interest where the effect of
random fields on the magnetic state may be tested.

The Department of Energy will provide public access to
these results of federally sponsored research in accordance
with the DOE Public Access Plan [34].
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APPENDIX A: TECHNICAL DETAILS

These powder samples were synthesized from the solid
state using total mass 5 g, 2:1 stoichiometric ratio mixtures
of GeO, and Er,O3; or Yb,0s for pg-ErGO or pg-YbGO,
respectively. The reactants were mixed, ground, and heated
to 1000°C for 12 h. The powder products were pressed
into pellets and calcined at 1250°C for 24 h. Heating and
regrinding was iterated until no impurities were observed with
diffraction. The pg-ErGO samples examined here are from
the same batch as the powder diffraction study [19]. For the
SEQUOIA experiments, samples were mounted in cylindrical
aluminum cans of 1 cm diameter, sealed with indium in a he-
lium atmosphere. Cooling was achieved with the SEQUOIA
top-loading CCR. Chopper settings for the E; = 160 meV data
used the high-resolution Fermi chopper, with TO = 120 Hz,
F1 = 120 Hz, and F2 = 600 Hz. For the CNCS experiments,
samples were mounted in flat plates of 0.5 mm thick having
copper bodies and 0.635 mm thick aluminum windows. Flat
plate surface normals were 45° with respect to the incident
beam, e.g., 20 = 90°. Flat plate absorption corrections were
calculated and applied to the CNCS diffraction data. The
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Triton-NANO dilution refrigerator was used for cooling the
sample. Chopper settings for the E; = 1.55meV data used
the high-flux double-disk opening, with a Fermi chopper
frequency of 60 Hz, and a double-disk frequency of 300 Hz.
Normalization of data between the CNCS and the SEQUOIA
spectrometers was done by using the incoherent integrated
intensity averaged from Q = 0.2 A~ to 9 = 0.8 A~'. For pg-
YbGO powder diffraction with HB2a at the High Flux Isotope
Reactor, samples were mounted in copper cans and cooled in
a dilution refrigerator. Experimental energy resolutions and
crystal field calculations are from MANTID [35]. Dipolar
field calculations were performed by taking a site at the
center of a 10 x 10 x 10 supercell. Magnetic diffraction was
modeled following the methodology and notations used in
reference [19], utilizing the programs FULLPROF [36] and
SARANh [37]. For fitting the CNCS data, a downhill simplex
algorithm was used. For crystal field fitting, a downhill sim-
plex algorithm was initially used. The best-fit solution was
then subjected to basin-hopping, differential evolution, and
simulated annealing algorithms in an attempt to find a more
global solution but ultimately without any decrease in xZ.
These solutions were then subjected to Levenberg-Marquardt
minimization to extract [38] confidence intervals. For derived
parameters, such as the wave-function coefficients, parameter
populations were created with normal distributions defined by
the mean and standard deviations of the fits. These parameter
populations were then sampled and statistical analysis was
then performed on the resulting data.

APPENDIX B: pg-YbGO STRUCTURAL REFINEMENT

Powder diffraction of pg-YbGO was measured on the Hb-
2A diffractometer of the High Flux Isotope Reactor using an
incident wavelength of 2.41 A, Fig. 9. While the thermometer
on the mixing chamber of the dilution refrigerator for the T <
1 K data was 50 mK, subsequent diagnostics of the mounting
geometry showed the sample temperature to be unquantifiably
between 50 mK and 1 K.

TABLE VII. Crystallographic parameters of pg-YbGO at 10 K
and <1 K.

Temperature (K) 10 <1
Space group P4,2,2 P4,2,2
Ru)p

a(A) 6.7402(1) 6.7402(1)
c(A) 12.2613(1) 12.2611(1)
c/a 1.8193(1) 1.8191(1)
vV (A) 557.03(1) 557.03(1)
Yb (8b)

X 0.874(1) 0.875(1)
y 0.355(1) 0.356(1)
z 0.136(1) 0.136(1)
U 0.001(1) 0.0001(1)
Ge (8b)

X 0.899(1) 0.899(1)
y 0.153(1) 0.153(1)
z 0.618(1) 0.618(1)
U 0.0001 0.0001(1)

TABLE VII. (Continued.)

Temperature (K) 10 <1
Space group P4,2,2 P4,2,2
Ol (4a)
X 0.804(1) 0.805(1)
y 0.196(1) 0.195(1)
z 0.750 0.750
U 0.004(1) 0.003(1)
02 (8b)
X 0.077(1) 0.077(1)
y —0.035(1) —0.035(1)
z 0.622(1) 0.622(1)
U 0.004(1) 0.003(1)
03 (8b)
X 0.064(1) 0.064(1)
y 0.335(1) 0.335(1)
z 0.572(1) 0.572(1)
U 0.004(1) 0.003(1)
04 (8b)
X 0.680(1) 0.680(1)
y 0.142(1) 0.143(1)
z 0.542(1) 0.543(1)
U 0.004(1) 0.003(1)
st (a) - data ]
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FIG. 9. Neutron powder diftraction of pg-YbGO. Temperatures
of (a) 10 K and (b) <1 K are shown. The Al and Cu contributions are
from the equipment holding the sample.
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APPENDIX C: CRYSTAL FIELD PARAMETERS

The crystal field Hamiltonian By, parameters are listed here along with the wave-function fractions. The notation Re and Im
denote real and imaginary components. The ¢ and m are from spherical harmonics. The |A) and |B) are the two energetically
degenerate members of the ground-state Kramer’s doublet in the paramagnetic state.

TABLE VIII. Crystal field B, parameters for pg-ErGO with the quantization axis defined locally to be maximal for the J* operator for the
ground state. The standard deviation confidence intervals are from model fitting.

£ =2 (meV) { =4 (meV) £ =6 (meV)

Im{m = 6} —2.24 x 107 £ 0.49 x 107
Im{m = 5} —9.50 x 1073 £ 1.37 x 1073
Im{m = 4} —5.41 x 1073 £ 0.11 x 1073 1.28 x 1075 £ 0.33 x 1073
Im{m = 3} —573x 1073 + 1.16 x 1073 —435%x 1075 4+ 1.32 x 1073
Im{m =2} 0.015 £ 0.009 —1.66 x 1073 4+ 0.24 x 1073 3.54 x 107> £+ 0.55 x 107

Im{m = 1} 0.068 £ 0.029 —1.12x 1073 £ 0.39 x 1073 1.30 x 1075 & 0.45 x 1073
m=0 —0.201 £ 0.003 —0.40 x 1073 £ 0.01 x 1073 0.07 x 107> 4 0.01 x 107?
Re{m =1} 0.209 £ 0.028 0.29 x 1073 £+ 0.22 x 1073 —3.81 x 107 £ 0.37 x 107
Re{m = 2} —0.156 £ 0.016 0.76 x 1073 4+ 0.05 x 1073 —0.64 x 1075 £ 0.33 x 1073
Re{m = 3} 12.34 x 1073 £ 1.54 x 1073 0.20 x 107 £ 1.02 x 1073
Re{m = 4} —0.56 x 1073 £ 0.78 x 1073 1.37 x 1075 £ 0.67 x 1073
Re{m = 5} —1535x 107 + 3.32 x 107
Re{m = 6} 2.94 x 107 4+ 0.74 x 107

TABLE IX. Ground-state wave functions for pg-ErGO with the quantization axis defined locally to be maximal for the J* operator for the
ground state. The standard deviation confidence intervals are from model fitting.

Ref|A)} Im{|A)} Re(|B)} Im{|B)}

m; =—7.5 0.9335 £+ 0.0002 0.0 £ 0.0 0.0000 £ 0.0039 0.0 £ 0.0

m; = —6.5 —0.0773 £ 0.0008 0.0717 £+ 0.0007 0.0037 £+ 0.0009 —0.0036 £ 0.0010
m; = —5.5 0.0458 + 0.0002 0.1725 + 0.0003 0.0225 + 0.0019 —0.0069 £ 0.0058
m; = —4.5 0.1494 £+ 0.0001 0.2123 £ 0.0001 —0.0133 £ 0.0008 —0.0014 £ 0.0033
m; = —3.5 —0.0039 £ 0.0003 —0.0201 £ 0.0003 —0.0052 £ 0.0054 —0.0216 £ 0.0015
mj; = —2.5 —0.0174 £ 0.0002 0.0796 £ 0.0001 0.0067 + 0.0024 0.0095 + 0.0018
m; =—1.5 0.0344 £+ 0.0002 0.0107 £+ 0.0002 —0.0453 £ 0.0068 —0.0263 £ 0.0114
m; = —0.5 0.0328 + 0.0001 —0.0563 £ 0.0002 —0.0280 £ 0.0045 0.0178 £+ 0.0071
m; = +0.5 —0.0289 £ 0.0003 —0.0184 £ 0.0002 —0.0316 £ 0.0138 —0.0548 £ 0.0081
m; = +1.5 0.0469 + 0.0001 —0.0270 £ 0.0002 0.0335 + 0.0028 —0.0102 £ 0.0084
m; = +2.5 0.0070 £ 0.0003 —0.0098 £ 0.0003 0.0165 + 0.0194 0.0773 £+ 0.0047
m; = +3.5 0.0055 £ 0.0001 —0.0223 £ 0.0001 —0.0039 £ 0.0049 0.0195 £+ 0.0012
m; = +4.5 —0.0134 £ 0.0009 0.0016 £ 0.0009 —0.1457 £ 0.0517 0.2052 + 0.0371
m; = +5.5 —0.0234 £ 0.0007 —0.0073 £ 0.0006 0.0451 £+ 0.0420 —0.1671 £ 0.0122
m; = +6.5 0.0039 + 0.0004 0.0037 + 0.0004 0.0747 + 0.0177 0.0698 + 0.0189
m; = +7.5 —0.0002 £ 0.0029 —0.0012 £ 0.0036 0.9050 + 0.0250 0.0038 + 0.2275

TABLE X. Crystal field By,, parameters for pg-YbGO with the quantization axis defined locally to be maximal for the J* operator for the
ground state.

{ =2 (meV) £ =4 (meV) £ =6 (meV)
Im{m = 6} —97.03 x 1073
Im{m = 5} 232.67 x 1073
Im{m = 4} 61.14 x 1073 —33.28 x 107?
Im{m = 3} 40.68 x 1073 160.77 x 1073
Im{m =2} —0.052 —27.90 x 1073 —15.8x 107?
Im{m = 1} 0.204 38.61 x 1073 —9.46 x 1073
m=0 —0.249 —19.15x 1073 —13.17 x 1073
Re{m = 1} 0.837 167.58 x 1073 70.37 x 1073
Re{m =2} —0.098 16.22 x 1073 22.87 x 1073
Re{m = 3} 251.41 x 1073 —164.54 x 107
Re{m = 4} 122.03 x 1073 109.03 x 1073
Re{m = 5} 529.82 x 1073
Re{m = 6} 261.87 x 107
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TABLE XI. Ground-state wave functions for pg-YbGO with the quantization axis defined locally to be maximal for the J* operator for the
ground state.

Ref|A)} Im{|A)} Re{|B)} Im{|B)}
m; = —3.5 0.7697 0.0 —0.0067 0.0
mj = —2.5 0.3174 —0.0523 —0.1156 0.0437
mj =—1.5 —0.1938 —0.0232 0.0858 0.1289
m; = —0.5 0.3476 —0.0246 —0.2621 —0.1910
m; = +0.5 —0.3079 0.1018 —0.3235 —0.1295
m; = +1.5 —0.1210 0.0966 —0.1916 —0.0371
m; = +2.5 —0.0968 —0.0769 —0.2862 —0.1467
m; = +3.5 0.0064 0.0020 0.7330 0.2350

TABLE XII. Crystal field By, parameters for one Er>* site in pg-ErGO with the quantization axis defined in the crystallographic coordinate
system. These values parameterize an Er** site with magnetic moment expectation values of mg, = [£2.87 ug, £3.24 up, F7.20 ugl.

£ =2 (meV) £ =4 (meV) £ =6 (meV)
Im{m = 6) 1.08 x 1073
Im{m =5} 2.77 x 1073
Im{m = 4} 6.08 x 1073 —0.71 x 1073
Im{m = 3} —4.87 x 1073 7.18 x 1073
Im{m = 2} —0.167 —3.18x 1073 3.19x 1073
Im{m = 1} 0.235 0.17 x 1073 1.51 x 107
m=20 —0.188 —0.13x 1073 0.20 x 1073
Re{m = 1} 0.189 0.67 x 1073 —4.56 x 107?
Re{m = 2} —0.034 0.69 x 1073 0.52 x 1073
Re{m = 3} 5.54 x 1073 —1.69 x 1073
Re{m = 4} —1.42x 1073 —0.85x 1073
Re{m = 5} —10.19 x 1073
Re{m = 6} —2.63x107?

TABLE XIII. Ground-state wave functions for one Er’** site in pg-ErGO with the quantization axis defined in the crystallographic coordi-
nate system. These values parameterize an Er3* site with magnetic moment expectation values of mg, = [£2.87 g, +3.24 ug, F7.20 ugl.

Re{]A)} Im{]A)} Re{|B)} Im{|B)}

m; = —7.5 0.5337 0.0 0.0333 0.0
m; = —6.5 0.0035 —0.5728 0.0131 —0.0618
mj; = —5.5 —0.2242 —0.4053 0.0118 —0.0285
m; = —4.5 —0.2780 —0.1516 —0.0494 —0.0071
m; = —3.5 —0.1900 0.0689 —0.0026 —0.0176
m; = —2.5 —0.0013 —0.0181 0.0180 0.0149
my =—1.5 0.0536 —0.0511 0.0274 0.0047
m; = —0.5 0.0061 —0.0981 —0.0402 —0.0645
m; = +0.5 —0.0196 —-0.0734 0.0758 0.0626
my = +1.5 0.0153 —0.0232 —0.0740 0.0042
m; = +2.5 —0.0014 0.0233 0.0123 0.0134
m; = +3.5 0.0110 0.0140 0.1801 —0.0917
m; = +4.5 0.0286 —0.0410 —0.0792 0.3067
m; = +5.5 0.0286 0.0109 —0.1429 —0.4405
m; = +6.5 —0.0541 —0.0326 0.4207 0.3887
m; = +7.5 0.0228 —0.0243 —0.3645 0.3898
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