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Plasmon oscillations in two-dimensional arrays of ultranarrow graphene nanoribbons
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The recent ability to manipulate graphene-like structures at the atomic scale is opening up new challenges
in electronics and photonics, with a key focus on the bulk and edges of the systems, which generate peculiar
and interfering charge density oscillations, quantized as plasmons. These quasiparticles are here scrutinized in
planar periodic distributions (two-dimensional arrays) of parallel and atomically wide graphene nanoribbons.
Time-dependent density functional theory is used, with a specifically developed adjustment on the random
phase approximation, suitable for two-dimensional materials. Several extrinsic conditions (for doped or gated
nanoribbon arrays) are simulated to characterize the propagation and interplay of the bulk and edge plasmons,
at far infrared to visible energies, and over a broad range of momentum transfers. The main technological
interest is on the bulk mode, which is dominant and propagates undamped, at energies below the band gap
of the intrinsic systems. On the other hand, the edge mode is always well defined at energies above the band
gap, and highly dependent on the band gap value, though it decays via electron-hole excitations between the
first valence and conduction bands. Particular attention is paid to the interaction or overlap region of the two
plasmons, explaining its sensitivity to induced Fermi level shifting, transferred momentum, ribbon type, and
geometry, with the inclusion of many-body, GW-like effects. More importantly, the lower-terahertz behavior of
the bulk plasmon is explored, highlighting the limits of available non–ab initio approaches, suitable for stripes
of graphene being tenths of nanometers wide. Then, an effective model is derived from the ab initio framework,
which reasonably accounts for the two-plasmon response of the studied, ultranarrow nanoribbon systems, at
small momentum transfers. The range of applicability of the same derivation procedure may be extended to
more complex nanoribbon heterostructures available for synthesis, which emphasizes the need for an ab initio
guide to a reliable design of nanoplasmonic devices.

DOI: 10.1103/PhysRevB.100.235422

I. INTRODUCTION

The quantized, collective oscillations of the valence elec-
tron density, at the interface between a low-dimensional
nanoscale structure and a dielectric medium, e.g., the vacuum,
result in plasmon quasiparticles, which make formidable tools
to confine and manipulate the electromagnetic energy at the
nanometer scale [1,2].

Soon after its discovery [3,4], graphene emerged as a build-
ing block for plasmonic applications [5–8] in a wide spectral
range, from the microwave to the visible, because of its intrin-
sic two-dimensional (2D) and flexible structure [9], excellent
electronic transport [10], and unique optical properties [11].

Nowadays, experimental and theoretical studies are ori-
ented to detect, launch, control, and manipulate plasmons in
a variety of graphene-based or beyond-graphene materials
[12,13], which has led to nanodevice architectures [14–17]
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offering the potential for confining optical signals, beyond the
diffraction limit of propagating light [18].

Graphene nanoribbons (GNRs) are notable material proto-
types to explore plasmon excitations, because they preserve
most of the exceptional properties of graphene, with the
additional feature that they are semiconductors and their band
gap is geometrically controllable [19]. Besides displaying en-
hanced electronic properties, these narrow stripes of graphene
also support a quasi-one-dimensional (1D) charge carrier
confinement [20], which calls for a thorough understanding
of their dielectric response.

Previous ab initio investigations [21,22], based on time-
dependent (TD) density functional theory (DFT), in the ran-
dom phase approximation (RPA), have demonstrated that,
independently of the width and chirality of the ribbons, all
GNRs are characterized by two interband plasmons at ener-
gies larger than about ∼2 eV, specifically, in the higher-visible
to the extreme-ultraviolet range. Such intrinsic oscillations
are the counterpart of the π -π and π -σ modes, detected in
graphene [23,24].
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On the other hand, at energies below the lower visible
spectrum, two other, more remarkable resonant oscillations
were noticed, being respectively associated with intraband
and interband electron-hole processes, occurring mostly be-
tween the first valence and conduction bands (first VBs and
CBs) of the systems. These quasiparticles were interpreted
as the momentum-space representations of the charge density
oscillations localized in and at the ends of the GNRs, namely
bulk and edge plasmons, consistently reported in a number of
experiments [25–29].

Indeed, the (extrinsic, bulk) intraband and (intrinsic, edge)
interband modes of several GNRs have been proved to be
tunable by changing some specific geometric, physical, or
chemical parameters, such as the unit cell bond lengths,
angles, or chirality, the charge carrier concentration or Fermi
level (doping), and the incident momentum or inclination
relative to the ribbon (longitudinal) axis. Nonetheless, a sys-
tematic analysis of the effect of these parameters on the shape
and dispersion of the same modes, over the whole infrared
domain, with a proper ab initio framework, is still lacking.

Here, we provide such a study using a TDDFT+RPA
approach at finite temperature (�100 K), specifically devel-
oped for extrinsic (doped) and intrinsic (undoped) GNRs,
in periodic planar array form [21,22]. Our attention is on
the ultranarrow 5AGNR and 11AGNR geometries respec-
tively characterized by 5 and 11 carbon dimer lines across
the nanoribbon width [30,31], ended by perfectly symmetric
hydrogen-passivated edges.

In this regard, we analyze the electronic structure of the
systems (Sec. II), with particular reference to the (slightly)
asymmetric dispersions of the highest occupied and lowest
unoccupied energy bands (first VB and CB), including re-
laxation effects, many-body band gap corrections, and related
semiphenomenological modeling.

Then, we focus on the propagation and interplay between
the intraband and interband plasmons (Sec. III), which are
the key elements of plasmonic and photonic applications on
GNR-based devices. We first consider small to large doping
concentrations, at near-infrared to visible energies (below
∼2.0 eV), and incident momenta, of length below ∼0.2 Å−1,
parallel or inclined with respect to the GNRs’ axis (Sec. IV).
In the same context, we specifically deal with the interaction
or overlap region of the two plasmons, plus its sensitivity
to charge carrier doping or gating, ribbon type, geometry,
transferred momentum, and many-body interactions. Next, we
present the mid- to far-infrared terahertz (THz) frequency
behavior of the intraband plasmon (Sec. V) and compare
its dielectric response with some known results based on
available non–ab initio approaches [32,33], while at the same
time highlighting their limits.

Finally, we derive an ab initio–guided model (Sec. VI),
which provides a sufficiently accurate description of the
plasmon behavior of currently synthesized ultranarrow GNRs
[34–37], in a limited range of their tunable parameters, and
may be extended to more sophisticated nanoribbon structures.

II. BAND STRUCTURE

As is routinely done in TDDFT [38,39], the ground-
state one-electron properties of 5AGNR and 11AGNR were
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FIG. 1. Structural and electronic properties of 5AGNR (a) and
11AGNR (b), obtained from PW-DFT under the LDA and GGA,
respectively, using the nominal (NOM, blue lines) and the geometry-
optimized (OPT, dashed green lines) unit cells, detailed in the main
text and Appendix B. The energy bands are plotted vs longitudinal
wave vectors of the first BZ (along the �X segment). The LDA and
GGA dispersions are nearly indistinguishable at 1.2–1.5 eV above or
below the intrinsic Fermi level EF (set to zero), with slightly different
band gap values �EG. The first valence and conduction bands have
clear nonparabolic dispersions, in excellent agreement with the SCE
model of Eq. (1), where v+ and v− are expressed in units of the
Bohr velocity. All bands are flat (i.e., nondispersive) with respect to
transverse wave vectors of the first BZ.

determined by plane wave (PW) DFT, within the Kohn-Sham
(KS) formalism [40]. Electronic structure calculations were
performed at the level of the local density [41] and generalized
gradient [42] approximations (LDA and GGA), in conjunc-
tion with suitable, norm-conserving pseudopotential schemes
[43,44] to eliminate the core electrons (Appendix A).

The three-dimensional (3D) periodicity, inherent in PW-
DFT, was implemented by equally spaced distributions of par-
allel GNR stripes. The main outputs, for subsequent dielectric
calculations, were the valence electron wave functions {|νk〉}
and associated energies {εν k}, indexed by the band number
ν and the reduced wave vector k of the first Brillouin zone
(first BZ).

Different structural relaxation tests, detailed in Ap-
pendix B, indicated that the unit cells of the systems are
weakly distorted, by less than 4%, from their ideal or nom-
inal configurations, set by hexagonal stripes with C-C bond
lengths of 1.42 Å and C-H bond lengths of 1.09 Å, as
sketched in Fig. 1 [and reported in Figs. 20(c) and 21(b) of
Appendix B].

Accordingly, we performed DFT-LDA calculations on the
ideal GNR geometries, used as reference, in comparison with
DFT-GGA calculations on the optimized GNR unit cells (Ap-
pendix A 1). The marginal effect of geometry optimization
reflects the almost identical dispersions, at a few eV around
the intrinsic Fermi energy EF, of the LDA and GGA bands.
These are reported in Fig. 1 (and Fig. 22 of Appendix C)
along the irreducible (longitudinal) part of the first BZ, i.e.,
the �X segment, which provides the periodic direction of the
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1D GNR element, whose 2D repetition generates the planar
array [Fig. 20(b) of Appendix B].

A projected band analysis confirmed that the valence
electron wave functions 〈r|νk〉, involved in the same energy
window, are entirely made of pz (π , π∗) orbitals, as ex-
pected from a virtual cut of the graphene electronic structure
(Appendix D).

At a closer look, significant differences, on the 0.1 eV
scale, occur at the � point that particularly affect the band
gap �EG of the two GNRs, with the GGA values (∼0.55 eV
for 5AGNR, 0.26 eV for 11AGNR) being generally larger
than the LDA values (∼0.36 eV for 5AGNR, ∼0.18 eV for
11AGNR), as also reported in Appendix C.

Larger discrepancies on suspended GNRs are predicted by
many-body perturbation theory, in the GW approximation [31]
(∼1.70 eV for 5ANGR and ∼0.90 eV for 11AGNR). Indeed,
even small changes in �EG, say, of ∼0.05 eV, may have
nontrivial consequences on the interband plasmon and the way
it is correlated to the intraband plasmon over the visible band,
as will be shown in Sec. IV C.

However, the interaction of several GNRs with specific
supporting substrates (SiC) has revealed a notable reduction
of the band gap values of the systems, which turn out to
be very close to our LDA band gaps [37]. Thus, it makes
sense to continue our analysis on the bare LDA electronic
structure {εν k, |νk〉}, while invoking, in parallel, the scissor
operator (SO) approximation [45] to deal with GW effects.
The DFT-LDA-SO approach consists, then, in splitting the
LDA energy spectrum {εν k} at the Fermi level, in order to
replace the LDA band gap with the GW-corrected value.

Let us now focus on the first VB (ν = −1) and CB (ν = 1),
being the main elements controlling the systems’ plasmonics.
Figure 1 also shows that these bands are excellently correlated
by a nonparabolic dispersion, of the form

ε±1 k = ±
√

(�EG/2)2 + h̄2v2±k2, (1)

vs the longitudinal crystal momentum h̄k of the first BZ
(�X axis). Equation (1) is provided by the so-called semi-
classical electromagnetic (SCE) approach [32,36], with v±
denoting the Fermi velocities of the first VB and CB, the
latter related to the effective masses m± of the charge carriers
by �EG = 2m±v2

±, with EF = 0. The adjusted values of v±
on the LDA bands, reported in Fig. 1, testify to a slight
asymmetric behavior of the first VB and CB; see also Sec. VI,
Fig. 17. Furthermore, the Fermi velocity difference |v+ − v−|
decreases with increasing GNR width. We thus expect v± to
tend to the Fermi velocities of graphene (v− ∼ 0.382, v+ ∼
0.377 in Bohr velocity units with the LDA [46]) as the GNR
width tends to infinity; see also Appendix G.

Other non–ab initio approaches, relying on the tight-
binding (TB) method, are well documented in a large litera-
ture; see, e.g., Refs. [12,33,47]. In particular, nearest-neighbor
(NN) TB approaches predict all armchair GNRs of the 3p + 2
family, such as 5AGNR (p = 1) and 11AGNR (p = 3), to
behave as (gapless) semimetals [33]. In this approximation,
the VB and CB dispersions are consistent with Eq. (1) at
�EG = 0. A band gap opening is recovered by including
next-nearest-neighbor terms [47]. Nonetheless, the nearest-
neighbor TB band structure of a virtually gapless GNR is

particularly instructive to have a feel of the intraband plasmon
features in large-width nanoribbons at THz frequencies.

III. PLASMON SPECTRUM

As a second step of the TDDFT framework, the electronic
structure {εν k, |νk〉}, computed from the DFT-LDA, DFT-
GGA, and DFT-LDA-SO approaches, was plugged into the
unperturbed density-density response function [48,49]

χ0
GG′ = 2

	

∑
k,ν,ν ′

( fνk − fν ′k+q)ρkq
νν ′ (G)ρkq

νν ′ (G′)∗

h̄ω + εν k − εν ′ k+q + iη
, (2)

triggered by a test particle (electron or photon) of energy h̄ω

and momentum h̄q; see also Appendix A 2. Here, the factor of
2 accounts for spin degeneracy. 	 denotes the normalization
volume of the electron states |νk〉 and |ν ′k + q〉, of energies
εν k and εν ′ k+q, and room-temperature occupation factors fνk
and fν ′k+q. The same states are associated with the correlation
coefficients ρ

kq
νν ′ (G) = 〈νk|e−i(G+q)·r|ν ′k + q〉 and ρ

kq
νν ′ (G′)∗,

which, in turn, depend on the reciprocal-lattice vectors G and
G′, spanned by the replicated GNR slabs; see Eq. (A3). η is a
small damping energy with respect to h̄ω.

Then, with the χ0
GG′ matrix at hand, the interacting density-

density response function was calculated via the central equa-
tion of TDDFT [38]

χGG′ = χ0
GG′ + (χ0vχ )GG′ , (3)

where the exchange-correlation part of the v matrix was
neglected, approximating it to a local kernel vGG′ , specifically
designed for 2D systems at the RPA level [21,46,50,51]; see
Eq. (A5).

Next, the inverse permittivity matrix was determined as
(ε−1)GG′ = ε−1

0 (1 + vχ )GG′ , with ε0 denoting the vacuum
permittivity. Finally, the macroscopic permittivity and loss
function were, respectively, obtained as

εM = 1

(ε−1)00
and ELOSS ∝ −Im[(ε−1)00]. (4)

The TDDFT-RPA-2D framework just outlined gives access
to the dielectric properties of 5GNR and 11AGNR, organized
in planar arrays with parallel stripes spaced 20 Å apart, at the
DFT level. A genuine plasmon mode is dictated by a double
change of sign (a couple of zeros) in the macroscopic real
permittivity Re(εM), as function of the probing energy h̄ω and
for a fixed transferred momentum h̄q. The lowest in energy
of these two zeros is followed by a peak in the absorption
spectrum, proportional to the macroscopic imaginary permit-
tivity Im(εM). The highest in energy of the same two zeros
is the best approximation to the plasmon resonance energy,
occurring in a region where Im(εM) is small and followed by
a peak in ELOSS. In addition, a local minimum of Re(εM) may
be the signature of a damped plasmon mode, preceded by a
maximum in Im(εM) and followed by a peak in ELOSS.

In the following, we will specifically explore the near-
infrared to visible (h̄ω � 2.0 eV, q � 0.15 Å−1) and mid- to
far-infrared (h̄ω � 50 THz, q � 105 cm−1) ranges (Sec. IV
and Sec. V) at room temperature, using ELOSS as a figure of
merit for the plasmon structure, i.e., the plasmon spectrum.
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FIG. 2. Intrinsic loss function ELOSS [(a), (b)] and loss peak
dispersions [(c), (d)] of 5AGNR [(a), (c)] and 11AGNR [(b), (d)]
vs a probing energy h̄ω � 1.0 eV. The different plasmon spectra
in (a) and (b), acquired at room temperature for some transferred
wave vectors q � 0.025 Å−1, parallel to the GNRs’ axis (q‖�X ),
are reported on an arbitrary intensity scale and displaced vertically
for clarity. The InterP mode is well separated from, and negligi-
bly overlapping with, a tiny IntraP mode (appreciable only with
the small, LDA band gap values). The InterP peaks in (c) and
(d) (computed with both the LDA and GW-corrected band gaps) are
compared with NN pz-TB calculations [33] (magenta lines), using
two different localization parameters for the pz orbitals. A tiny IntraP
mode (computed with the LDA band gaps only) is also detected and
reported for h̄ω � 0.05 eV, q � 0.012 Å−1.

IV. INTRABAND AND INTERBAND PLASMONS

To begin, let us explore the h̄ω < 4 eV range with trans-
ferred wave vectors of length q = 0.001–0.2 Å−1, which was
obtained by sampling the χ0

GG′ matrix of Eq. (2) with an
energy resolution of 0.5 meV, and a longitudinal wave vector
resolution (inherited from the KS structure of the PW-DFT
step) of 1.229 × 10−3 Å−1. The lowest 78 and 54 conduc-
tion bands, above 22 and 46 valence bands, were included
in the calculation to respectively characterize 5AGNR and
11AGNR. A damping parameter η = 0.01 eV was adopted to
distinguish the loss profiles and plasmon resonances. Differ-
ent intrinsic and extrinsic conditions were tested, by increas-
ing or decreasing EF, in the occupation factors fνk, fν ′k+q,
entering the χ0

GG′ matrix of Eq. (2), by an amount �EF. Then,
the dielectric properties were computed by plugging χ0

GG′
into Eqs. (3) and (4). Well converged results were obtained
by reducing Eq. (3) to a finite NLF × NLF matrix equation,
including the smallest NLF ∼ 100 crystal local fields (see also
Appendix A 2).
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An intraband and an interband plasmons were clearly
spotted in all cases as distinct peaks in ELOSS, on the bases of
which we have fixed some general features of the two modes,
which will be described in the following (Secs. IV A–IV C).

A. Intrinsic GNRs

The intrinsic (undoped) systems (�EF = 0) have a well-
defined interband plasmon (InterP) and a tiny to negligible
intraband plasmon (IntraP), activated by the minority fraction
of excited electrons at room temperature, which produces an
appreciable intensity only with the small band gap values
provided by the LDA [Figs. 2(a) and 2(b)].

Such a thermal doping produces a square-root-like dis-
persion of the IntraP mode, which can be resolved only in
the smallest band gap systems (5AGNR and 11AGNR with
the LDA electronic structure). Indeed, the IntraP loss peak
increases in intensity with increasing temperature, and may
have a significant impact above ∼500–700 K, depending on
the band gap; see Appendix E.

On the other hand, the InterP loss peak presents a (linearly)
increasing dispersion vs the incident momentum above the
band gap, i.e., the activation energy for the interband plasmon,
computed in Figs. 2(c) and 2(d) under both the LDA and
LDA-SO (GW-corrected) approximations. A similar trend
was predicted by a NN TB approach [33], where, however,
due to the absence of a band gap, the predictions of the InterP
peak positions are underestimated by roughly the band gap
value. Therefore, the TB method appears to be sufficiently
reliable for large, i.e., small band-gapped, GNRs (∼10 nm
wide, and above).

B. Extrinsic GNRs with LDA band gap

Turning to extrinsic doping, we first consider the LDA
electronic structure [Figs. 1 and 3(a)] under a longitudinal
wave vector transfer q � 0.0025 Å−1. Small injected (+) or
ejected (−) charge carrier concentrations n±, being such that
|n±| ∼ 3 × 1012 cm−2 in 5AGNR and |n±| ∼ 2 × 1012 cm−2

in 11AGNR, produce Fermi level shifts or doping levels just
above or below the activation threshold for charge carrier
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FIG. 4. Room-temperature plasmon structure (ELOSS) of doped
5AGNR (a) and 11AGNR (b), for h̄ω � 1.0 eV and q � 0.0025 Å−1,
parallel to the GNRs’ axis. The doping concentrations [n+ ∼ 6 ×
1012 cm−2 in (a), n+ ∼ 3 × 1012 cm−2 in (b)] induce moderate Fermi
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doping (±�EG/2 with EF = 0) [Fig. 3(b)]. Under these con-
ditions, the IntraP and InterP modes display similar intensities
and appear to be uncorrelated with negligible overlap of the
associated line shapes [see also Figs. 7(a) and 7(b)].

The overlap (interaction) region of the two plasmons
becomes more and more effective with increasing |n±|, in
the range of ∼5 × 1012–1013 cm−2 for 5AGNR and ∼3 ×
1012–5 × 1012 cm−2 for 11AGNR (Fig. 4).

Larger doping levels, corresponding to charge carrier con-
centrations |n±| � 1013 cm−2 in 5AGNR and |n±| � 5 ×
1012 cm−2 in 11AGNR, if achievable, lead to even stronger
correlations, which results in the IntraP and InterP line shapes,
being substantially superimposed. Such heavy conditions pre-
vent the two modes from being distinguished in momentum
space (Fig. 5), which allows them to be resolved in real space,
e.g., by infrared imaging techniques [27].

The preliminary considerations made so far show that a
fine-tuning of the doping conditions can isolate or mix the in-
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in (a), n+ ∼ 5 × 1012 cm−2 in (b)] induce large Fermi energy shifts,
which, in turn, cause the IntraP and InterP modes to be strongly
correlated, and almost indistinguishable from each other.
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FIG. 6. IntraP loss-peak and resonance energies (h̄ωL and h̄ωP)
of 5AGNR and 11AGNR, reported in (a), (b) vs the applied wave
vector q‖�X , and in (c), (d) vs charge carrier concentrations n±
at room temperature. The black dashed lines label the scaling laws
h̄ωP(L) ∝ q1/2 [(a), (b)] and h̄ωP(L) ∝ |n±|1/2 [(c), (d)], obtained by
fitting the numerical data at q < 0.008–0.010 Å−1 and |n±| < 0.5 ×
1013 cm−2, respectively.

traband and interband plasmons, for the desired functionality
of the GNR-based application [52].

As a marginal note, the behavior of the loss peaks with
reversing the charge carrier sign reflects the slight asymmetric
dispersions of the first VB and CB (Fig. 1). However, a
non-negligible difference in the IntraP and InterP modes, at
opposite �EF, is appreciable in 5AGNR only (Appendix F), at
a sufficiently large doping level (|�EF| > 0.27 eV) and longi-
tudinal momentum transfer (q > 0.01 Å−1). Like in graphene,
a much more pronounced asymmetry may be obtained by
exposure to chemical doping [53,54].

A more critical issue is the relation of the IntraP resonances
h̄ωP [second zero of Re(εM)], or the lowest ELOSS peak
energies h̄ωL, to the longitudinal momentum h̄q‖�X . Indeed,
as shown in Fig. 6, h̄ωP and h̄ωL are always so close that they
can be confused with each other, notwithstanding h̄ωP < h̄ωL.

Furthermore, Figs. 6(a) and 6(b) respectively report the
dependence of h̄ωP(L) vs q at fixed Fermi energy shifts �EF =
0.20–0.30 eV for 5AGNR and �EF = 0.095–0.125 eV for
11AGNR. Besides a general increasing trend, the q-h̄ωP(L)

data sets are well correlated by a square-root law of the
form h̄ωP(L) ∝ q1/2, at applied wave vectors below 0.006 Å−1

in 11AGNR, and 0.010 Å−1 in 5AGNR, confirming the 2D
nature of the intraband oscillation.

Similarly, a monotonically increasing behavior of h̄ωP(L)

vs the positive or negative charge carrier concentration n±
is detected, in both 5AGNR and 11AGNR, and displayed in
Figs. 6(c) and 6(d), where the above-mentioned asymmetry of
the first VB and CB is manifested in the slightly different val-
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FIG. 7. Loss function ELOSS [in arbitrary units, (a), (b)] and
macroscopic real permittivity Re(εM) [in Hartree atomic units, (c),
(d)] of 5AGNR [(a), (c)] and 11AGNR [(b), (d)], in the energy–
wave vector domain h̄ω � 1.0 eV–q � 0.12Å−1, with q‖�X . The
intraband plasmon propagates outside the region of single-particle
electron (SPE) transitions (yellow lines). The associated loss peaks
h̄ωL correspond to well-spotted zeros of Re(εM) [(c), (d)]. The
interband plasmon is, otherwise, dominant in the SPE region, where
damping effects prevent Re(εM) from strictly achieving the plasmon
resonance condition [(c), (d)]. The dashed white lines delimit the
no-SPE region of graphene [55], for the corresponding value of the
Fermi energy shift �EF.

ues n− > n+ at equal |�EF|. A square-root-like trend is also
found in the different n±-h̄ωP(L) data sets, for sufficiently low
concentrations |n±| < 0.5 × 1013 cm−2, above the threshold
for charge carrier doping.

A complete view of the propagation and interplay of the
IntraP and InterP modes, within the LDA, is achieved by
looking at the density plot profiles of ELOSS on a wider
energy-longitudinal wave vector domain, h̄ω � 2.0 eV–q �
0.12Å−1, in conjunction with the zeros of the real permittivity
Re(εM) [Eq. (4)].

The loss peaks associated with the IntraP mode occur in a
region of the (h̄q, h̄ω) plane where single-particle excitation
(SPE) processes (involving conduction electrons or valence
holes) would be strictly forbidden at the absolute zero (no-
SPE region). Thus, with the low thermal energies at hand,
the intraband plasmon propagates practically undamped, in
between the interband and intraband SPE regions [Figs. 7(a)
and 7(b)], as attested by the clear (second) zeros in Re(εM)
[Figs. 7(c) and 7(d)].

The no-SPE region of the GNRs includes that of graphene
[55], and the IntraP peak (with its maximum intensity) lies
within the no-SPE region of graphene, at small transferred
momenta q �

√
π |n±| [55], which justifies the square-root-
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FIG. 8. Room-temperature loss spectra ELOSS of 5AGNR (in
atomic units), obtained with the ideal and optimized unit cells of
Fig. 20, respectively, using the LDA (red) and GGA (blue). The two
results are compared with the loss spectra derived from the LDA-SO
(GW-corrected) approach (green). An identical doping concentration
n+ is simulated, which corresponds to Fermi energy shifts �EF of
0.25,0.285 eV (LDA), 0.349,0.384 eV (GGA), and 0.907,0.942 eV
(GW).

like dispersion reported in Fig. 6. Indeed, as suggested in Ap-
pendix G, by looking at the dielectric response of 29AGNR,
the no-SPE region of armchair GNRs becomes more and more
similar to the no-SPE region of graphene, as the GNR width
increases.

The InterP loss peak, on the other hand, lies mostly inside
the SPE region, which causes a significant damping of the
mode, via interband electron-hole processes, attested by the
missing zeros in the real permittivity above the band gap
energy [see also Figs. 9(b) and 9(d)].

Also important to point out is that equal Fermi energy shifts
on different GNRs [5AGNR, Figs. 7(a), 7(c), or 11AGNR,
Figs. 7(b), 7(d)] are associated with different charge carrier
concentrations [Fig. 3(b)] and produce distinct plasmon re-
sponses, which depend on GNR type and its peculiar elec-
tronic structure.

C. Band gap effect: LDA vs GW

We now come to the effect of band gap change, due to
geometry relaxation (GGA optimization) or many-electron
correlations (GW correction). To this purpose, we computed
the LDA, GGA, and GW-corrected loss properties of 5AGNR
and 11AGNR at identical (positive) doping concentrations,
i.e., charge carrier injections associated with identical Fermi
energy shifts relative to the activation threshold for charge
carrier doping; see Figs. 8 and 9.

The first obvious consequence of increasing the band
gap is that the InterP mode is accordingly shifted to higher
energies, with its associated loss structure beginning at
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FIG. 9. Plasmon structure ELOSS of 5AGNR [(a), (b)] and
11AGNR [(c), (d)], with the GW-corrected [(a), (c)] and LDA [(b),
(d)] approaches, in the energy–longitudinal wave vector domain
where the IntraP and InterP peaks display their maximum intensities
(h̄ω � 2.5 eV–q � 0.12 Å−1). Identical doping concentrations n+
are simulated, which correspond to the Fermi energy shifts �EF −
�EG/2 = 0.072 eV [(a), (b)] and 0.035 eV [(c), (d)], relative to the
activation threshold for charge carrier doping (Fig. 3).

h̄ω = �EG. For example, in 5AGNR the InterP loss peak
begins at ∼0.36 eV, ∼0.55 eV, and ∼0.67 eV, with the LDA,
GGA, and GW-corrected electronic structures, respectively,
as reported in Fig. 8. The peak intensity is attenuated to-
ward higher energies, because of the decreasing behavior
of the dynamic factors in the unperturbed susceptibility of
Eq. (2), provided by the retarded Green’s functions (ω +
ενk − εν ′k+q + iη)−1. This fact is independent of the doping
conditions, as attested by intrinsic response of the systems
[Figs. 2(c) and 2(d)].

Furthermore, in intrinsic GNRs the band gap increase
further attenuates the thermally activated IntraP mode, which
is practically absent in 5AGNR, with the GW-corrected elec-
tronic structure, for working temperatures below 1500 K; see
Fig. 24 of Appendix F. Charge carrier injection or ejection,
besides activating a strong intraband plasmon, opens an inter-
action (overlap) region between the IntraP and InterP modes,
which is modulated by the charge carrier concentration (dop-
ing level) and transferred momentum. Then, under sufficiently
weak interaction (negligible overlap) conditions, the IntraP
loss peak is rather insensitive to band gap changes. This is
the case in Figs. 8(a) and 8(c), where moderate to large Fermi
energy shifts in 5AGNR are associated with small longitudinal
wave vectors, of about ∼0.01 Å−1, with the IntraP peak
preserving its line shape and position. A similar band gap
independence can be observed in Fig. 9, with moderate charge
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FIG. 10. IntraP resonance or loss-peak energies h̄ωP(L) of
5AGNR (a) and 11AGNR (b) vs the applied wave vector q‖�X ,
computed under the GW-corrected approach. The black dashed lines
label the scaling laws h̄ωP(L) ∝ q1/2 obtained by fitting the numerical
data at q < 0.015–0.020 Å−1.

carrier injections, equivalent to �EF = 0.250 eV in 5AGNR
and �EF = 0.125 eV in 11AGNR, associated with small
momentum transfers, i.e., longitudinal wave vectors below
∼0.01 Å−1; see also Fig. 3(b).

Conversely, non-negligible InterP-IntraP interactions in the
LDA spectrum, due to an increase of the doping concentration
and/or the transferred momentum, lead to correlated plasmon
spectra, which significantly differ, in both the IntraP and
InterP components, from the loss profiles obtained with the
optimized GGA and GW-corrected approaches. In particu-
lar, sufficiently large longitudinal wave vectors, say, above
∼0.15 Å−1, at moderate to large doping injections, �EF =
0.250–0.285 eV, produce significantly different peak positions
and intensities of the IntraP and InterP modes of 5AGNR, as
shown in Figs. 8(b) and 8(d).

It is worth noticing, however, that the increase in resonance
energy due to GW effects is somehow contrasted with the
electron-hole interaction, operating to decrease the InterP
peak position. A careful analysis of this effect would require
a full GW plus Bethe-Salpeter equation (BSE) simulation
[56], which however has practical limitations on the k-point
sampling and the low-dimensional cutoff on the interaction
kernel. More importantly, the main message of the present
study is that even a small band gap variation (such as in the
LDA vs GGA case) may result in a substantial change of the
dielectric properties of the systems, as evidenced in Fig. 8(d).

In addition, the moderate doping concentrations, shown
in Fig. 9, produce markedly distinct LDA and GW IntraP
line shapes, at large longitudinal wave vectors q > 0.02 Å−1.
Indeed, the large GW band gaps come with a wide no-SPE
region, which ensures the intraband plasmon a better control
of the propagation environment. As a consequence, the IntraP
mode has a more clear tendency to mimic the plasmon of a 2D
free gas, with its resonance energies being better correlated,
and for longer wave vector ranges, with the square-root law
h̄ωP(L) ∝ q1/2, than the LDA resonance energies, as can be
deduced by looking at Figs. 6 and 10.

These considerations can be of help in cases where a
significant band gap reduction results from the interaction of
the GNR array with a contacting substrate [37], which is also
one possibility for IntraP/InterP tuning.
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FIG. 11. Room-temperature loss curves of doped 5AGNR
(a) and 11AGNR (b), with the LDA electronic structure, probed by
different oblique wave vectors q, of fixed modulus q = 0.0246 Å−1

and inclination θ in the range of 0 to 87.13◦, with respect to the
GNRs’ axis (�X ), corresponding to 0.05 � cos θ � 1.00 in steps of
0.05.

D. Oblique momentum

So far, we have discussed the plasmon activity of atom-
ically precise GNR arrays with respect to longitudinal mo-
mentum transfers and a number of internal or external tunable
parameters (GNR type, geometry, many-electron interaction,
doping, and working temperature). Other major controlling
factors, such as the GNR chirality and asymmetric edge
passivation, would require different simulations.

In what follows, we report on how the interplay between
IntraP and InterP modes is also strongly modulated by an
in-plane incident momentum with inclination θ , relative to
the GNR axis, thus characterizing the oblique plasmons of
5AGNR and 11AGNR at eV energies.

In this respect, we should recall that the unperturbed
susceptibility of Eq. (2) is entirely determined by the KS
structure of the PW-DFT step (Sec. II). The latter disperses
only along the longitudinal crystal momentum (h̄k‖�X ),
because contiguous GNRs have been placed sufficiently far
apart that their unperturbed charge densities are (numerically)
nonoverlapping.

Accordingly, due to the difference in the statistical factors
at the numerator of Eq. (2), each applied wave vector q of
modulus q = |q| contributes with its �X component qx =
qcos θ to the unperturbed susceptibility χ0

GG′ . On the other
hand, the truncated interaction vGG′ of our TDDFT-RPA-2D
approach [Eq. (A5)] is sensitive to the entire wave vector, and
decreases with increasing its modulus.

In this momentum mismatch lies the atomistic mechanism
by which the GNR arrays react to an external inclined mo-
mentum q. Figures 11, 12, and 13 show that, at any fixed q,
both the IntraP and InterP modes are shifted to lower energies
by increasing θ , from 0 to 90◦, i.e., rotating the q orientation
from longitudinal to transverse, with the InterP peak having a
lower bound at the band gap energy.

Then, the interaction or overlap region of the intraband
and interband plasmons, and the plasmon activities of the two
modes, can be finely reduced or adjusted by operating on the
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FIG. 12. Intraband plasmon dispersions of doped 5AGNR [(a),
(c)] and 11AGNR [(b), (d)], with the LDA and GW-corrected elec-
tronic structures, probed by different oblique wave vectors q, of
fixed modulus q = 0.0246 Å−1 and inclination θ in the range of 0
to 87.13◦, with respect to the GNRs’ axis (�X ).

incident momentum direction. This is the case of Fig. 11,
showing the LDA loss properties 5AGNR and 11AGNR at
several inclined wave vectors, of fixed length q ∼ 0.025 Å−1,
and sufficiently large doping injections, which induce a strong
overlap of the two plasmons for a longitudinal momentum
transfer. In particular, an oblique momentum with θ � 30◦
in 5AGNR allows us to completely decouple the InterP and
IntraP features. Also important to notice is that both the
IntraP and InterP intensities decrease with θ coming near the
perpendicular direction across the �X axis.

As for the plasmon resonance (or loss-peak) dispersions,
both the IntraP and InterP loss peaks follow an increasing
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FIG. 13. Interband plasmon dispersions of doped 5AGNR [(a),
(b)] and 11AGNR [(c), (d)] with the LDA and GW-corrected elec-
tronic structures, probed by different oblique wave vectors q, as in
Fig. 12.
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trend vs cos θ = qx/q, at fixed q, respectively reported in
Figs. 12 and 13. For sufficiently small doping concentra-
tions and/or transferred momenta, the two modes are well
separated, and the cos θ -h̄ωP(L) data appear to be consistent
with the linear relation h̄ωP(L) ∝ cos θ , shown in Fig. 12.
The agreement with such a trend turns from fair or good to
excellent in the large-gapped GNR arrays, whose electronic
structure is corrected by GW effects.

On the other hand, significant to large deviations from the
linear behavior are observed in cases where the IntraP and
InterP peaks have a non-negligible overlap, such as in the
small-gapped GNR arrays, predicted by the LDA. We may
also extrapolate the two-plasmon behavior under an applied
momentum with nearly transverse direction to the GNRs’ axis
(θ ∼ 90◦).

The dispersions of Fig. 12 allow us to conclude that the
intraband plasmon resonance vanishes as cos θ , for distinct
fixed values of q, whereas the dispersions of Fig. 13 indicate
that the interband plasmon has a peak value right above the
onset of the mode, namely the band gap energy. Nonetheless,
the plasmon peak intensities become smaller and smaller for
θ → 90◦, with the macroscopic dielectric function tending
to its static limit (see also Sec. VI and Appendix I). Finite
transverse plasmon intensities may be recovered either by ap-
plying a strong external perturbation, such as a high-intensity
electromagnetic wave, which is outside the linear-response
TDDFT framework presented here, or by reducing the vacuum
distance between contiguous GNRs, in such a way that the
electronic structure of the array gets dispersive features along
the transverse axis [22].

V. THz BAND

We now analyze the dielectric response of our ultranarrow
GNRs in the far- to mid-infrared band, with the same TDDFT-
RPA-2D approach (Sec. III and Appendix A 2) applied to the
eV range (Sec. IV). In the present context, the χ0

GG′ matrix of
Eq. (2) was acquired on a highly resolved KS structure from
the PW-DFT step, consisting of a 20 000 k-point sampling
of the �X segment. Accordingly, a frequency resolution of
∼0.01 THz and a wave vector resolution of ∼7400 cm−1

were used to sample the unperturbed density-density response
of the KS electrons at ω � 400 THz, including the smallest
NLF ∼ 60 G-vectors. In addition, a damping parameter η,
equivalent to a frequency of 0.1 THz, was adopted to distin-
guish the loss profiles and plasmon resonances. Again, as in
the eV calculations of the former section, the plasmon spectra
were computed by plugging χ0

GG′ into Eqs. (3) and (4).
The focus here is on the intraband plasmon, lying at

resonance frequencies below ∼10 THz, in a (q, ω) region
where its propagation is well separated and, thus, negligibly
affected by the interband plasmon. Hence, the THz features of
the IntraP mode are independent of the band gap (associated
with a frequency range of ∼50–400 THz). In other terms,
the macroscopic permittivity Re(εM) and loss function ELOSS

have identical profiles at ω � 20 THz with the same Fermi
energy shift �EF − �EG/2, relative to the charge carrier dop-
ing threshold, and the different DFT approaches of the present
paper (Appendix H). Furthermore, the resonance frequencies
of the IntraP mode (ωP) are clearly defined in the second zero

FIG. 14. Room-temperature loss curves ELOSS [(a), (c)] and In-
traP resonance frequencies ωP or IntraP loss peak frequencies ωL

[(b), (d)] of extrinsic 5AGNR [(a), (b)] and 11AGNR [(c), (d)]
over the THz band (ω < 10 THz). Several doping conditions are
considered, below and above the threshold concentration for charge
carrier doping n0

± [black arrows in (b), (d)] at two different lon-
gitudinal wave vectors. The ωP(L)-n± data [(b), (d)] are fitted with
the square-root law ωP(L) ∝ |n±|1/2 for |n±| � 0.5 cm−2 (continuous
lines). The model of Eq. (5) is also tested (dashed lines), using θ = 0
(longitudinal momentum) and the effective masses m± taken from
the nonparabolic dispersions of Fig. 1 (with m0 denoting the electron
mass).

of the real permittivity (Appendix H) and indistinguishable
from the IntraP peak frequencies (ωL).

Based on the results of Figs. 6, 10, and 12, we may
infer that the intraband plasmon frequency has a structure of
the form ωL ∝ cos θ

√|n±|q, for sufficiently low doping con-
centrations and small transferred momenta. Indeed, different
non–ab initio approaches, including the SCE [32], suggest that
the scaling law of the IntraP mode in the vacuum should be

ωSCE
P = cos θ

√
q

|n±|e2

2ε0m±
, (5)

with e denoting the electron charge. In the reminder of this
section we will test Eq. (5) as a reliability factor for currently
available non–ab initio tools at the THz level.

We first consider the behavior of the IntraP mode at
two small sampled momenta, respectively associated with
longitudinal wave vectors of 7375 and 36 873 cm−1. The
corresponding loss peak propagates undamped, with growing
intensity, toward higher frequencies as the doping concentra-
tion increases [Figs. 14(a) and 14(c)]. This resonance is very
well correlated with a square-root dependence on the charge
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FIG. 15. Room-temperature loss curves [(a), (c)] and IntraP reso-
nance frequencies [(b), (d)] of doped 5AGNR [(a), (b)] and 11AGNR
[(c), (d)] over the THz band, with fixed doping levels and several
longitudinal wave vectors. The ωP(L)-q dispersions [(b), (d)] are
excellently correlated with a square-root law (dashed black lines),
though the model of Eq. (5), with the same parameters as Fig. 14,
gives an unreliable estimate of the intraband plasmon propagation
(dashed blue lines).

carrier concentration, for values typical of chemical doping or
low gating [Figs. 14(b) and 14(d)], being such that the shifted
Fermi level lies within the band gap range.

A ωP ∝ |n±|1/2 law is also reasonably fulfilled for a small
charge carrier doping concentration associated with a Fermi
energy shift slightly above the first CB [Figs. 14(b) and 14(d)]
or below the first VB, similarly to the eV band [Figs. 6(c)
and 6(d)]. The range of validity of this trend becomes smaller
and smaller with increasing q. The semiclassical model of
Eq. (5), implemented using the effective masses derived from
the Fermi velocity values of Fig. 1, provides only a qualitative
agreement with the data, overestimating the asymmetry be-
tween positive and negative charge carriers. More importantly,
values of |n±| larger than ∼(0.4–0.5) × 1013 cm−2 lead to a
completely different trend, which may be catched only by a
TDDFT-based modeling; see Sec. VI.

As a second issue, we characterize the IntraP oscillation as
a function of the longitudinal momentum, under fixed extrin-
sic conditions. In the examples of Fig. 15, the loss peak lies in
a region of the (q, ω) plane where the peak intensity increases
with increasing q, from ∼104 to ∼105 cm−1. Complemen-
tarily, the loss peak energy follows a perfect square-root trend
ωP(L) ∝ q1/2, which resembles the behavior of the IntraP mode
on the eV band at q � 0.01 Å−1 [Figs. 6(a), 6(b), and 10].
This oscillation is, then, a genuine 2D plasmon, like in a
2D electron gas, with the semiclassical predictions of Eq. (5)
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FIG. 16. Room-temperature loss curves [(a), (c)] and IntraP
resonance frequencies [(b), (d)] of doped 5AGNR [(a), (b)] and
11AGNR [(c), (d)] over the THz band, with fixed doping levels
and several oblique wave vectors (fixed modulus q, relative angle
θ to the GNRs’ axis). The ωP(L)- cos θ data present an excellent
linear correlation (dashed black lines), whose slope is, however,
significantly overestimated by Eq. (5), with the same parameters as
Figs. 14 and 15.

largely overestimating (by up to 95%) the proportionality
constant of the ωP(L) vs q1/2 relation. The main reason for such
a discrepancy stems from the non-square-root correlations in
the |n±|-ωP(L) data (Fig. 14).

Finally, we look at the behavior of the intraband plasmon
with the change of relative angle θ between the transferred
momentum q and the longitudinal �X axis (Fig. 16). As
in the eV band, the IntraP loss peak increases in intensity
and shifts toward higher energies with the plasmon moving
from transverse (q⊥�X , θ = 90◦) to longitudinal propagation
(q‖�X , θ = 0).

In this frequency range, the influence of the InterP mode
is negligible, which allows for a perfect linear correlation
between the intraband resonance (or loss peak) frequencies
h̄ωP(L) and cos θ = qx/q, at fixed wave vector modulus q =
|q|, while, again, the proportionality constant of the SCE
model significantly overestimates the actual slope of the
h̄ωP(L) vs cos θ relation.

In summary, a scaling behavior of the kind ωP(L) ∝
cos θ q1/2 can be safely assumed for the THz plasmon, while
a fine-tunability of the associated mode with the doping con-
centration requires a detailed knowledge of the GNRs’ elec-
tronic structure, along with the dependence of the density of
occupied or empty levels on the working temperature (Fig. 3).
Then, only an ab initio strategy, like the one presented here,
can properly address the IntraP features for design purposes.
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VI. TDDFT-GUIDED MODELING

We conclude by presenting an effective analytical model
for the loss function of 5AGNR and 11AGNR at transferred
wave vectors q, with longitudinal component q cos θ below
∼0.003 Å−1.

In this range, the effect of crystal local fields, i.e., the
influence of the G 
=0, G′ 
=0 elements in Eqs. (2) and (3), is
mostly negligible [21,22,24,49,51,57,58]. Then, we may ap-
proximate the macroscopic permittivity εM with the nonlocal-
field expression εM

NLF = ε0(1 − v00 χ00), obtained by reducing
Eq. (3) to a scalar equation, with the NLF = 1 crystal local
fields, so that the loss function reads ELOSS≈ − Im(1/εM

NLF).
We may further restrict the electronic structure to the first

VB (ν = −1) and CB (ν = 1). Using the above-mentioned
independence of Eq. (2) on the k components perpendicular
to the longitudinal direction (Sec. III), and transforming the k
summation in the continuous limit, the unperturbed suscepti-
bility becomes

χ00 ≈
∑

ν,ν ′=±1

∫ k�X

−k�X

dk

πLyL

( fνk − fν ′k+qcos θ )Mk qcos θ

ν ν ′

h̄ω + ενk − εν ′k+qcos θ + iη
. (6)

Here, the integration is performed over the longitudinal
direction k‖�X , with k�X = π/Lx being the length of the �X
segment (Fig. 1), and Lx the longitudinal lattice constant of
the GNR array, e.g., Lx = 3 × 1.42 Å with the ideal GNR ge-
ometry detailed in Sec. I and Appendix B. The band energies,
given in Eq. (1), enter the determination of the occupation fac-
tors, along with the shifted Fermi energy, namely the doping
level. Ly = (w + L) denotes the transverse lattice constant of
the GNR array; see Fig. 20 of Appendix B.

To complete the picture, an analytical form is needed for
the correlation terms

Mk qx

ν ν ′ = |〈νk|e−iqx x|ν ′k + qx〉|2. (7a)

To this end, we used the different LDA eigensystems
{εν k, |νk〉}, acquired from the KS structure in the PW-DFT
step (Sec. II), to compute the matrix elements of the velocity
operator vνν ′ (k) = 〈νk|−ih̄∇/m|ν ′k〉, whose diagonal com-
ponents vνν (k) coincide with the group velocities ∂ενk/h̄∂k
[see also Appendix A 2, Eq. (A2)].

In Fig. 17(a), we show that these quantities are suffi-
ciently well represented by the nonparabolic bands of Eq. (1),
yielding

v±1±1(k) = ±h̄2v2
±k√

(�EG/2)2 + h̄2v2±k2
. (7b)

As for the off-diagonal velocities, a tentative interpolation
function of the form

|v1−1(k)| = |v−11(k)| = vmax − vmin(
k2/k2

0 + 1
)3/2 + vmin (7c)

was defined, which depends on two velocity parameters vmax,
vmin and a characteristic wave vector k0, specific of the GNR
type.

FIG. 17. (a) Matrix elements vνν′ (k) of the velocity operator,
ν, ν ′ = ±1 and (b) low-q expansion of the Mk q

ν ν′ matrix, ν, ν ′ = ±1,
in comparison with the model of Eq. (7e), for 5AGNR and 11AGNR,
at small longitudinal wave vectors q < 0.001 Å−1.

With the velocity matrix at hand, we verified that the
{Mk qx

ν ν ′ }ν,ν ′=±1 matrix, computed from Eq. (A1) at the LDA
level, is excellently approximated by

Mk qx
±1 ±1≈1 − q2

x

Q(k)2
, (7d)

Mk qx
±1 ∓1≈

q2
x

Q(k)2
, Q(k) = |ε1k − ε−1k|

h̄|v1−1(k)| . (7e)

Here, the q2
x correction to the diagonal elements [Eq. (7d)]

is negligible in the considered wave vector range, so that
the crude expression Mk qx

±1 ±1 ≈ 1 is sufficiently reliable,
within the normalization error of the numerical band states
(<0.01%). This makes the structure of Eq. (6) similar to the
unperturbed susceptibility of graphene, as calculated under
the Dirac-cone approximation [55], with the obvious differ-
ences that the GNR arrays are gapped, 1D systems, with
nonconstant group velocities. Furthermore, as reported in
Fig. 17(b), the off-diagonal coefficients Mk qx

±1 ∓1/q2
x , obtained

from Eq. (7e), have the dimension of square lengths, and are
perfectly matched with the result of k · p perturbation theory,
here denoted Q(k)−2.

To keep the modeling as simple as possible, we ap-
proximate the RPA kernel v00 in εM

NLF with its vanishing-
momentum-limit expression v00≈ L

2ε0q [see Appendix A 2,
Eq. (A5)], i.e., with the 2D Coulomb potential. Then, the
macroscopic permittivity may be written as

εM
NLF ≈ ε0−

∑
ν,ν ′=±1

∫ k�X

−k�X

dk

2πLyq
( fνk − fν ′k+q cos θ )

×
δνν ′ − νν ′q2cos2 θ

Q(k)2

h̄ω + ενk − εν ′k+q cos θ + iη
. (8)

It can be straightforwardly checked that εM
NLF correctly ap-

proaches the static limit εM
NLF → 0 as qcos2 θ , for small or

transverse wave vectors [see Appendix H, Eq. (I1)].
Indeed, Eq. (8) makes an excellent approximation to the

ab initio permittivity (Sec. IV and Sec. V) for probing energies
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FIG. 18. Real [(a), (b)] and imaginary [(c), (d)] permittivity of
5AGNR and 11AGNR on the eV range, at room temperature and
different doping levels, as calculated from the TDDFT-RPA-2D
approach of Sec. IV and the analytical model of Eq. (8), at a small
longitudinal wave vector. Notwithstanding the large discrepancies
for h̄ω < 0.02 eV, the analytical and numerical results are perfectly
matched for h̄ω > 0.05 eV.

much larger than ∼h̄|v±|q and longitudinal wave vectors
much smaller than k�X (Fig. 18).

For example, Eqs. (2)–(4) and Eq. (8) are in large disagree-
ment with each other, in defining the structure of εM on the
eV scale at h̄ω � 0.01 eV, with a doping level �EF � 0.1 eV
and a longitudinal wave vector of ∼10−2 Å−1. The latter is
associated with a characteristic energy h̄|v±|q ∼ 0.005 eV
[Figs. 18(a), 18(c)]. This significant mismatch is due to the
exclusion of the G, G′ 
= 0 components from Eq. (3), i.e., the
neglect of crystal local fields [49,57], which must be taken
into account in a correct estimation of first zero of Re(εM),
plus the line shape of the IntraP absorption peak in Im(εM).

On the other hand, with the same parameters, the
ab initio form of εM is perfectly matched with the non–
ab initio approximation, leading to εM

NLF, at h̄ω � 0.05 eV
[Figs. 18(b), 18(d)]. In particular, the second zero of Re(εM),
i.e., the IntraP resonance, and the highest absorption peak in
Im(εM), related to the InterP mode, are accurately estimated
by Eq. (8). A similar disagreement or agreement is detected on
the THz scale, with a longitudinal wave vector of ∼104 cm−1,
below or above a frequency of ∼0.5 THz.

More importantly, the loss function of the systems, being
vanishing at energies below the second zero of εM, is excel-
lently reproduced by both Eqs. (2)–(4) and Eq. (8) in defining
the intraband plasmon features at q � 0.05 Å−2 (Fig. 19). The
agreement is also remarkably good on the interband plasmon
behavior at q � 0.02 Å−2. In contrast, at larger q values,
Eq. (8) becomes inaccurate, because of both the neglect of
crystal local fields and the exclusion of band states outside the
first VB and CB [Fig. 19(a)]. At a closer look, a slight peak
displacement is observed on the THz band, due to numerical
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FIG. 19. Room-temperature plasmon spectra of 5AGNR and
11AGNR on the eV [(a), (b)] and THz [(c), (d)] ranges, at some
fixed doping levels. Apart from a slight displacement, due to the
normalization error on the numerical wave functions, the results
from TDDFT (Sec. IV and Sec. V) and Eq. (8) are in excellent
agreement, correctly reproducing both the IntraP and InterP features,
at longitudinal wave vectors below ∼0.003 Å−1. An extrapolation of
the loss function for very small wave vectors, below the resolution of
TDDFT calculations, is also shown in [(c), (d)].

errors concerning the normalization of the DFT band states.
Nonetheless, Eq. (8) allows us to extrapolate the intraband
plasmon spectrum below the wave vector resolution of the
TDDFT calculations [Fig. 19(b)].

The arguments presented in this section are suggestive that
only a modeling assisted by ab initio tools can accurately
define the plasmon properties of narrow GNRs, in a limited
range of the tunable parameters.

VII. CONCLUSIONS

We have presented an ab initio analysis of plasmon excita-
tion and dispersion in undoped and doped (or gated) armchair
GNRs, of ultranarrow width, organized as ideal periodic 2D
arrays, on the energy regime going from the eV to the THz
scale.

We have used 5AGNR and 11AGNR as testing systems,
and a TDDFT+RPA approach suitably designed for 2D ma-
terials, to unravel the effect of the electronic properties (band
structure) on the plasmon response, along a broad range of
longitudinal and oblique momenta to the GNR axis.

In this way, we have fully characterized two distinct col-
lective oscillations, namely, an intraband plasmon and an
interband plasmon, which are analogous to the bulk and edge
plasmons, reported in a number of theoretical and experimen-
tal studies from nanoscale materials [15,16,21,25–29,32–36].

We have shown that the peak position of the InterP mode,
assisted by one-electron processes between the first VB (of
π character) and the first CB (of dominant π∗ character), is
weakly unaffected by doping, while it is mainly modulated by
the GNR width.
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On the other hand, the IntraP mode propagates undamped,
being strongly influenced by (positive or negative) charge
carrier doping, due to electron injection/ejection, or gating.
The dispersion of this mode has a clear trend vs the incident
momentum and its inclination, which shows some match
with less sophisticated non–ab initio methods. Nonetheless,
a full understanding of the exceptional plasmonics of the
GNRs cannot be achieved without a proper simulation at the
atomistic level.

An example of how to derive a reliable and ready-to-
use modeling from TDDFT calculations has been presented,
which may be extended to more complex nanoribbon systems.

Our calculations confirm that graphene nanoribbons (in
planar array form) can be used as excellent platforms for
the engineering of nanophotonic and nanoplasmonic devices;
therefore, these findings call for more experimental investiga-
tions of their plasmonic properties and performances.
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APPENDIX A: COMPUTATIONAL DETAILS

In this first Appendix, we discuss the computational details
of the TDDFT-RPA-2D approach, outlined in Sec. II and
Sec. III. All the computations were performed on the tier-0,
high-performance computing (HPC) facility named Marconi,
and owned by the CINECA Consortium (Italy).

1. DFT band structure

The ABINIT package (v8.4.2 [59]) was applied to three-
dimensional (3D) slabs, respectively made of equally spaced
distributions of 5AGNR and 11AGNR, at a distance L of
20 Å. Both the LDA [41] and GGA [42] approaches were
implemented, in conjunction with standard norm-conserving
pseudopotentials [43,44] to replace the core electrons.

The PW basis set PWk+G(r) = 	
−1/2
0 ei(k+G)·r was used to

define the KS valence electron states, as

|νk〉 = N−1/2
∑

G

cν k+G|PWk+G〉. (A1)

In this expansion, 	0 is the unit cell volume, k a crystal wave
vector in the first BZ, G a reciprocal lattice vector, ν the band
index, and N the number of k points in the Monkhorst-Pack
(MP) grid [60] sampling the first BZ. The number of the
PWs in |νk〉 was restricted by the cutoff condition |k + G|2 �
180 Å−2.

The chosen value of L ensured negligible overlap of
the ground-state electron densities localized on contiguous
GNRs. Consequently, the eigenvector coefficients {cν k+G},
representing the |νk〉’s, turned out to be independent of the k-
vector components perpendicular to the GNR axis, along with
the associated eigenvalues εν k. In other words, the energy
band dispersions were nonflat only along the GNR axis.

For this reason, both self-consistent and non-self-
consistent methods could be safely applied on a uniform
sampling of the irreducible 1D part of the first BZ, i.e., the �X
segment parallel to the GNR axis [Fig. 20(b) of Appendix B].
Then, geometry optimization and ground-state calculations
were, respectively, performed on 48 × 1 × 1 and 60 × 1 × 1
MP grids, including the lowest 24 (empty) conduction bands,
above the 22 and 46 (occupied) valence bands, which respec-
tively characterize 5AGNR and 11AGNR.

These calculations were cross-checked by the VASP pack-
age (v5.4.4 [61]), which also provided the atomic projected-
band analysis for the systems (see Appendix D).

Subsequently, the KS structure {cν k+G, εν k} was refined
on the �X segment in non-self-consistent runs carried out
with ABINIT. The following, highly resolved MP meshes were
used: (i) 1200 × 1 × 1 k points, with the lowest 70 bands, for
5AGNR, and 100 bands, for 11AGNR, to sample the eV band,
and (ii) 20 000 × 1 × 1 k points, with the lowest 40 bands, for
5AGNR, and 65 bands, for 11AGNR, to sample the THz band.

In both cases (i) and (ii), the ideal and optimized ge-
ometries of the GNRs were respectively processed by DFT-
LDA and DFT-GGA. The LDA energy spectrum was further
treated under the SO approximation [45] to account for GW
band gap corrections [31]. A number of ∼105 coefficients
{cν k+G} per electron state εν k were considered, equivalent
to a normalization error below 0.01%. The velocity matrix,
defined in Sec. VI and reported in Fig. 17(a), for states in the
first VB and CB, was calculated as

vνν ′ (k) = h̄k
m

δνν ′ +
∑

G

c∗
ν k+G

h̄G
m

cν ′ k+G, (A2)

with m denoting the electron mass.

2. Dielectric response of the KS electrons

The KS structure acquired from the output files, related
to DFT-LDA, DFT-GGA, and DFT-LDA-SO calculations,
was processed by a FORTRAN MPI-parallel code, origi-
nally written by M.P. and subsequently developed by A.S.
[21,22,24,46,51,58,62,63]. With this TDDFT code, the unper-
turbed density-density matrix χ0

GG′ of Eq. (2) was acquired
mostly at room temperature, with the exception of the plots
in Appendix E, under a broad range of intrinsic and extrinsic
conditions, input energies, and longitudinal and oblique mo-
menta over the eV (i) and THz (ii) bands.

The correlation coefficients in Eq. (2) were computed as

ρ
kq
νν ′ (G) =

∑
G′

c∗
ν k+G′ cν ′ k+q+G+G′ . (A3)

Near-infrared to visible (i) and mid- to far-infrared (ii)
calculations were respectively performed by including the
contributions to Eq. (2) from the energy ranges h̄ω � 4.0 eV
and h̄ω � 2.5 eV, with an energy resolution of 0.5 meV
and 0.01 THz, plus a damping parameter η of 0.01 eV and
0.1 THz. The leading term in Eq. (A3), used to derive the
approximated analytical forms of Eqs. (7d) and (7e), was
computed as

ρ
kq
νν ′ (0) =

∑
G

c∗
ν k+G cν ′ k+q+G. (A4)
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The central equation of TDDFT (3) was solved with the
smallest ∼100 (i) and ∼60 (ii) reciprocal lattice vectors G,
G′, of parallel component g, g′ and perpendicular components
Gz, G′

z, to the plane of the GNR arrays. In all cases an in-plane
wave vector q was applied, of inclination θ � 0 relative to the
longitudinal direction, parallel to the GNRs’ axis.

A local kernel was included in Eq. (3), based on the
modified local interaction

vGG′ =
δgg′ d |q+g|

GzG′
z

2ε0|q + g| ,

d |q+g|
GzG′

z
=

∫ L/2

−L/2
dz

∫ L/2

−L/2
dz′ei(Gzz−G′

zz′ )−|q+g||z+z′ |, (A5)

having the form of a 2D truncated Coulomb potential, at
the half-distance between nearest-neighbor GNR-array planes
[21,46,50,51], with diagonal matrix elements

vGG = 1

2ε0|q + G|2
(

1 + 1 − e−L|q+g|

L|q + g|
G2

z − |q + g|2
|q + G|2

)

(A6)

and leading component

v00 = 1

2ε0q2

(
1 − 1 − e−Lq

Lq

)
, (A7)

tending to the 2D Coulomb potential form v00 → L
2ε0q , in the

vanishing-momentum limit.
In this TDDFT-RPA-2D framework, the macroscopic di-

electric and loss functions of the 5AGNR and 11AGNR arrays
were respectively determined by Eq. (4).

APPENDIX B: GEOMETRY OPTIMIZATION

We now provide the details of the geometry optimizations
performed with the PW-DFT tools, introduced in Sec. II and
detailed in Appendix A 1, under the LDA and GGA. In DFT
approaches, the positions of all H and C atoms of the GNR
arrays were relaxed, with fixed unit cell shape and volume, on
an MP grid of 48 × 1 × 1 points, along the irreducible part of
the �X segment.

The optimized bond distances (di) and angles (αi), in the
unit cells of 5AGNR and 11AGNR, were thus calculated,
as respectively reported in Figs. 20(a) and 21(a). The same
panels provide the average C-C and C-H bond lengths and
bond angles, in comparison with the ideal or nominal (NOM)
values quoted in Sec. II.

Figure 20(b) displays a sketch of a periodic space dis-
tributions of GNRs, highlighting the �X direction and the
20 Å vacuum between contiguous elements. Figures 20(c)
and 21(b) show the positions of the unit cell atoms in the
optimized and nonoptimized geometries.

As pointed out in Sec. II, the optimized and ideal positions
of the unit cell atoms differ by less than ∼4% (with the
LDA) and ∼3.8% (with the GGA). Indeed, the LDA values
are slightly smaller than the GGA values, which confirms
the overbinding character of the LDA. The largest differences
occur at the edges of the GNRs, with the most external C-C

20 Å
w

ΓX 

(b) periodic array
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1 3

w

-3 -1
Å Å
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C C
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GGA
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 Γ
X0

(c) unit cell 

5AGNR (a) optimized parameters

FIG. 20. Structural information on the 5AGNR array. (a) C-H
bond length d0, C-C bond length di, i = 1, . . . , 4, and bond angles
αi, i = 0, . . . , 4, obtained within the LDA and GGA; the averages
of these three quantities, respectively denoted CH, CC, and α,
are reported along with the GNR widths w and w0 (respectively
obtained by including and excluding the passivating H atoms); the
nonoptimized values (labeled NOM) are also given for reference
purposes. (b) Sketch of a periodic planar array of the 5AGNR type.
(c) Optimized and ideal positions of the unit cell atoms in Å.

bonds reduced to 1.36–1.37 Å and the H-C-C bond angles
narrowed to 118.5◦–118.6◦.

We may further notice a reduction in the benzenoid edge
structures, i.e., the areas of the most external hexagons of C
atoms, of 2.0%–2.5% (with the LDA) and 1.0%–1.5% (with
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α1 α0α3 α5

d0

d1

d2 d2d3

d4

d5

d6

d7

d8
α0

α1

α2

α3

α6-1

1

0

0

-6 -4 -2 2 4 6

α8 α4

d5
α7

Å

Å HH

w

w0

LDA
GGA

NOM

CC

(b) unit cell 

(a) optimized parameters11AGNR

FIG. 21. Structural information on the 11AGNR array with the
same notation as Fig. 21. (a) C-H, C-C bond lengths di, bond angles
αi, i = 0, . . . , 8, and widths w, w0 obtained within the LDA and
GGA, and compared with ideal values from the nonoptimized unit
cell (NOM). (b) Positions of all C and H in the unit cell.
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FIG. 22. Energy bands of 5AGNR (a) and 11AGNR (b), cal-
culated from the optimized unit cells of the corresponding arrays,
within the LDA (magenta) and GGA (dashed green).

the GGA). All other bond lengths and angles in the systems
are practically indistinguishable from the ideal values, within
an error below ∼0.4%.

These results show that the main effect of geometry opti-
mization is in the ends of the GNR structures, i.e., in the way
the C atoms have been passivated. Other forms of passivation,
with inclusion of edge-roughness deformations due to asym-
metric defects [28], produce more significant changes in the
unit cell geometries.

APPENDIX C: OPTIMIZED ELECTRONIC STRUCTURE

A visual inspection of the LDA and GGA energy bands
of the optimized systems, reported in Fig. 22, suggests that
the atomic position relaxations of Figs. 20(c) and 21(b) play a
marginal role in the dispersion profiles within ±3 eV from the
Fermi energy. In this energy window, the average difference
between the LDA and GGA bands is less than 0.04 eV for
5AGNR and 0.06 eV for 11AGNR.

More significant deviations, on the order of 0.08 eV for
5AGNR, are recorded in the neighborhood of the � point.
In particular the first VB and CB have a maximum GGA-
LDA discrepancy of 0.050 eV for 5AGNR and 0.045 eV for
11AGNR, which justifies the diverse band gap predictions
of the two approximations (∼0.45 eV with the LDA vs
∼0.55 eV with the GGA). In this context, it is worthwhile
to notice that the LDA optimization on 5AGNR, presented
here, improves the results of a previous study [21] where a
slightly smaller LDA optimized band gap of ∼0.41 eV was
adopted.

Similarly, the differences of the nonoptimized and opti-
mized band structures are small, i.e., below 0.1 eV, in an
energy window of ±1.5 eV relative to the Fermi energy, as
detailed in Fig. 1.

The comparison of the optimized and nonoptimized band
structures of Figs. 1 and 22, in combination with the optimized
atomic positions of Figs. 21 and 22, emphasize the signifi-
cant role played by the GNR edges in determining the band
gap. Indeed, many-body GW calculations produce even more
marked changes [31], though, as mentioned in the main text,
the GNR-substrate interaction may somehow cancel these
effects [37].
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FIG. 23. Energy bands of 5AGNR (a) and 11AGNR (b), atomi-
cally projected onto the s-px-py (σ , σ ∗) and pz (π , π∗) orbitals, with
the GNR array lying on the xy plane, as sketched in Fig. 20(b). The
contribution of d orbitals, included in this calculation, is negligibly
small.

APPENDIX D: PROJECTED BAND STRUCTURE

To better clarify the nature of the intraband and interband
plasmons of the GNR arrays, we report on the GGA band
structure of Figs. 1 and 22, projected onto atomic orbitals of
the s, p, and d type.

As shown in Fig. 23, the collective oscillations in the
energy-momentum region of interest for the present study, i.e.,
h̄ω � 2 eV and q � 0.2 Å−1, are associated with interband
and intraband one-electron transitions coupling band states
of pz symmetry, with z denoting the outward direction to
the plane of the GNR arrays. Therefore, the interband and
intraband plasmons of 5AGNR and 11AGNR originate from
coherent collective oscillations of π and π∗ electrons, with
the IntraP mode being the counterpart of the 2D plasmon of
graphene.

Other interband oscillations of π -π∗ nature are possible
[21], at energies h̄ω ∼ 2–3 eV, in 5AGNR, and h̄ω ∼ 1–
2.5 eV, in 11AGNR, resembling the lowest intrinsic oscilla-
tion in graphene. In addition, π -σ ∗ or σ -π∗ oscillations are
expected at energies h̄ω � 3 eV, in 5AGNR, and h̄ω � 2.5 eV,
in 11AGNR.

APPENDIX E: INTRINSIC INTRABAND MODE

In this Appendix, we briefly report on the thermal activa-
tion of the intraband plasmon in intrinsic GNRs. Due to the
presence of a band gap, such an oscillation is strictly absent at
zero temperature.

Otherwise, the fraction of CB electrons (or VB holes)
increases with increasing the working temperature, depending
on the band gap value and the density of levels associated with
the first CB (or first VB).

Accordingly, the IntraP loss peak is shifted to higher
energy, while its intensity increases, becoming competitive
with the InterP loss peak. This observation is demonstrated
by the examples of Fig. 24, where a positive thermal doping
was simulated, in a range of temperatures T between 0 and
2000 K. The transferred momentum was fixed to the lowest
possible (longitudinal) value allowed by the MP sampling of
the eV region (Appendix A 2).
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FIG. 24. Intrinsic loss function ELOSS of 5AGNR [(a), (c)] and
11AGNR [(b), (d)] vs h̄ω ranging in the energy region of the IntraP
and InterP modes, with the LDA [(a), (b)] and GW-corrected [(c), (d)]
electronic structures (Sec. II, Appendix A 1). The different plasmon
spectra have been acquired at a longitudinal wave vector of 0.123 ×
10−2 Å and a working temperature between 0 and 2000 K.

With the small LDA band gaps, a clear IntraP mode
is detected at T � 200 K in 5AGNR [Fig. 24(a)], and at
T � 100 K in 11AGNR [Fig. 24(b)]. On the other hand,
with the GW band gaps, the IntraP peak is visible at T �
600 K in 5AGNR [Fig. 24(c)], and T � 400 K in 11AGNR
[Fig. 24(d)].

Most importantly, the chosen temperatures are associated
in all cases with charge carrier concentrations n+ < 2 ×
1012 cm2. The latter are not sufficient to produce any Fermi
level shifting above �EG/2, with the intrinsic Fermi energy
set to zero. Indeed, the threshold concentration for positive
charge carrier doping is n+ ∼ 2.5 × 1012 cm2 for 5AGNR and
n+ ∼ 1.5 × 1012 cm2 for 11AGNR, which produce a doping
level �EF = �EG/2 [Fig. 3(b)].

Nonetheless, the IntraP mode can be more intense than
the InterP mode, say, at T � 500 K in 5AGNR, with the
LDA band gap [Fig. 24(a)], and 11AGNR, with both the LDA
and GW-corrected band gaps [Figs. 24(b), 24(d)]. The InterP
loss peak, however, increases in intensity with increasing
the longitudinal momentum, whereas the IntraP loss peak
becomes progressively weaker, as shown in Fig. 2 of the main
text.

APPENDIX F: EXTRINSIC DOPING VERSUS
CHARGE CARRIER SIGN

We come to the relation of the loss features of 5AGNR and
11AGNR with reversing the sign of charge carriers, passing
from electron injection (+) to electron ejection (−). Working
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FIG. 25. Room-temperature loss function of doped 5AGNR (in
atomic units), corresponding to opposite Fermi energy shifts �EF of
±0.30 eV in a range of longitudinal wave vectors q � 0.015 Å−1.

in the LDA, we recall from Fig. 1 that the first VB and the
first CB are associated with slightly different group (Fermi)
velocities.

This fact has small, but non-negligible, consequences on
the loss peaks of 5AGNR, for sufficiently large Fermi energy
shifts and longitudinal wave vectors (Fig. 25). Conversely, the
loss spectra of 11AGNR are rather insensitive to the change
of doping carriers (Fig. 26).

The small asymmetry in the IntraP modes is also attested
to by the different resonance frequencies at opposite charge
carrier concentrations [Figs. 6(c), 6(d), 14(b), and 14(d)] and
doping levels [Fig. 15(b)], occurring on both the eV and THz
bands.

APPENDIX G: DIELECTRIC RESPONSE OF
29AGNR IN THE eV BAND

Now, we discuss the plasmon structure of 29AGNR in the
LDA under small doping concentrations, based on an ideal
unit cell, with equal bond lengths and angles, like the 5AGNR
and 11AGNR unit cells of Figs. 20(c) and 21(b).

The PW-DFT step was performed as detailed in Sec. II and
Appendix A 1, with the KS structure refined on a 1200 × 1 ×
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FIG. 26. Room-temperature loss function of doped 11AGNR (in
atomic units), corresponding to opposite Fermi energy shifts �EF

of ±0.10 eV in a range of longitudinal wave vectors q = 0.012–
0.049 Å−1.
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0.5 eV, in the small (a) and large (b) momentum transfer re-
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0.0025 Å−1 (a) and q < 0.12 Å−1 (b).

1 MP sampling of the first BZ, including the lowest 160 bands.
Then, the TDDFT-RPA-2D scheme, leading to Eq. (4), was
applied as for 5AGNR and 11AGNR.

The LDA band gap of 29AGNR turned to be 0.073 eV,
and the Fermi velocities were respectively found to be |v+| =
0.365 and |v+| = 0.380, in Bohr velocity units, with the latter
value being identical to the LDA estimate in graphene. Next,
we simulated a positive charge carrier concentration of 0.8 ×
1013 cm2, equivalent to a Fermi energy shift of 0.045 eV. With
these extrinsic conditions, the IntraP and InterP modes can be
distinguished in the loss spectrum Fig. 27, though they appear
to be strongly interacting [Fig. 27(a)].

The IntraP mode lies completely in between the two SPE
regions of intraband and interband transitions [Fig. 27(b)],
confirming the general features of the mode for narrower
GNRs (Sec. IV). Also interesting to notice is that the no-SPE
region of 29AGNR is similar to that of graphene, at small
wave vectors below 0.01 Å−1. We therefore expect these two
regions to become more and more similar, with increasing
GNR width.

APPENDIX H: LDA AND GW CALCULATIONS
OVER THE THz BAND

We now provide some further aspects of the dielectric
properties of 5AGNR and 11AGNR probed by a THz source
at longitudinal wave vectors on the order of 104 cm−1. In
particular, we analyze the LDA macroscopic permittivity and
the LDA and GW loss functions of the GNR arrays, with the
same tunable parameters of Sec. V.

Accordingly, we consider (positive) charge carrier doping
concentrations yielding Fermi energy shifts in the range of
0.01 to 0.14 eV, above the threshold �EG/2 (with the intrinsic
Fermi level set to 0), and we focus on the intraband plasmon
features, at frequencies below ∼10 THz.

Figure 28 shows the real permittivity Re(εM) as a func-
tion of the probing frequency, at a fixed transferred momen-
tum. The IntraP mode is a genuinely undamped plasmon,
associated with a couple of zeros in Re(εM), with the second
zeros (intraband resonances) ωP being negligibly smaller than
the loss peak frequencies ωL of Fig. 14.
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FIG. 28. Real permittivity Re(εM) of 5AGNR [(a), (b)] and
11AGNR [(c), (d)] for ω < 0.6 THz [(a), (c)] and 3 < ω < 7 THz
[(b), (d)] at room temperature, with the lowest sampled wave vector
of the THz calculations (Sec. V) and doping levels inducing Fermi
energy shifts in the range of 0.01–0.14 eV, relative to the threshold
for positive charge carrier doping.

Figure 29 shows the loss function of the systems in the
same frequency range. It can be observed that ELOSS is inde-
pendent of the band gap on the lower THz domain, where the
intraband plasmon is located.

Indeed, both the LDA and GW-corrected electronic struc-
tures produce the same plasmon spectra for ω < 50 THz [in
5AGNR, Fig. 29(a)] and ω < 25 THz [in 5AGNR, Fig. 29(b)].
Accordingly the IntraP mode on the THz band is excellently
described by the TDDFT-RPA-2D framework developed here,
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FIG. 29. Loss spectra ELOSS of 5AGNR (a) and 11AGNR (b),
computed with the LDA and GW-corrected band structures, for
ω < 110 THz (a) and ω < 50 THz (b). All other settings are as in
Fig. 28. The LDA curves show also the contribution of the InterP
mode, occurring at ∼86 THz in 5AGNR and ∼44 THz in 11AGNR.
With GW calculations, the same peak is shifted (and not shown) to
∼404 THz in 5AGNR and ∼220 THz in 11AGNR.
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within the LDA band structure, which is supported by a
number of available efficient DFT-PW packages.

APPENDIX I: DIELECTRIC RESPONSE IN THE
VANISHING MOMENTUM LIMIT

As a last Appendix, we take advantage of the analyt-
ical model of Sec. VI to explore the q → 0 behavior of
the permittivity of the GNR arrays. Starting from Eq. (8),
we may perform a power series expansion of the different
terms included in the unperturbed susceptibility of Eq. (6),
namely, the band energies of Eq. (1), occupation factors,
and correlation terms of Eq. (7e). Then, we get the limiting

expression

εM
NLF ≈ ε0 − 2qcos2 θ

π (h̄ω + iη)2

∫ k�X

−k�X

dk( f ′
1kε

′
1 k + f ′

−1kε
′
−1 k )

− 4qcos2 θ

Ly

∫ k�X

−k�X

dk

Q(k)2

( f1k − f−1k )(ε1 k − ε−1 k )

(ε−1 k − ε1 k )2 + (h̄ω + iη)2

+ o(q2), (I1)

where ε′
±1 k = ∂ε±1 k/∂k, f ′

±1 k = ∂ f±1 k/∂k. This form cor-
rectly tends to the static vacuum permittivity with q tending
to zero, or θ approaching the transverse direction to the GNR
axis.
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