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Valley-dependent electron retroreflection and anomalous Klein tunneling
in an 8-Pmmn borophene-based n-p-n junction
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We investigate the transport properties in an 8-Pmmn borophene-based n-p-n junction. The valley-dependent
electron retroreflection is generated by changing the direction of junction, which breaks up the conventional
wisdom that only the electron specular reflection occurs at an interface. Furthermore, the valley-dependent
anomalous Klein tunneling, i.e., the perfect transmission at a nonzero incident angle of electron regardless of
the width and height of potential barrier, is found. Interestingly, this anomalous Klein tunneling depends on the
direction of junction and the tilted velocity. These two findings arise from the same fact that the anisotropic
band structure, induced by tilted and anisotropic velocities, leads to the release of locking relation between the
transverse wave vector and velocity component along the interface. Our work gives insight into the understanding
of the electron retroreflection and the Klein tunneling.
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I. INTRODUCTION

With the successful preparation of the first two-
dimensional monolayer material (graphene) [1], the other
group IV two-dimensional monolayer materials, such as sil-
icene [2], germanene [3], and stanene [4], are predicted
or synthesized due to their peculiar physical and chemical
properties. Furthermore, the transition metal dichalcogenides
[5–9] and the group V two-dimensional monolayer materials
including phosphorene [10–12], arsenene [13,14], and anti-
monene [14,15] have also been researched in both experiment
and theory widely. Recently, the group III two-dimensional
monolayer materials including borophene and aluminene are
focused [16]. Particularly, the borophene with different phases
are discussed widely. For example, 2-Pmmn, β12, and χ3

phases of borophene have been synthesized on Ag substrate
under ultrahigh-vacuum conditions [17–19]. Moreover, the
8-Pmmn borophene has been predicted by the first-principles
calculations [20]. Its effective low-energy Dirac-like Hamil-
tonian at the vicinity of kD or −kD point has been proposed
based on the tight-binding model [21,22], which hosts tilted
and anisotropic Dirac cones. Owing to this unique band
structure of 8-Pmmn borophene, it attracts many researchers
to investigate its mechanical property [21], Weiss oscillation
[23], anisotropic plasmons [24], optical property [25], RKKY
exchange interaction [26], and metal-insulator transition [27].
Here we discuss the electron retroreflection and Klein tunnel-
ing in the 8-Pmmn borophene-based n-p-n junction, shown in
Figs. 1(a) and 1(b).

In quantum transport progress, the phenomenon of parti-
cle reflection including retroreflection and specular reflection
at an interface exists on the principle of conservation of
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momentum parallel to the interface universally. Generally,
the type of electron reflection is the specular type in the
isotropic materials due to the fact that the group velocity
component parallel to the interface (uy) is locked to the
transverse wave vector ky, shown in Fig. 1(c). In contrast,
in the anisotropic materials, the anisotropic band structure
releases the locking relation between uy and ky, which makes
the electron retroreflection possible, shown in Fig. 1(d). It
has been reported that the electron retroreflection can be
found in Bernal-stacked and twisted graphene bilayer-based
normal-superconducting junctions [28,29], respectively. How-
ever, this superconducting interface is difficult to realize in
experiment. In the present paper, on account of the tilted
and anisotropic Dirac cones, the 8-Pmmn borophene is a
natural anisotropic material and the preparation of the n-p
interface is very mature, which is suited to probe the electron
retroreflection.

The Klein tunneling describes a perfect tunneling phe-
nomenon of a relativistic electron at the normal incidence
regardless of the width and height of potential barriers, which
is in contrast to the conventional nonrelativistic tunneling
where the transmission probability of electron exponentially
decays with the increasing of the width and height of po-
tential barriers [30,31]. Although the Klein tunneling was
proposed several decades ago, the research about it almost
remained stagnant until in 2006, Katsnelson designed a
graphene-based n-p-n junction to test this unique tunneling
phenomenon [32], which brought a huge wave of research
in theory and experiment [33–37]. Furthermore, the anoma-
lous Klein tunneling, i.e., the perfect tunneling with non-
normal incidence of electron, was described in a black phos-
phorus superlattices-based n-p-n junction [38], Dirac-Weyl
fermion systems with tilted energy dispersion [39], and the
8-Pmmn borophene-based p-n junction [40]. Here we deepen
the study of the anomalous Klein tunneling in an 8-Pmmn
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FIG. 1. (a) Top view of the proposed experimental setup for
transport measurements. The blue background represents the 8-
Pmmn borophene. The direction of n-p-n junction is characterized
by θ . (b) The band structures in n and p regions. The incident energy
of the electron is denoted by ε. The width and height of the potential
barrier is d and V0, respectively. The schematic diagrams for specular
reflection and retroreflection of electron in (c) and (d), respectively.

borophene-based n-p-n junction and give a clear physical
picture on it.

The paper is organized as follows. In Sec. II, the model and
basic formalism are constructed and derived. In Sec. III, the
numerical results and theoretical analysis are presented and
discussed. Finally, in Sec. IV, the main results of this work
are summarized.

II. MODEL AND FORMALISM

We consider the 8-Pmmn borophene-based n-p-n junction
shown in Fig. 1. The Hamiltonian of the n-p-n junction is

Hη = η(h̄vxσxkx + h̄vyσyky + h̄vtσ0ky) + V σ0. (1)

Here the anisotropic velocities are vx = 0.86vF and vy =
0.69vF , tilted velocity is vt = 0.32vF with vF = 106m/s,
η = +(−) represents kD(−kD) valley index [21], σx,y and σ0

denote the Pauli matrix and unit matrix, respectively. V =
V0�(x′)�(d − x′) with the Heaviside step function �, the
electric potential in the middle region of n-p-n junction, can
be adjusted by gate voltage or doping. The energy dispersion
is

Eη
± = V + ηh̄vt ky ±

√
(h̄vxkx )2 + (h̄vyky)2, (2)

where +(−) denotes conduction (valence) band. According to
the transformation between vector components in coordinate
systems x − y and x′ − y′, the relation of the wave-vector
components in these two coordinate systems are

kx = kx′ cos θ − ky′ sin θ

ky = kx′ sin θ + ky′ cos θ.
(3)

Then, in coordinate system x′ − y′, the wave functions in the
left, right, and middle regions are

	L = ψ i
L + rψ r

L,

	M = aψ i
M + bψ r

M,

	R = tψ t
R, (4)

where r is the reflection coefficient, t is the transmission
coefficient, and a (b) is the incident (reflection) coefficient in
the middle region. According to the Appendix, the incident,
reflected, and transmitted wave functions in each region are

ψ
i(r)
L =

(
1, η

h̄vxki(r)
x + ih̄vyki(r)

y

ε − ηh̄vt k
i(r)
y

)T

ei(ki(r)
x′ x′+ky′ y′ ),

ψ
i(r)
M =

(
1, η

h̄vxqi(r)
x + ih̄vyqi(r)

y

ε − ηh̄vt q
i(r)
y − V0

)T

ei(qi(r)
x′ x′+ky′ y′ ),

ψ t
R =

(
1, η

h̄vxkt
x + ih̄vykt

y

ε − ηh̄vt kt
y

)T

ei(kt
x′ x

′+ky′ y′ ), (5)

where T represents the transformation of matrix, ε is the
incident energy of electron, the magnitudes of ki(r,t )

x′ and ky′

meet ε = Eη
+ while the magnitudes of qi(r,t )

x′ and ky′ meet
ε = Eη

−, and ki(r,t )
x , ki(r,t )

y , qi(r,t )
x , and qi(r,t )

y can be calculated by
Eq. (3). Then, according to the continuity of wave function,
the wave functions at the interface of the n-p-n junction meet

	L(0) = 	M(0), 	M(d ) = 	R(d ), (6)

and the corresponding valley-dependent transmission coeffi-
cient is written as

tη = (Ai − Ar )(Bi − Br )

(Ai − Bi )(Ar − Br )eiqi
x′ d + (Bi − Ar )(Ai − Br )eiqr

x′ d
,

(7)

where

Ai(r) = η
h̄vxki(r)

x + ih̄vyki(r)
y

ε − ηh̄vt k
i(r)
y

,

Bi(r) = η
h̄vxqi(r)

x + ih̄vyqi(r)
y

ε − ηh̄vt q
i(r)
y − V0

.

(8)

According to the conservation of probability current in
the Appendix, the valley-dependent transmission probability
across the n-p-n junction is written as Tη = t∗t .

III. RESULTS AND DISCUSSION

A. Valley-dependent electron retroreflection

In a coordinate x′ − y′ system, the velocity of an electron
is defined as u = 1

h̄∇kE . So the valley-dependent velocity
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FIG. 2. (a)–(d) Transverse wave vector ky′ -dependent transverse
velocity uy′ with the incident energy of electron ε = 0.05 eV. Here
u+

y′ i(r) denotes the transverse velocity of incident (reflected) electron
from kD valley while u−

y′i(r) denotes the transverse velocity of incident
(reflected) electron from −kD valley. The unit for all transverse
velocities is vF.

components are calculated as

uη

x′ = ∂Eη
+

h̄∂kx′
= ηvt sin θ + v2

x kx cos θ + v2
y ky sin θ√

k2
x v

2
x + k2

y v
2
y

,

uη

y′ = ∂Eη
+

h̄∂ky′
= ηvt cos θ + −v2

x kx sin θ + v2
y ky cos θ√

k2
x v

2
x + k2

y v
2
y

. (9)

Then the valley-dependent incident (reflected) angle of elec-
tron is

ϕ
η

i(r) = arctan
uη

y′i(r)

uη

x′i(r)

. (10)

Given the transverse wave vector ky′ and the incident energy
ε, we can obtain the longitudinal wave vector kx′i (kx′r) of
incident (reflected) electron from Eqs. (2) and (3). Then the
valley-dependent transverse velocity uη

y′i (uη

y′r) of incident
(reflected) electron can be calculated by Eqs. (9), which is
shown in Fig. 2 with θ = 0, π/4, π/3, and π/2. According
to the schematic diagrams for specular reflection and retrore-
flection of electron in Figs. 1(c) and 1(d), the same (opposite)
directions of transverse velocities of incident and reflected
electrons is corresponding to the specular reflection (retrore-
flection). Due to the same sign of uη

y′i and uη

y′r in Figs. 2(a) and
2(d), the electron retroreflection is absent in θ = 0 and π/2.
However, in Figs. 2(b) and 2(c), retroreflection of electron
from kD (−kD) valley is generated in the I (II) region. For
the consideration of experiment, we give the transverse wave
vector ky′ -dependent incident (reflected) angle of incident
(reflected) electron, shown in Fig. 3. Because of the opposite
sign of ϕ

η
i and ϕη

r in Figs. 3(a) and 3(d), only electron specular
reflection happens. Obviously, the retroreflection of electron
from kD (−kD) valley is generated in I (II) region in Figs. 3(b)
and 3(c). This valley-dependent electron retroreflection

FIG. 3. (a)–(d) Transverse wave vector ky′ -dependent incident
(reflected) angle of incident (reflected) electron with ε = 0.05 eV.
Here ϕ+

i(r) denotes the incident (reflected) angle of electron from kD

valley while ϕ−
i(r) denotes the incident (reflected) angle of electron

from −kD valley.

phenomenon comes from the release of locking relation be-
tween the transverse wave vector ky′ and the velocity compo-
nent along the interface uη

y′ , shown in Eq. (9).

B. Valley-dependent anomalous Klein tunneling

In the coordinate x′ − y′ system, we rewrite the Hamilto-
nian [Eq. (1)]

Hη = η(h̄Sxkx′ + h̄Syky′ ) + V σ0, (11)

where Sx and Sy are defined in Eq. (A2). The velocity oper-
ator along the x′ direction is ûx′ = 1

ih̄ [x′, Hη] = ηSx. Its time
evolution is given by the Heisenberg equation of motion:

˙̂ux′ = 1

ih̄
[ûx′ , Hη] = 2vxvyσzky′ . (12)

Obviously, the velocity along x′ is conserved when ky′ = 0,
which means the appearance of perfect transmission (Tη = 1
for ky′ = 0) regardless of the width and height of potential
barrier. We calculate the ky′ -dependent transmitted probability
in different parameters, shown in Fig. 4, to verify our analysis.
From the discussion above, we can give a conclusion that the
conservation of ux′ in the case of ky′ = 0 ensures the Klein
tunneling of electron.

The general transmitted probability in the n-p-n junction
is solved through Eq. (7). When θ = 0, the valley-dependent
transmitted probability is simplified as

Tη = 1

cos2 qxd + χ2 sin2 qxd
, (13)

where χ = χ2
L +χ2

M
2χLχM

sec α sec β − tan α tan β with χL = η�(ε−
ηh̄vt ky), χM = η�(ε − ηh̄vt ky − V0), α = arctan(vyky/vxkx ),
and β = arctan(vyky/vxqx ). Here kx is the longitudinal wave
vector in two n regions, and qx is the longitudinal wave vector
in the p region. In the graphene-based n-p-n junction, the
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FIG. 4. (a)–(d) Transverse wave vector ky′ -dependent transmis-
sion probability with ε = 0.05 eV. The black and red lines (blue and
green lines) are plotted with the parameters V0 = 0.3 (0.2) eV and
d = 100 nm in (a) and (b). The black and red lines (blue and green
lines) are plotted with the parameters V0 = 0.3 eV and d = 90 (80)
nm in (c) and (d). Here T+(−) represents the transmission probability
of electron from kD (−kD) valley.

Klein tunneling only occurs in the case of normal incidence
of electron due to the fact that the incident angle of electron
is α and is equal to zero when ky = 0. However, in our model,
the azimuthal angle of wave vector is not equal to the one
of velocity. From Eq. (10), we obtain the incident angle of
electron in the case of θ = 0

ϕ
η
i = arctan

ηvt + vy sin α

vx cos α
. (14)

It is easy to find that the Klein tunneling occurs at the incident
angle ϕ

η
i = ηvt/vx ≈ η20.4◦, which is shown in Fig. 5(a).

FIG. 5. (a)–(d) Transmission probability versus the incident an-
gle of electron with the parameters V0 = 0.3 eV and d = 100 nm.
Here T+(−) represents the transmission probability of the electron
from the kD (−kD) valley.

FIG. 6. Valley-dependent incident angle of electron ϕ
η

i of Klein
tunneling versus the direction of junction θ with ky′ = 0ε = 0.05 eV,
d = 100 nm, and V0 = 0.3 eV. Here the blue and green lines are
plotted in the assumption of vt = 0.

Compared with the case of the graphene-based n-p-n junction,
there are two differences: One is the nonzero incident angle-
induced Klein tunneling; the other is the valley-dependent
Klein tunneling. These two peculiar properties arise from
the tilted energy dispersion. From Eq. (14), it is easy to see
that the phenomenon of Klein tunneling in our model is the
same as the one in the graphene system when the tilted term
vt = 0.

In the case of θ = π
4 , when ky′ = 0, the incident angle of

electron from kD (−kD) valley ϕ
+(−)
y′i ≈ 3.26◦ (−35.54◦) by

calculating Eq. (10). Similarly, ϕ
+(−)
y′i ≈ 0.28◦(−34.46◦) in

the case of θ = π
3 . At these incident angles, the phenomenon

of Klein tunneling happens, which arises from the anisotropic
band structure and is consistent with that in Figs. 5(b) and
5(c). In the case of θ = π

2 , the incident angle-dependent
transmitted probability is plotted in Fig. 5(d). We can find
that the incident angle of Klein tunneling is zero, which is
the same as the one in the graphene-based n-p-n junction.
When ky′ = 0, uη

y′ = 0 from Eq. (9) obviously, which leads
to the appearance of Klein tunneling at zero incident angle.
Besides these special angles, in Fig. 5, there are other angles
for T η = 1, which is the phenomenon of resonant tunneling
of electron. These resonant angles are sensitive to the incident
energy ε, the width and height of potential barrier, and the
direction of junction.

For the sake of discussion, we define an asymmetric pa-
rameter γ = vx

vy
. If the tilted velocity vt = 0 and γ = 1, then

the Klein tunneling in our model is the same as the one in
the graphene system obviously. If tilted velocity is not equal
to zero, then the nonzero incident angle-dependent Klein
tunneling appears regardless of the value of γ , which can be
seen from Eq. (14) easily. If the tilted velocity vt = 0 but γ �=
1, then the nonzero incident angle-dependent Klein tunneling
also appears, shown in Fig. 6. However, the range of nonzero
incident angle of Klein tunneling is narrower than the one in
the case of vt �= 0. From the energy dispersion in Eq. (2) and
the discussion above, the tilted velocity or the asymmetric
parameter (γ �= 1) can make the band structure anisotropic,
which is key to realize the nonzero incident angle-dependent
Klein tunneling.
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Through the calculations and analysis above, the Klein
tunneling can occur at the different valley-dependent incident
angles in different directions of junction (different θ ) due
to the anisotropic band structure inducing the release of
the locking relation between uy′ and ky′ . This phenomenon
is named as valley-dependent anomalous Klein tunneling,
which provides a new perspective for understanding Klein
tunneling.

IV. CONCLUSIONS

In conclusion, we investigate the valley-dependent elec-
tron retroreflection and anomalous Klein tunneling in an 8-
Pmmn borophene-based n-p-n junction. In the low energy
Hamiltonian, the tilted velocity and the asymmetric param-
eters make the band structure anisotropic, which leads to the
release of locking relation between the transverse wave vector
and velocity component along the interface and then makes
the valley-dependent electron retroreflection and anomalous
Klein tunneling realizable. The electron retroreflection can
only be generated by changing the direction of junction while
the anomalous Klein tunneling directly appears without the
change of the direction of junction due to the tilted velocity.
Interestingly, the nonzero incident angle of anomalous Klein
tunneling can be adjusted by changing the direction of junc-
tion. The phenomena in the present paper are general and
applicable to any anisotropic Dirac fermion systems and give a
new perspective for understanding the electron reflection and
the Klein tunneling.
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APPENDIX: THE PROCESS FOR DERIVING THE WAVE
FUNCTION AND PROBABILITY CURRENT

1. Calculation of wave function

In the coordinate x′ − y′ system, the Hamiltonian of an
8-Pmmn borophene is rewritten as

Hη = η(h̄Sxkx′ + h̄Syky′ ) + V σ0, (A1)

where

Sx = vxσx cos θ + vyσy sin θ + vtσ0 sin θ,

Sy = −vxσx sin θ + vyσy cos θ + vtσ0 cos θ. (A2)

In the coordinate representation, kx′ → −i ∂
∂x′ and ky′ →

−i ∂
∂y′ , then the Schrödinger equation is Hηψ = εψ . Insert-

ing a trial wave function ψ = (1, m)T ei(kx′ x′+ky′ y′ ) into the
Schrödinger equation, we obtain the trial wave function

ψ =
(

1
η

h̄vxkx+ih̄vyky

ε−ηh̄vt ky−V

)
ei(kx′ x′+ky′ y′ ). (A3)

2. Derivation of probability current

The time-dependent Schrödinger equation and its conju-
gate equation are written as

ih̄
∂ψ

∂t
= −iηh̄

(
Sx

∂

∂x′ + Sy
∂

∂y′

)
ψ, (A4)

−ih̄
∂ψ†

∂t
= iηh̄

(
Sx

∂

∂x′ + Sy
∂

∂y′

)
ψ†. (A5)

Through ψ†×Eq. (A4)-ψ×Eq. (A5) and the probability den-
sity ρ = ψ†ψ , we obtain the equation of the conservation of
probability current

∂ρ

∂t
+ ∇ · J = 0, (A6)

where J = η(ψ†Sxψ,ψ†Syψ ) is the probability current. In
our paper, the probability current is conserved in the x′ di-
rection, then the incident probability current Jx′i = ηψ

†
i Sxψi

and the transmitted probability current Jx′t = ηt∗tψ†
t Sxψt , so

the transmitted probability is T = Jx′t
Jx′ i

= t∗t due to ψt = ψi in
our model.
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