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We study the relationship between the quantum Fisher information (QFI) of spin pairs and the topological
quantum phase transitions (TQPTs) of the extended XY model driven by the anisotropies of the nearest-neighbor
and the next-nearest-neighbor spins, the transverse magnetic field, and the three-spin interaction. We find that
the first derivative of QFI can correctly characterize the TQPTs at absolute zero temperature. Meanwhile, the
impacts of the thermal fluctuations and the site distance of spin pairs on the critical behaviors of the QFI are
studied. It is found that the first derivative of QFI for the nearest neighbor or the long-distance spin pairs can
only correctly characterize the critical points of the TQPTs at sufficiently low temperature. Remarkably, when
the anisotropy of the nearest-neighbor and the next-nearest-neighbor spins are the driven parameters and the site
distance R = 5, the QFI itself can characterize the TQPTs at absolute zero temperature.

DOI: 10.1103/PhysRevB.100.184417

I. INTRODUCTION

Recently, topological quantum phases [1] in various sys-
tems have become of great significance due to their potential
importance in both condensed matter physics [2-4] and quan-
tum information science [5-8]. A quantum system with differ-
ent topological quantum phases will possess different physical
properties, which is important to study the physical properties
of some magnetic materials. Thus, topological quantum phase
transitions (TQPTs) have become one of the hottest research
topics in condensed matter physics. The TQPTs cannot be
described by the symmetry-breaking theory of Landau, and
be characterized by the topological quantum discrete numbers
[9,10]. A detailed study on TQPTs not only supplements
the theory of quantum phase transitions, but also deepens
our understanding of topological quantum phases from the
standpoint of quantum mechanics. People have done exten-
sive research on theoretical [9—14] and experimental [15,16]
aspects.

A quantum many-body system represents an ideal plat-
form for the investigation on the TQPTs. The Kitaev chain
and the extended Ising model, two prototypical many-body
models, are often used to investigate the TQPTs, including the
theory of TQPTs [9-14,17-19] and the detection of TQPTs
by several quantum concepts, such as quantum correlations
[20-24], quantum coherence [25,26], and quantum deficit
[27]. Quantum Fisher information (QFI) [28,29] is an exten-
sion of Fisher information [30] in the quantum realm, and
is a fundamental concept of quantum metrology [31-34].
The QFI plays an important role in quantum detection and
estimation because it can provide a bound about the accuracy
of quantum estimation, i.e., a larger QFI means a higher esti-
mation precision. The QFI, as a central quantity in quantum
metrology, has been used to characterize the quantum phase
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transitions (can be described by Landau symmetry-breaking
theory) in various spin-chain systems recently [35-38]. In
these works, there is only one or two phase transition points
in various spin systems without topological characterizations.
However, the TQPTs, beyond the symmetry-breaking theory
of Landau, are characterized by the topological order, and
are entirely different from the conventional quantum phase
transitions. Second, the extended XY model in our work is
rich in topological quantum phases, and is sensitive to many
physical parameters at sufficiently low temperature, such as
the anisotropies of the nearest-neighbor and the next-nearest-
neighbor spins, the transverse magnetic field, and the three-
spin interaction. Consequently, it is worth investigating the
relationship between the QFI of spin pairs and the TQPTS in
an extended XY spin chain.

In this work we investigate in detail the QFI of spin
pairs and the critical behavior of its first derivatives in an
extended XY spin chain. The research results show that the
first derivative of the QFI (i.e., its first derivative is divergent
at TQPTs points) can correctly mark the TQPTs driven by
the anisotropies of the nearest-neighbor and the next-nearest-
neighbor spins, the transverse magnetic field, and the three-
spin interaction at absolute zero temperature. However, the
impact of thermal fluctuations cannot be neglected to study
the corresponding relation between the first derivative of the
QFI and TQPTs in a many-body system. We also find that
the first derivative of QFI for long-distance spin pairs can still
mark the TQPTs in the extended XY model.

The paper is organized as follows. In Sec. II we give an
overview of the extended XY model, and analyze its topo-
logical characterizations. The general expressions of the QFI
are also introduced. In Sec. III we investigate the relationship
between the QFI of spin pairs and the TQPTs of the extended
XY chain driven by four physical parameters, and analyze the
impact of thermal fluctuations and site distance of spin pairs
on the critical behaviors of the QFI. The conclusion is given
in Sec. IV.

©2019 American Physical Society
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II. PHYSICAL MODEL AND QUANTUM FISHER
INFORMATION

A. Extended XY model and its topological characterizations

The physical model is a one-dimensional spin chain with
topological characterizations, its Hamiltonian can be written
as [11,12,25,27]

where y and § denote the anisotropies of the spin system
arising from the nearest-neighbor and next-nearest-neighbor
spins, respectively. A represents the strength of the external
magnetic field, and « is the strength of the three-spin interac-
tion.

The reduced density matrix for the mth and nth sites can be
written as

ut 0 0 y
o =z » o0

Pmn = v zoo| (2)
y- 0 0 u

where  ut = (1£2(c%) + (050:5))/4, yt = (o 00) £
(omon))/4, and z =[1 — (0507)]/4. The mean transverse
magnetization (o?) and two-point correlation functions can

be written as
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where R = |m — n| represents the distance of spin pairs,
B =1/(kgT), where kg is the Boltzmann constant, and
x=2ZM="Ak=-M-M+1,....M—1,M).
The sin6; = [adsin (2x;) + y sin xx]/ex, and cosf; =
[ cos (2xx) + cos xr — Al/er, with the energy spectra &
read

e = %{[or cos(2yx) + cos xx — A
+ [ad sin(2xe) + y sin x 1%}/ 8)

Now we start to analyze the topological characterizations
of the extended XY model. The Pauli operators in Eq. (1) can
be mapped to the spinless fermion operators by the Jordan-
Wigner transformation, and by following Fourier, Bogoliubov
transformation, we can obtain the form of the Bogoliubov—de
Gennes Hamiltonian as [23]

H=Y ([ et (Ci"k), ©)
- '

where H; = 7(k)-& with 7(k) =[0,Y(k), Z(k)] and ¢ =
(0%, 07,0%). The vector ¥(k) represents a two-dimensional
magnetic field, its components can be expressed as

Y (k) = adsin(2xx) + y sin xx,
Z(k) = acos(2xy) + cos xx — A. (10)

In the auxiliary two-dimensional y-z plane, we can establish
the connection between the TQPTs and the switch of the topo-
logical quantities via winding number, which is a fundamental
concept in geometric topology, and is equal to the Chern
number and the Majorana charge in a generalized quantum
spin system [12]. The winding number of a closed loop in the
auxiliary y-z plane around the origin point is defined as [11]

N = 1 f (YdZ — zdY))|F%, (11)
2

which is an integer representing the total number of times
that the curve travels around the origin point, and we can
use it to identify different topological quantum phases in
the extended XY model. In addition, we can obtain critical
points of different topological quantum phases by solving the
corresponding characteristic equations [23,25,27].

B. Quantum Fisher information

We briefly introduce the QFI by a general phase estimation
scenario. A quantum system, undergoing unitary transforma-
tion, can be described as py = e 4% pe'?, where 0 is the
parameter to be estimated and the A is an observable. When
we infer the value of 6 by use of the parameter estimation ap-
proach, the measurement error is unavoidable due to quantum
and statistical fluctuations. The precision of estimating 6 is

restricted by the quantum Cramér-Rao inequity [39,40]

A 1
AO > ——
" VT ()
where p is the number of times with the repeated measure-
ment, and F (pg) is defined as the QFL. If p is a mixed state,
whose orthogonal spectral decomposition can be expressed
as p =Y Aylm)(m|, where A, and |m) are the eigenvalues
and eigenvectors of the density matrix p, respectively, then

the specific expression of QFI can be written in the following
form [41,42]:

(12)

)"m - )"n 2
Flo,A)=)" ;Qm—ﬂi)ummmnz. (13)

m,n

For any bipartite state p;;, by means of the local orthonor-
mal observable bases {A,} and {B,} of two subsystems, the
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QFI, encoded in the bipartite system with respect to observ-
ables, can be expressed as [42]

F=) Fp.Ay®I+I1®B,). (14)

m

where the local orthonormal observable bases {A,} and {B,},
for a general two-spin system, can be chosen as

4 = B} = = (L0003 (1s)
where o; (i =1, 2, 3) are the Pauli matrices. Moreover, the
QFI derived from Eq. (14) is independent of the choice of
local orthonormal bases, and it implies that the QFI is the
intrinsic quantity of the composite system. Consequently, we
will study the QFI of the spin pairs in the extended XY
model with topological characterizations by this method in the
following section.

III. QFI AND TQPTS IN AN EXTENDED XY MODEL

In this section we investigate the connection between the
QFI of the spin pairs and the TQPTs of the extended XY chain
driven by four physical quantities, including the anisotropy
of the nearest-neighbor spins y, the anisotropy of the next-
nearest-neighbor spins §, the transverse magnetic field A, and
three-spin interaction «. Simultaneously, the impacts of the
thermal fluctuations and the distance of the spin pairs on the
relation between the QFI and TQPTs are investigated in detail.

First, we can obtain the analytical expression of QFI ac-
cording to Egs. (2), (13), (14), and (15), whose special form
can be written as

2 — Aa)?
A+ Ag

2(hy — Ag)?
A+ Ay

8(y™)?

, 16
A+ A2 (16)

where A = %[Lﬁr +u =Vt —u ) +407), r =
st +um + V@t —u) +4(07)], and  ry =z 4yt
which are three out of four eigenvalues of Eq. (2).
Consequently, we can investigate the QFI of spin pairs
in the extended XY model.

A. The QFI and the TQPTs driven by the anisotropy of the
nearest-neighbor spins

The anisotropy parameter y describes the anisotropy of the
nearest-neighbor spins. The values y =0 and y = 1 corre-
spond to the isotropic XX model and Ising model, respec-
tively. In the extended XY model, we first study the TQPTs
driven by y, and investigate the critical behaviors of QFI
as well as the influences of the thermal fluctuations and the
distance of the spin pairs.

We set the parameters of the extended XY model as
N =1001, « =1, § =1, A = —0.5, and change the value
of y. The energy spectra are displayed in Fig. 1(a),
which shows two phase transition points. The critical points
of the TQPTs can be derived by solving the character-
istic equation a[£2 4+ (1 —8)E72/2]+ &+ (1 —y)E~1/2 —
A =0, where & = exp(%) and |&| = 1. In the case of N =
1001, « =1, § =1, and A = —0.5, we can obtain the two
critical points by numerical solution, which are y,; >~ —0.618
and y,» >~ 1.618 [25]. The trajectories of the winding vectors

yer=1.618

Ye1=—0.618

21 o
y

FIG. 1. (a) Energy spectra as a function of y. (b) Trajectories
of the winding vectors in the y-z plane with parameters y = —1, 0,
and 2, the winding numbers are 0, 2, and 0, respectively. The other
parameters are set to N = 1001, = 1,6 = 1, and . = —0.5.

are plotted in Fig. 1(b) with y = —1, 0, 2. The winding num-
bers can be obtained in the auxiliary y-z plane according to
Eq. (11), and it changes from 0 to 2 at y,;, and from 2 to 0
at Yea.

Although quantum phase transitions theoretically occur at
absolute zero temperature, they can still be observed under
a finite temperature, where the system remains dominated
by quantum fluctuations, and the thermal fluctuations are not
strong enough to excite the ground state. To investigate the
impact of thermal fluctuations on the capacity of QFI to
detect TQPTs is a significant work on both a theoretical and
experimental level. Here we study how the temperature affects
the critical behaviors of QFI for the nearest-neighbor spins
(i.e., R =1). In Fig. 2 the two-spin QFI and its first deriva-
tive as a function of the anisotropy parameter with different
temperatures are plotted. It can be seen from Fig. 2(a) that the
curves of the QFI with different temperatures almost overlap,
and do not have an obvious change at the phase transition
points. However, at zero temperature, the divergent behavior
of its first derivative can correctly mark the topological phase
transition points y.; =~ —0.618 and y., ~ 1.618 in Fig. 2(b).
With the increase of temperature, the divergent behaviors of
QFI will become smoother and be replaced by local extrema
at the topological phase transition points. It is worth to note
that some local extrema drift away from the critical points
when we increase the temperature. Therefore, the impact of
thermal fluctuations needs to be considered when we use QFI
to characterize the TQPTs.

FIG. 2. (a) QFI and (b) its first derivative (with respect to y)
as a function of y for the nearest-neighbor spins with different
temperatures. The other parameters are set to N = 1001, o =1,
§=1,A=-05andR=1.
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FIG. 3. (a) QFI and (b) its first derivative (with respect to y)
as a function of y with different site distances at absolute zero
temperature. The other parameters are set to N = 1001, = 1, § =
1,and A = —0.5.

On the other hand, we also investigate the QFI and its
first derivative as a function of the anisotropy parameter
with different distances of the spin pairs, and plot them in
Fig. 3. It can be seen from Fig. 3(a) that the QFI decreases
as the distance increases in most regions of the anisotropy
parameter, and does not have a prominent characteristic to
mark topological phase transition points for the distance of the
spin pairs R = 1 and R = 2. However, in the case of R =5,
the QFI can mark the critical point (y,, >~ 1.618) by the local
maximum. In Fig. 3(b), we notice that the divergent behaviors
of first derivative for the QFI can correctly characterize the
topological phase transition points, but for the case of distance
R =5, the first derivative marks the phase transition point
(ye2 =~ 1.618) by a sharp drop not a divergent behavior or
local extremum. In addition, we also find that the peaks of
dF /dy become smaller with increasing R, but the QFI of the
long-range spin pairs still mark correctly the TQPTSs driven by
the anisotropy of the nearest-neighbor spins.

B. The QFI and the TQPTSs driven by the anisotropy of the
next-nearest-neighbor spins

In this section we study the TQPTs induced by the
anisotropy of the next-nearest-neighbor spins and the cor-
responding critical behaviors of QFI. First, we consider the
parameters of the extended XY model (i.e., extended Ising
model due to y =1)as N=1001, e =1, y =1, and A =
—0.3. Then the critical points of TQPTSs can be obtained by
solving the characteristic equation, which are §,; ~ —1.2747
and 6, ~ 0.5604 [21]. The energy spectra are displayed in
Fig. 4(a), which shows three different topological phases. The

Se1=—1.2747 §5=0.5604

3
2
1
&0
-1
-2
-3
® 2 -1 g 1 2

FIG. 4. (a) Energy spectra as a function of 4. (b) Trajectories of
the winding vectors in the y-z plane with parameters § = —2, 0, and
1.5, the winding numbers are 2, 0, and —2, respectively. The other
parameters are set to N = 1001, = 1, y = 1, and A = —0.3.

FIG. 5. (a) QFI and (b) its first derivative (with respect to §)
as a function of § for the nearest-neighbor spins with different
temperatures. The other parameters are set to N = 1001, o =1,
y=1,A2=-03,andR = 1.

trajectories of the winding vectors are plotted in Fig. 4(b) with
8§ = —2,0, 1.5. The winding numbers can be obtained in the
auxiliary y-z plane according to Eq. (11), and it changes from
2to 0 at §., and from O to —2 at §.,.

For completeness, we also consider the impact of the
thermal fluctuations on the critical behaviors of QFI for
the nearest-neighbor spins (i.e., R = 1). Figure 5 shows the
QFI and its first derivative as a function of the anisotropy
parameter § with different temperatures. One can see that the
variation curves for QFI versus anisotropy parameter § with
different temperatures almost overlap, and cannot mark any
topological phase transition points. However, the divergent
behavior of its first derivative at absolute zero temperature
can correctly mark the locations of the topological phase
transitions at §.; >~ —1.2747 and 6., ~ 0.5604 in Fig. 5(b).
With the increase of temperature, the divergent behaviors of
the first derivative will become smoother and be replaced
by local extrema at the topological phase transition points.
One can notice that these local extrema drift away from the
critical points when the temperature increases. Therefore, the
impact of thermal fluctuations need to be considered when we
study the relationship between the QFI and the TQPTs in a
many-body system.

Figure 6 shows the QFI and its first derivative as a function
of the anisotropy parameter § with different site distances
of spin pairs. It can be seen from Fig. 6(a) that the QFI
decreases as the site distance increases, and the QFI does not
mark topological phase transition points for the site distances
R =1 and R = 2. However, in the case of R =5, the QFI
can mark the critical point (6., >~ 0.5604) by the local max-

dF/dé

FIG. 6. (a) QFI and (b) its first derivative (with respect to §)
as a function of § with different site distances at absolute zero
temperature. The other parameters are setto N = 1001, ¢ =1,y =
1,and A = —0.3.
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FIG. 7. (a) Energy spectra as a function of A. (b) Trajectories of
the winding vectors in the y-z plane with parameters A = —2, —1, 2,
and 3, the winding numbers are 0, 2, 1, and 0, respectively. The other
parameters are set to N = 1001, = 1.5,y = 1,and § = 1.

imum. In Fig. 6(b) one can see that the divergent behaviors
of its first derivative can correctly characterize the critical
points of TQPTs, but for the case of the distance R =5, its
first derivative marks the topological phase transition point
(82 >~ 0.5604) by a sharp drop not a divergent behavior or
local extremum. We also find that the peaks of their first
derivative become smaller with increasing R, but the accuracy
of QFI to mark the TQPTs is not influenced by the site
distance of spin pairs in an extended Ising model.

C. The QFI and the TQPTs driven by the
transverse magnetic field

Now we turn to study the TQPTs induced by the transverse
magnetic field and the corresponding critical behaviors of QFI
in an extended Ising model (due to ¥ = 1 in this section). For
given system parameters {N = 1001, ¢ = 1.5,y = 1,46 = 1},
we can obtain the topological phase transition points by solv-
ing the characteristic equation 1.5 + & — A = 0, which are
Al = —1.5 for & = exp[£iarccos(—1/3)], Ao = 0.5 for
& = —1, and A3 = 2.5 for & =1 [27]. The energy spectra
are displayed in Fig. 7(a), which also indicates that A, =
—1.5, A, =0.5, and A, = 2.5 are the topological phase
transition points. The trajectories of the winding vectors in
the auxiliary y-z plane are plotted in Fig. 7(b), which shows
that with the increase of A, the winding number changes from
Oto2atA. = —1.5,from2to1 at A, = 0.5, and from 1 to O
at .3 = 2.5.

Figure 8 shows the QFI and its first derivative as a function
of the transverse magnetic field A for the nearest-neighbor

FIG. 8. (a) QFI and (b) its first derivative (with respect to A)
as a function of A for the nearest-neighbor spins with different
temperatures. The other parameters are set to N = 1001, o = 1.5,
y=1,8§=1,andR=1.

1.5

N 1.0
0.5

dF /dA

4l )
-2 -1 0 1 2 3 -2 -1 0 1 2 3
A A

0.0

FIG. 9. (a) QFI and (b) its first derivative (with respect to 1) as a
function of X for different site distances at absolute zero temperature.
The parameters are setto N = 1001, = 1.5,y = 1l,and § = 1.

spins with the different temperatures. One can see that the QFI
itself cannot mark any phase transition point at the different
temperatures. However, the divergent behavior of its first
derivative at absolute zero temperature can correctly mark the
locations of the topological phase transitions at A, = —1.5,
Aoz = 0.5, and A3 = 2.5 in Fig. 8(b). With the increase of
temperature, the divergent behaviors of its first derivative of
QFI will become smoother and be replaced by local extrema
at the topological phase transition points. Therefore, we can
conclude that the thermal fluctuations will weaken the cor-
responding relationship between QFI and TQPTs driven by
the transverse magnetic field. Figure 9 shows the QFI and its
first derivative as a function of the transverse magnetic field A
for different site distances of spin pairs. In Fig. 9(b) one can
see that the divergent behaviors of first derivative of the QFI,
for the different site distances of the spin pairs, can correctly
characterize the critical points of TQPTs, Remarkably, we find
that the peak values of their first derivative become larger
with increasing R. We can conclude that the site distance will
strengthen the corresponding relation between the QFI and the
TQPTs driven by the transverse magnetic field X.

D. The QFI and the TQPTs driven by the three-spin interaction

The three-spin interaction, as well as multiple
spin-exchange model, seems closer to the real
situation. Researchers have done extensive researches on
the three-spin interaction in experimental and theoretical
aspects recently. The conclusions indicate that the three-spin
interaction plays a very important role on the physical
properties of some quantum concepts in the spin-chain
model, such as the QPTs [43], quantum correlations and
coherence [20,21,44,45], magnetoelectric and magnetocaloric
effect [46,47], and non-Markovianity [48]. Therefore, it
is significant for us to study the impact of the three-spin
interaction on topological characterization in the extended
XY model. We set the parameters of the extended XY model
as N =1001, y =1, § = —1, A =1, and change the value
of «. The topological phase transition points can be derived
by solving the characteristic equation a&? +£~1 —1=0,
which are e = (—vV/5 — 1)/2, @2 = 0, a3 = (/5 — 1)/2,
and au =2 with & = exp{&iarccos[(1 — /5)/4]},
& =1, & =exp{zxiarccos[(1+ V5)/41}, and & = —1,
respectively [25,27]. The energy spectra are displayed in
Fig. 10(a), which also proves the four critical points of
TQPTs induced by the three-spin interaction. The trajectories
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—a=-25

FIG. 10. (a) Energy spectra as a function of «. (b) and (c) Tra-
jectories of the winding vectors in the y-z plane with parameters
o =-2.5,-13,-0.5,04,1.5, and 2.5, the winding numbers are
2,0,0,1, —1, and —2, respectively. The other parameters are set to
N=100l,y =1,§ =—1,and A = 1.

of the winding vectors are plotted in Figs. 10(b) and 10(c)
with « = —2.5, —1.3, —0.5,0.4, 1.5, and 2.5, one can see
that the winding numbers in the auxiliary y-z plane change
from 2 to 0 at a1, from O to 1 at ¢, from 1 to —1 at a3, and
from —1 to —2 at o.4.

Figure 11 gives the QFI and its first derivative as a function
of the three-spin interaction for the nearest-neighbor spins
in the extended Ising model with different temperatures. We
see that the QFI with different temperatures cannot mark
any topological phase transition point. However, the divergent
behavior of its first derivative at absolute zero temperature
can correctly mark the locations of the TQPTs at o, =
(=5 =1)/2, aes =0, a3 = (v/5—1)/2, and ooy =2 in
Fig. 11(b). With the increase of temperature, the divergent
behaviors of the first derivative of QFI will become smoother
and be replaced by local extrema at the critical points. More-
over, the first derivative of QFI cannot mark the topological
phase transition point at o, = 0, and the local extrema drift
away from critical points at other topological phase transition

d¥ /da

_4}(b)
-2 -1 0 1 2

FIG. 11. (a) QFI and (b) its first derivative (with respect to «)
as a function of « for the nearest-neighbor spins with different
temperatures. The other parameters are set to N = 1001, y =1,
d=—-1L,A=1,andR=1.

FIG. 12. (a) QFI and (b) its first derivative (with respect to «) as a
function of « for different site distances at absolute zero temperature.
The other parameters are set to N = 1001, y =1, § = —1, and
A= 1

points as a result of the thermal fluctuations. Therefore, the
impact of thermal fluctuations need to be considered when
we use QFI to characterize the TQPTs induced by three-spin
interaction. Figure 12 shows the QFI and its first derivative
as a function of the three-spin interaction « for different site
distances of spin pairs. It can be seen from Fig. 12(a) that
the QFI does not mark topological phase transition points. In
Fig. 12(b) one can see that the first derivative of the QFI for
long-distance spin pairs can correctly characterize the critical
points of TQPTs driven by the three-spin interaction.

As we all know, any quantum detection and estimation in-
curs measurement error due to various factors such as different
quantum states, the imperfection of measurement devices, or
the stochasticity of the event in question. The fundamental
attainable accuracy in metrology can be obtained by the
Cramér-Rao bound. The TQPTSs are often accompanied by an
abrupt change of systematic energy [such as Figs. 1(a), 4(a),
7(a), and 10(a)] and the quantum resources (quantum correla-
tions and coherence) [20,25]. These changes may eventually
affect the measurement error, i.e., the QFI. Our results show
that the first derivative of QFI (by the divergent behavior)
can characterize correctly TQPTs. It implies that the variation
tendency of QFI (with respect to four driven parameters) has
an abrupt change due to the TQPTs.

IV. CONCLUSIONS

We have investigated the QFI of spin pairs in an extended
XY model with rich topological characterizations. By means
of the energy spectra of the ground state and the trajectories
of winding vectors (winding number A/) in the auxiliary y-z
plane, we systematically studied the topological characteriza-
tions of quantum phase transitions driven by the anisotropies
of the nearest-neighbor and the next-nearest-neighbor spins,
the transverse magnetic field, and the three-spin interaction.
Remarkably, we find that the first derivative of QFI can
correctly characterize the TQPTs at absolute zero temper-
ature. On the other hand, we also consider the impact of
the thermal fluctuations and the site distance of spin pairs
on the critical behaviors of QFI and its first derivative. As
temperature increases, the divergence of the first derivative of
the QFI (with respect to the corresponding driving parameter)
becomes smoother and even disappeared, thus the first deriva-
tive of QFI can only correctly characterize the critical points
of the TQPTs at sufficiently low temperature. However, the
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QFI or its first derivative for long-distance spin pairs can still
mark the topological phase transition points. In addition, the
QFI itself can characterize the TQPTs as the y and § are the
driven parameters and the site distance R = 5. We hope that
the properties of the QFI revealed in our work will be useful
for experimental studies in the future.
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