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Circular dichroism of second harmonic generation response
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Polarization-dependent photon spectroscopy (dichroism) of the second-harmonic generation response is
shown to reveal chiral and magnetic properties of a sample. Two dichroic signals are allowed with electric-dipole
and electric-quadrupole scattering events, and both require circular polarization in the primary beam. Explicit
expressions for the signals are derived using theoretical techniques from atomic physics.
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I. INTRODUCTION

Second-harmonic generation (SHG) was first demonstrated
from a quartz crystal soon after the invention of the ruby laser
[1]. Itis often referred to as a frequency doubling phenomenon
since two photons of frequency w are converted into one
photon of frequency 2w, in a process depicted in Fig. 1. The
optical polarization is a quadratic function of the components
of the symmetric tensor E (w)E (w), where E (w) is the optical
electric field. The 18 coefficients which occur in this function
are subject to restrictions due to the point symmetry of the
medium. These restrictions are identical with those governing
the piezoelectric coefficients [2].

The origin and nature of natural circular dichroism (NCD)
were well-understood in the 1960s [3]. Chemists exploited
NCD in the SHG response three decades later [4], with a
surge of exploitation in studies of nanostructures and surfaces
[5,6]. As the SHG microscope is able to selectively observe
the region in a sample where spatial inversion symmetry is
broken, it is a valuable tool for investigating the molecular
ordering and structural organization in biological samples
[7]. Similar to ordinary NCD spectroscopy, signals in the
SHG response are weak and measurable only near resonance.
Magnetic circular dichroism (MCD) in the SHG response has
also been convincingly demonstrated [8].

The recent advent of free-electron lasers (FELs) in the
energy range from extreme ultraviolet to x rays allows us
to explore SHG effects involving core-level resonances. As
an example, Yamamoto et al. [9] measured SHG at the Fe
3p edge of gallium ferrate (GaFeOs3) using soft x-ray FEL
radiation. Other nonlinear optical techniques observed in the
extreme-ultraviolet include four-wave mixing [10] and x-ray
two-photon absorption [11]. Furthermore, high brightness
ultrafast x-ray pulses from an x-ray FEL provide the capa-
bility for time-resolved probing of atomic scale structure and
electronic states in a material using x-ray scattering and x-ray
spectroscopy
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Absorption and diffraction are two sides of one coin,
since they have in common the x-ray scattering length, f.
Absorption and its dependence on photon polarization and
sample properties (dichroism) are related to the scattering
length with no deflection of the x-ray beam, while intensities
of Bragg spots in a diffraction pattern are proportional to
| £|?. Third-order perturbation theory yields the contribution
to f that accounts for the SHG response, and the well-
established result is reported in many papers, e.g., Eq. (9) in
Ref. [4]. Pertinent results are gathered in Appendix A6 for the
convenience of the reader. Like the more familiar Kramers-
Heisenberg amplitude [12], f is a sum of energy denominators
that can vanish for specific photon energies, in the absence
of uncertainty in the energies of virtual intermediate states,
leading to resonant processes. Tertiary matrix-elements in
Eq. (A3), subsequently referred to as G, fix the weight of
each of three contributions to the scattering length (one more
than in the Kramers-Heisenberg amplitude Eq. (Al) used
for ordinary dichroism, where matrix elements are dyadic).
Photon polarization resides in Gs, and they are central charac-
ters in the investigation reported in this contribution on the
theory of dichroism in the SHG response. We demonstrate
that electronic operators in G form spherical multipoles,
which offer a perspicacious description of corresponding
dichroic signals akin to that already achieved for signals
from ordinary polarization-dependent photon spectroscopy
[13-16].

Individual matrix elements in the Kramers-Heisenberg am-
plitude and G are those of e-3(q), where ¢ is the photon
polarization vector and § a current operator that includes
the photon wave vector, (e - q = 0), and all electronic de-
grees of freedom [16]. Optical phenomena are accounted
for by the first few terms of J(q) in an expansion using
(ga,) as the small quantity, where a, is the Bohr radius, and
the result is Eq. (A2). We include three different terms in
Eq. (A2) labeled by their engagement of electronic degrees of
freedom, the electric dipole E1 ~ (ea,), electric quadrupole
E2 =~ {(ga,)E1} and magnetic dipole M1 =~ {(«/2)E1}, where
the fine-structure constant o« & 1/137. In the visible and soft
x-ray region, E1 events are dominant in the light-matter inter-
action, unless they are forbidden by symmetry and nominally
weaker events are allowed to come to the fore. Evidently, pure
transitions like E1-E1 and, also, E2-E2 have even parity. Only

Published by the American Physical Society


https://orcid.org/0000-0001-6852-2495
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.100.245112&domain=pdf&date_stamp=2019-12-06
https://doi.org/10.1103/PhysRevB.100.245112
https://creativecommons.org/licenses/by/4.0/

S. W.LOVESEY AND G. VAN DER LAAN

PHYSICAL REVIEW B 100, 245112 (2019)

El’- Ek- El

N
— jm)
3
| <
= Ek(®) El'Qw)
)
gl = '
>
A=
5 El(o)
y \ 4 |JM>
|J M)

FIG. 1. Transitions that occur in second harmonic generation
(frequency doubling) using three electronic operators E1’-Ek-El,
where Ek = El or E2 and the primed operator E1’ relates to the
secondary transition. Primary energy E = fiw. Other events such as
E1'-M1-M1 show the same diagram but now with M1 and M1 as the
operators in the primary transitions.

mixed terms can give odd parity. Optical activity and NCD
arise from parity-odd events, including E1-E2 and E1-M1 [3].

G is a scalar product of a photon tensor and an electronic
tensor (multipole), which means both tensors respect the same
discrete symmetries. Electronic multipoles are constructed
from the operators for position R (time-even, parity-odd),
spin S and orbital moment L (both time-odd and parity-even),
and anapole moment £ (time-odd, parity-odd). The latter is
epitomized in the toroidal electric current [16]. When a pure
transition (parity-even) is time-odd the material tensor also
needs to be time-odd (magnetic polarization), which allows
for the Faraday effect and MCD in any spatial symmetry
group. In a mixed transition (parity-odd) the NCD reverses
the rotation angle (handedness) of both the matter and the
light, leaving the total system invariant. In this case, the
multipole can be described by pseudotensors UX of even
rank K. In particular, U° in the E1-M1 event is the chiral
monopole, and it is multiplied by the photon helicity when
it appears in the scattering amplitude. When a mixed term is
time-odd (magneto-chiral dichroism) the electronic multipole
is likewise time-odd, and it is satisfied by the anapole 2.

In this paper, we extend the established concepts for or-
dinary dichroic signals to tertiary events of the generic form
shown in Fig. 1 and Eq. (A4). On this basis, a theory of dichro-
ism in the SHG response clearly needs a different approach
than used for ordinary NCD. After a short review of this NCD
signal in terms of electronic multipoles (UX) in Sec. II, we
present in Sec. III our results for the MCD and NCD signals
in the SHG response. Equivalent electronic operators for the
signals appear in Sec. IV, followed by conclusions and a
discussion in Sec. V. Appendix A contains technical details
and auxiliary information about our method of working [16].

II. ORIENTATION TO DICHROIC SIGNALS

To begin with, NCD signals result from setting a chi-
ral structure in a handed environment created by circularly
polarized light [3,16]. Photon polarization is here described
by standard Stokes parameters reviewed in Appendix A5
[16,17]. Specifically, helicity = P, is the average value of
o-p, where o and p are photon spin and linear momentum,
respectively. The electronic structure illuminated by circu-
larly polarized photons is defined in terms of polar spher-
ical multipoles (Ug) with integer rank K and projection Q
(with —K < O < +K). Angular brackets about the tensor
operator denote its expectation value in the ground-state.
We use an electronic structure factor \Ilg = 3y (Ug Ya, where
the sum is over all sites in the sample occupied by absorb-
ing ions. NCD signals calculated with ‘lfg can be different
from zero for chiral structures, for they must have a form
[lellg ] unchanged by spatial inversion (a specific example
of Neumann’s principle [2,18]). For a crystalline sample,
environments at the different sites are related by operations
that appear in the relevant space group. An individual polar
(parity-odd) multipole (U’Q<) must obey site symmetry that
can be more restrictive than the crystal class (point group),
with matching site symmetry and crystal class an exceptional
case. The dipole (UIQ) is the electric polarization in the
electronic ground-state. (Spherical and Cartesian components
of a three-dimensional vector R = (x, y, z) are related by x =
(1/V2)YR_; —=Ryy), y = (i//2)R_ + Ry ), z=Ry.)

NCD signals use multipoles with even rank. For the E1-E2
absorption event, however, the triangle rule excludes K = 0.
The NCD signal is thus F (1, 2) = [PQ\IJ(%(U)], where the light
propagates along the z axis (projection Q = 0). For the mo-
ment, we focus on the structure of the dichroic signal. In doing
so, we set aside numerical factors and radial integrals dis-
cussed in Appendix A4 [18-21]. A dimensionless NCD signal
from the E1-M1 event is F (1, 1)[P2{J2W8(U) — \I-fg(U)}].
Orbitals in the M1 absorption event possess the same angular
momentum, because the magnetic moment operator is diago-
nal in this basis. A careful, quantum-mechanical calculation of
E1-M1 absorption by gallium ferrate is reported in Ref. [22].

We conclude our orientation to NCD signals expressed by
electronic multipoles with a specific example using spatial
symmetry mm2 (C,,), which is frequently encountered in
applications. Realization as a nanoparticle is represented by an
ellipsoidal-shaped dot on a substrate, with axis of symmetry
normal to the substrate that breaks inversion symmetry [5,6].
General selection rules derived from spatial symmetry are
provided in Appendix A7.

Consider, instead, a crystalline sample with resonant ions
at sites 8b in the noncentrosymmetric polar space group
Cmc2| (#36, crystal axes a # b # c). Figure 2 illustrates the
crystal structure of CazRu,O7 with Ru in sites 8b, using the
nonstandard setting Bb2ym, together with the motif of Ru
axial dipoles and anapoles that develops spontaneously below
~ 48 K. Ruthenium sites have no symmetry that limits K or
Q. The electronic structure factor for the parent structure is,

W (Cme2y) = 2[1+(=1)9] [(OF) + o (=DF(O%,)]. (1)

Here, 0, = +1(—1) for axial (polar) multipoles. Evidently,
W (Cmc2,) is zero unless Q is even.

245112-2



CIRCULAR DICHROISM OF SECOND HARMONIC ...

PHYSICAL REVIEW B 100, 245112 (2019)

FIG. 2. Crystal and magnetic structures of Caz;Ru,0; at a tem-
perature below 48 K. A-type antiferromagnetic order of axial dipoles
and a propagation vector along the ¢ axis. The RuO, bilayers are
ferromagnetically ordered in the a — b plane and stacked normal
to the plane. Axes (&, 1, ¢) = (a, ¢, —b) for the magnetic structure
Pcna2, are displayed. Anapoles parallel to the crystal a axis are
depicted together with principal axial dipoles parallel to the crystal
b axis.

With o, = —1 in Eq. (1), we find \Il(} = 8(U(1)) and the
material is ferroelectric with polarization parallel to the z
axis that coincides with the crystal ¢ axis in Fig. 2. NCD
signals are zero in the nominal setting of the crystal, because
Wf = 0 for K even. Nonzero signals are available when the
crystal axes (a, b, c) do not coincide with Cartesian axes
(x,y, z) defined by the beam of light. Specifically, let the ¢
axis and x axis coincide (c axis parallel to o-polarization, cf.
Appendix A7 ), and rotate the crystal by an angle ¥ about the
¢ axis. One finds ¥J(U) = 0. On the other hand, W} (U)
sin(2\IJ)(U2+2)”, where the a axis is normal to the x — y plane
for ¥ = 0, and the NCD can be different from zero if the
imaginary part of the quadrupole (Uiz) is different from zero.
The twofold rotation symmetry in v is a consequence of a
diad axis of rotation symmetry in the space group.

MCD can likewise be described in terms of electronic
multipoles [13-16]. In the next section, we demonstrate that
both NCD and MCD of the SHG response can be so described.

III. CIRCULAR DICHROISM OF THE SHG RESPONSE

Dichroic signals relate to the amplitude for photon scatter-
ing G, derived by perturbation theory from QED and salient
steps are gathered in the Appendix A3 [17,19,23,24]. In the
present work, G, is truncated at the level of E1, M1, and
E2 absorption events. They are labeled by polarizations p
and v of two photons with energy E and one photon with
polarization &’ and energy 2F, which are depicted in Fig. 1. A
dichroic signal F is the dimensionless form of G, following
the average with respect to p and v that renders it a function
of Stokes parameters.

A consequence of the truncation is that MCD [25] and
NCD are allowed in our investigation, and no other signals

are present. This finding can be deduced by symmetry con-
siderations alone, without specific calculations, as we now
demonstrate. From Eq. (A2), El is independent of the photon
wave vector, while M1 and E2 are both proportional to q. The
parity-even absorption event E1’-E2-El creates an MCD of
the form [qP, (TX)], where (TX) is a parity-even multipole, cf.
Eq. (3). Let us test the expression for MCD, a scalar observ-
able, against requirements imposed by discrete symmetries.
We will discover restrictions on the rank and projections of the
multipole. The dichroic signal is not changed by spatial inver-
sion or time-reversal, for example, in keeping with Neumann’s
principle [18]. The product (qP,) is unchanged by spatial
inversion, since q is polar and P, is a pseudoscalar that is
likewise odd with respect to inversion. The Stokes parameter
P, is time-even whereas q is time-odd. In consequence, the
signal in question is unchanged by time-reversal given that
(TX) is time-odd (magnetic). In addition, (TX) must be odd
with respect to twofold rotation about an axis normal to (,
a rotation denoted 2, since P, is unchanged by 2,. (Note
that 2, is equivalent to time-reversal.) The Stokes parameter
is similarly unchanged by a twofold rotation around q, and
(TX) must possess the same rotational symmetry. Looking
ahead, our result in Eq. (3) is F(MCD) « [goP>(T&)] with K
odd and Q = 0, fulfils all symmetry that has been mentioned.
Turning to parity-odd events, E1’-E1-E1 is responsible for an
NCD signal [P, (UX)]. The aforementioned invariance of P,
with respect to 2, means that components of the multipole
allowed in F(NCD) are (Uf)( ) with K even.

Symmetry-based arguments of the type just encountered
show that no other dichroic signals are allowed with the
truncated photon amplitude. By way of a signal actually
excluded by symmetry, consider magnetochiral dichroism
with a generic symmetry [q(©OX)] and (OF) both parity-odd
and time-odd (magneto-electric). No such symmetry can be
constructed from E1, M1, and E2.

In subsequent calculations, the primary beam is parallel to
the z axis. Primary polarization vectors are p = (1, 0, 0) or
v = (0, 1, 0). The secondary beam is inclined to the z axis
and polarization vectors &' include a component (0, 0, 1). A
sketch is shown in Fig. 3.

g
Primary beam (®)

FIG. 3. Schematic view of experimental geometry used here for
SHG. Primary polarization vectors are p = (1, 0,0) or v = (0, 1, 0).
The secondary beam is inclined to the z axis and polarization vectors
&' include a component (0, 0, 1).

245112-3



S. W.LOVESEY AND G. VAN DER LAAN

PHYSICAL REVIEW B 100, 245112 (2019)

Photon variables are assembled in a spherical tensor, i.e.,
a function that behaves like a spherical harmonic. Since
G, 1s a scalar quantity the electronic multipole and photon
tensor, Cg(,uv) say, must create a scalar product G,
{(—l)QC’é(MU)(OIEQ)}, with sums on repeated labels. Our
task is to calculate the electronic multipole and photon tensor
for tertiary events in SHG. We start by considering the parity-
even E1’-E2-E1 for F(MCD), where Cg(uv) and ((’)[Q() are
explicit in Eq. (2) as B{(p; uv) and (T§(p)), respectively.
Likewise, Afy(p; uv) and (Ug(p)) in (4) for parity-odd E1'-
El1-El.

Our calculations show that discrete symmetries are not
unique labels of tertiary multipoles. This contrasts with or-
dinary absorption using dyadic multipoles (E1-E1 and E2-
E2), where even-rank multipoles are time-even (charge-like)
and odd-rank are time-odd (magnetic). This particular rule
no longer holds for parity-odd binary events, however. In
this case, there are simply two types of dyadic multipoles
distinguished by their time signatures. For core excitations,
parity-even dyadic multipoles display celebrated sum rules
that enable spin and orbital moments to be extracted from inte-
grated absorption profiles [13—15,26]. Equivalent sum rules in
dyadic parity-odd events are more complicated and less useful
[20,21].

The amplitude for photon scattering derived from parity-
even EI’-E2-E1 is,

G = Z i (=1DPBE (p: )T, (p)),
K.Q0.p

BS(p: o) = Y&, N2 (uv) (1y pglKQ), @
q.Y

with
{BS(p; )} = (=1)¥FCBX ,(p; ),

NP(uv) = Y avpe 1B1pg),
a.p

and p = 1, 2, 3 labels modes available in the primary beam.
Clebsch-Gordan coefficients (ac bB|K Q) in Eq. (2) are purely
real [27-29]. Matrix elements of TX o(p) are the subject of
the next section. The quadrupole operator for E2 is a spherical
harmonic of rank 2. The MCD dichroic signal o< {iP[G,,, —
G, 1} [16] is found to exist for p = 2 and,

F(MCD) = g {/2(T)(2)) + V3(T32))}. (3
where gy = g, represents the primary wave vector. Our Her-
mitian multipoles with projection O = 0 are purely real.

The amplitude for photon scattering derived from E1’-E1-
El is slightly different from Eq. (2), namely,

G = Y P (=D2AG (P 1) (UL(p)),
K.Q.p

A§(p; w) =Y &), XP(uv) (1y pglKQ), )
q.v
with

{AG(p; uv)} = (=DF AKX (p; pv),

Xp(uv) = navg(la 181pg).
ap

Not surprisingly, the NCD signal {iP,[G,, — G,,]} has the
structure derived for E1-E2 and E1-M1 absorption events. It
exists for p = 1 and,

F(NCD) = P,(Uj(1)). 5)

Notably, U%(l) is found to be a dyadic operator of electronic
variables L. and R. This surprising result is a consequence of
the commutation relation (L x L) = /L, meaning that U%(l)
is purely quantum mechanical with no classical analog.

IV. CALCULATIONS

Derivations of Eqs. (2) and (4) follow the treatment of
optical transition probabilities by Judd and Ofelt [30-33].
It follows from Eq. (A3) that G,, is a product of three
matrix elements. Each one is of the form (JM|O|J'M’),
where O can be El, E2, or M1, and J is the total
angular momentum of an atomic state and M a mag-
netic projection (J and M are half-integers), ie., G, X
{(JM|O|jm)(jm|P|j'm’)(j/m'|Q|J’M")}. Judd and Ofelt in-
vestigated the result of integrating out intermediate degrees
of freedom, and this we have accomplished for G,,,. Funda-
mental results that flow from the algebra are (i) tertiary matrix
elements create a spherical tensor OX and (ii) G, takes

the form G, o¢ {(=1)2Cf(uv) ((’)IEQ)}, where the tensor

Cg(,uv) represents all relevant photon variables, and there
are sums on repeated labels. Creation of the spherical tensor,
result (i), has profound implications, because the full weight
of Racah algebra can be deployed thereafter. Specifically,
matrix elements of Og satisfy the Wigner-Eckart theorem
[27,33-35]. Moreover, rotation operations have simple results,
e.g. 21_05 = (—l)KOIEQ[(—l)K‘*QOIEQ] for the x axis [y
axis]. Result (i) is achieved by sums on intermediate projec-
tions m and m’ alone, and a loss of geometric properties of the
tertiary matrix element is what it costs, i.e., angular anisotropy
of intermediate states is discarded. In the following example,
additional sums on j and j lead to equivalent operators with
appealing properties [36].
The Wigner-Eckart theorem is,

IMIOSITM) = (~1) ™ (_‘fW’Q( ,{4> JIOKIT). ()

A reduced matrix-element (J||@%||J’), which is also called a
double-barred matrix element, obeys two identities. First, the
reduced matrix-element (RME) of a Hermitian operator obeys
[29,35,37],

(@LIOX||ol']) = (1Y (o' T |OX||o 1Dy, (7)

with o = 1/2. Henceforth, we simplify notation by omitting
the spin label o that is diagonal in all RMEs for coupled
states with quantum labels o, [, and J = (I & o). Furthermore
[29,35],

LINOXN'T) = (= Do I|OX11TY, (8)

where oy = %1 is the time signature of O@X. We pause to
note that in J — J coupling the RME of a spherical harmonic
CK(R) depends only on the Js and not on the o/ of the
electrons. (In consequence, coefficients of the Slater integrals
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F* for the interaction between two ps /2 electrons are the same
as between two d3, or between a p3;, and a dz; [37].)

Let ZX(1J,1'J'); be a purely real RME and 0,0y = —1,
which are the correct signatures for both TX and UX. The
second of our two identities is satisfied by (1J||OX||I'J") =
iK+1ZK(1J,1'J"),. To comply with the first identity,

AUy = & ZE AT, 1T = 2510, 1T )0, (9)
for NCD (K even) and,

WNT (PN = FZE AT, 10+ Z5 W, 1T ),
(10)
for MCD (K odd). In both cases, K even and K odd,
there is a conjugate RME defined by ZX('J' 1)) =
(=17 ZK1Jg, 1'T),.

A result for ZX(@J, I'J), is obtained from
{(JMIE1|jm){jm|Ek|j'm'){j/m'|E1|J'M’')} after completing
sums on projections m and m’, which appear only in 3j
symbols through three applications of the Wigner-Eckart
theorem. Specifically,

ZE, 1T = (=) AnRIE ) @I T
" N pK k1 p

1D
with C!(R) = R. The energy levels for Eq. (11) are depicted
in Fig. 1. Since the spherical harmonic C* is Hermitian
and the RME is purely real it follows that (/j||C*||l'j’) =
(=17 (1" j'||Ck||1 j), and the derivation of ZX (17, 1'J"), from
Eq. (11) is then straightforward. In order to perform sums on j
and j’ in Eq. (11) we need an explicit result for (/j||C*||I’j").
In our chosen coupling scheme, often labeled s — I coupling
(as opposed to I — s coupling [27,29,35]),

. /- o+l'+j lj ’
(aljlICYlol'j') = (—1) *’ﬂ*"{j,{,Z} ANCHI. (12)
We go on to find
Ky =Yy z5 1T,
B
— (_1)U+J+p+k+l(+l+]’+l//[(2] 4 1)(21/ + 1)]1/2

[l Jo
J'I'K

KLU [pl'l
X {l//p 1}{[/// 1 k}' (13)

It remains to write this key result in a perspicuous form,
namely, equivalent operators.

For the NCD signal we evaluate Eq. (13) withk =1, p =
1 (EI'-E1-El), and define an RME, zX (1, I’);, consistent with
the coupling scheme explicit in Eq. (12),

/ lJo
K 'y — (1o H'+HI+K K ’
KWL 1T = (=) {, ,K}z A0, (14)

(LRI A7 NICHI™) IR {

and here K = 2. Likewise, for the definition of z2(/, I'),. On
inserting the two results in Eq. (9),

(@l|[U*(D)]|ol')) = (—1)"*”“{} IJ g} U,

(15)
with,
AT =i /y/DIRL+1) @'+ 1)
x [21 + DUI{R @ LY*[|1')
— @'+ DL RP[I1N].  (16)

In Eq. (16) we introduce a tensor product to define an equiva-
lent operator using the definition [28],

{A“®@B")§ = ALB)(ac bBIKQ). a7)
a,b

Clebsch-Gordan coefficients in Egs. (2), (4), and (17) are
purely real, and related to the 3j symbol that occurs in the
Wigner-Eckart theorem of Eq. (6) [27-29],

(ax BBIKQ) = (—1)" "2 /(2K + 1)(3 f; _KQ)- (18)
Results in Egs. (15) and (16) completely define the multipole
(U%(1)) for the NCD signal derived from the SHG response
using E1’-E1-E1.

A calculation for E1’-M1-M1, similar to the foregoing one,
shows that the event does not produce NCD, i.e., the corre-
sponding (/| [U%(1)|]I") = 0. RMEs for spin and orbital oper-
ators in M1 = (L + 2S) obey different relations [27,29,35].
While the RME of L satisfies Eq. (12) the same is not true for
S, and the difference adds complexity to the calculation of the
E1’-M1-M1 response, which we outline in Appendix B.

Turning to MCD, we evaluate Eq. (13) withk =2, p =2
and insert results in

UNTEQY = 250, Uy + D5, D, (19)

with K =1 and 3, and zX(l,1’); is defined in accord with
Eq. (14). More progress is achieved with an orbital anapole
(351,

@ =(LxR)— (RxL)=iL>R], (20)
and the RME,
AN’y =id|RIHUC+H =1I'd"+ D1, Q2D

is purely imaginary and symmetric with respect to an in-
terchange of [ and /', which are the opposite properties of
(11|R]|1"). An anapole, which appears in the magnetic motif
depicted in Fig. 2, is magnetic (op = —1) and polar (o, =
—1), and a product of L. and € is time-even and polar.
Returning to Eq. (13), we use identities,

2 l// l/}

" 2017/ " /
WIC " ||R||l>{,,,, Lo

= £3i/QYSHIT + DR+ DAL © @PI1,
U'=r+1,1"=0I+1

= £3/QV/SHI'QI+ DAL @ P11,

I"=0"-1,1"=IF1. (22)
The identities provide a correspondence,

KA o R (L@ sz}znz/){l’f - } (23)
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Note that [ = [’ for K = 1. Interestingly, an operator equiva-
lent for zX (1, 1), is achievable, in an essentially semiclassical
limit, when numerical values of I’ and (I’ 4 1) in the pref-
actors to the two identities are regarded equal. In this extreme
limit, z5(7, 1)1 o< (I]|{R ® {L ® }2}X||I’) . Moreover, a sum
on [” in Eq. (23) yields precisely the same result [27], while
no such reduction is required to achieve Eq. (16).

V. CONCLUSIONS AND DISCUSSION

In summary, we presented a theory for circular dichroism
in the second-harmonic generation (SHG) response. Using
theoretical techniques from atomic physics, explicit expres-
sions for electronic multipoles in natural circular (NCD) and
magnetic circular (MCD) dichroism are derived. SHG is a
tertiary photon event which goes beyond the parity- and time-
reversal signature of dyadic photon events encountered in the
well-known Kramers-Heisenberg dispersion formula.

In the more general case, each term in a standard expansion
of the light-matter scattering amplitude is a scalar product of
a photon tensor and an electronic tensor (multipole). In conse-
quence, both tensors respect the same discrete symmetries to
respect Neumann’s principle [2]. Our truncated light-matter
amplitude based on Eq. (A2) includes, the electric dipole
El, electric quadrupole E2, and magnetic dipole M1, and the
latter two events scale with the primary photon wave vector
q. Circular polarization in the photon tensor is evoked by
the pseudoscalar (parity-odd) Stokes parameter P, which is
time-even.

A. Expressions for dichroic signals

A parity-odd tertiary event E1’-E1-E1 used by the SHG
response is responsible for NCD with electronic symmetry
{P,(UX)}, where UX is a polar (parity-odd) and time-even
(nonmagnetic) multipole with even rank K [see Eq. (5)].
Equivalent electronic operators for multipole operators are
constructed from position R (time-even, parity-odd), spin
and orbital dipoles S and L (time-odd, parity-even), and an
anapole moment £ (time-odd, parity-odd). The equivalent
operator is a simple quadrupole (tensor product) [i{R ® L}?]
for NCD derived from E1’-E1-E1l. No NCD is found to arise
from the analogous process using magnetic dipole events in
the primary absorption, namely, E1’-M1-M1 response.

Turning to a tertiary parity-even event, E1’-E2-E1 in SHG
yields a MCD signal with generic symmetry {qP;(TX)}. The
product (qP,) is time-odd and unchanged by spatial inversion,
matching discrete symmetries of magnetic multipoles (TX)
[see Eq. (3)]. Equivalent operators for TX are tensor products
(R ® (L ® 2}*}X with K odd.

B. Digression

We can position our calculation of equivalent operators for
the SHG response with derivations of sum rules for ordinary
dichroic signals that use dyadic matrix elements. In the orig-
inal formulation, sum rules are a consequence of a closure
theorem for complete sets of atomic states [13-15,26,38,39].
A dyadic matrix element is thereby transformed to standard
RMEs usually denoted WK (17 ['J"), for valence states
with quantum numbers 1J, I'J’, with a triple sum on labels

a (spin), b (angular momentum), and K (tensor rank). The
one-electron WK (17 1']") is used in Appendix B. Coef-
ficients in the sums possess quantum labels for the core state.
Analysis of the factorization, of valence and core state degrees
of freedom, yields sum rules for integrated intensities of an
energy profile. The closure theorem is equivalent to a sum
over projections of intermediate states, denoted in Sec. IV
by m, while j labels the core state, e.g., L,, M3, etc. [16].
Evidently, a further sum over total angular momenta of inter-
mediate states, j, removes all core-state degrees of freedom.
Integrating out intermediate degrees of freedom, as we have
described, is the central achievement of Judd and Ofelt in their
celebrated work on optical transition probabilities [30,31]. At
the opposite extreme, when all core-state degrees of freedom
J, m are retained, a dyadic matrix element can be represented
by spherical tensors [40], and the same type of representation
holds for parity-odd dyadic matrix elements [41].

Spin degrees of freedom are not engaged in electronic
events E1 and E2 explicitly examined in our communication.
In consequence, the atomic RME W@?X (17 1'J") occurs here
with a = 0, i.e., effective operators use W XX (17 1]"). The
full RME, with a = 1 and b different from K, occurs in ampli-
tudes that use the magnetic dipole. The SHG response derived
from E1’-M1-M1 does not provide NCD, as we demonstrate
in Appendix B.
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APPENDIX A: BACKGROUND INFORMATION

1. Scattering length

Ordinary dichroic signals use dyadic matrix elements that
arise in the Kramers-Heisenberg amplitude [12]. Let us label
virtual intermediate states involved in a photon absorption
event by a composite quantum number A; it is shorthand for
atomic numbers o, [, j, m, in Sec. IV. Unlike the initial and
final states of the sample, intermediate states are not from the
equilibrium configuration (ground state) and they decay on a
timescale ~ £ /I" where T is the total width of the resonance.
Photon variables, & and q (¢ and ') denote the primary
(secondary) polarization vector and wave vector, respectively,
while the magnitude of the wave vector g = (E/kc). The
scattering length in the vicinity of a resonance is derived using
QED [17,19],

[~ —(re/m)Z({E'~3(—Q')|/\)(k|€~3(Q)}>
A

JIE — A 411, /2], (A1)
where r, ~ 0.282 x 107!2 ¢cm, m is the mass of an electron,
and the sum of intermediate states is limited to those that
contribute at the resonance A, and the primary photon en-
ergy E ~ A. Angular brackets denote a time average, or
expectation value, of the enclosed operators. A matrix element
of the current operator between an intermediate state and a
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component of the ground state |g) is,

(Me - J(@)lg) ~ (im AJR)D (Mle - R;[1+ (i/2)q - R;] |g)
j

+(iR/2)) (Mg x e [L+2S];lg), (A2)
J

where the sum is over all electrons participating in the ab-
sorption event, and A = E, — E, > 0. Electronic operators in
Eq. (A2) are dipole (R), spin (S) and orbital angular momen-
tum (L). From left toright, E1 ox & - R, E2 (¢ - Rq - R) and
M1 « (q x € - [LL + 28]). A contribution to Eq. (A1) depends
on primary and secondary polarization vectors, & and &', and
together with q, limited to E2 and M1, they form a spherical
tensor Cg(/w), where 1, v label polarization states.

2. Atomic multipoles

After integrating out intermediate degrees of freedom
[30,31], f ~ —(Ar.F,,)/[E — A +iI'/2] where F,, is the
dimensionless form of G,, {(—I)QCS(MUXOIEQ)} with
sums on repeated labels. We define a dichroic signal to be the
appropriate part of F},, after it is averaged over polarization
vectors in the primary photon beam. The precise result of
the ordinary NCD dichroic signal is quoted in Sec. II. An
atomic multipole (Og) is derived from electronic operators
R, L, and S, and it possesses discrete symmetries with re-
spect to space and time. Spherical harmonics and electronic
multipoles are Hermitian with ((’)g)* = (—I)Q((’)IfQ>, and
(Og) = [((’)g)/ + i((’)g)”] defines real and imaginary parts.
A spherical harmonic is used for the angular dependence of
the dipole E1 in our dimensionless F,,,, while the magnitude
of the dipole appears in a radial integral, about which we
say more below. Likewise, for a product of dipole operators
in E2. Multipoles (U’Q<) for NCD are parity-odd (polar) and
time-even (nonmagnetic), and (Tg) in MCD are parity-even
(axial) and time-odd (magnetic).

3. Dichroic signals

An average over polarization vectors that reside in Cg (uv)
renders f a function of Stokes parameters that are reviewed
later in this Appendix [16,17]. A dichroic signal is an integral
of Im(f), taken with respect to the photon energy E, and spe-
cific to the response to polarization in the primary beam, i.e.,
a Stokes parameter. Attenuation (dichroism) and retardation
(birefringence) in a foil are determined by the polarization de-
pendence of its refractive index, denoted n = (n’ + in”). The
relation between n and f is taken to be n = (1 + 2w p/q*)f)
in which p is the density of resonant ions. According to
the optical theorem, n” = (27 p/¢*) Im(f) = (y /2¢q), where
the attenuation coefficient, y, has the dimension of length‘l.
One readily establishes the integral relation [(y/E)dE =
@t p/)Fu.

4. Radial integrals

Inspection of Eq. (A2) shows that relative contributions
to f depend also on g. To create a meaningful measure of
relative strengths of interference contributions it is useful
to consider a dimensionless quantity N that includes g and

atomic radial integrals. In the case of the E1-M1 event, there is
the familiar dipole radial integral from the E1-event, namely,
(®|R|E), where @ is a valence state that carries orbital angular
momentum /, and E is the intermediate state which accepts
the photon and it carries orbital angular momentum [”, say;
the two angular momenta differ by unity, as required for a
parity-odd event. To the extent that radial wave functions
in a highly ionized ion are hydrogenic in form, (®|R|E) is
proportional to 1/Z, where Z, is the effective core charge
seen by the jumping electron. And an explicit calculation
yields (3d|R|4p) = 1.3 (a,/Z.), for example, where a, is
the Bohr radius. The second radial integral (®'|E) is the
radial part of the matrix element of the magnetic moment.
The valence state ® and E possess identical orbital angu-
lar momenta, because the magnetic moment operator does
not change angular momentum [22]. With these definitions,
NEL —M1) = [¢(O|R|E)(®'|E)]. Likewise, for an E1-E2
event, R(E1 — E2) = (Y[g(®|R|E)(O'|R|E)/a2]), where ®’
carries angular momentum /” and / + " is odd. The dimen-
sionless factor Y = (m A a2/h*) is used to maintain rela-
tive magnitudes between magnetic and electric contributions.
For parity-even events, R(E1 — E1) = (Y[(®|R|E)/a,]?) and
R(E2 — E2) = (Y[q(OIR*|E)/a,]*).

5. Stokes parameters

Prior to moving on with dichroic signals from the SHG
response, we briefly review properties of the Stokes param-
eters [16,17]. P, and P; are measures of the linear polar-
ization. In the right-handed and orthogonal set of coordi-
nates (o, , q/q), P describes polarization along directions
at angles +45° to the o axis. The parameter P; describes
polarization along the ¢ and m axis; P; = +1 corresponds
to complete polarization in the o direction, and P = —1
corresponds to complete polarization in the 7 direction. The
parameter P, measures the degree of circular polarization.
Here, it is defined to be the mean value of the helicity operator.
All parameters are purely real and time-even. P, and P3
are true scalars, while P, is a pseudoscalar. The parameters
satisfy (P} + P,> + P32) < 1 and the equality is achieved for
a completely polarized beam.

6. SHG response

Third-order perturbation theory accounts for the SHG re-
sponse [4]. One of three terms in the scattering length is,

Z({E’ -J(=qHIr)(Ale - J(@I2) (M e - J(@)})
Py
J{2E — A, + il /21[E — Ay + il /21},

with A; = (E, — Ej). The generic form of the NCD signal
from the E1' — E1 — E1 response is,

Py Y (gl IA) (IyI2 ) (1 [zlg) — (glyla) (A lxn) (W [z2]g)).
AN

(A3)

(A4)

Here, coordinates are defined by a primary beam parallel to
the z axis and o-polarization parallel to the x axis, and a
unit vector for the electronic dipole is denoted (x, y, z). The
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secondary wave vector, for E1’, is inclined to the z axis and its
polarization vector casts a shadow on the axis. Intermediate
degrees of freedom A, A’ are integrated out in the construction
of G, given in Eqgs. (2) and (4), together with photon tensors
B (p; uv) and A§(p; uv). Corresponding atomic multipoles
((’)g) are formed with three electronic operators as one sees
explicitly in Eq. (11), for example.

7. NCD selection rules

The geometric factor for NCD involves K = 0~ and 2~ in
O3 symmetry (the superscript minus sign denotes the parity
label). K = 0~ (O3) never branches to the total symmetric
representation in any group containing inversion or reflection
symmetry. Thus, breaking the inversion symmetry is condi-
tional to observe NCD. On the other hand, K = 2~ branches
to a total symmetric representation in the low symmetry
groups Cyy, Cs, Doy, and Sy, so that NCD is permitted in these
spatial symmetries.

APPENDIX B: E1’-M1-M1

Herein, we demonstrate that the RME in (15) for NCD
is zero with an E1’-M1-M1 response. An M1 absorption
event is a sum of orbital angular momentum, L, and spin,
S, while El is represented by a dipole R. Thus, the principal
RME defined by Eq. (11) contains, in addition to (/||R||l"),
four products of RMEs of L and S, namely, [(I”]|L||l")
IO, [ANSHE™) A" 1ISHEOL LA L) @™ )IS119)]
and [(I”]|S||I”) (I”"||L]|l")]. RMEs of L and S are diagonal
with respect to orbital angular momentum, e.g., (I”||S||!"")
and ({”||L||l"") are zero for [” # 1",

In Eq. (11) one has p = 1 for NCD. Explicit K is retained in
the demonstration in the hope that it helps to follow algebraic
steps, with K =2 in the ultimate application to NCD. It
seems helpful to start with Eq. (13) for ZX(1J, I'J"); prior to
completion of the sum on intermediate j,

2T
=Y (=1 RI ) IO P
J

L1K||l"jol|] 11"V
. / 172 J
(BI)

with 0 =1/2, and O and P are dipole operators. Re-
call that (I||L||l) = [[({ + 1) 21 + 1)]'/? and (c||S||o) =

+/(3/2). First, set O = P = L in (B1),
KWL VT = (1//6)(— D) TR QRIIDAILT

, 1/2 11K J1lo
(B2)

The definition of (IJ||UX(p)||l'J’) in Eq. (9) together with
Eq. (B2) yields,

WD) o (IRIT) [(l/IILIIl/){ll, }12

- (l||L||l>{} ) ?” —0.  ®

The spin-spin analog of Eq. (B3) uses [(I”||S||I")(”||S||I")]
in Eq. (B1). Atomic variables are thus of two distinct types,
spin and orbital, unlike (B2) that contains one type (orbital).
We exploit a standard unit RME mentioned in Sec. VB,
namely,

W(a,b)K(lJ’ l/ J/)

o o0 a
=[QI+DQIV+1D)QRK+D1V*{1 I by, (B4
JJ K

for coupled spin (rank @ = 0 or 1) and orbital (rank b) opera-
tors [16,19,29]. For the spin-spin contribution to zX (17, I'J"),
we find,

FULIT) = =R S]0)? {fj i ‘f}

x (2K + 1)71/2 W(P,l)K(lJ’ l/ J’), (BS)

with p =1 and K = 2 for NCD. One finds that zX(J, I'J’),
and zX(1J, I'J"), differ by a phase factor (—1)?*X+! = -1 and
therefore the two RMEs cancel in Eq. (9) for (1J||U>(1)||I'J").
To complete the proof that the E1’-M1-M1 response is
zero we need to consider contributions to Eq. (B1) from
[N A™ISHE)] and [A71IS[7) (7][LI17)]. To this
end, return to Eq. (11) for the part that depends on interme-
diate j” and its contribution to zX(1J, I'J");, namely,

" - " "/ Iy llp
1" jIIL SHEINY 5 s %
;( JILIE”jHa” jisl| ){J”}

= (=D)L (@ IS]|o)
x 2p+ DH7VPWEDe g, (B6)

Repeating the calculation for S — L yields the result Eq. (B6)
with an additional phase factor (—1)”. In consequence, L — S
and S — L contributions to zX(1J, I'J"); with p = 1 add to zero.
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