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Injection current in ferroelectric group-IV monochalcogenide monolayers
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We study the injection current response tensor (also known as circular photogalvanic effect or ballistic current)
in ferrolectric monolayer GeS, GeSe, SnS, and SnSe. We find that the injection current is perpendicular to the
spontaneous in-plane polarization and could reach peak (bulk) values of the order of 1010 A V−2 s−1 in the
visible spectrum. The magnitude of the injection current is the largest reported in the literature to date for a
two dimensional material. To rationalize the large injection current, we correlate the injection current spectrum
with the joint density of states, electric polarization, strain, etc. We find that various factors such as anisotropy,
in-plane polarization and wave function delocalization are important in determining the injection current tensor
in these materials. We also find that compression along the polar axis can increase the injection current (or change
its sign), and hence strain can be an effective control knob for their nonlinear optical response. Conversely, the
injection current can be a sensitive probe of the crystal structure.
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I. INTRODUCTION

Understanding the nonlinear optical response of materi-
als is of great theoretical and experimental importance. The
best known example of a nonlinear response is the second
harmonic generation which is routinely used as a probe of
symmetry (or lack of) or as a frequency multiplier in op-
toelectronic applications to mention two examples [1]. Less
well known is perhaps the so-called bulk photovoltaic effect
(BPVE) [2] which refers to the generation of dc current in
illuminated insulators lacking inversion symmetry. The BPVE
has two components, namely, the injection current and the
shift current, both quadratic in the optical electric field [2–34].
The injection current, in particular, has attracted attention for
its role in the photovoltaic effect of ferroelectric materials [2]
including solar cell applications [3], in the coherent current
control [4], and recently for its role as a probe of the topology
of materials [27–31].

The key features of the injection current (and of shift
current) are as follows. First, it is generated in homoge-
neous materials. This should be contrasted with the working
principle of standard semiconductor solar cells whose active
region is a heterogeneous pn junction. Second, the generated
photovoltage can be many times larger than the energy band
gaps, which means that carriers do not thermalize before
they are collected (they are “hot”). This should be contrasted
with the thermalization that takes place in pn junctions much
before carriers are collected which limits the photovoltage
to a maximum given by the material’s electronic band gap.
Third, it depends on the polarization of light, specifically, the
injection current vanishes for linear polarization of light and
is maximum for circularly polarized light (hence the name
circular photogalvanic effect) [3].

The lack of inversion symmetry manifests in two distinct
scenarios. In one scenario, the injection current is generated

by photoexcited carriers which experience asymmetric mo-
mentum relaxation in the ±k directions leading to a polar
distribution and a net current [2]. The origin of such asym-
metric relaxation could be phonons, impurities, etc. In this
scenario, the derivation of the injection current starts from a
kinetic equation. In the second scenario, the injection current
originates form photoexcited carriers pumped into ±k of
the Brillouin zone (BZ) at different rates leading to a polar
distribution and hence to a nonvanishing rate of change of a
charge current [2,6]. In this scenario, the origin of the injection
current is light-matter interactions not momentum relaxation.
In this paper, we study the injection current arising from
the light-matter interaction and add momentum relaxation
phenomenologically.

Although progress in ferroelectric-based solar cells has
been made [8–11], the BPVE photocurrents in bulk fer-
roelectrics are still small, resulting in smaller efficiencies
compared with conventional Si-based cells. The experimental
realization of the first two dimensional (2D) ferroelectric
material [35] has led to a renewed interest in the BPVE
in low dimensional systems [22–24]. Of great interest are
the group-IV monochalcogenide monolayer GeS, GeSe, SnS
and SnSe predicted to be 2D ferroelectric materials below a
critical temperature [35–37] with a large in-plane polarization.
They offer a new (and simpler) platform to study the BPVE
because they have simpler crystal structures than bulk ferro-
electrics while having novel mechanical and optical properties
including energy gaps in the visible range [38–40].

In bulk ferroelectrics, the dominant effect is believed to be
the shift current [41] but it is unknown if this holds true in 2D
ferroelectrics. The shift current tensor in monochalcogenide
monolayer GeS, GeSe, SnS, and SnSe is beginning to be
studied theoretically [13–15,23,25] and experimentally, e.g.,
by the group of L. Titova [16,19]. It is predicted to be the
largest reported so far in the literature for a two dimensional
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material and the largest reported for a three-dimensional (3D)
material, if converted into an equivalent bulk value. The
injection current tensor, however, has not been studied before
in these materials. In this work, we present a detailed study
of the injection current in monochalcogenide monolayer GeS,
GeSe, SnS, and SnSe showing that both components of the
BPVE are important.

Naively the injection current is expected to be proportional
to the joint density of states (JDOS), with the idea that the
more states available the larger the current. On the other hand,
the injection current is not expected to correlate with the
spontaneous polarization, because electric polarization is a
ground state property whereas injection current involves ex-
cited states. This is supported by the heuristic argument that,
contrary to shift current processes where there is an intrinsic
length scale, injection current processes do not introduce a
length scale which could naively be associated with some sort
of “microscopic dipole.”

In this work, we test these ideas using analytic and numeri-
cal methods. We find, to our surprise, that the injection current
tensor, hereafter called η2, can reach peak (effective) values of
the order 1011 A V−2 s−1, at photon energies corresponding to
the visible light spectrum. This value is the largest reported so
far in the literature, establishing the potential of these materi-
als for optoelectronic applications. Contrary to expectations,
the JDOS does not play a significant role. Rather, we find that
a combination of factors including reduced dimensionality,
in-plane polarization, and anisotropy can explain the large
value of η2 calculated in these materials.

This paper is organized as follows. In Sec. II, we describe
the numerical procedure. In Sec. III, we calculate the injection
current tensor η2 as a function of photon energy and compare
it with the JDOS. The correlation between polarization and
injection current is presented in Sec. IV. In Sec. V, we intro-
duce a simple two-band model for η2 in GeS and conclude in
Sec. VI.

II. NUMERICAL METHODS

We use density functional theory (DFT) as implemented
in the ABINIT [42] computer package, with the generalized
gradient approximation to the exchange correlation energy
functional as implemented by Perdew, Burke, and Ernzerhof
[43]. Hartwigsen-Goedecker-Hutter norm conserving pseudo
potentials [44] were employed. To expand the plane waves
basis set, energy cutoffs of 50 Hartree were employed for
GeS and GeSe, and 60 Hartree for SnS and SnSe. The lattice
parameter in the x direction is set to 15 Å (see Fig. 1),
which makes for more than 10 Å of vacuum between slabs.
To calculate the injection current tensor η2, we included 20
valence and 30 conduction bands for GeS and SnS, and 30
valence and 20 conduction bands for GeSe and SnSe. They
account for all allowed transitions up to 6 eV.

To facilitate comparison of η2 in monolayers with bulk
materials we quote the monolayer η2 as bulk (effective) value,
i.e., assuming a (3D) stack of slabs (with the same orientation)
comprising a bulk structure. To extract the effective response
of a single layer, we scale the numerical result by the factor
L/d , where L is the supercell lattice parameter perpendicular
to the slab, and d is the effective thickness of the monolayer

(b) Top view(a) Side view
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FIG. 1. (a) Structure of monochalcogenide monolayers MX ,
where M=Ge, Sn and X=S, Se. (b) The unit cell contains four atoms
and is indicated in the boxes. The point group lacks an inversion
center and develops a nonzero in-plane spontaneous polarization P0ẑ.

shown in Fig. 1. For concreteness, we estimate the slab thick-
nesses as 2.56, 2.59, 2.85, and 2.76 Å for GeS, GeSe, SnS, and
SnSe, respectively. Once the ground-state wave function and
energies were computed, the TINIBA package [45] was used to
compute η2 as implemented in Ref. [6]. The sum over k points
is made using the interpolation tetrahedron method [46]. See
the Appendices for more details.

III. NUMERICAL RESULTS

A. Injection current

An incident monochromatic optical field Ea = Ea(ω)e−iωt

+ c.c. induces an injection current governed by the equation

d

dt
Ja

inj = 2η2
abcEb(ω)Ec(−ω) − Ja

inj

τ
, (1)

where summation over repeated indices is implied, τ

is a phenomenological momentum relaxation time, and
ηabc

2 (0, ω,−ω) is the injection current tensor [2,6]

ηabc
2 = e3π

2h̄2V

∑
nmk

ωmn,a fnm
[
rc

mn, rb
nm

]
δ(ωmn − ω). (2)

Here, e = −|e| is the charge of the electron, a, b, c = x, y, z
are Cartesian components, n is a band index, fnm = fn − fm

is the difference in occupation numbers at zero temperature
of bands n and m, h̄ωn is the energy of the band n, ra

nm =
i〈un|um,a〉 is the Berry connection, un is the periodic part of
the Bloch wave function, and [rc

mn, rb
nm] ≡ rc

mnrb
nm − rb

mnrc
nm.

We define the subscript X,a to mean derivative with respect
to the crystal momentum with Cartesian coordinate a. For
example, ωnm,a ≡ (ωn − ωm),a = ωn,a − ωm,a = va

n − va
m are

band-velocity differences. In the thermodynamic limit in d
dimensions, we have (1/V )

∑
k → ∫

dk/(2π )d , where the
integral is over the (BZ) and V is the sample volume.

It can be shown that ηabc
2 is a pure complex third rank tensor

which is antisymmetric in the last two indices [2]. For this
reason, it vanishes for linearly polarized light and is maximum
for circularly polarized light.

Monolayers of GeS, GeSe, SnS, and SnSe have mm2 point
group which contains a two-fold (polar) axis, two mirror
planes and lacks center of inversion. Accordingly [1], the
nonzero components of ηabc

2 are zxx, zyy, zzz, yyz, xzx, xxz,
and yzy. In addition, the antisymmetry of ηabc

2 with respect
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FIG. 2. (a) Effective injection current susceptibility tensor of
single-layer GeSe (red line) and CdSe (black squares) [47]. The
injection current of GeSe is two orders of magnitude larger than that
of CdSe and peaks for photon energies in the visible spectrum. The
large magnitude of the injection current in the visible light spectrum
highlights the potential of these materials for optoelectronic appli-
cations. (b) Peaks in the imaginary part of the dielectric function,
Eq. (4), shows no obvious correlation with injection current.

to exchange of the last two indices forces the zxx, zyy,
and zzz components to vanish, leaving only two independent
components, namely, yyz and xxz. Since the plane of the slab
is perpendicular to the x axis, see Fig. 1, the component xxz is
much smaller than the yyz component. Here we focus on the
relevant yyz component

η
yyz
2 = e3π

2h̄2V

∑
nmk

ωmn,y fnm
[
rz

mn, ry
nm

]
δ(ωmn − ω). (3)

Note that this component fixes the y direction of the current
flow to be perpendicular to the spontaneous polarization z,
P0 = ẑP0. In Fig. 2(a), we show the representative spectrum of
(effective) η

yyz
2 for monolayer GeSe as a function of incident

photon energy h̄ω. The responses of monolayer GeS, SnS
and SnSe are similar and presented in Appendix B. Note
that η

yyz
2 is zero for photon energy less than the energy gap

and peaks in the visible light spectrum (1.5–3 eV) at about
1011 A V−2 s−1. As the photon energy increases, the injection
current reverses its direction several times and progressively
decreases in magnitude.

To give perspective on this value of η2, other values for
different materials are shown in Table I. Surprisingly, the peak
value of η2 in monolayer GeSe is two orders of magnitude
larger than typical values and many orders of magnitude larger

TABLE I. Peak values of η2 reported in representative 2D and 3D
materials. The photon energy, spontaneous polarization |P0| = P0,
and theoretical (th.) vs experimental (exp.) values are indicated. MX
stands for monolayer of GeS, GeSe, SnS, or SnSe. For 2D materials,
the effective value of η2 is reported. GaAs has zero η2 by symmetry.

|η2| h̄ω P0

Material (×108 A V−2 s−1) (eV) (μC/cm2) Ref.

MX (2D) 100–1000 1.5–2.5 72–195 [14] present
CdSe (3D) 7 2.2 0.6 [48] [49] (th.)
CdSe (3D) 5 2 0.6 [48] [47] (exp.)
CdS (3D) 4 2.8 [49] (th.)
CdS (3D) 4 3 [50] (exp.)
CdSe (3D) 1.5 1.8 0.6 [48] [50] (exp.)
MoS2(2D) 10−7 2.8 0 [51] (th.)
GaAs (3D) 0 0

than monolayer MoS2 [51]. This demonstrates the potential
of monolayer GeS, GeSe, SnS, and SnSe in optoelectronic
applications.

B. Linear dielectric function

An explanation for the large η2 in these materials could
be the large number of available states. The more states
available, the larger the absorption of photons, and the larger
the nonlinear optical response. To test this hypothesis, we
compare the spectrum of η2 with that of the imaginary part
of the linear dielectric function

εab
2 (ω) = 4e2π2

ε0h̄V

∑
nmk

fnmra
nmrb

mnδ(ωmn − ω), (4)

which roughly follows the JDOS. Our dielectric tensor ε2 for
GeSe is shown in Fig. 2(b) and agrees with previous reports
[14,38]. ε2 is largest at energies near the van Hove peaks, so
if light absorption is the origin of the large η2 both spectra
should peak at those same energies. Inspection of Fig. 2(b)
shows this is not the case in general. Only few peaks in η2

match the energy locations of van Hove singularities indicated
by dashed vertical lines. In addition, the average ε2 in these
materials is not particularly large. This suggest the JDOS
cannot, by itself, be the cause of the large magnitude of η2.

IV. THE ROLE OF POLARIZATION IN η2 IN MONOLAYER
GeS, GeSe, SnS AND SnSe

We now investigate the role of electric polarization in η2

in monolayer GeS, GeSe, SnS and SnSe. It is worth recalling
that shift current processes introduce an intrinsic length scale
(so-called shift vector) which naively could be associated
with some sort of microscopic dipole. For this reason, one
could expect that the larger the polarization of the material
the larger the shift current. It has been shown that there is no
general relation between polarization and shift current in 3D
ferroelectrics [54]. In 2D ferroelectric materials, there may be
a stronger correlation due to reduced dimensionality [13].

The injection current, on the other hand, does not introduce
an intrinsic length scale and hence we do not expect any
correlation between polarization and η2. Yet, the difference in
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η2 between nonferroeletric monolayer MoS2 and ferroelectric
monolayer GeSe of several orders of magnitude (Table I)
suggests at least an indirect relation.

In this section, we attempt to test this idea by performing
numerical experiments. We compare the average injection
current versus the polarization of monolayer GeS, GeSe, SnS,
and SnSe as we vary their atomic positions along a path in
configuration space from the centrosymmetric to the non-
centrosymmetric configuration. The ground state of mono-
layer GeS, GeSe, SnS, and SnSe is the noncentrosymmetric
configuration with an spontaneous polarization P0; the other
metastable states could, in principle, be reached by applying a
strain.

A. Average injection current

From Eq. (1), a circularly polarized optical field induces a
current given by

d

dt
Jy

inj = ±iηyyz
2 |E0|2 − Jy

inj/τ, (5)

where ± determines the chirality of light and E0 is the ampli-
tude of the optical field. Importantly, note that the current is
perpendicular to the polarization axis. We used the convention
in which Ea(ω) = Ea

0 /2 [1]. In steady state, the injection
current is Jy

inj = ±τ iηyyz
2 |E0|2. If the light has a broad spectrum

the frequency average of the current is a good measure of the
overall injection current generated

J̄y
inj = 1

	


∫ W

Eg

dωJy
inj, (6)

where h̄	
 = (W − Eg), W is the bandwidth of the incident
light, and Eg is the energy band gap of the material.

B. Electric polarization

We compute the electric polarization for each material at
various atomic positions using the modern theory of polar-
ization [55,56] as implemented in ABINIT. We first identify
a smooth path in configuration space between the ground
state and the centrosymmetric geometry with zero polariza-
tion. The atomic displacements along a (one-dimensional)
path are parametrized by λ as Ri(λ) = Ri

0 + λ(Ri
f − Ri

0),
where Ri

0 (Ri
f ) is the initial (final) position of atom ith

atom in the centrosymmetric (noncentrosymmetric) structure.
The minimum-energy path between the ±P0 configurations
[14,57] is indistinguishable from the linear path used here.
The electric polarization has ionic and electronic components

P(λ) = e

V

∑
i

Ziri(λ) − e

V

∑
vk

ξξξ vv (λ), (7)

represented by the first and second terms above. ri and Zi are
the position and atomic number of the ith ion, V is the simu-
lation volume, ξξξ vv (λ) = i〈uλ

v |uλ
v,a〉 is the Berry connection of

the valence band v. Summation is over occupied states. The
details of the calculation are presented in Appendix C. Note
that the motion of the atoms occurs only along the z direction
(Table III in Appendix C), which is equivalent to straining the
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FIG. 3. Average current per unit incident intensity (I) and the
polarization (strain) along a path in configuration space for various
materials. For a given material, the average current is nonmonotonic,
with an optimal value of polarization (strain) yielding maximum pho-
tocurrent. On the other hand, the larger the spontaneous polarization
of a material (P0) the larger the magnitude of the injection current.
To calculate the current we use reasonable parameters for clean
semiconductors τ = 100 fs [52], ε/ε0 ∼ 4 [38], and W = 10 eV. For
comparison, the state of the art Si-based solar cells produce a current
of about 400 mA/W [53]. L is defined as z distance between outmost
atoms in the unit cell as shown in the inset.

lattice along the polar axis. To quantify the strain we define

strain = L − L0

L0
, (8)

where L is defined in Fig. 3, and L0 the value in the ground
state.

C. Comparison of injection current and polarization

In the calculation of the injection current, we assumed rea-
sonable semiconductor parameters, τ = 100 fs [52], ε/ε0 ∼ 4
[38], W = 10 eV and used I = √

ε/μE2
0 /2. Figure 3 shows

the average current as a function of polarization P = ẑP for
various atomic configurations. In all materials, the average
injection current is a nonmonotonic function of polarization
(or strain). Its absolute value reaches a local maximum at an
optimal polarization 0.6P0 (or ∼9% strain). Also, the current
of single-layer GeSe and GeS can change sign even with a
small strain, ∼1%, suggesting a new way to engineer the
injection current.

This interesting behavior of the average injection current
indicates that at least two competing effects are at play.
For example, polarization increases injection current at small
polarization but then at large polarizations the wave function
overlaps (or lack thereof) decrease η2 and even change its
sign. In fact, wave function delocalization has been found to
play an important role in shift current processes [33]. It is
interesting to note that the polarization at which the magnitude
of the average current is maximum is roughly the same for all
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FIG. 4. Tight-binding (TB) model of monolayer GeS near the
band edge. The lattice has two nonequivalent sites (A, B) per unit
cell. The hopping parameters and onsite potential are indicated.
The crystal lacks inversion symmetry and develops spontaneous
polarization along the z axis. a0 is the distance between the A
and B sites. The lattice vectors (not shown) are a1 = (az, −ay ) and
a2 = (az, ay ). The details of the model are presented in Appendix D.

materials. Similarly, monolayer GeS and GeSe can have zero
average injection current whereas SnS and SnSe do not. This
likely reflects the wave-function differences between Ge and
Sn atoms in this crystal structure.

An important point to note is that the magnitude of the
average injection current of GeS (red) is the largest whereas
that of SnSe (brown) is the smallest. This correlates with the
magnitude of their spontaneous polarizations in the ground
state. This ordering persist for metastable states where P <

P0 indicating a correlation of the injection current with the
electric polarization.

V. TWO-BAND MODEL OF η2 IN MONOLAYER GeS

To disentangle the factors contribution to η2, we construct
a simple 2D two-band tight-binding model of monolayer GeS.
Its hopping parameters and onsite potentials are shown in
Fig. 4. The model reproduces the calculated DFT shift current
in this material near the band edge [23] and, importantly
for our purposes, it can be solved analytically (near de band
edge) helping disentangle the contributions to η2 from JDOS,
anisotropy, polarization, etc. As shown in Appendix D the
response tensor of a two-band model can be written as [27,28]

η
yyz
2 = ie3π

2h̄2V

∑
k

ωcv,y

x
cδ(ωcv − ω), (9)

where 
x
c (= −
x

v ) is the Berry curvature of the conduction
band. Figure 5(b) shows η2 obtained from the tight-binding
model and its comparison with the DFT injection current for
monolayer GeS. The agreement is good in the energy range
between 1.9 and 2.14 eV. For photon energies above 2.14 eV
other phototransitions in the BZ contribute, see Fig. 10(b).
Near the band edge the energy bands an Berry curvature can
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2yy
z

0 2 4 6 8

 (x
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)
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TB 

1.5 2.5

GeS

2.14 eV1.9 eV

DFT

-i
-i
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FIG. 5. Effective injection current tensor of single-layer GeS
from DFT (top) and tight-binding (TB) model (bottom). The TB
model reproduces the injection current from DFT near the band edge
(near the  point) in the energy range of (1.9, 2.14) eV. For photon
energies larger than 2.14 eV other regions in the BZ contribute,
see Fig. 10. Dashed line shows the analytical result for a small
momentum expansion about k = 0, Eq. (D14).

be expanded in powers of the momenta giving

h̄ωcv = Eg + αa2
z k2

z + βa2
yk2

y + γ a2
z a2

yk2
z k2

y + . . . ,


x
c = (Aa0 + Baz )a2

yky + Ca2
ya2

z kyk2
z + . . . , (10)

where Eg = 1.89 eV is the energy band gap, (α, β, γ ) =
(2.30, 1.33,−2.11) eV are constants that parametrize the
curvature of the bands (α, β ), A = 0.30, B = 0.34 are di-
mensionless constants that parametrize the Berry curva-
ture near the band edge and depend on the hopping
parameters, and C = −1.237a0 − 1.272az. (az, ay, a0, d ) =
(2.26, 1.82, 0.62, 2.56) Å are the lattice parameters (az, ay),
the distance between the A-B sites (a0) and the thickness of
the slab d , respectively. As shown in Appendix D, leading
term in η2 is

η
yyz
2 = ie3π

2h̄2

(

̄

2π

Eg√
αβ

)(
h̄ω − Eg

Eg

)
+ · · · ,

h̄ω � Eg. (11)

We have written this equation in a form that emphasizes
the different factors that contribute to η2. The 
̄ factor is
dimensionless and comes from the Berry curvature and it is
given by


̄ = ay(Aa0 + Baz )

azd
≈ 0.3. (12)

The Berry curvature has two contributions of order ayaz and
aya0, respectively. The second contribution, which depends
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on a0 could roughly be interpreted as coming from the po-
larization of the material. It is about 20% of the total η2

showing, again, that polarization does play a role in η2. The
other important dimensionless factor Eg/

√
αβ is roughly the

geometric mean of the radius of curvature of the band along
two directions at k = 0. For monolayer GeS, it is given by

Eg√
αβ

≈ 1.1. (13)

Finally, the constant prefactor is ie3π/2h̄2 = −i6 × 1011

A V−2 s−1 and hence η2 near the band edge is

−iηyyz
2 ≈ −(2 × 1010 A V−2 s−1)

(
h̄ω − Eg

Eg

)
+ · · · . (14)

A. Three dimensions

A similar calculation but assuming three dimensions gives
the leading term near the band edge

η
yyz
2 = ie3π

2h̄2

(

̄

4π2

E3/2
g√

αββ ′

)(
h̄ω − Eg

Eg

)3/2

+ · · · ,

h̄ω � Eg, (15)

where β ′ parametrizes the curvature along x, and Berry contri-
bution is 
̄ = ay(Aa0 + Baz + C′ax )/azax (C′ is a constant).
This shows that in 3D the rise of η2 with frequency is slower
than in 2D and suggests that reduced dimensionality is impor-
tant for large η2 in monolayer GeS. The simple model studied
is only valid near the Gamma point. However, anisotropy and
reduced dimensionality are likely important at transitions at
other points in the BZ.

VI. CONCLUSIONS

Understanding the nonlinear optical response of novel
materials is of fundamental importance for advancing the
field of optoelectronics. Monolayer GeSe, GeS, SnS, and
SnSe are predicted to be ferroelectric materials with in-plane
polarization and to exhibit promising electronic, mechanical
and optical properties [38–40]. Here we studied the injection
current tensor η2 which is one of the contributions to the bulk
photovoltaic effect in these materials.

We find that the spectrum of η2 peaks at (bulk) values near
1011 A V−2 s−1 in the visible range and is the biggest reported
so far. Contrary to bulk ferroelectric materials where the shift
current is expected to dominate [41], in these materials both
the shift current and injection current tensors are expected to
be very large. Among our main results, we predict that the
injection current can flow only perpendicular to the polar axis
and that the injection current can increase or change sign upon
compression along the polar axis of these materials.

We showed that the JDOS, alone, cannot explain η2 in
these materials but rather a combination of factors including,
in-plane polarization, reduced dimensionality, anisotropy, and
covalent bonding (wave function delocalization, see Fig. 10)
all of which are closely intertwined. If and how these factors
enhance η2 in other materials should be studied on a case by
case basis. In summary, our results characterize the injection
current tensor in monolayer GeS, GeSe, SnS, and SnSe. Their

relatively simple crystal structure and novel in-plane ferro-
electricity make them an ideal playground for novel nonlinear
optical phenomena.

Note added. Recently, similar results of injection current in
monolayer GeS have been presented in Ref. [58].
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APPENDIX A: ELECTRONIC BAND STRUCTURES

The electronic band structures of monolayer GeS, GeSe,
SnS, and SnSe calculated within DFT are shown in Fig. 6.
They agree with previous works in the literature [59]. The
band gaps are also indicated in the figure and in Table II.

APPENDIX B: INJECTION CURRENT AND
LINEAR SPECTRA

We used the TINIBA package [45] to obtain the injection
current tensor as a function of photon energy. Convergence
in k points was achieved with a 70 × 70 k-point mesh, see
Fig. 7. In Fig. 8, we show η

yyz
2 of GeSe, GeS, SnS and SnSe

monolayers. In all materials we see a very large response
tensor (up to 1010 A V−2 s−1) that peaks in the visible light
spectrum. In the figure, we also show the imaginary part of
the dielectric function, which is a measure of the joint density
of states and controls the optical absorption of the material.
Close inspection reveals that only few peaks in ε2 correspond
to peaks in η2 (as indicated by dashed lines) and in general,
there is no obvious relation between the two.

APPENDIX C: ELECTRIC POLARIZATION

The electric polarization of GeS, GeSe, SnS, and
SnSe is calculated numerically from Eq. (7). The atomic
positions in the centrosymmetric and noncentrosymmetric
configurations are interpolated with straight lines under a
constant area constraint [37]. Each atomic position is given
by Ri(λ) = Ri

0 + λ(Ri
f − Ri

0), where Ri
0 (Ri

f ) is the initial
(final) position of atom i and −1 � λ � 1 parametrizes the
path in configuration space.

The use of straight lines to approximate the minimal energy
path is expected to be a good approximation [14,57]. Our
spontaneous polarization values (λ = 1) agrees with reports
that follow a similar area constraint [14,60], see Table. II.
The spontaneous polarization is found from the difference in
the polarization of the ground state with respect to that of
the centrosymmetric configuration (λ = 0), see Fig. 9. For
λ < 1, the polarization is also calculated as the polarization
difference with respect to the centrosymmetric configuration.

APPENDIX D: TWO-BAND MODEL OF THE INJECTION
CURRENT OF SINGLE-LAYER GeS

We consider a two-band Hamiltonian

H = f0σ0 + faσa, (D1)
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FIG. 6. Electronic band structure of monolayer GeS, GeSe, SnS,
and SnSe calculated within DFT-PBE. The inset indicates the path in
the Brillouin zone (BZ). Red arrows indicate direct/indirect gaps.

where σa, a = x, y, z are the standard Pauli matrices and σ0 is
the 2 × 2 identity matrix. Summation over repeated indices is

TABLE II. Band gaps and effective spontaneous polarization P0

of monolayer GeS, GeSe, SnS, and SnSe within DFT-PBE.

Direct gap Indirect gap Polarization
Monolayer eV eV C/m2

GeS 1.89 1.73 1.95
GeSe 1.16 1.16 1.38
SnS 1.57 1.46 0.95
SnSe 0.95 0.95 0.72

implied. The functions fa are given by the hopping integrals
of the model. The Hamiltonian has eigenvectors given by

uc = A

(
fx − i fy

ε − fz

)
, (D2)

uv = A

(
fz − ε

fx + i fy

)
, (D3)

where A−2 = 2ε(ε − fz ) is the normalization and Ec,v = f0 ±
ε are the eivenvalues. ε = √

fa fa and c, v denote the conduc-
tion and valence bands, respectively. An arbitrary phase factor
has been omitted, since the final expression is independent of
this phase. The Bloch wave functions are constructed as

ψnk =
∑

R

eik·R[
u(1)

n φ(r − R)

+ eik·r0 u(2)
n φ(r − r0 − R)

]
, (D4)

where u(i)
n denotes the eigenvector corresponding to eigen-

value n = v, c and i = 1, 2 denotes the first and second com-
ponents. r0 = (a0, 0) is the position of site B with respect to
site A which is taken to be the origin. φ(r) are px orbitals and
R runs over all the A-type lattice positions. Notice that the
phase of the wave function at site B is different than that at
site A [61].

Let us compute matrix elements in the expression for
η

yyz
2 of the two-band model. Although this has been done

before [27,28], here we present a very simple derivation.
Denoting X,a ≡ ∂X/∂ka and using the definition of the Berry
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FIG. 7. Convergence of the injection current tensor for GeSe
monolayer with respect to the k-point mesh size.
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connection, ra
nm = i〈un|um,a〉, we have

rz
cvry

vc − ry
cvrz

vc = −〈uc|uv,z〉〈uv|uc,y〉
+〈uc|uv,y〉〈uv|uc,z〉. (D5)

We can transfer derivatives from the ket to the bra at the ex-
pense of a minus as shown by taking derivatives of 〈un|um〉 =
δnm. This, and the identity 1 = |uv〉〈uv| + |uc〉〈uc| gives

rz
cvry

vc − ry
cvrz

vc = 〈uc,z|uc,y〉 − 〈uc,y|uc,z〉
≡ i
x

c, (D6)

where in the last line we used the definition of the Berry
curvature 
a

n = iεabc〈un,b|un,c〉. In general, one can show [6]


a
n = iεabc

∑
m 
=n

rb
nmrc

mn, (D7)
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FIG. 9. Electric polarization along a path (parametrized by λ) be-

tween the asymmetric ground state λ = ±1 and the centrosymmetric
configuration (λ = 0) on the rectangular unit cell.

where εabc is the Levi-Civita tensor in three dimensions. Using
(D6) in Eq. (3) we have, for the specific case of two bands

η
yyz
2 = ie3π

2h̄2V

∑
k

ωcv,y

x
cδ(ωcv − ω), (D8)
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FIG. 10. Band projections into localized hydrogenic s, p states
for each of the Ge and S atoms in single-layer GeS. The states are
centered at atomic positions 1–4 (inset). In (a), we show that the
bands near the  point in the BZ are mostly of py-character. However,
the location of the valence and conduction band centers are at atomic
positions 3,4 and 1,2 respectively. Hence the photoexcited carrier
moves within the cell as indicated in the inset. In (b), we show
that the bands near the Z point are mostly of px character and that
their valence and conduction band centers are also separated in real
space. The transition at photon energies 2.14 eV gives a very large
contribution to η2 suggesting valence/conduction center separation
plays an important role.
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TABLE III. Positions (in Bohr) of atoms in single-layer monochalcogenides used to compute the polarization along a smooth path
connecting Ri

f (λ = −1) to Ri
f (λ = 1).

GeS

Lattice parameters:
a = 28.34 0.00 0.00
b = 0.00 6.89 0.00
c = 0.00 0.00 8.52

Atom coordinates:
R0 Rf (λ = 1.0) Rf (λ = −1.0)

Ge 2.66 1.72 −0.01 2.66 1.72 1.14 2.66 1.72 −1.16
Ge 7.50 5.17 4.25 7.50 5.17 5.41 7.50 5.17 3.09
S 7.09 1.72 −0.01 7.09 1.72 −0.01 7.09 1.72 −0.01
S 3.06 5.17 4.25 3.06 5.17 4.25 3.06 5.17 4.25

GeSe
a = 28.83 0.00 0.00
b = 0.00 7.50 0.00
c = 0.00 0.00 8.12

Atom coordinates:
R0 Rf (λ = 1.0) Rf (λ = −1.0)

Ge 2.98 2.11 0.16 2.98 2.11 0.88 2.98 2.11 −0.55
Ge 7.57 5.86 4.22 7.57 5.86 4.94 7.57 5.86 3.5
Se 7.72 2.11 0.16 7.72 2.11 0.16 7.72 2.11 0.16
Se 2.82 5.86 4.22 2.82 5.86 4.22 2.82 5.86 4.22

SnS
Lattice parameters:
a = 28.34 0.00 0.00
b = 0.00 7.72 0.00
c = 0.00 0.00 8.12

Atom coordinates:
R0 Rf (λ = 1.0) Rf (λ = −1.0)

Sn 2.73 1.93 0.31 2.73 1.93 0.94 2.73 1.93 −0.30
Sn 8.12 5.79 4.37 8.12 5.79 5.00 8.12 5.79 3.75
S 7.60 1.93 0.31 7.60 1.93 0.31 7.60 1.93 0.31
S 3.25 5.79 4.37 3.25 5.79 4.37 3.25 5.79 4.37

SnSe
Lattice parameters:
a = 28.34 0.00 0.00
b = 0.000 8.11 0.00
c = 0.000 0.00 8.31
Atom coordinates:

R0 Rf (λ = 1.0) Rf (λ = −1.0)
Sn 2.98 2.11 0.29 2.98 2.11 0.71 2.98 2.11 −0.13
Sn 8.19 6.16 4.44 8.19 6.16 4.87 8.19 6.16 4.01
Se 8.12 2.11 0.29 8.12 2.11 0.29 8.12 2.11 0.29
Se 3.05 6.17 4.44 3.05 6.17 4.44 3.05 6.17 4.44

which is Eq. (9) of the main text. The Berry curvature in term
of the f ’s is 
a

c = εabcεa jk (A2 fi ),b fk,c.

1. Parameters of single-layer GeS

The effective Hamiltonian for monolayer GeS near the
band edge is [23]

f0 = 2t ′
1(cos k · a1 + cos k · a2)

+ 2t ′
2 cos k · (a1 − a2), (D9)

fx − i fy = eik·r0 (t1 + t2�k + t3�
∗
k ), (D10)

fz = 	, (D11)

where �k ≡ e−ik·a1 + e−ik·a2 , 	 is the onsite
potential and t1, t2, t3, t ′

1, t ′
2 are hopping matrix

elements as indicated in Fig. 4: (t1, t2, t3, t ′
1, t ′

2,	) =
(−2.33, 0.61, 0.13, 0.07,−0.09, 0.41) eV. a1 =
(az,−ay ), a2 = (az, ay) are the primitive lattice vectors:
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(az, ay, d ) = (4.53/2, 3.63/2, 2.56) Å and d is the thickness
of the slab. r0 = (a0, 0) with a0 = 0.62 Å, is the relative
position between sites A and site B. These parameters
reproduce the DFT band structure and geometry of the wave
function in the vicinity of the Gamma point [23]. The model
is 2D; to compare with bulk values the results are multiplied
by 2/d where the factor of 2 accounts for the smaller TB unit
cell.

Note that the eigenvectors and eigenvalues are independent
of f0 and hence t ′

1, t ′
2 do not enter into η2. The parameter

a0 does not enter the band structure but it changes the wave
function, e.g., it parametrizes the polarization of the system.
Hence we can (loosely) associate a0 with the contribution to
η2 from the polarization.

2. Injection current near band edge of single-layer GeS

An analytic expression for η2 can be obtained for momenta
near k = 0. First let us expand ωcv and the Berry curvature in
small momenta as

h̄ωcv = Eg + αa2
z k2

z + βa2
yk2

y + γ a2
z a2

yk2
z k2

y + . . . ,


x
c = (Aa0 + Baz )a2

yky + Ca2
ya2

z kyk2
z + . . . , (D12)

where Eg = 1.89 eV is the energy band gap, (α, β, γ ) =
(2.30, 1.33,−2.11) eV, A = 0.30, B = 0.34 are dimension-
less constants that depend on the hopping parameters, and
C = −1.237a0 − 1.272az. Note that because of the mirror
symmetry y → −y of the crystal the Berry curvature is odd
under ky → −ky and ωcv is even. Berry curvature is odd be-
cause in general ra

nmrb
mn − rb

nmra
mn is odd for a = y or b = y in

the presence of this symmetry. To lowest order, the integrand
of Eq. (D8) is quadratic in ky giving a leading linear ω − Eg

contribution

η
yyz
2 = ie3π

2h̄2

[
ay(Aa0 + Baz )

2πazd
√

αβ
(h̄ω − Eg)

+ ay(βC + γ (Aa0 + Baz ))

8πazd
√

αβαβ
(h̄ω − Eg)2 + . . .

]
,

(D13)

for h̄ω � Eg. We have divided over d/2 to convert from 2D to
bulk values. Substituting numerical values we obtain the result

η
yyz
2 = ie3π

2h̄2

[
0.05

(
ω − Eg

Eg

)
− 0.05

(
ω − Eg

Eg

)2

+ . . .

]
,

(D14)

which is plotted in Fig. 5.
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