
PHYSICAL REVIEW B 100, 195140 (2019)

Effect of Coulomb screening on the discrete scale invariance of quasibound states in
three-dimensional topological semimetals
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We study the energy spectrum of Weyl fermions in a topological semimetal in the presence of a central charged
impurity. When the strength of the charge exceeds a critical value, an infinite family of quasibound states appear
that show characteristic signatures of discrete scale invariance. The invariance is broken by the presence of
screening or a finite mass. If these terms are small enough the quasibound states still exist, but there can be
perturbations of the shallowest quasibound states. These special quasibound states manifest themselves in the
local density of states as well as the relative phase, which can be observed by scanning tunneling microscopy.
Such effects that are usually associated with the relativistic quantum electrodynamics of strong fields become
observable in topological materials.

DOI: 10.1103/PhysRevB.100.195140

I. INTRODUCTION

The recent discovery of massless excitations in Weyl and
Dirac semimetals [1–6] provides a realization of quantum
electrodynamics (QED) in condensed matter systems [7,8].
Like graphene as their two-dimensional analog, Weyl and
Dirac semimetals have the conduction and valence bands
with the crossing point called a Weyl point [1]. In QED,
when the central charge of the nucleus exceeds Z = 1/α =
h̄c/e2 ≈ 137, the solutions of the Dirac equation have com-
plex eigenenergies, corresponding to the resonance states
related to the supercritical atomic collapse phenomena [9–11].
In these circumstances, the wave functions of these states no
longer converge at the origin, necessitating the introduction of
a short-range cutoff such as a finite nuclear radius. This then
influences the long-range physical properties of the system
[9–11]. On the other hand, for a massless Weyl fermion
instead of a massive electron, there will be no bound states
because of Klein tunneling, and only quasibound states exist
when the Coulomb attraction becomes large enough to be
in the supercritical regime [12–16]. Because of a low Fermi
velocity vF (generally 2 orders of magnitude smaller than the
light speed c in vacuum), the “effective fine-structure con-
stants” α = e2/h̄vF in topological semimetals and graphene
are O(1), which gives rise to scale symmetry breaking in
these materials away from the perturbative QED paradigm.
Previously, theoretical researchers have studied the vacuum
polarization and quasibound state properties in graphene with
a Coulomb potential [12–17] and the vacuum polarization
effect in Dirac semimetals [18]. The vacuum polarization
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localized at the impurity position in the subcritical case in
graphene is exactly calculated [15]. The supercritical atomic
collapse phenomena in graphene and the associated scale
anomaly have recently been observed in experiments [19,20].

In a scale-invariant system, quantization effects can spon-
taneously break the continuous scale invariance down to the
discrete scale invariance (DSI). A well-known example of
this in quantum physics is the Efimov trimer states [21,22].
In solid-state systems with parabolic dispersion, the scale-
invariance condition is hard to meet. However, recent progress
in realization of topological semimetals with Coulomb im-
purities means we now have material systems that fulfill the
requirement of scale invariance. Moreover, the small Fermi
velocity in topological materials leads to a large effective
fine-structure constant, and thus the supercritical collapse
condition gives rise to the quasibound states [12–14,16]. The
combination of scale invariance and quantization leads to the
DSI property of the quasibound states. On the other hand,
recent transport experiments in topological semimetal systems
have observed anomalous quantum oscillations beyond the
quantum limit [23–26]. Further investigations show that these
anomalous oscillations obey the approximate DSI property
[25,27]. Thus it is of interest to extend the study of DSI
to topological semimetals. This needs to include realistic
features such as the effects of screening and a finite mass.

In this article, we compute the wave functions and energy
spectrum of a Weyl fermion in a three-dimensional (3D)
topological semimetal with a charged impurity and find that
if the central charge exceeds a certain critical value, there are
quasibound states with an energy spectrum obeying the DSI
relation log |En

E0
| ∝ n for any positive integer n. Every quasi-

bound state manifests itself as a π phase shift in the scattering
phase. Unlike the cases discussed in the graphene system,
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we include the screening caused by many-body effects and
numerically compute the wave functions as well as the local
density of states (LDOS), the peaks of which correspond to
the quasibound states. We find that quasibound states still exist
in the presence of screening, and the logarithmic spectrum is
little perturbed for the deep quasibound states. The main effect
of screening is on the shallow bound states and becomes very
noticeable when the screening length becomes comparable
to the radius of the state. We then proceed to consider the
influence of a mass term, and we find that a small mass
term has little impact on the DSI-related features of deep
quasibound states.

II. MODEL

We consider a Weyl fermion with Fermi velocity vF in a
central field V (r) and neglect the inter-Weyl-nodes coupling.
The wave equation reads

h̄vF

[ −i∂z −i∂x − ∂y

−i∂x + ∂y i∂z

]
ψ = [E − V (r)]ψ. (1)

In spherical coordinates r, θ, φ, the angular part can be sepa-
rated out of the Weyl equation, and the solution of Eq. (1) has
the form [9,11]

ψkκm = 1√
2r

(
u1kκχ

m
κ + iu2kκχ

m
−κ

)
, (2)

where the momentum k = −E/h̄vF is a quantum number
proportional to the energy with dimension L−1, and κ, m are
dimensionless quantum numbers of angular momentum. The
spinor angular functions are as follows:

χm
κ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎣−

√
j−m+1
2 j+2 Y m−1/2

j+1/2√
j+m+1
2 j+2 Y m+1/2

j+1/2

⎤
⎦,

j = l − 1
2

κ = j + 1
2⎡

⎣
√

j+m
2 j Y m−1/2

j−1/2√
j−m
2 j Y m+1/2

j−1/2

⎤
⎦,

j = l + 1
2

κ = −(
j + 1

2

)
. (3)

The Y m

 (θ, φ) are the usual spherical harmonics. We get the

radial equation by substituting Eqs. (2) and (3) into Eq. (1):

d

dr

[
u1kκ (r)
u2kκ (r)

]
=

[ −κ/r −k − V/h̄vF

k + V/h̄vF κ/r

][
u1kκ (r)
u2kκ (r)

]
.

(4)

III. DISCRETE SCALE INVARIANCE UNDER
COULOMB POTENTIAL

Let us consider first the case where the potential is a pure
Coulomb field generated by an impurity charge Ze. Assume ε

is the background effective dielectric constant and introduce
new dimensionless variables α, γ , x:

V = h̄vF
α

r
, α ≡ Ze2

εh̄vF
, γ =

√
κ2 − α2, x = 2ikr.

(5)

We make the unitary transformation[
u1kκ (r)
u2kκ (r)

]
= 1√

2

[
1 1
−i i

][
1κ (x)
2κ (x)

]
. (6)

FIG. 1. Relative phase δ1 in the supercritical case |α| > 1 at
negative energy E = −h̄vF k < 0. The kinks correspond to the qua-
sibound states. r0 is small comparable to the lattice constant.

Equation (4) can then be written in a dimensionless form

d

dx

[
1κ (x)

2κ (x)

]
=

[
1
2 + iα

x − κ
x

− κ
x − 1

2 − iα
x

][
1κ (x)

2κ (x)

]
. (7)

Equation (7) can be solved analytically and we find

1κ (x) = Axγ e−x/2
1F1(1 + γ + iα; 1 + 2γ ; x)

+ Bx−γ e−x/2
1F1(1 − γ + iα; 1 − 2γ ; x). (8)

Here, the 1F1 are standard hypergeometric functions, and
the 2κ (x) can be obtained by Eq. (7) and the explicit form of
1κ (x). The solution is simple in the subcritical case |α| < κ

when γ is real. In this case, we may take B = 0, and therefore
1κ (x),2κ (x) can be both regular at r = 0, corresponding to
the outgoing and the incoming waves. The asymptotic form of
1κ/2κ leads to a relative phase:

1κ/2κ → exp 2i[kr + α ln 2kr + δκ ]. (9)

The unusual log dependence of the second term results
from the long-range 1/r field [28], and δκ depends only on
α, κ . The vacuum polarization effect of the subcritical case,
which in two-dimensional graphene has been solved self-
consistently [15], manifests itself as a local induced charge
in the 3D case as well.

The supercritical case of the partial wave labeled by an-
gular quantum number κ is when |α| > κ , which determines
the critical central charge for the κ wave: Zc(κ ) = εh̄vF κ/e2.
In this case both terms of 1κ in Eq. (8) become singular at
the origin because of the imaginary γ = iγ ′, γ ′ ≡ √

α2 − κ2.
We introduce a cutoff distance r0 comparable with the lattice
constant and assume V (r < r0) is a constant. We comment
below on any cutoff dependence of the results. A, B can be
solved using this boundary condition. The relative phase can
still be written like Eq. (9) but with the scattering phase δκ

now dependent on α, κ, k. As illustrated in Fig. 1, for a repul-
sive potential α > κ , the relative phases have a logarithmic
dependence δκ (k) ∼ −γ ′ ln kr0.
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However, the more important case is the attractive potential
α < −κ , where quasibound states appear as the kinks in δκ (k).
The energies of the quasibound states exhibit DSI

kn ∝ e− πn
γ ′ , (10)

where n is a non-negative integer. The value of the cutoff r0

and the cutoff procedure generally will affect the (unwritten)
coefficient in this equation—the value of k0. However, it does
not affect the ratio of successive kn. Similar statements hold
for the characteristic wavelengths of the bound states.

Interestingly, these quasibound states can be deduced
from a quasiclassical approach using the Wentzel-Kramers-
Brillouin (WKB) approximation, which can help us under-
stand DSI [27]. The square of the radial momentum p is

p2 =
(

k + α

r

)2
− κ2

r2
. (11)

There is a classically forbidden region r1 < r < r2, r1,2 =
(−α ∓ κ )/k, where p2 is negative. The quasibound states are
trapped within r1 and can be found from the Bohr-Sommerfeld
quantization condition

∫ r1

r0
pdr = π h̄n, which also leads to

Eq. (10). The “radius” of a quasibound state r1 increases with
supercriticality −α − κ and decreases with energy k.

IV. EFFECT OF SCREENED COULOMB POTENTIAL

If we consider screening of the potential in topological
semimetals, V no longer takes the pure 1/r form. The radial
equation must be solved numerically. Using the Thomas-
Fermi (TF) approximation for the screening [29] in three
dimensions, we get the potential

V = h̄vF
α

r
e−r/ξ , (12)

where the screening length ξ obeys the relation ξ−2 =
4πe2 d n

dμ
, with n = gk3

F
6π2 , μ = h̄vF kF , and g denoting the carrier

density, the chemical potential, and the degeneracy, respec-
tively. The TF form used here is appropriate since we expect
the screening due to conduction electrons to dominate over the
vacuum polarization effects treated in Refs. [12–16]. At the
length scales of interest here, the main effect of vacuum po-
larization will be a downwards renormalization of the charge.
In order to solve Eq. (4), we adopt the WKB approximation to
get a differential equation for u1kκ :

d2u1kκ

dr2
+

[(
k + α

r
e− r

ξ

)2
− κ2

r2

]
u1kκ = 0. (13)

The exact differential equation includes other terms of O(r−1)
which are neglected in the small r limit. In this potential, the
square of radial momentum p2 is the expression in square
brackets. There are again two turning points r1, r2 and a
classically forbidden region p2 < 0 in between, just as in the
pure Coulomb potential case. The WKB approximation gives
the solution of u1kκ in the three different regions, depend-
ing on the sign of p2: (i) r0 < r < r1, (ii) r1 < r < r2, and

(iii) r > r2:

u1kκ (r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1√
p

(
A1ei

∫ r1
r pdr′ + A2e−i

∫ r1
r pdr′)

(i)

1√
p̃

(
B1e− ∫ r2

r p̃dr′ + B2e
∫ r2

r p̃dr′)
(ii)

1√
p

(
C1ei

∫ r
r2

pdr′ + C2e−i
∫ r

r2
pdr′)

(iii),

(14)

where p̃2 = −p2. Near r1 or r2, we use the Airy function of
Eq. (13) to get connection formulas that are then solved for
A1, A2, . . . ,C2. This allows us to compute the LDOS of the κ

partial wave. We find there are still quasibound states in the
screened potential, but the DSI-related log periodicity of the
energy levels is affected by the screening (see Fig. 2). Specif-
ically, the logarithmic level spacing ln(kn/kn−1) increases as
the momentum scale kn decreases. If we increase screening
(decrease ξ ), the level spacing becomes larger and fewer levels
are visible in the LDOS, as shown in Figs. 2(a) and 2(b).
This breaking of DSI can be viewed as a consequence of the
introduction of the length parameter ξ in V . When ξ → ∞,
DSI is restored.

We can also compute the relative phase of the κ partial
wave. The kinks when it is plotted as a function of energy
correspond to the quasibound energy levels (see Fig. 3). Un-
like the “upward” kinks in the pure Coulomb case, the kinks
here are “downwards,” because α ln 2kr makes a negative
contribution to the phase but does not affect the position of
the kinks.

V. EFFECT OF MASS TERM

We now consider the influence of a mass M. Since this
introduces a new length scale it will also break the DSI down
to approximate DSI for certain quasibound states. The system
is still spherically symmetrical, and after expanding in spinor
spherical harmonic functions such as above one can obtain the
radial equation with mass term [9,10]:

d2u1kκ

dr2
+

[(
k + α

r

)2
− κ2

r2
− m2

0

]
u1kκ = 0, (15)

where m0 = MvF /h̄ is the mass parameter with dimension
L−1. In this case the two turning points can be expressed
explicitly as

r1,2 =
−α ∓

√
κ2 + γ ′2m2

0/k2

k(1 − m2
0/k2)

. (16)

For small mass m0/k � 1, both points deviate slightly from
the massless result r1,2 = (−α ∓ κ )/k + O(m2

0/k2). Thus the
quasibound states continue to exist, provided the second term
in the following equation is much smaller than the first term:

kn ≈ −α − κ

r0
e− πn

γ ′ − m2
0r0

2κ
e

πn
γ ′ . (17)

Given −α > κ > 0, kn is an monotonically decreasing func-
tion of n. If n is not too large, i.e., kn is large and positive,
then energy levels can still be expressed by Eq. (10), pre-
serving DSI in the large energy region. In the screened case,
the problem is treated numerically and shown in Fig. 4. In
this scenario, only the smallest kinks are affected when m0

approaches them. In the energy region k � m0, the mass term
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FIG. 2. (a) LDOS ρ(k, r) between r0 and r1 of the κ = 1 partial
wave at screening ξ = 120r0 and central charge α = −5. The peaks
correspond to the quasibound states. The logarithmic level spacing
ln(kn/kn−1) becomes larger with smaller energy scale kn. (b) Energy
levels of quasibound states for different ξ with α = −5. If we
increase screening (decrease ξ ), the level spacing becomes larger,
making fewer levels visible in the LDOS. Inset: A schematic diagram
of p2; the quasibound states are largely located in the classically
permitted region r0 < r < r1.

has virtually no influence on the DSI or the location of the
kinks. The supercritical charge for system with the finite mass
has been previously solved in high-energy physics [9,11],
and the related details are reviewed in Ref. [10]. Our main
purpose here is to see the influence of a small mass term
on the supercritical DSI feature and its manifestation in solid
systems, which are not discussed in those pioneering works.

VI. RELATED MATERIALS

The effects proposed in this paper that result from the
existence of DSI and quasibound states should be realizable in

FIG. 3. Scattering phase shift of the κ = 1 partial wave at differ-
ent screening lengths ξ with α = −5. The kinks correspond to the
quasibound energy levels, in agreement with Fig. 2(b).

real topological materials. The main experimental signature to
date of DSI is the presence of anomalous log-periodic quan-
tum oscillations when the applied magnetic field is beyond
the quantum limit. The lattice constant r0 of the topological
semimetals in which these phenomena is observed is in the
range of a few angstroms [4,5,30], while the carrier density
is in the range of 1015−1016 cm−3 in these materials [23–26].

Based on the Thomas-Fermi screening relation ξ−2 = 2ge2k2
F

π h̄vF

with degeneracy g = 4 (characteristic of most of these materi-
als) [25,26], ξ is approximately 50 ∼ 102 r0. In this case there
are generally several energy levels that show DSI, as seen in
Fig. 2(a). For example, if |α| = 5, then the radii Rn of the
states satisfy Rn+1/Rn = exp (π/

√
α2 − 1) = 1.90, and the

number of quasibound states with DSI is in the range of 6–7. It
should be noted that the value of the short-range cutoff r0 does
not influence DSI: Rn+1/Rn is independent of r0. However, r0

does give the energy of the deepest quasibound states and thus,
together with the screening length, determines the numbers of
quasibound states whose energies form a geometric series.

In the real materials at issue here, any mass gaps are too
small to have shown up unambiguously in experiments so
far. Nevertheless, there remains the possibility of a very small
gap in some cases [23]. In this circumstance the Hamiltonian
becomes a Dirac one with a very small rest mass M, as we
have seen above, and Eqs. (4) and (13) must be modified.

FIG. 4. Scattering phase shift of the κ = 1 partial wave for
different mass parameters m0 with ξ = 100 r0, and α = −5. The
kink kn changes if it is less than or near m0. m0 has virtually no
influence on the kinks in the region k � m0.
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However, the energy levels and DSI effects are not changed
provided the energy is much larger than the rest mass, k �
m0 = MvF /h̄. The energy region probed in the quantum os-
cillation experiments is |E | = h̄vF k > 10 meV, so if Mv2

F ≈
1 − 10 meV, we still expect to see the effects of DSI.

VII. CONCLUSION

We demonstrate the emergence of quasibound states in
three-dimensional topological semimetal systems with super-
critical charged impurities. In a pure Coulomb field, these
states have discrete scale invariance that shows up as energy
levels equally spaced on a logarithmic scale. These states with
DSI still exist after considering the static screening effect
from a small Fermi surface, but the discrete scale invariance
is affected, with stretched logarithmic spacing between the
shallow quasibound states. These quasibound states are robust
against a small finite mass gap at the Weyl point. Recent

transport experiments have observed the anomalous quantum
oscillations beyond the quantum limit [23,24] and the ln B pe-
riodic magnetoresistance oscillation in topological materials
[25,26], and meanwhile, previous theoretical investigation is
devoted to analyzing these exotic transport phenomena [27].
In comparison, the present work concentrates on the local
density of states, which can be examined by the scanning
tunneling microscope technique.
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