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Topological transitions in a model for proximity-induced superconductivity
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Using a prototype model for proximity-induced superconductivity on a bilayer square lattice, we show
that interlayer tunneling can drive change in topology of the Bogoliubov quasiparticle bands. Starting with
topologically trivial superconductors, transitions to a nontrivial px + ipy state and back to another trivial state are
discovered. We characterize these phases in terms of edge-state spectra and Chern indices. We show that these
transitions can also be controlled by experimentally viable control parameters, the bandwidth of the metallic
layer, and the gate potential. Insights from our results on a simple model for proximity-induced superconductivity
may open up a new route to discover topological superconductors.
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I. INTRODUCTION

Since the early 2000s there has been a paradigm shift
in the general approach to understand electronic properties
of crystalline solids. Knowledge of topological character of
the single particle bands turns out to be crucial for compre-
hending certain exotic electronic properties [1]. This change
in approach originated in the discovery of topological insu-
lators, materials that are insulating in the bulk but support
topologically protected metallic surface states [2–5]. Super-
conductivity, a fascinating phenomenon in its own right, has
intrigued physicists time and again by appearing in unex-
pected settings. The most recent examples are the “magic
angle” superconductivity in bilayer graphene [6,7] and the tip-
induced superconductivity in Cd3As2 [8,9]. The discovery of
topological insulators motivated a similar search for materials
that are superconducting (SC) in the bulk but support gapless
modes on surfaces [10–14]. The key is to find ways to alter
the band structure of the relevant Bogoliubov quasiparticle
bands. In addition to being of fundamental interest, topo-
logical superconductors are considered as building blocks of
decoherence-free quantum computers [15–20]. The existing
proposals to achieve this involve (i) nanostructuring of ferro-
magnetic chains on surfaces of conventional superconductors
[21–23] and (ii) interfaces or sandwiches between conven-
tional superconductors and materials with strong spin-orbit
coupling [24–26].

The existence of superconductivity in atomically thin lay-
ers has recently been reported by various groups. Super-
conductivity in a single-atomic layer film of Pb grown on
Si(111) substrate was observed [27]. A monolayer of CuO2

grown on cuprate substrate was found SC [28]. Unconven-
tional, possibly topological, superconductivity is reported at
the interface between LaAlO3 and SrTiO3 [29]. Proximity-
induced topological superconductivity has been proposed for
bilayer graphene [30]. Superconductivity can be induced,
with no accompanying structural changes, in NbAs2 by ap-
plying external pressure [31]. The tip-induced SC phase

of Cd3As2 has recently been stabilized in thin films [32].
These diverse material examples share a common feature—
superconductivity appears when coupling between two layers
is altered. Motivated by the role of proximity effect in a variety
of superconductors, we explore this effect in a general setting
with focus on inducing topologically nontrivial character in
superconductors.

In this work, we show that simple interlayer tunneling
can alter the topology of Bogoliubov quasiparticle bands.
This is achieved in a prototypical model of proximity-induced
superconductivity where a SC layer of square lattice is tun-
neling coupled to a tight-binding layer. The calculations are
performed within an unrestricted mean-field approach, al-
lowing for the existence of multiple symmetries of the SC
order parameters (OPs). We find that interlayer tunneling
can induce transition to topologically nontrivial state with
px + ipy symmetry. This is qualitatively different from the
existing proposals where a combination of s-wave pairing,
spin-orbit coupling, and magnetic field is necessary to obtain
a chiral p-wave state. A complete characterization of the band
topology is carried out via Berry curvature and Chern number
calculations complemented by the edge spectra in cylinder
geometry. An interplay among different OP symmetries in a
two-band setting is responsible for the transitions. Addition-
ally, we find a connection between the topological transitions
and the Lifshitz transitions in the underlying metallic bands.
The generic nature of the model suggests that this can be
applicable, with suitable variations, to a wide class of systems
that invoke proximity effect [6,8,9,27–31].

II. BILAYER MODEL FOR PROXIMITY-INDUCED
SUPERCONDUCTIVITY

As a prototype model for proximity-induced superconduc-
tivity, we consider an extended attractive Hubbard Hamilto-
nian defined on a two-dimensional square lattice coupled via
interlayer tunneling to a tight-binding layer. The model is
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described by the Hamiltonian,

H = H1 + H2 + H12,

H1 = −t1
∑
〈i j〉,σ

[c†
iσ1c jσ1 + H.c.] − μ1

∑
iσ

c†
iσ1ciσ1

−U
∑

i

ni↑1ni↓1 − V
∑
〈i j〉

ni1n j1,

H2 = −t2
∑
〈i j〉,σ

[c†
iσ2c jσ2 + H.c.] − μ2

∑
iσ

c†
iσ2ciσ2,

H12 = −t̃
∑

iσ

[c†
iσ1ciσ2 + H.c.]. (1)

Here ciσ l (c
†
iσ l ) annihilates (creates) an electron in layer l at

site i with spin σ , 〈i j〉 implies that sites i and j are nearest
neighbors within a layer. μl is the effective layer-dependent
chemical potential representing the combined effects of the
thermodynamic chemical potential, on-site energies of two
layers, and the applied electric field normal to the bilayer.
The layer-resolved local number operators are given by niσ l =
c†

iσ l ciσ l and nil = ni↑l + ni↓l . U (V ) denotes the strength of on-
site (nearest-neighbor) attractive interaction in layer 1. Using
t1 = 1 as the basic energy scale, and restricting ourselves to
zero temperatures (T = 0), we are left with six independent
parameters in the Hamiltonian, viz., t2, t̃ , U , V , μ1, and μ2. In
order to avoid a brute-force exploration of this large parameter
space, we make use of the recently reported comprehensive
phase diagram of the monolayer model [33]. We set U = 1
throughout the paper.

III. METHOD

We analyze the Hamiltonian in Eq. (1) by making a
mean-field Bogoliubov-deGennes (BdG) approximation for
the interaction term [34–36]. In the intersite attractive term we
ignore the same-spin attraction parts ni↑n j↑ and ni↓n j↓ [33].
Following the standard mean-field decoupling in the pairing
channel, we arrive at the pairing Hamiltonian for layer 1,

HBdG
1 = −t1

∑
〈i j〉,σ

[c†
iσ1c jσ1 + H.c.] − μ1

∑
iσ

c†
iσ1ciσ1

−U
∑

i

[�i,1c†
i↑1c†

i↓1 + H.c.]

−V
∑

iγ

[�+
i,γ ,1c†

i↑1c†
i+γ↓1 + �−

i,γ ,1c†
i−γ↓1c†

i↑1 + H.c.]

+U
∑

i

|�i,1|2 + V
∑

iγ

[|�+
i,γ ,1|2 + |�−

i,γ ,1|2]. (2)

In the above we have introduced the pair expectation values
in the ground state as �i,l = 〈ci↓l ci↑l〉, �+

i,γ ,l = 〈ci+γ↓l ci↑l〉,
and �−

i,γ ,l = 〈ci−γ↓l ci↑l〉, where γ denotes the unit vectors +x̂
and +ŷ on the square lattice and l is the layer index. Note that
we do not impose the commonly used spin-singlet symmetry
constraint on the pair expectation values. In general, �+

i,γ ,l �=
�−

i+γ ,γ ,l , and spin-triplet component of superconductivity is
allowed to exist as a broken-symmetry mean-field phase.
Indeed, it has recently been shown that a triplet SC state with
Sz = 0 is possible in models and experiments [33,37].

Assuming translational invariance, �i,l ≡ �0,l and
�±

i,x/y,l ≡ �±
x/y,l , the Hamiltonian in k-space becomes [38]

HMF =
∑

k

⎛
⎝∑

σ,l

ξl (k)c†
kσ l ckσ l + [�↑↓

1 (k)c†
k↑1c†

−k↓1 + H.c.]

−t̃
∑

σ

[c†
kσ1ckσ2 + c†

kσ2ckσ1]

)
, (3)

where

ξl (k) = −2tl (cos kx + cos ky) − μl

�
↑↓
1 (k) = −U�0,1 − V (e−ikx �+

x,1 + eikx �−
x,1

+ e−iky�+
y,1 + eiky�−

y,1). (4)

The Hamiltonian Eq. (3) is diagonalized using
bilayer-generalized Bogoliubov transformations, ckσ l =∑

n (un
kσ lγn − σvn∗

kσ lγ
†
n ) [34,38]. Following the standard

Bardeen-Cooper-Schrieffer (BCS) approach, the ground state
is constructed as a vacuum of Bogoliubov quasiparticles.

The mean-field variables, �0,1 and �±
x/y,1, are calculated

self-consistently with convergence criterion set to 10−5 [38].
The standard SC OPs are defined in terms of the converged
parameters as

�l
s = �0,l

�l
d/s∗ = [(�+

x,l + �−
x,l ) ∓ (�+

y,l + �−
y,l )]/4

�l
px/y

= [�+
x/y,l − �−

x/y,l ]/2. (5)

The s-, s∗-, p-, and d-wave OPs defined above have their
usual meaning as can be verified from the k dependence of
�

↑↓
1 (k) in limiting cases [33].

IV. TUNNELING-DRIVEN TRANSITIONS

We begin by presenting in Fig. 1 the effect of interlayer
hopping t̃ on the SC OPs. We select model parameters such
that in the decoupled limit, t̃ = 0, different OP symmetries
are realized in the SC layer [33]. In Fig. 1(a), we begin
with a d-wave OP in the SC layer. For an arbitrarily small
value of interlayer hopping, the d-wave OP is induced in the
second layer. Near t̃ = 0.8, a p-wave component appears in
the solution for both the layers. At t̃ = 1, the d-wave OP
vanishes and the stable solution acquires the px + ipy form.
Note that the px + ipy form of the gap function implies that
time reversal symmetry is spontaneously broken [39]. Indeed,
we have checked that px − ipy is energetically equivalent
choice for the symmetry of the order parameter. This is in
contrast to the existing proposals for realizing p-wave order
wherein strong spin-orbit coupling and an explicit breaking
of time reversal is required [24–26]. This unconventional OP
reduces gradually on increasing t̃ , and near t̃ = 2.2 another
transition to an extended s-wave, s∗, form occurs. Therefore,
allowing for broken symmetry phases at the mean-field level,
we find multiple transitions tuned by interlayer hopping.
These transitions are mirrored in the second layer via the
proximity effect [see insets in Figs. 1(a)–1(d)]. Eventually,
beyond a critical value of the interlayer hopping superconduc-
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(a) (b)

(c) (d)

FIG. 1. [(a)–(d)] The self-consistent values of various OPs as a
function of interlayer hopping t̃ for U = 1 and t2 = 1. Insets show
the OP variations in the proximity layer. Different background shades
correspond to qualitatively different OP symmetries as indicated. The
choice of other parameters is (a) V = 1.8, 〈n1 + n2〉 = 2.0; (b) V =
2.5, 〈n1 + n2〉 = 1.8; (c) V = 3.5, 〈n1 + n2〉 = 1.4; and (d) V = 2.2,
〈n1 + n2〉 = 0.9. Integer pairs denote the Chern indices for the two
bands wherever at least one is nonzero.

tivity ceases to exist in both the layers in agreement with the
previous report on proximity effect [40].

In Fig. 1(b) we demonstrate the occurrence of these tran-
sitions starting with a d + px-wave OP in the SC layer. The
sequence of change in OP symmetries is d + px to px + ipy

to extended s. The sequence of transitions can be reversed if
we begin with a d + px + s∗ or px + ipy state, as shown in
Figs. 1(c) and 1(d). We find that some of these transitions are
associated with Lifshitz transitions tuned by t̃ in the noninter-
acting Hamiltonian [38,41–44]. Note that the px + ipy form of
the OP can lead to different band topology depending on the
other model parameters [compare Chern indices in Figs. 1(a)
and 1(c)].

In these calculations we have kept μ2 = μ1 and the den-
sities in the two layers are allowed to be different. We also
perform calculations enforcing equal density in the two layers,
which generally requires μ2 �= μ1. The results are qualita-
tively identical to those discussed in Fig. 1 [38].

V. CHARACTERIZING THE TOPOLOGICALLY
NONTRIVIAL PHASES

We follow two standard approaches to characterize the
nontrivial SC states. The first approach involves analyzing
Berry curvature and computing topological invariants, known
as Chern numbers, associated with each quasiparticle band.
We employ an efficient method to calculate Chern numbers,
in the discrete Brillouin zone, by making use of U (1) link
variable [45],

U ε̂
n (k) = 〈n(k)|n(k + ε̂)〉

|〈n(k)|n(k + ε̂)〉| . (6)

In the above, ε̂ is a vector connecting nearest neighbor
points in the discrete Brillouin zone. The Berry curvature,

(a)

(b)

(c) (d)

(f)(e)

FIG. 2. (a) Variation of the SC gap with chemical potential for
px + ipy state. (b) Chern numbers for each band and total Chern
index for the same state as in (a). Note that every jump in total Chern
index coincides with a closing and reopening of the SC gap. [(c)–(f)]
Edge state spectrum in the cylinder geometry for different values of
μ1 = μ2. We keep t2 = t̃ = 1 for all the results shown here.

which is gauge invariant, can be calculated as the total phase
along a closed loop as

Fn(k) = 1

i
ln U x̂

n (k)U ŷ
n (k + x̂)U −x̂

n (k + x̂ + ŷ)U −ŷ
n (k + ŷ).

(7)

Note that the Berry curvature is defined within the principle
branch of the logarithm, −π < Fn(k) � π . Summing it over
the Brillouin zone gives 2πCn, where Cn is the Chern number
for the nth band.

To illustrate how the topological character of a SC state
changes, we select the px + ipy form of the OP. In Fig. 2(a),
we show the SC gap as a function of chemical potential. The
gap closes and reopens on varying μ1. Each such gap closing
is associated with a change in the topological character of the
bands. This is evident from Fig. 2(b), where we show band-
specific as well as total Chern numbers.

The second approach is to compute the edge-state spectra
by imposing open boundary conditions in one of the direc-
tions, leading to cylinder geometry, and plotting the tower of
states as a function of kx or ky. Note that only one of kx and
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(a)

(b)

(c)

(d)

FIG. 3. [(a) and (b)] The values of various OPs as a function of
metallic layer hopping t2 for (a) t̃ = 1.5, 〈n1 + n2〉 = 1.8, V = 4 and
(b) t̃ = 2.5, 〈n1 + n2〉 = 1.6, V = 4. [(c) and (d)] Variations in the
OPs with the gate potential μ1 − μ2 for (c) t2 = 1.0, t̃ = 2.6, μ1 = 0,
V = 2.5 and (d) t2 = 1.0, t̃ = 2.25, μ1 = −1, V = 2.5. Integer pairs
denote the Chern indices for the two bands wherever at least one is
nonzero.

ky is a good quantum number in the cylinder geometry. The
edge-state spectra are shown in Figs. 2(c)–2(f) for representa-
tive values of μ. The color code on the energy eigenvalues
represents the difference of the weight on left and that on
right edges of the corresponding state. Figure 2(c) shows a
case where two states cross the bulk gap; however, the gap
is crossed twice. Although both bands have a nonzero (±1)
Chern index, the total Chern index is zero. For μ = −1.1, gap
opens close to the Brillouin zone boundary and both the edge
states cross the gap only once. In this case the Chern numbers
for the two bands add up leading to a total Chern number of
−2. For μ = −3.1, one of the bands pulls away and only one
pair of edge states remain. The corresponding Chern number
for one of the bands becomes zero, leading to a total Chern
number of −1.

Interestingly, these transitions can also be viewed as Lif-
shitz transitions in the emergent one-dimensional metallic sys-
tem residing on the edges in the cylinder geometry. The Fermi
surface of this one-dimensional metallic system consists of
discrete points. Each instance of change in total Chern number
is accompanied by disappearance of a point from the zero
dimensional Fermi surface, which can be viewed as a Lifshitz
transition in one lower dimension.

VI. TUNING THE TRANSITIONS BY BANDWIDTH
AND GATE VOLTAGE

Having shown the existence of unconventional phases in
the bilayer model, we ask whether one can tune the system
across these transitions by using experimentally viable control
parameters. To this end we present the effect of change in
bandwidth of the metallic layer and that of gate potential on

SC OPs. In Fig. 3(a), we show the change in various OPs as a
function of intralayer hopping t2. Taking t2 = 1 as a reference
point, we find that a px + ipy state can be tuned to s∗-wave
(d + px + s∗-wave) state by decreasing (increasing) the bare
bandwidth. The sequence of transitions can be altered, as we
saw in case of transitions tuned by t̃ , by selecting a different
starting point [see Fig. 3(b)]. From an experimental viewpoint
the most easily tunable parameter in a possible realization
of this model is the difference between on-site potentials in
the two layers. We show that the nontrivial transitions in
terms of OP symmetries discussed above can also be tuned
with the help of parameter μ1 − μ2. Recall that μ1 − μ2

originates from a combination of the on-site energy difference
and applied electric field. Two representative cases are shown
in Figs. 3(c) and 3(d).

A comment regarding the symmetry aspects of the SC
solutions is in order. The various unusual SC states reported
here are an outcome of a broken symmetry mean-field analy-
sis. The stability of these phases is controlled by energetics,
which relies crucially on the presence of two bands. The
mixed symmetry phases, such as d + px, are examples of
spontaneous breaking of parity symmetry, an unusual effect
that has recently been observed in experiments [46–50]. In
a realistic scenario, presence of additional symmetry breaking
terms, such as Rashba coupling, is expected to further stabilize
the unusual mixed symmetry states reported here [51].

VII. CONCLUSION

We have shown that a prototype model of proximity-
induced superconductivity displays transitions between topo-
logically trivial and nontrivial SC states. Our results are
directly relevant to systems that exhibit superconductivity
in atomically thin layers, such as monolayer of CuO2 [28],
bilayer graphene [30], NbAs2 [31], etc. In our calculations,
the topological transitions are present for moderate to strong
values of attractive Hubbard parameters. Therefore, supercon-
ductors that are on the Bose-Einstein condensate (BEC) side
of the BCS-BEC crossover are likely to host such effects.
The temperatures at which such novel states can be realized
in bilayer set-up will certainly be lower than the transition
temperatures of SC layer. Furthermore, the bilayer aspect of
the model can also be realized in multiorbital systems. There-
fore, multiorbital superconductors Fe1+ySe1+xTe1−x, which
allow for a tuning across the BCS-BEC crossover, are pos-
sible candidates [52,53]. Recent spin- and angle-resolved
photoemission spectroscopy experiments on FeSe1−xTex and
LiFe1−xCoxAs are suggestive of multiple topological states in
these materials [54,55]. Our predictions can also be tested
using ultracold Fermions on optical lattices where the in-
teraction strength can be tuned with the help of Feshbach
resonances [56–59].
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