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Nonequilibrium states of a nanoscopic system may be achieved by both applying a bias voltage V to its
contacts and producing a difference AT in their temperatures. Then the total current results from two competing
flows, induced by V and AT, respectively. Here we explore finite frequency quantum noise of this thermoelectric
current flowing through a quantum dot whose low-energy dynamics is governed by Majorana degrees of freedom.
We demonstrate that at finite frequency w Majorana zero modes induce a perfect universal symmetry between
photon emission and absorption spectra and produce universal thermoelectric resonances in their frequency
dependence in contrast to non-Majorana quantum noise which is either asymmetric or nonuniversal. In particular,
at low temperatures the differential thermoelectric quantum noise induced by Majorana zero modes shows
resonances with a nontrivial maximum §log(2l/4) at w = $% when kg AT < |eV|. Our results challenge
cutting-edge experiments using quantum noise detectors to reveal the universal spectral symmetry and resonant

structure of the Majorana thermoelectric finite frequency quantum noise.

DOLI: 10.1103/PhysRevB.100.245410

I. INTRODUCTION

Quantum materials possessing various topological super-
conducting phases admit, among others, specific phases char-
acterized by the presence of Majorana zero modes (MZMs).
In such phases, achieved via quantum phase transitions, some
pairs of Majorana fermions break during a quantum phase
transition and form MZMs localized at interfaces separating
topologically different systems. While in the particle physics
Majorana fermions [1] are Abelian, their condensed matter
implementation assumes the non-Abelian nature of MZMs
which are highly nonlocal quasiparticles. In particular, MZMs
appear at the opposite ends of one-dimensional systems ef-
fectively implementing [2—-6] the topological superconducting
phase of the Kitaev model [7] using topological insulators
[8,9] or spin-orbit coupled semiconductors [10,11].

Experiments [12—14] on detections of Majorana signatures
usually analyze quantum transport through a mesoscopic sys-
tem, more specifically the mean electric current providing
the differential conductance. On one side, such transport
experiments, although of high quality, might be opposed to
experiments based on braiding MZMs for fully conclusive
claims of whether MZMs are present in a given system. On
the other side, recent success in thermodynamic and transport
experiments [15,16] measuring the entropy of a mesoscopic
system is very appealing for future experimental detection
(see, e.g., Ref. [17]) of Majorana tunneling entropy [18] to
avoid any braiding and at the same time to unambiguously
reveal MZMs in mesoscopic setups.
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Braidings are, however, necessary for practical applica-
tions of MZMs in devices implementing topological quantum
computations [19]. The final result of a sequence of braid
operations depends only on its topology. It is thus robust
against many perturbations which have a local character and
in this way implements fault-tolerant quantum computation
protected from major sources of decoherence via global topo-
logically nontrivial properties [20]. Remaining sources of
decoherence include noise which is unavoidable in practical
realizations of Majorana braiding influenced by an external
environment of a realistic device [21].

In turn, in mesoscopic setup MZMs determine not only
the mean values but also lead to significant noise of physical
observables, such as the electric current, both in the static limit
[22-26] and at finite frequencies [27-29]. Measuring noise of
nonequilibrium electric currents provides at finite frequencies
w photon emission (w < 0) and absorption (w > 0) spectra.
These spectra, as shown below, are either asymmetric, when
the Majoranas strongly overlap and form partially separated
Andreev bound states, or symmetric but not universal, when
the Majoranas are absent at all as in trivial quantum dot
(QD) systems. The degree of this spectral asymmetry or
nonuniversality is relatively easy to verify in contemporary
experiments via dependence of the spectra on the gate voltage
controlling the chemical potential.

In this paper we demonstrate that the above picture, which
would commonly be observed for partially separated Andreev
bound states or trivial systems, changes drastically when
MZMs are involved in the competition between two nonequi-
librium quasiparticle flows, excited, respectively, by a bias
voltage V and a temperature difference AT. Remarkably, the
quasiparticle fluctuations, resulting in finite frequency quan-
tum noise of the induced thermoelectric current, are shown to
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FIG. 1. Sketch of a realistic QD device where both a bias voltage V and a temperature difference AT are the sources of nonequilibrium
states of a QD. The QD is coupled via tunneling to two massive normal metals, the left (L) and right (R) contacts. The gray areas between
the QD and contacts specify the nonequilibrium thermoelectric current incorporating two competing flows (big right-to-left and left-to-right
arrows), excited, respectively, by V (the blue droplet) and by AT (the red droplet). The device includes a topological superconductor (TS)
with two MZMs y; , at its ends (two green circles). The quasiparticle flows, denoted by the two thin vertical arc arrows around the green area,
entangle the QD states with the Majoranas via tunneling processes involving y;.

acquire universal spectral symmetry and nontrivial resonant
structure.

Specifically, we present results for thermoelectric transport
through a QD whose states are entangled with a Kitaev
chain in its topological superconducting phase supporting two
MZMs at its ends as shown in Fig. 1. The QD also interacts
with two normal metals, left and right contacts, whose chemi-
cal potentials and temperatures are denoted, respectively, as
purr and T g, up = —pug =€eV/2 (eV <0), T, =T + AT
(AT >20), and Tz =T, i.e., the left (right) contact is hot
(cold). Instead of the temperature difference it is convenient
to use the thermal voltage eVy = kg AT.

While the static (w = 0) limit [30] of Majorana thermo-
electric noise provides fluctuation physics at long times, it
does not have access to the corresponding photon emission
and absorption spectra which are of direct experimental inter-
est in the quantum limit [31]. In contrast, at finite frequencies
quantum fluctuations §1(¢) of the thermoelectric current /()
keep inside wealth of information about the photon spectra
never explored in thermoelectric Majorana setups.

Here, for the case of the setup in Fig. 1, we explore the
properties of these Majorana finite frequency thermoelec-
tric quantum fluctuations encoded in the photon absorption
and emission spectra obtained via the Fourier transform,
S7(w,V,Vr), of the greater noise correlation function in
the left contact, S™(r — ¢/, V, Vr) = (81.(t)81.(¢')). To focus
on universal properties we compute the differential thermo-
electric finite frequency quantum noise, 4S5~ (w, V, Vr)/0Vr,
which has universal units of ¢ /h. In particular, when the
MZMs are involved in the low temperature interplay between
the two quasiparticle flows induced by, respectively, V and
Vr, we predict the following. (1) That the differential ther-
moelectric quantum noise (DTQN) acquires universal sym-

metry, 0S5~ (—w, V, Vr)/0Vyr = 087 (w, V, V7)/0Vr. (2) In the
regime eVy >> |eV| it has a resonance located around w =0
with a nontrivial universal maximum [l + log(2)](e*/h)
reached exactly at w = 0. (3) In the regime eV < |eV]
the resonance located around w = 0 persists but its maxi-
mum lowers down to another nontrivial universal maximum
[1+ 10g(21/2)](e3/h) also reached exactly at w = 0. (4) In
the same regime DTQN exhibits resonances located around
w = F|eV|/h with one more nontrivial universal maximum
[log(21/4)](e3/h) reached exactly at w = F|eV|/h.

The paper is organized as follows. In Sec. II we discuss
in detail the theoretical model involving MZMs and define
the specific observable we explore, that is, the thermoelectric
quantum noise. The results are presented and thoroughly
analyzed in Sec. III where the emphasis is made on universal
behavior of the thermoelectric quantum noise. With Sec. IV
we provide realistic parameters in the SI units and conclude
that the universal results from Sec. III are well achievable in
modern labs.

II. THEORETICAL MODEL AND THERMOELECTRIC
QUANTUM NOISE

To explore the essential aspects of quantum thermoelectric
transport we describe the setup shown in Fig. 1 within a
theoretical model specified by the Hamiltonians of the QD,
contacts, TS, the Hamiltonians for the tunneling between the
QD and contacts, and for the tunneling between the QD and
TS.

The QD has one nondegenerate single-particle level €,. A
gate voltage may tune the position of ¢; with reference to
the chemical potential p. The corresponding noninteracting
Hamiltonian is Ay = e;d’d.
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The normal metallic contacts are assumed to be nonin-
teracting and large enough so that their energy spectra are
continuous, A, = LR Dk ekc,kc,k Within energy ranges
relevant for transport one traditionally assumes a constant
density of states v./2. The contacts are in equilibrium
with the corresponding Fermi-Dirac distributions, fi g(€) =
{expl(e — ur.r)/Trrl + 1},

At low energies one may effectively capture relevant
physics of the TS via the Hamiltonian H,,. = i&y,y1/2 rep-
resented in terms of the Majorana operators y; » satisfying
the conjugation relation yﬁ » = v1,2 and the anticommutation
relations of the Clifford algebra, {y;, y;} = 26;;. The energy &
characterizes the degree of the overlap of the MZMs. Small
values of & correspond to situations when the two Majoranas
are well separated, while for large values of £ the two MZMs
merge into a single Dirac fermion.

The tunneling between the QD and contacts as well as
between the QD and TS may be taken into account via,
respectively, the Hamiltonians H;_. = DL Zk(’Tclde +
T*d"ci) and Hy_1ye = y1(nd — n*d"). The intensities of the
tunneling mechanisms H,_. and H,_,. are characterized by
the energies I' = 27 v.|7|? and ||, respectively.

The quantum noise of the nonequilibrium thermoelectric
current may conveniently be obtained using the Keldysh gen-
erating functional [32],

AVIQIE / DIB(), 0(1)]er OO0,

{0} = {¥ (), dul0), (1)}, ey

with the Grassmann fields of the QD, 1 (¢), contacts, ¢ (2),
and TS, ¢(¢), defined on the Keldysh closed time contour,
t € Ck. In particular, to analyze correlations between the
values [;(¢) and I,/ (¢) of the thermoelectric current at different
instants of time, ¢ and #’, one may introduce the source fields
Ji4(t) (subscript g denotes the forward/backward branch of
Ck,q=3),

Sser = — [ " ar DD Ty,

I=L,R g=+,—
(1) = 2 Y AT g OV 0) = T T OO (@)
k

8*Z[Ji(1)]

IN\ . (2EN2
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3

Jig(1)=0

We focus on the greater noise correlation function in
the left contact, S~ (t —t';V, Vr) = (IL(OIL(t")) — I} (V, Vr),
where I, (V, V) is the mean thermoelectric current. Due to
the stationary conditions it depends only on the difference,
(t — t'), of the instants of time and thus its Fourier transform
depends on only one frequency w (or v, hv = fiw). One then
obtains the photon emission/absorption spectra,

S, V, Vr),
S~ V, Vr),

v <0,
v >0,

S, V, Vr) = { “
characterizing the thermoelectric transport.

Below our results reveal universality of Majorana ther-
moelectric quantum fluctuations at finite frequencies via nu-
merical computations of the DTQN having universal units

of ¢3/h. We assume the strong Majorana tunneling regime
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FIG. 2. DTQN 98~ (v, V, Vr)/0Vr as a function of the frequency
v (hv = hw) is shown in the regime eVy > |eV|. Here kg7 /I" =
10719, |»|/T = 10%, &/T =107*, and |eV|/T = 1075. The three
solid curves demonstrate a resonance of a5~ (v, V, Vr)/dVr located
around v = 0 for three different values of eVy. The three dashed
curves show the spectra of the trivial QD system, § = 0, n = 0, for
three different values of the gate voltage.

characterized by large values of ||, that is,
In| > max{|e4|, |eV |, eVr, kT, &}. %)

Finally, to avoid any misconception, it is important to
keep in mind that we explore the quantum noise (see also
Refs. [33,34]). One should not mix it up with the classical
shot noise having different physical nature. The latter is given
as the symmetrized current-current correlator. As a result, the
classical shot noise has symmetric spectra and any discussion
of its spectral asymmetry would obviously make no sense.

III. RESULTS FOR THE MAJORANA THERMOELECTRIC
QUANTUM NOISE

First, we show results in the regime eVy > |eV|. In this
regime there appears a resonance around v = 0 shown by
the solid curves in Fig. 2. The maximum of this resonance
is reached at v = 0 and takes the universal nontrivial value
35 (v =0,V,Vy)/aVy = [1 +1og(2)1(e?/h). In the regime
leV| <« eVr this maximum does not depend on €4, V, and V7.
The full width of this resonance at half of its maximum is pro-
portional to eVr. Moreover, the resonance demonstrates the
full symmetry between the photon emission (v < 0) and pho-
ton absorption (v > 0) spectra, i.e., S~ (—v,V,Vy)/0Vy =
a8~ (v, V,Vr)/aVr. In contrast, for the trivial QD system
having no TS, & = 0, n = 0, the spectra, shown by the dashed
curves, are not universal since they depend on €.

When eVr becomes comparable and below |eV|, the res-
onance shown in Fig. 2 starts to change. This is shown
in Fig. 3 for various values of eVy, from eV < |eV]|
down to eVy <K |eV|. The resonance persists in all the
curves having the spectral symmetry, 35~ (—v, V, Vr)/dVr =
08~ (v, V, Vr)/dVr. The maximum of the resonance is at v =
0 for all the curves. For eVy < |eV]| the maximum is not
universal: it decreases from the universal nontrivial value [1 +
log(2)](e3/h), reached in the regime eV > |eV| (see Fig. 2),
down to the universal nontrivial value [1 4 log(2!/2)](e?/h),
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FIG. 3. DTQN 9S> (v,V,Vr)/dVy as a function of the fre-
quency v is shown in the regimes eVy < |eV|: eV = 0.5]eV| (pur-
ple), eVy = 0.3]eV| (green), eVy = 0.2]eV| (blue) and eVy K |eV|:
eVr = 0.15|eV| (red), eVr = 0.1]eV| (black). The other parameters
have the same values as in Fig. 2.

reached in the regime eVy < |eV|. Moreover, when eVp
becomes much below |eV|, in the vicinity of hv = Fl|eV|
there develop two shoulders (red curve, eVy = 0.15]eV|).
If eVr is decreased still further, the shoulders turn into
nonequilibrium resonances located around 7v = F|eV| (black
curve, eVy = 0.1]eV|). For eVy <« |eV| the maxima of these
resonances are at hiv = F|eV | and take the universal nontrivial
value [log(2'/4)](e*/h). As shown in Fig. 4 by solid curves,
the full widths of the resonances, located around Av =0
and hv = |eV|, at half of their maxima are proportional to
eVr. The universality of the maxima [1 + log(2!/?)](e*/h)
and [log(2'/*)](e?/h), located, respectively, at exactly hv =
0 (upper panel) and hv = |eV| (lower panel), manifests in
their independence of €4, V, and Vr. As the temperature is
increased, the universal spectral symmetry persists and one
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FIG. 4. Resonances of DTQN, 9S> (v,V,Vy)/dVr, located
around hv = O (upper panel) and Av = |eV | (lower panel), are shown
as functions of the frequency v when |eV | essentially exceeds eVy.
Here |eV|/T = 107*, while eV = 1072|eV| (black curves), eVy =
5.1073|eV] (red curves), and eVy = 2.5 x 1073|eV| (blue curves).
The dashed curves show the universal results for higher temperatures,
in the regime eVy < kgT < |eV|, with eVy = 107%|eV|, kgT =
1072|eV |. The other parameters have the same values as in Fig. 2.
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FIG. 5. Universal temperature dependence of DTOQN,

35~ (v,V,Vy)/oVy, at hv = |eV|. Here |eV|/T =107 while
eVy = 107%|eV|. The other parameters have the same values as in
Fig. 2.

crosses over through two new regimes, eVy < kgT < |eV]
and eVr < |eV| < kgT. When eVy < kgT < |eV|, the res-
onances located around v = 0 and hv = F|eV| persist but,
as it is shown by the dashed lines in Fig. 4, their maxima
acquire new universal values, 5¢° /4h and e* /8h, respectively,
and the full widths of the resonances at half of their maxima
are proportional to kg7 . If the temperature is increased still
further, the resonances at hv = 0 and hv = F|eV| widen and
finally merge into a single resonance located around hv = 0.
The full width of this resonance at half of its maximum is pro-
portional to kg7. When eVy K |eV| K kgT, the maximum
of this resonance is exactly at zv = 0 and takes the universal
value 3¢®/2h. In this regime DTQN at hv = F|eV| with very
high precision is equal to its value at hv = 0, i.e., to 3¢’ /2h.
DTQN at hv = |eV| is shown in Fig. 5 as a universal function
of the temperature over the three regimes kg7 < eVr < eV,
eVr K kgT K |eV],and eVr < |eV| K kgT.

Let us look at what happens with the above universal
spectral symmetry and resonant structure when MZMs sig-
nificantly overlap or when the coupling strength to the TS
is varied. The overlap of MZMs is achieved via increasing
&. Note that our model with large values of £ may also be
interpreted as the one where the QD is coupled to a partially
separated Andreev bound state [35] localized near the corre-
sponding end of the TS (see also Ref. [36]). We assume that
the Majoranas, composing the partially separated Andreev
bound state, significantly overlap but are still well separated
in order to neglect the coupling of the second Majorana, y»,
to the QD. A more general situation with finite couplings of
y1 and y, to the QD (see, e.g., Ref. [37]) will be explored
in our future research. We also note that, although our model
relying upon energy spectra is quite realistic, in experiments
it may become necessary to introduce a measure for spatial
separation of the two Majoranas [38].

Figure 6 presents results for eVy = 0.1]eV | when the triple
resonant structure is present for extremely well (£/T" = 10™%)
separated MZMs. The thin curves illustrate how this perfectly
symmetric structure (thick black curve) gains asymmetry
when £ increases and the two Majoranas compose a partially
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FIG. 6. DTQN 98~ (v, V, V)/0Vr as a function of the frequency
v is shown for eV = 0.1|eV|. Here £/T" = 10~* (black), £/T" = 0.1
(red), £/T" = 0.2 (blue), £ /T’ = 0.4 (purple), and £ /T" = 0.8 (green).
The other parameters have the same values as in Fig. 2. Inset
(a): 087 (v, V,Vr)/oVy for two values of & in the regime eVr <
leV| < kgT with eVy = 107%|eV|, kgT = 10%|eV|, |eV|/T = 1074,
and |n|/T" = 10°. Inset (b): the same as in inset (a) but for two values
of |n| and £/T" = 10~*. Inset (c): 3S™ (v, V, V7)/dVy at hv = |eV | as
a function of |n| with other parameters as in inset (b). Inset (d): the
same as in inset (a) but with |n| =T, £/ = 107,

separated Andreev bound state. Insets (a)—(d) show results in
the regime eVy < |eV| K kgT. In the insets we specify €; =
0.5T. Inset (a) shows that also at high temperatures the per-
fect Majorana spectral symmetry, demonstrated by the black
curve, is broken by partially separated Andreev bound states,
modeled via large values of &, as demonstrated by the red
curve. The black curve in inset (b) is a universal (independent
of €,) result demonstrating the Majorana spectral symmetry
when inequality (5) is satisfied. For the red curve in inset (b)
inequality (5) is not satisfied and this nonuniversal (dependent

on €,4) curve is asymmetric. The universality (independence of
€4) persists down to |n| &~ 0.31" as demonstrated in inset (c),
where DTQN at hv = |eV| is shown as a function of |n|. This
function significantly deviates from 3¢ /2A for || < 0.3T. As
to the frequency dependence, one may observe the universal
plateau 3¢ /2h at hv < kgT, as shown in inset (d).

IV. CONCLUSION

In conclusion, advantages in experimental testing of our
results are obvious. First, it is convenient to observe the uni-
versal spectral symmetry which does not require measuring
any specific value: the spectral symmetry is either present
or not and one immediately distinguishes between Majo-
ranas and other states like partially separated Andreev bound
states. Second, at high temperatures, eVr < |eV| < kgT, one
measures the universal value 3e?/2h at realistic parameters.
Indeed, as shown above, the universality is reached when
leq] < |n| and |n| = 0.3T, e.g., || = I', as may be tuned by
the corresponding gate voltages. The universal value 3¢ /2h
may be observed at kg7 /T" = 1072, as in inset (d) of Fig. 6.
The largest energy scale is then I'. It must be below the
induced superconducting gap A: I' < A or kg7 < 1072A.
References [12,14] give A =~ 250 or 200 weV. Thus T <
2.5 ueV/kg ~ 0.03 K = 30 mK. Temperatures below 30 mK
are well achievable in modern labs. Since quantum noise
detectors have already been proposed [39—41], our results
are of direct interest for contemporary experiments detecting
in the quantum limit the universal spectral symmetry and
resonant structure of DTQN in Majorana mesoscopic setups.
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