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Terahertz radiation, circular dichroism, and optical activity of a Rashba quantum
ring subjected to a static electric field
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We study a Rashba quantum ring subjected to an in-plane static electric field. Due to the violation of the
rotational symmetry, the system radiates at the Rabi frequency upon interaction with a strong electromagnetic
field. With a proper choice of the driving amplitude, the radiation frequency is in the range of 0.1 − 10 THz.
Due to the Rashba spin-orbit interaction which splits the spin-up and spin-down states and affects the transitions
between the ground and excited states, the system exhibits circular dichroism and optical activity. The static
electric field and gate-voltage-dependent Rashba parameter strongly influence the system. In other words, the
Rashba quantum ring may serve as an electrically tunable terahertz emitter, absorption modulator, dichroic
element, and polarization rotator.
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I. INTRODUCTION

The terahertz (THz) region of the electromagnetic spec-
trum (∼0.1 to 10 THz) has attracted increasing attention
during the past two decades [1,2]. One of the reasons of
interest in the so-called THz gap is the potential of THz spec-
troscopy to study the structure and dynamics of condensed
matter systems. Indeed photons of energy ∼0.4 to 40 meV
are able to probe the low-energy excitations of condensed
matter systems. Several spectroscopic studies are devoted to
the opening of a superconducting gap in MgB2 [3], energy
levels of excitons in GaAs quantum wells [4], and spin waves
in antiferromagnetic NiO [5], to name only a few.

Recent years have witnessed remarkable progress in the de-
velopment of THz sources, detectors, and optical components
[1,2]. However, existing THz systems have their own limita-
tions; for example, free-electron-based sources are bulky and
expensive, Gunn diode or tunnel injection transit-time diode-
based oscillators cover only the lower boundary of the THz
region [6], and quantum cascade lasers operate only at cryo-
genic temperatures. To address the optimization of cost, size,
mass producibility, as well as operation temperature, spectral
characteristics, and output power, solid-state THz sources
are introduced [7–11], such as those based on hot electrons
in single-walled carbon nanotubes [7], resonant interlayer
radiative transitions in double-graphene-layer structure [8],
and transitions of exciton polaritons confined in a parabolic
potential trap in a semiconductor microcavity [9].

Semiconductor nanostructures such as quantum dots and
quantum wells are promising for the realization of THz
sources and detectors: Indeed, the quantized electronic states
of these so-called artificial atoms can be engineered [12].
While quantum states with an energy difference within the
THz range are achievable, electric dipole transition between
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states of the same parity is forbidden. This can be remedied by
breaking the inversion symmetry of the potential that confines
the electrons and holes [13]. Exposed to a strong coherent
pump, energy levels of the artificial atom hybridize with the
electromagnetic field and split into AC-Stark split doublets.
In asymmetric artificial atoms, the electric dipole transition
between two states of the same doublet leads to emission at
the Rabi frequency. Since the Rabi frequency is proportional
to the pump amplitude, THz emission is achievable. Along
this line of thought, III-nitride quantum dots with built-in
strain-induced electric field breaking the inversion symmetry
are studied [13]. The dipole moment of such an asymmet-
ric quantum dot is ∼10 Debye, thus for pump amplitudes
∼107 V/m the THz radiation is observable. A scheme of THz
laser based on an ensemble of asymmetric quantum dots in a
high-Q photonic crystal cavity is proposed [14]. Intersubband
transitions in an asymmetric quantum well are also explored
[15]. Here the effective dipole moment ∼60 Debye permits
THz radiation at lower pump amplitudes ∼106 V/m. It is
further shown that an array of tunneling coupled asymmetric
artificial atoms allows THz emission in a broad range [16,17].
For example, the radiation frequency of seven coupled asym-
metric artificial atoms increases from 3.0 to 6.36 THz as
the tunneling energy increases from zero to 2 meV. In the
following, we focus on quantum rings rather than quantum
dots and quantum wells, in view of THz emitters operating at
low driving fields ∼105 V/m.

Progress in self-organized growth, droplet epitaxy, and
lithographic patterning have made it possible to fabricate
quantum rings [18,19]. From a topological point of view, a
ring is a doubly connected structure. Thus, a quantum ring
offers a unique possibility to explore topological quantum
effects. The most prominent example is the Aharonov-Bohm
effect [20], in which the magnetic flux breaks the equivalence
of clockwise and counterclockwise electron paths around a
ring symmetrically connected to two external leads. This gives
rise to flux-dependent interference of electron wave packets

2469-9950/2019/100(23)/235434(10) 235434-1 ©2019 American Physical Society

https://orcid.org/0000-0001-5766-8798
https://orcid.org/0000-0002-7131-4029
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.100.235434&domain=pdf&date_stamp=2019-12-19
https://doi.org/10.1103/PhysRevB.100.235434


OMID SHARIFI SEDEH AND MIRFAEZ MIRI PHYSICAL REVIEW B 100, 235434 (2019)

that can take two distinct paths around the ring. Not only the
Aharonov-Bohm effect but also the Aharonov-Casher effect
[21] in ringlike structures are experimentally demonstrated
[22–26]. The electric analog of the Aharonov-Bohm effect,
the Aharonov-Casher effect, is due to the effective magnetic
field induced by the spin-orbit interaction. After the intro-
duction of modulation-doped semiconductor heterostructures,
the prominence of the odd in electron’s momentum Rashba
spin-orbit coupling has been shown in a variety of structures
that lack inversion symmetry [27–29]. Quite remarkably, the
Rashba spin-orbit interaction strength can be controlled by
an external gate voltage [30–34]. This renders the Rashba
spin-orbit interaction quite attractive since the electric field
control of spin states is preferable to magnetic field control.

Recently, there has been growing interest in the interaction
of quantum rings with electromagnetic waves [35–42]. To
achieve electric dipole transition between quantum states with
an energy difference within the THz range, Alexeev and
Portnoi considered a quantum ring pierced by a magnetic
flux and under a lateral electric field [36]. For a ring of
radius 20 nm, magnetic field ∼3 T, and static electric field
∼104 V/m, the transition frequency is ∼0.5 THz. However,
the use of a magnetic field introduces difficulties in the design
of an inexpensive, compact, and portable quantum-ring-based
THz source.

In this paper, we consider a quantum ring with the Rashba
spin-orbit interaction subjected to an in-plane static electric
field. The external electric field breaks the rotational sym-
metry of the system, and thus each energy eigenstate can be
regarded as a superposition of angular momentum eigenstates
[36]. Violation of the rotational symmetry has an immediate
consequence: The system behaves as a giant asymmetric
artificial atom. Interacting with a strong electromagnetic field,
the Rashba quantum ring radiates at the Rabi frequency. Thus,
with an appropriate choice of the driving amplitude, THz
emission is achievable. Indeed, the external static electric
field and the gate-voltage-dependent Rashba parameter can be
used to tune the Rabi frequency. For example, for an InGaAs
quantum ring of radius 85 nm, Rashba parameter 0.08 eVÅ,
driving field 105 V/m, and static electric field <35 V/m, the
radiation frequency is in the range of 0.1−9.1 THz which is
almost the whole THz gap. To develop THz emitters based
on dressed artificial atoms, quantum dots and quantum wells
may be inferior to Rashba quantum rings which offer low
driving field, broad radiation frequency range, and electrical
tunability. On the other hand, the Rashba spin-orbit inter-
action locks the spin and momentum degrees of freedom,
splits the spin-up and spin-down states, and influences optical
transitions between the ground and excited states. Due to
the Rashba spin-orbit interaction, the system exhibits circular
dichroism and optical activity which markedly depend on the
gate voltage and external electric field. In other words, the
Rashba quantum ring may serve as an electrically tunable ab-
sorption modulator, dichroic element, and polarization rotator
operating in the THz region of the electromagnetic spectrum.

II. MODEL

We consider an electron confined in a quantum ring of
radius rc, under the action of a static electric field Es = Esêx,

FIG. 1. The schematics of a quantum ring subjected to a static
electric field and an electromagnetic wave.

and a plane wave with electric field and magnetic induction,

E(r, t ) = Re(Epêpeikp·r−iωpt ),

B(r, t ) = Re

(
Ep

ωp
kp × êpeikp·r−iωpt

)
, (1)

respectively. Here ωp is the frequency, êp is the polarization
vector, and kp is the wave vector of the incident wave. We
assume that kp = kpêz, that is, the wave vector is perpen-
dicular to the ring (see Fig. 1). We pay special attention
to linearly polarized waves with polarization vectors êx and
êy, and circularly polarized waves with polarization vectors
ê+ =− 1√

2
(êx + iêy) and ê− =+ 1√

2
(êx − iêy).

The two-dimensional Hamiltonian for an electron in the
presence of Rashba spin-orbit interaction and external fields
is

H2D = (p + eA)2

2m∗ − e�(r) + αR

h̄
êz · [σ ×(p + eA)]

+ V (r) + er · Es, (2)

where −e < 0 is the electron charge, me is the electron mass,
m∗ is the electron effective mass, αR is the Rashba parameter,
σx and σy are Pauli matrices, r= (x, y)= (r cos θ, r sin θ ) is
the position vector, and p= (px, py) is the momentum vector.
The scalar potential �(r, t ) and the vector potential A(r, t )
determine E = −∇� − ∂A/∂t and B = ∇ × A. The strong
potential V (r) forces the electron wave function to be lo-
calized on the ring. This allows us to derive an effective
one-dimensional Hamiltonian to describe the system.

III. DERIVATION OF THE
ONE-DIMENSIONAL HAMILTONIAN

It is well known that the fields E and B are invariant
under the transformations �→� − ∂χ/∂t and A→A + ∇χ ,
where χ is an arbitrary function. To remove the ambiguity
caused by the freedom of gauge, we express the Hamiltonian
H2D in terms of fields E and B. We follow Barron and Gray
[43,44] to write

�(r, t ) = �0(t ) − rαE0α (t ) − 1
2 rαrβ∂βE0α (t ) + . . . ,

Aα (r, t ) = 1
2εαβγ rγ B0β (t ) + 1

3εαγλrβrλ∂βB0γ (t ) + . . . ,
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where E0α , ∂βE0α , etc., are all evaluated at the origin r = 0.
We assume that kprc � 1. It follows that the Hamiltonian can
be written as

H2D = p2

2m∗ +V (r)+ αR

h̄
êz · (σ × p)+er · Es+er · E(0, t ),

(3)

within the dipole approximation. Note that due to the geome-
try of the system, terms such as e

2m∗ (r × p) · B(0, t ) are absent
in the above Hamiltonian.

In a naive approach to the effective one-dimensional
Hamiltonian of an electron moving on a ring, one sets the
cylindrical coordinate r equal to rc and discards all terms pro-
portional to derivatives with respect to r. This approach leads
to a non-Hermitian Hamiltonian. Thus, we follow Meijer
et al. [45] to obtain the correct effective Hamiltonian. Without
loss of generality, we assume that the confining potential
is V (r) = 1

2 kc(r − rc)2. We write H2D = H2D
0 + H2D

1 , where

H2D
0 = − h̄2

2m∗ ( ∂2

∂r2 + 1
r

∂
∂r ) + V (r). To a good approximation,

the lowest energy eigenfunction of H2D
0 is

RMMK(r) =
(

γc√
πrc

) 1
2

e− 1
2 γ 2

c (r−rc )2
, (4)

when γc = (m∗kc/h̄2)
1
4 → ∞. In the case of a narrow quan-

tum ring, the electron is in the lowest energy radial state.
It follows that the effective one-dimensional Hamiltonian
is H(θ ) = 〈RMMK|H2D

1 |RMMK〉. Of great use is the identity
〈RMMK| ∂

∂r |RMMK〉 = − 1
2rc

. Indeed, this result is independent
of the precise shape of the strong confining potential and the
lowest energy radial mode [45]. Now it is straightforward to
show that H = HMMK + Hs + Hp, where

HMMK = − h̄2

2m∗r2
c

∂2

∂θ2
− iαR

rc

(
(cos θσx + sin θσy)

∂

∂θ

− 1

2
(sin θσx − cos θσy)

)
,

Hs = eEsrc cos θ,

Hp = − μ ·
(

Ep

2
ê∗

pe+iωpt + Ep

2
êpe−iωpt

)
. (5)

HMMK is the one-dimensional Hamiltonian for an electron
on a quantum ring, which includes the Rashba spin-orbit
interaction [45]. Hs expresses the influence of the external
static electric field. μ = −erc(cos θ êx + sin θ êy) is the electric
dipole moment. Hp expresses the interaction of an electron
with the electromagnetic field.

IV. CIRCULAR DICHROISM OF
A RASHBA QUANTUM RING

First we consider a quantum ring in the absence of the
Rashba interaction and external fields. The eigenfunction and
eigenenergy of the Hamiltonian H=− h̄2

2m∗r2
c

∂2

∂θ2 are ψ�(θ )=
1√
2π

ei�θ and E� = h̄2�2

2m∗r2
c
, where �=0,±1,±2, . . .. The sign

of the group velocity h̄�/(m∗rc) determines the direction of
electron propagation around the ring.

Next, we revisit a Rashba quantum ring under no external
fields [19]. The eigenspinor ψ�,s(θ ) and eigenenergy EMMK

�,s =
h̄2εMMK

�,s /(2m∗r2
c ) of the Hamiltonian HMMK are

ψ�,s(θ ) = 1√
2π

ei�θ

(
χ�,s

ζ�,seiθ

)
,

εMMK
�,s =

(
� + 1

2

)2

+ 1

4
+ s

√(
� + 1

2

)2(
1 + Q2

R

)
, (6)

where �=0,±1,±2, . . ., s=±1, QR =2m∗αRrc/h̄2, sgn(�)=
�/|�|, and

χ�,+1 = − ζ�,−1 = QRsgn
(
� + 1

2

)
√

Q2
R + [

1 + sgn
(
� + 1

2

)√
1 + Q2

R

]2
,

ζ�,+1 = + χ�,−1 =
[
1+sgn

(
�+ 1

2

)√
1 + Q2

R

]
sgn

(
� + 1

2

)
√

Q2
R + [

1+sgn
(
� + 1

2

)√
1 + Q2

R

]2
.

(7)

Noticeably εMMK
�,s = εMMK

−�−1,s, in other words, the states ψ�,s and
ψ−�−1,s are degenerate.

The external static electric field breaks the rotational sym-
metry of the system, nevertheless, the eigenspinors are 2π

periodic in θ . To solve the Schrödinger equation (HMMK +
Hs)�(θ )=E�(θ ), we write the eigenspinor �(θ ) as a linear
combination of the spinors ψ�,s(θ ), that is,

�(θ ) =
∑
�,s

c�,sψ�,s(θ ). (8)

The Schrödinger equation can be written as

∑
�,s

c�,s
(
εMMK
�,s − ε + 2Ess cos θ

)
ei�θ

(
χ�,s

ζ�,seiθ

)
= 0, (9)

where ε = 2m∗r2
cE/h̄2 and Ess = eEsr3

c m∗/h̄2 are the scaled
energy and scaled static electric field, respectively. Multiply-
ing this equation by ψ∗

�′,s′ (θ ) and intergating over θ , leads to
the following eigenproblem:∑

�,s

c�,s
[(

εMMK
�,s − ε

)
δ�,�′ +Ess(δ�,�′+1 + δ�,�′−1)

]
��′,s′

�,s =0,

(10)
where ��′,s′

�,s = χ∗
�′,s′χ�,s + ζ ∗

�′,s′ζ�,s. In practice, we consider
�=0,±1,±2, . . . ,±�max in the expansion Eq. (8). Even
for large static electric fields, the eigenspinors and eigenen-
ergies of the Hamiltonian HMMK + Hs can be obtained if
one chooses an adequate set of basis spinors. To simplify
the computations, it is worth noting that � 0,+1

−1,+1 =� 0,−1
−1,−1 =

0, � 0,+1
−1,−1 =−� 0,−1

−1,+1 =1, �0,s′
0,s = δs,s′ , and ��′,s′

�,s = δs,s′ if
sgn(�′)sgn(�) > 0 and ��′ �= 0.

As mentioned before, the interaction of the electromag-
netic field and the quantum ring can be described by the
Hamiltonian Hp = Veiωpt + V†e−iωpt , where V = − 1

2 Epμ ·
ê∗

p. According to Fermi’s golden rule, the transition rate be-
tween the initial electron state |�i〉 and the final electron state
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|� f 〉 is

Wi→ f = 2π

h̄
|〈� f |V†|�i〉|2δ(E f − Ei − h̄ωp), (11)

where E f > Ei is assumed. The total upward transition rate
is Rabs = ∑

f Wi→ f . The intensity of the incident electromag-
netic wave is Pav = nhcε0E2

p /2. Here c is the speed of light
in free space, ε0 is the permittivity of free space, and nh is
the refractive index of the host semiconductor. The fraction of
photons absorbed by the ring is

α(h̄ωp) = Rabs

Pavπr2
c /(h̄ωp)

. (12)

It is convenient to introduce the scaled absorption coefficient
αscaled(h̄ωp) = nh h̄cε0

e2 α(h̄ωp). To this end,

αscaled(h̄ωp) =
∑

f

h̄ωp|êp ·〈� f |(cos θ êx +sin θ êy)|�i〉|2

× L(E f −Ei− h̄ωp). (13)

Note that to take into account the width of the energy levels,
we have used the Lorentzian function

L(E f −Ei− h̄ωp) = �/π

(E f −Ei− h̄ωp)2 + �2
(14)

rather than the delta function δ(E f −Ei− h̄ωp). To quantify the
linear and circular dichroism of the Rashba quantum ring, we
use

LDscaled = αscaled(êp = êy) − αscaled(êp = êx ),

CDscaled = αscaled(êp = ê+) − αscaled(êp = ê−). (15)

In the absence of both the Rashba interaction and external
static electric field, a quantum ring prepared in the ground
state ψ0 does not exhibit either linear or circular dichroism.
In this case, the scaled absorption coefficient is the same,

αscaled(h̄ωp) = h̄ωp

2
L(E±1 − h̄ωp),

for polarization vectors êx, êy, ê+, and ê−. The linear dichro-
ism emerges as one introduces the symmetry breaking static
electric field Es =Esêx: Indeed the absorption coefficient de-
pends on the initial state and all possible final states excited
by the incident wave [see Eq. (13)]. In the absence (presence)
of the static electric field, the eigenstates are (are not) char-
acterized by a particular value of angular momentum quan-
tum number, and this strongly influences the polarization-
dependent transition amplitude. Even in the absence of the
static electric field, the Rashba quantum ring exhibits circular
dichroism. The circular dichroism of the system is due to
the Rashba spin-orbit interaction which locks the spin and
momentum degrees of freedom, splits the spin-up and spin-
down states, and dictates the selection rules for the optical
transitions: When Es = 0, a circularly polarized wave with
the polarization vector ê+ (ê−) gives rise to transition from
the ground state ψ0,−1 to the excited state ψ1,−1 (ψ−1,1).
On the other hand, EMMK

1,−1 �= EMMK
−1,1 while E1 = E−1. In this

case, the circular dichroism of the system is

CDscaled(h̄ωp) = h̄ωp

2

[
L
(
EMMK

1,−1 − EMMK
0,−1 − h̄ωp

)
− L

(
EMMK

−1,1 − EMMK
0,−1 − h̄ωp

)]
.

FIG. 2. The three lowest energy levels of a quantum ring versus
the Rashba parameter for various static electric fields. Here m∗ =
0.067me and rc =40 nm.

As a concrete example, we consider the experimentally
well studied InGaAs quantum ring [46–49]. We take m∗ =
0.067me for the electron effective mass [47] and rc =40 nm
for the radius of the ring. Recent advances suggest that
such large quantum rings are not out of reach [50]. For the
highest electric field strength, we take Es =8000 V/m, which
leads to a mere potential drop 2rcEs = 0.64 mV across the
quantum ring. Inspired by the experiments [30,31], we assume
that 0<αR <0.14 eVÅ. Indeed, the Rashba parameter can
be controlled by a gate voltage [31–34]. Figure 2 shows the
three lowest doubly degenerate energy levels as a function of
the Rashba parameter, for various static electric fields. The
ground (second excited) eigenenergy decreases (increases) as
the static electric field or the Rashba parameter increases.
The first excited eigenenergy does not strongly depend on
the static electric field but decreases as the Rashba parameter
increases. It follows that the static electric field and the
Rashba parameter can be employed to engineer the absorption
spectrum of the quantum ring. Quite remarkably, the energy
separation between the ground state and two excited states
is about 0.4 meV. This indicates that the Rashba quantum
ring may exhibit considerable optical response at frequencies
about 0.1 THz.

Figures 3(a) and 3(b) demonstrate αscaled as a function
of ωp, for polarization vectors êx and êy, respectively. Here
αR =0.08 eVÅ, � = 0.01 meV, and the initial electron wave
function is �I (see Appendix). The first (second) peak of
αscaled is due to the transition from the ground state to the first
(second) excited state. The quantum ring exhibits dichroism:
Whether the incident wave is polarized along êx or êy has
a clear effect on the heights of the peaks of the absorption
spectrum. Moreover, the external static electric field has a
profound influence on the system. For example, in the case of
êp = êx, the first and second peaks of αscaled shift from ωp

2π
=

0.076 and 0.101 THz to 0.104 and 0.139 THz, respectively,
and the first peak decreases by a factor about 0.13, as the static
electric field increases from 2000 to 8000 V/m. Figures 3(c)
and 3(d) show similar plots for polarization vectors ê+ and
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FIG. 3. αscaled as a function of ωp. The polarization vector of the
incident wave is (a) êx , (b) êy, (c) ê+, and (d) ê−. Here m∗ =0.067me,
rc =40 nm, αR =0.08 eVÅ, and � = 0.01 meV. The initial electron
wave function is �I.

ê−, respectively. The quantum ring may absorb light of one
circular polarization but not the other. For example, when
Es = 0 and ωp

2π
= 0.076 THz, the quantum ring considerably

absorbs light of circular polarization ê+ but not ê−. Here
again, the external static electric field has an apparent effect
on the absorption and circular dichroism spectra. We conclude
that a Rashba quantum ring may serve as a THz electroab-
sorption modulator or a THz electroabsorption switch which
is sensitive to the polarization of the incident wave.

Figure 4 vividly demonstrates that both the Rashba param-
eter and the external static electric field strongly influence the
magnitude and position of the first two peaks of LDscaled and
CDscaled. We deduce that a Rashba quantum ring may serve as
an electrically tunable THz dichroic element.

V. ELECTRICALLY TUNABLE TERAHERTZ RADIATION
OF A RASHBA QUANTUM RING

Now we consider the case that only two states |�i〉 and
|� f 〉 are mainly involved in the interaction with the electro-
magnetic wave. We model the quantum ring as a two-level
system (TLS) with the Hamiltonian

HTLS = h̄ω f i

2
(|� f 〉〈� f |−|�i〉〈�i|)+Veiωpt +V†e−iωpt , (16)

where h̄ω f i =E f − Ei and V=Vii|�i〉〈�i| + Vi f |�i〉〈� f | +
V f i|� f 〉〈�i| + V f f |� f 〉〈� f |. Quite remarkably, in the pres-
ence of the static electric field, the states |�i〉 and |� f 〉 are
not characterized by a particular value of quantum number �

FIG. 4. Peak magnitudes of (a) LDscaled and (b) CDscaled, and (c)
peak positions of LDscaled and CDscaled, as a function of the Rashba
parameter for various static electric fields. The parameters are the
same as in Fig. 3.

[see Eqs. (6) and (8)]; hence, in general, Vii �= 0 and V f f �= 0.
It will turn out that the asymmetry parameter

κeiξ = 2(Vii − V f f )

h̄ωp
= Ep(μ f f − μii ) · ê∗

p

h̄ωp
(17)

greatly influences the THz radiation of the Rashba quantum
ring.

The Schrödinger equation ih̄ ∂
∂t |�(t )〉 = HTLS|�(t )〉 for

the state vector of the electron |�(t )〉 = ci(t )|�i〉 + c f (t )|� f 〉
can be written as

ih̄ċi(t ) = ci(t )

(
− h̄ω f i

2
+ Viie

iωpt + V†
iie

−iωpt

)

+ c f (t )(Vi f eiωpt + V†
i f e−iωpt ),

ih̄ċ f (t ) = ci(t )(V f ie
iωpt + V†

f ie
−iωpt )

+ c f (t )

(
h̄ω f i

2
+ V f f eiωpt + V†

f f e−iωpt

)
. (18)

We employ

Xi(t ) = +i
ω f i

2
t − Viieiωpt − V†

iie
−iωpt

h̄ωp
,

X f (t ) = −i
ω f i

2
t − V f f eiωpt − V†

f f e−iωpt

h̄ωp
, (19)

to introduce the auxiliary functions c̃i(t ) = e−Xi (t )ci(t ) and
c̃ f (t ) = e−X f (t )c f (t ). It follows that

ih̄ ˙̃ci = c̃ f (t )eX f (t )−Xi (t )(Vi f eiωpt + V†
i f e−iωpt ),

ih̄ ˙̃c f = c̃i(t )eXi (t )−X f (t )(V f ie
iωpt + V†

f ie
−iωpt ). (20)

The identity e
u
2 (z−1/z) =∑∞

n=−∞ Jn(u)zn allows us to write
eX f (t )−Xi (t ) =e−iω f it

∑∞
n=−∞ Jn(κ )einξ einωpt . Hereafter, we as-

sume that �=ω f i − mωp is small (mth resonance) and
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simplify the above set of coupled equations to

ih̄ ˙̃ci(t ) = [Vi f Jm−1(κ )e−iξ + V†
i f Jm+1(κ )eiξ ]eimξ e−i�t c̃ f (t ),

ih̄ ˙̃c f (t ) = [V†
f iJm−1(κ )eiξ + V f iJm+1(κ )e−iξ ]e−imξ ei�t c̃i(t ).

(21)

The coefficients of Eqs. (21) are still time dependent, thus
we introduce the auxiliary functions Ci(t )=e+i �

2 t c̃i(t ) and
C f (t )=e−i �

2 t c̃ f (t ). We find that

Ċi = i�

2
Ci − i

�∗
R

2
C f ,

Ċ f = − i�

2
C f − i

�R

2
Ci, (22)

where the Rabi frequency �R = |�R|eiξR is

�R = 2

h̄

[
V†

f iJm−1(κ )e−i(m−1)ξ +V f iJm+1(κ )e−i(m+1)ξ
]
. (23)

Now it is straightforward to solve Eqs. (22) and write the
probability amplitudes as

ci(t ) =
(

ci(0)e−Xi (0)

[
cos

(
�t

2

)
+ i�

�
sin

(
�t

2

)]

− ic f (0)
�∗

R

�
e−X f (0) sin

(
�t

2

))
eXi (t )e−i �t

2 ,

c f (t ) =
(

− ici(0)
�R

�
e−Xi (0) sin

(
�t

2

)
+ c f (0)e−X f (0)

×
[

cos

(
�t

2

)
− i�

�
sin

(
�t

2

)])
eX f (t )ei �t

2 , (24)

where � =
√

�2 + |�R|2.
To describe the salient features of the electromagnetic wave

scattered by the Rashba quantum ring, we treat it as an electric
dipole with a dipole moment

〈�(t )|μ|�(t )〉 = 1
2 〈�i|μ|�i〉
+ 1

2 (〈� f |μ|� f 〉 − 〈�i|μ|�i〉)|c f (t )|2
+ 〈� f |μ|�i〉c∗

f (t )ci(t ) + c.c. (25)

Without loss of generality, hereafter we assume that ci(0) = 1
and c f (0) = 0. We find that

〈�(t )|μ|�(t )〉

= 1

2
μii + |�R|2

2�2
(μ f f −μii ) sin2

(
�t

2

)

+ i�∗
R

�
μ f i sin

(
�t

2

)[
cos

(
�t

2

)
+ i�

�
sin

(
�t

2

)]

×
∞∑

n=−∞
Jm+n(κ )e−i(m+n)ξ e−inωpt + c.c. (26)

A multitude of frequencies nωp and nωp ±
√

�2 + |�R|2
(n = 1, 2, ...) exist in the dipole emission spectrum. In par-
ticular, the Rashba quantum ring radiates at the frequency√

�2 + |�R|2 when μ f f −μii �=0. This is of prime impor-
tance, since the amplitude of the incident wave, the external
static electric field, and the gate-voltage-dependent Rashba

(a)

(b)

FIG. 5. Generalized Rabi frequency � versus static electric field
Es for (a) various incident polarizations when αR =0.08 eVÅ, and
(b) various Rashba parameters when êp = ê+. The insets show the
corresponding plots of asymmetry parameter κ versus Es. Here m∗ =
0.067me, rc =85 nm, Ep =105 V/m, ωp/(2π )=8 GHz and m=1.

parameter can be adjusted to guarantee that |�R| lies in the
terahertz range.

As a concrete example, we consider an InGaAs quantum
ring of radius rc =85 nm. We assume that for given static elec-
tric field and Rashba parameter, |�i〉 and |� f 〉 are ψ0,−1-like
ground state and ψ+1,−1-like first excited state, respectively.
We further assume that the amplitude and frequency of the
incident wave are Ep =105 V/m and ωp/(2π )=8 GHz. We
concentrate on the first resonance, that is m=1. Figure 5(a)
shows generalized Rabi frequency � as a function of Es

for various incident polarizations when αR =0.08 eVÅ. It is
apparent that for incident polarization vector ê+, the static
electric field can be tuned to ensure that � lies in the range
of 0.1−9.13 THz. For incident polarization vectors êx and ê−,
the highest frequency radiations are at 6.46 and 4.44 THz,
respectively. When the incident polarization vector is per-
pendicular to the static electric field, the generalized Rabi
frequency is 6.46 THz. To emphasize the possibility of THz
radiation in a range of gate voltages, Fig. 5(b) shows � as
a function of Es for three different Rashba parameters, when
the polarization vector is ê+. It is apparent that static electric
fields as low as 10 V/m can be utilized to warrant that � lies
in the range of 0.1−9.13 THz. We conclude that a Rashba
quantum ring may be utilized as an electrically tunable THz
wave source.
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VI. OPTICAL ACTIVITY OF A RASHBA QUANTUM RING

Now we consider a linearly polarized incident wave with
polarization vector êp =cos ϕêx + sin ϕêy. Here we assume
that the driving frequency is in the THz region. The elec-
tric field radiated by the quantum ring has a component
Re(Ere−iωpt ) which oscillates at the driving frequency ωp

and propagates along the direction kp = kpêz. In general, this
field is elliptically polarized. The vibration ellipse can be
characterized by the azimuth ϕr and ellipticity tan ηr . The
polarization azimuth rotation ϕr − ϕ and the ellipticity angle
variation ηr describe the optical activity of the quantum ring
at the driving frequency ωp. Indeed,

ϕr = 1

2
arctan

(
S2

S1

)
,

ηr = 1

2
arcsin

(
− S3

S0

)
, (27)

where S0 =|Erx|2 + |Ery|2, S1 =|Erx|2 − |Ery|2, S2 =
2Re(ErxE∗

ry), and S3 =2Im(ErxE∗
ry) are the Stokes parameters

[51]. We confine our attention to the case m=1, i.e., the
first resonance. According to Eq. (26), the effective dipole
moment of the system has a component Re(dcle−iωpt ), where

dcl = −|�R|�
�2

(J0(κ )eiξRμ f i∗ + J2(κ )e−2iξ−iξRμ f i ). (28)

We measure the electric field radiated by the quantum ring
at a point hêz where h 
 1/kp 
 rc. Indeed Er ∝ dcl in the
far (radiation) zone, thus ϕr and ηr ultimately depend on the
external static electric field Es and the Rashba parameter αR.

As before, we assume that |�i〉 and |� f 〉 are ψ0,−1-
like ground state and ψ+1,−1-like first excited state, respec-
tively. We further assume that m∗ =0.067me, rc =40 nm,
Ep =105 V/m, � = −0.1ω f i, and m=1. Figures 6(a) and
6(b) demonstrate ϕr − ϕ and ηr as a function of ϕ for Es =
2000 V/m and various Rashba parameters. Here ωp/(2π )
is about 0.081−0.087 THz. Quite remarkably, ϕr − ϕ=90◦
when 0 <ϕ< ϕc1, and ϕr − ϕ=−90◦ when ϕc2 <ϕ< 180◦.
Indeed both ϕc1 ≈ 45◦ and ϕc2 ≈ 135◦ weakly depend on
the Rashba parameter. For ϕc1 <ϕ< ϕc2, we find that the
polarization azimuth rotation ϕr − ϕ is small. The radiated
field is almost linearly polarized when ϕ=0◦, almost right-
circularly polarized when ϕ=90◦, and almost left-circularly
polarized when ϕ= ϕc1 or ϕc2. Figures 6(c) and 6(d) show
ϕr − ϕ and ηr as a function of Es when ϕ=0◦ (ϕ=90◦) and
the polarization vector is parallel (perpendicular) to the static
electric field. Here αR =0.08 eVÅ and � = −0.1ω f i, thus
ωp/(2π ) is about 0.081−0.114 THz as the static electric field
varies. For ϕ=0◦ indeed polarization rotation ϕr − ϕ is 0◦
(90◦) for static electric fields smaller (larger) than a threshold
1291 V/m. The radiated field is right-circularly polarized for
Es = 0, linearly polarized for Es = 980 and 2339 V/m, and
left-circularly polarized for the threshold field 1291 V/m.
Quite interestingly, the polarization rotation ϕr − ϕ is zero
when ϕ=90◦. Here the static electric field merely influences
the ellipticity of the radiated field. We conclude that a Rashba
quantum ring may serve as an electrically tunable THz polar-
ization rotator.

(c) (d)

(a) (b)

FIG. 6. (a) ϕr − ϕ and (b) ηr as a function of ϕ when Es =
2000 V/m. (c) ϕr − ϕ and (d) ηr as a function of Es when αR =
0.08 eVÅ. In all plots, m∗ =0.067me, rc =40 nm, Ep =105 V/m,
� = −0.1ω f i, and m=1.

VII. CONCLUSION

A few remarks are in order.
(i) The absorption spectrum depends on the initial state

of the system. For example, the absorption spectrum for the
ψ−1,−1-like initial state �II and incident polarization vector ê+
(ê−) is the same as the absorption spectrum for the ψ0,−1-like
initial state �I and incident polarization vector ê− (ê+).

(ii) Eldridge et al. have performed all-optical spin-dynamic
measurement of the Rashba interaction in GaAs/AlGaAs
quantum wells under an applied electric field [52]. Figure 4
shows that the linear and circular dichroism spectra of a
Rashba quantum ring strongly depend on the Rashba inter-
action and the external electric field. This may provide a route
toward all-optical measurement of the Rashba parameter.

(iii) The electric dipole moment of a Rashba quantum ring
is proportional to its radius rc ∼ 40−80 nm. This allows the
system to radiate as a giant artificial atom.

(iv) Here it is shown that the superposition of quantum
states of different angular momentum quantum numbers ul-
timately allows the system to exhibit linear dichroism and to
radiate at the Rabi frequency. It is noteworthy that mixing
quantum states of different parities was recently proposed for
the induction of optical activity in achiral nanostructures [53].

(v) The asymmetry parameter κ of a quantum dot or a
quantum well is about 0.01 [13,15]. Remarkably, κ of a
Rashba quantum ring may be as large as 20 [see insets in
Fig. 5]. Thus, to develop THz emitters based on asymmetric
artificial atoms, quantum dots and quantum wells may be
inferior to Rashba quantum rings.

(vi) The asymmetry parameter depends on the amplitude,
frequency, and polarization of the driving field, the static
electric field, and gate-voltage-dependent Rashba parameter
[see Eq. (17)]. If V†

f iJ0(κ )+V f iJ2(κ )e−2iξ = 0, then the Rabi
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frequency associated with the first resonance and the emission
at frequency

√
�2 + |�R|2 are suppressed [see Eqs. (23) and

(26), and Fig. 5].
(vii) A singlet at the frequency

√
�2 + |�R|2 and an infi-

nite sequence of triplets with the frequencies nωp and nωp ±√
�2 + |�R|2 (n = 1, 2, ...) exist in the radiation spectrum

[see Eq. (26)]. This suggests that the Rashba quantum ring
can be utilized for the high harmonic generation. Indeed, both
even and odd harmonics can be generated. Nevertheless, the
amplitude of the nth harmonic decreases as n increases.

(viii) We have focused on the unitary evolution of the
system described by the Hamiltonian HTLS [see Eq. (18)].
In other words, we have considered the strong coupling
regime �Rτ 
 1, where the relaxation constant τ describes
the system-environment interaction. Even for a linewidth as
large as τ−1 =0.1ω f i ≈5 GHz, we find that �Rτ ≈ 20−2000,
thus the strong coupling regime can be reached.

In conclusion, we have studied a Rashba quantum ring
subjected to a static electric field. Interacting with a strong
electromagnetic field, the Rashba quantum ring radiates at
the Rabi frequency. The Rabi frequency is proportional to
the driving field amplitude, thus THz emission is achievable.
Moreover, the external static electric field, the gate-voltage-
dependent Rashba parameter, and the frequency and polar-
ization of the driving field can be used to control the THz
emission. In the THz region of the electromagnetic spectrum,
the absorption, static electric field-induced linear dichroism,
and Rashba interaction-induced circular dichroism and optical
activity of the system are considerable and markedly influ-
enced by the external field and gate voltage. Thus the Rashba
quantum ring is promising for realizing electrically tunable
terahertz emitter, absorption modulator, dichroic element, and
polarization rotator.

APPENDIX: DOUBLY DEGENERATE GROUND STATES
OF A RASHBA RING

Equation (10) grants access to the ground-state energy
and doubly degenerate wave functions of a Rashba quantum
ring. To name the doubly degenerate ground states, we adopt
the following convention: �I (�II) is a ψ0,−1-like (ψ−1,−1-
like) wave function. Here we assume that m∗ =0.067me, rc =
40 nm, and αR =0.08 eVÅ.

When Es =0,

E = −0.026 meV, �I = ψ0,−1, �II = ψ−1,−1. (A1)

When Es = 2000 V/m,

E = − 0.035 meV,

�I = − 0.002ψ−2,1 + 0.095ψ−1,1 + 0.987ψ0,−1

− 0.127ψ1,−1 + 0.004ψ2,−1,

�II = + 0.004ψ−3,−1 − 0.127ψ−2,−1 + 0.987ψ−1,−1

− 0.095ψ0,1 + 0.002ψ1,1. (A2)

When Es = 4000 V/m,

E = − 0.060 meV,

�I = − 0.009ψ−2,1 + 0.175ψ−1,1 + 0.957ψ0,−1

− 0.231ψ1,−1 + 0.014ψ2,−1,

�II = + 0.014ψ−3,−1 − 0.231ψ−2,−1 + 0.957ψ−1,−1

− 0.175ψ0,1 + 0.009ψ1,1. (A3)

When Es = 6000 V/m,

E = − 0.097 meV,

�I = − 0.018ψ−2,1 + 0.236ψ−1,1 + 0.922ψ0,−1

− 0.305ψ1,−1 + 0.026ψ2,−1 − 0.001ψ3,−1,

�II = − 0.001ψ−4,−1 + 0.026ψ−3,−1 − 0.305ψ−2,−1

+ 0.922ψ−1,−1 − 0.236ψ0,1 + 0.018ψ1,1. (A4)

When Es = 8000 V/m,

E = − 0.141 meV,

�I = + 0.001ψ−3,1 − 0.028ψ−2,1 + 0.281ψ−1,1

+ 0.890ψ0,−1 − 0.356ψ1,−1 + 0.040ψ2,−1

− 0.002ψ3,−1,

�II = − 0.002ψ−4,−1 + 0.040ψ−3,−1 − 0.356ψ−2,−1

+ 0.890ψ−1,−1 − 0.281ψ0,1 + 0.028ψ1,1

− 0.001ψ2,1. (A5)
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