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Equation of state of hexagonal-close-packed rhenium in the terapascal regime
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All-electron density functional theory calculations were performed aiming to determine the equation of state
and the dependence with pressure of the c/a ratio and the anisotropic compressibility for hexagonal-close-packed
rhenium. Calculations were carried out up to maximum compression of 0.46, and the resulting total energy versus
volume is well described by a Vinet equation of state with B0 = 367(5) GPa and B′

0 = 4.64(3), valid up to 1.5
TPa. The agreement with two recent experimental studies [S. Anzellini et al., Equation of state of rhenium
and application for ultra high pressure calibration, J. Appl. Phys. 115, 043511 (2014); T. Sakai et al., High
pressure generation using double-stage diamond anvil technique: Problems and equations of state of rhenium,
High Pressure Res. 38, 107 (2018)] supports their conclusion that the pressure in previous experiments with a
double-stage diamond-anvil cell [L. Dubrovinsky et al., Implementation of micro-ball nanodiamond anvils for
high-pressure studies above 6 Mbar, Nat. Commun. 3, 1163 (2012)] was significantly overestimated.

DOI: 10.1103/PhysRevB.100.174107

I. INTRODUCTION

Rhenium is a dense, refractory, and rare (the 77th most
abundant element on Earth’s crust, and the last stable element
to be discovered) transition metal, which belongs to group 7
of the periodic table of the elements [1–3]. At ambient condi-
tions, rhenium crystallizes in a hexagonal-close-packed (hcp)
structure, space group P63/mmc, with two atoms per unit cell
[4–6]. Despite rhenium being relatively soft and ductile, rhe-
nium strength increases more than any other pure metal under
plastic deformation [7–10]. The exceptional work hardening
and the high melting point of rhenium make it particularly
suited for use as a high strength gasket in high-pressure ex-
periments with the diamond-anvil cell (DAC) [9,11]. Besides
providing a container for the sample, the metallic gasket also
supports laterally the diamond anvils and, particularly in the
case of rhenium gaskets, it further provides a way to estimate
pressure, by x-ray diffraction from the material at the edge of
the gasket hole [9,12–16]. Indeed, x-ray diffraction of the gas-
ket material, along with the Raman spectrum of the diamond
anvil at the point of contact with the sample, are becoming
increasingly useful methods for pressure calibration, along
with widely used internal standards, such as gold [16–18].
In fact, approaching the terapascal regime statically has only
become possible at the cost of considerably reducing sample
size, thus making use of internal standards less desirable
[16]. Also, other methods for pressure estimation in the DAC,
including the ruby technique and the Raman shift of cubic
boron nitride, are unfeasible at such ultrahigh pressures or are
yet to become more widely used [9,13,19]. Recent improve-
ments in anvil design, with claims of the upper limit of static
pressures attained with the DAC now approaching 1 TPa, only
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make more urgent the increasing need for reliable methods to
estimate the pressure in this extended regime [20–26].

The ability to estimate the pressure in diamond-anvil cell
experiments by x-ray-diffraction analysis of the gasket inner
rim is very dependent on the accuracy of currently available
equations of state (EOSs). However, in the case of rhenium,
previous theoretical and experimental studies were restricted
to pressures well below 1 TPa. Prior computational studies
on rhenium’s EOS include linear muffin-tin orbital (LMTO)
relativistic calculations (without spin-orbit contribution) [27],
full-potential (FP) LMTO density functional theory (DFT)
calculations in the local-density approximation (LDA) [28],
FP linearized augmented plane-wave (LAPW) calculations
in both LDA and generalized gradient approximation (GGA)
[29], norm-conserving pseudopotential (NC-PP) LDA/GGA
DFT [30], and projector augmented wave (PAW) DFT/LDA
calculations [31]. All these computational studies were re-
stricted to the compression range V/V0 � 0.7. Moreover, the
stability of hcp Re with respect to a possible transition to a
body-centered structure has been previously assessed up to
1 TPa [32]. The behavior of Re under high static pressures has
also been the subject of several experimental studies, starting
with a pioneering work by Bridgman [8] and extending up to
very recent times [12,16,20,22,33–36].

Despite these several computational and experimental
studies, controversies have arisen on a proposed equation of
state for rhenium that is valid in the regime of ultrahigh
pressures [16,20,22]. Indeed, pressures around 0.64 TPa have
been claimed to be achieved with a double-stage modified
diamond-anvil cell by Dubrovinsky et al. [20]. In the study
carried out by Dubrovinsky et al., the pressure was estimated
on the basis of the gold EOS and a fourth-order Birch-
Murnaghan EOS was proposed for rhenium [20]. A pressure
of 640(17) GPa was estimated for the maximum compres-
sion reached in that study, V/V0 = 0.633. However, later
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experimental studies on the Re EOS have suggested that
the maximum pressure achieved in the high-pressure x-ray-
diffraction experiments with rhenium in the double-stage
DAC may have been overestimated by 150 to 200 GPa
[16,22].

In this paper, all-electron DFT calculations were performed
aiming to determine an athermal EOS of Re that is valid
in the terapascal regime. Despite the higher computational
cost, an all-electron method was chosen to avoid potential
pitfalls due to core overlap and failure of the pseudopotential
approximation in the high compression regime here explored
[37–39]. Besides giving support to recent experimental results
regarding rhenium’s compression under very high pressure,
the DFT calculations here reported unveil the effect of pres-
sure on the lattice-parameter c/a ratio and the anisotropic
compressibility of hcp Re.

II. COMPUTATIONAL METHODOLOGY

A. DFT calculations

DFT calculations were performed using a linearized aug-
mented plane-wave plus several local orbitals basis set, as
implemented in the full-potential all-electron EXCITING code
[40]. Calculations were performed in the athermal limit, i.e., at
0 K and without the inclusion of zero-point energy. The calcu-
lations were performed with the PBEsol exchange-correlation
functional [41]. Core electrons were treated as fully rela-
tivistic, while valence electrons were treated as spin polar-
ized, according to the scalar-relativistic Schrödinger equation,
within infinite-order regular approximation [42]. Calculations
included relativistic spin-orbit effects [40]. The muffin-tin
(MT) part of the wave-function basis set is expanded in terms
of products of spherical harmonics and radial functions, in
a radial mesh of 1000 points. In the interstitial region, the
wave function is expanded in a base of plane-wave functions,
up to a maximum angular momentum lmax = 12 [40]. The
muffin-tin radius was set as RMT = 1.8 bohrs. Within the
MT region, wave functions, density, and potential were also
expanded up to lmax = 12. The plane-wave basis set size for
the wave-function expansion outside the MT sphere is defined
as RMT|G + k|max = 12, for a k grid of 31 × 31×19, and
a maximum length of the reciprocal-lattice vector |G| equal
to 30 bohr−1. The occupancies of the Kohn-Sham states are
calculated using a Gaussian approximation to the Dirac delta
function, with a 0.5-μhartree width. The criterion for total
energy convergence is set to 0.25 μhartree. These are very
tight computational conditions, similar to those used in recent
studies aiming to gauge the precision and reproducibility
in DFT calculations of solids [43,44]. The input and some
relevant output files were deposited in the NoMaD repository
[45,46].

B. Equation of state

The equilibrium c/a ratio for different values of the unit-
cell volume was obtained as the point of minimum of a
second-degree polynomial fitted to total energy versus c/a
ratio. Rhenium’s equilibrium volume at zero pressure V0, bulk
modulus B0, and pressure derivative B′

0 were estimated using

the isothermal Vinet EOS [47,48],

P(V ) = 3B0x

(1 − x)2
eηx, (1)

where x = 1 − (V/V0)1/3 and η = 3
2 (B′

0 − 1). The Vinet EOS
has been chosen because it has been shown to suitably de-
scribe the behavior of materials over large compression ranges
[49]. Integrated with respect to volume, the Vinet EOS yields
an expression for the energy variation upon an isothermal
volume change,

�E (V ) = −
∫ V

V0

P(V )dV,

E (V ) = E (V0) + 9B0V0

η2
[1 + eηx(ηx − 1)]. (2)

C. Linear compressibilities

For the calculation of linear compressibilities, fourth-
degree polynomials were fitted to lattice parameters a and
c versus unit-cell volume data. From these, the linear com-
pressibility parallel to the a axis was obtained as βa =
−( ∂ ln a

∂V )( ∂V
∂P ) and, correspondingly, for βc. The derivative

∂V/∂P was calculated assuming the Vinet EOS. For compar-
ison, the ratio of the adiabatic linear compressibilities βc/βa

was estimated from experimental elastic constants using ex-
pressions (18)–(21) from Lv et al. [30].

III. RESULTS AND DISCUSSION

The crystal structure of Re, for a given unit-cell volume, is
defined uniquely by the ratio of the unit-cell parameters c/a.
The equilibrium c/a ratio for hcp Re was determined for 12
different unit-cell volumes, ranging from 90 to 225 bohrs3.
The resulting total energy versus c/a ratio curves are exhibited
in Fig. 1. The point of minimum of each panel in Fig. 1,
i.e., the optimized c/a ratio for each unit-cell volume, was
then used to represent the total energy versus unit-cell volume
in Fig. 2. Fitting of the integrated Vinet EOS [2] to total
energy versus unit-cell volume yields the bulk modulus and
its pressure derivative, B0 = 367(5) GPa= and B′

0 = 4.64(3),
respectively. The equilibrium unit-cell volume, in the athermal
limit, is estimated as V0 = 196.7(3) bohrs3. A comparison is
made with previous computational and experimental results in
Table I. Our results for rhenium’s unit-cell volume and bulk
modulus, while well within the range of previous theoretical
results, are slightly under- and overestimated, respectively, in
comparison with experimental results. This opposite trend is
commonly observed in DFT calculations, irrespective of the
chosen exchange-correlation functional [50]. While previous
computational studies of rhenium’s EOS were restricted to a
maximum compression of V/V0 = 0.7, our calculations were
extended up to V/V0 = 0.46, corresponding to a pressure
around 1.5 TPa.

Figure 3 shows that, except for very high-pressure data
above 0.3 TPa, there is an excellent agreement between the
Vinet EOS and previous experimental results for Re. A further
comparison is made in Fig. 4 between the athermal EOS of
rhenium, as obtained in this paper, and some recently experi-
mental EOSs. In all cases, the volume versus pressure curves
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FIG. 1. Total energy with respect to the point of minimum vs c/a ratio for different unit-cell volumes of hcp Re. The solid lines represent
a second-degree polynomial fitted to data. Dark and light gray bands represent the fitting 1σ and 2σ error bands, respectively. The dark and
light blue spots represent the 1σ and 2σ interval around the point of minimum, respectively.

were extended up to V/V0 = 0.45. The calculated relation
between V/V0 and pressure is similar to that of Anzellini
et al. [16], and virtually identical to that of Sakai et al. [22].
This last observation holds despite the differences between
the bulk modulus and its first pressure derivative, as obtained
by us [B0 = 367(5) GPa and B′

0 = 4.64(3), respectively], and
those of Sakai et al. [B0 = 358(10) GPa and B′

0 = 4.8(2),
respectively]. The similarity of V/V0 versus pressure curves,
for different B0 and B′

0, is a symptom that these two param-
eters (usually along with V0) are strongly correlated [56]. On

the other hand, the EOS proposed by Dubrovinsky et al. [20]
differs significantly from the others, leading to an overestima-
tion of pressure for V/V0 < 0.8 (i.e., for pressures above about
140 GPa). Indeed, for a compression V/V0 = 0.45, the EOS
proposed by Dubrovinsky et al. yields P = 3.1 TPa, almost
twice the pressure estimated according to the other EOSs
compared in Fig. 4 (1.57, 1.62, and 1.47 TPa for the EOSs
proposed in this paper, by Sakai et al. [22], and by Anzellini
et al. [16], respectively). It is noteworthy that the EOS of
Dubrovinsky et al. [20] starts deviating towards overestimated

174107-3



RECH, ZORZI, AND PEROTTONI PHYSICAL REVIEW B 100, 174107 (2019)

FIG. 2. Total energy with respect to the minimum energy vs unit-
cell volume for rhenium, in the athermal limit. The line represents the
fitted Vinet EOS. The inset shows an expanded view around the point
of minimum energy.

pressures at just about the pressure above which results were
obtained using a double-stage DAC [20]. In fact, the EOS here

proposed is compatible with the Dubrovinski et al. data from a
conventional DAC experiment [20], as can be seen in the inset
of Fig. 3.

More often than not, the lattice-parameter ratio c/a for
hcp Re has been considered to be virtually independent
of pressure in both theoretical and experimental studies on
the high-pressure behavior of rhenium (see, for instance,
Refs. [12,29,30,33,35]). Exceptions to this are experimental
studies conducted by Dubrovinsky et al. [20] and Anzellini
et al. [16], who observed a reduction of c/a from about
1.615 to 1.612 (i.e., a 0.19% reduction) upon increasing
pressure to 150 GPa [16,20]. Hints of a complex dependence
of rhenium’s c/a ratio on compression have also been found
in previous FP-LMTO calculations [32]. The dependence of
the c/a ratio with the unit-cell volume for hcp Re is shown in
Fig. 5. In this figure it is also shown how the c/a ratio varies
with pressure, as calculated using the Vinet EOS. The slope
d ln(c/a)/dP averaged over the pressure range up to 150 GPa,
−9.7 μGPa−1, should be compared to the value estimated
from the high-pressure x-ray-diffraction results by Dubrovin-
sky et al. [20] (using a conventional DAC) and Anzellini et al.
[16], namely, −12 μGPa−1 [16,20]. The small variation of the
c/a ratio with pressure makes it hardly noticeable and both

TABLE I. Rhenium’s theoretical and experimental zero pressure unit-cell volume (V0), c/a ratio, and bulk modulus (B0) and its first
pressure derivative (B′

0).

Reference V0 (bohrs3) c/a B0 (GPa) B′
0

This worka 196.7(3) 1.6125(3)b 367(5) 4.64(3)
LMTO LDA [27] 198.4 372 5.41
FP-LMTO LDA [28] 197.5 1.628 447.3
FP-LAPW LDA [29] 196.4 1.615 382 3.9
FP-LAPW GGA/PBE [29] 206.0 1.615 344 3.9
NC-PP LDA/Vosko [30] 196.96 1.61 389 4.52
NC-PP GGA/PBE [30] 198.16 1.608 376 4.58
PAW LDA/CA [31] 194.2 1.613 412
Exp. (4.2 K) [51] 197.56
Exp.c,g (4 K) [52] 371.5
Exp.d (4.2 K) [53] 367.8(13)
Exp. (RTe) [8] 371
Exp.d,f (RT) [34] 368
Exp.g (RT) [35] 360.3(15) 5.43(35)
Exp. (RT) [36] 360.3(15)h 5.43(35)
Exp. (RT) [54] 199.40(19) 1.6212(15)
Exp. (RT) [7] 198.47(15) 1.6152(7)
Exp. (RT) [16] 198.85(22) 352.6(80) 4.56(17)
Exp. (RT) [33] 198.6 1.614 350(15) 2.9(13)
Exp. (RT) [22] 198.9 358(10) 4.8(2)
Exp. (RT) [12] 1.613 372 4.05
Exp. (RT) [55] 198.3 4.6
Exp. (RT) [20] 198.81(7) 1.615 342(6)i 6.15(15)

aThe figures in parentheses are the estimated uncertainties (1σ ) in the last digit, as obtained by fitting the integrated Vinet EOS (2).
bCalculated from the polynomial fitted to data as in Fig. 5.
cAs given by Zha, Bassett, and Shim [51].
dAdiabatic bulk modulus calculated from the elastic constants as Bs = 2

9 (C11 + C12 + 2C13 + C33/2) [28].
eRoom temperature.
fAs given by Fast, Wills, Johansson, and Eriksson [28].
gIsothermal bulk modulus estimated from the adiabatic bulk modulus.
hFourth-order Birch-Murnaghan EOS with B′′

0 = −0.0616(42).
iFourth-order Birch-Murnaghan EOS with B′′

0 = −0.029(4).

174107-4



EQUATION OF STATE OF HEXAGONAL-CLOSE-PACKED … PHYSICAL REVIEW B 100, 174107 (2019)

FIG. 3. Comparison of the athermal EOS for rhenium with
experimental data from Anzellini et al. [16], Singh et al. [10],
Dubrovinsky et al. [20], and Jeanloz et al. [36]. The blue shaded solid
line represents the Vinet EOS with a 2σ confidence interval band.
The inset shows an expanded view of the experimental data and the
Vinet EOS below 0.3 TPa. Experimental error bars (when available
in the original references) are always smaller than the symbols used
to represent data.

computationally and experimentally challenging to account
for. Indeed, even over the large 1.5-TPa pressure range here
explored, the c/a ratio spanned a very small interval from
1.608 to about 1.618, i.e., a total variation of just 0.6%.
The larger c/a variation of −1.3% (from 1.615 to 1.595)
in going from ambient to 640 GPa in a double-stage DAC,
as reported by Dubrovinsky et al. [20], was not confirmed
by our DFT calculations. Rhenium’s c/a ratio exhibits a
maximum near ambient pressure, decreasing with pressure
up to a shallow minimum (c/a = 1.608, 0.3% smaller than
the zero pressure equilibrium ratio) around 0.41 TPa (V/V0 ≈
0.65, to be compared to a minimum at V/V0 ≈ 0.75, as
reported by Verma et al. [32]), above which the c/a ratio keeps

FIG. 4. Comparison between the athermal EOS for rhenium, as
proposed in this paper, and those of Sakai et al. [22], Anzellini et al.
[16], and Dubrovinsky et al. [20].

FIG. 5. Calculated dependence of the ratio of the unit-cell lattice
parameters c/a of rhenium on pressure and volume (in the inset). The
solid line in the inset represents a fourth-degree polynomial fitted
to data. The continuous line in the main plot was obtained from
the polynomial expression for c/a as a function of volume, which
was converted into a pressure scale with the Vinet EOS. Dark and
light gray bands represent the fitting 1σ and 2σ confidence interval,
respectively.

increasing until the maximum compression here explored,
V/V0 = 0.46. This interesting behavior could only be made
apparent due to a very strict set of computational conditions,
which allowed unambiguous determination of the point of
minimum in total energy versus c/a ratio curves, at constant
volume (Fig. 1), even for total-energy variations of only a
few tens of μhartree. The c/a ratio for Re remains below the
value for an ideal hexagonal-close-packed structure, c/a =√

8/3 ≈ 1.633, over all the compression range here explored.
A point of minimum c/a ratio as a function of pressure has

been reported for other hcp metals, including osmium [57,58],
beryllium [59], cobalt [60], samarium, and dysprosium [61].
In fact, the pressure dependence of rhenium’s c/a ratio is
similar to that exhibited by osmium, for which a minimum
is observed around 75 GPa, for an overall variation less than
1% up to about 200 GPa [58]. Noteworthy, in their study
of osmium under high pressure, Perreault et al. [58] did not
find compelling evidence of a point of minimum in the c/a
ratio at approximately 150 GPa, as previously reported by
Dubrovinsky et al. [57]. On the other hand, the results reported
by Dubrovinsky et al. did not show any evidence of the
broad minimum in the c/a ratio for osmium near 75 GPa.
These observations exemplify how difficult it is to obtain
robust evidence on the effect of pressure on the c/a ratio
for hcp metals. Anomalies in the pressure dependence of the
c/a ratio for hcp metals, including an inversion of the first
pressure derivative, have been attributed, albeit not always
conclusively (as demonstrated by the difficulty in asserting
even the very existence of the anomalies), to electronic topo-
logical transitions, core-level crossing transition, and changes
in the magnetic behavior [57,60]. In the case of rhenium,
the nearly constant c/a ratio makes it easier to determine
the (approximate) unit-cell volume by x-ray diffraction and,
thus, the estimation of pressure in experiments with the
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FIG. 6. Electronic band structure of rhenium near the Fermi level
for three selected volumes, from top to bottom: 198, 130, and 90
bohrs3. Line thickness is proportional to the s, p, d , or f character of
each band. Energy is expressed relative to Fermi level.

diamond-anvil cell and rhenium’s gaskets. In fact, by knowing
the lattice parameter a (for instance, from the lattice spacing
of one or more Bragg peaks in the x-ray diffraction pattern
of the gasket material) the unit-cell volume of rhenium at
1.5 TPa, calculated for a constant c/a ratio as given at zero
pressure, differs by only −0.34% of the actual value, for
a volume reduction of 54%. In this hypothetical example,
the approximate unit-cell volume translates into an estimated
pressure that is about 1% greater than the value obtained by
taking into account the c/a variation with pressure.

The band structure and density of states (DOS) of Re for
three different unit-cell volumes are represented in Figs. 6
and 7, respectively (see also Supplemental Material Figs. S1
and S2 [62]). The chosen volumes (198, 130, and 90 bohrs3)
correspond, in this order, to 2.4 GPa, 372 GPa (near ambient
pressure and the point of minimum c/a, respectively), and the
maximum compression explored in this paper, 1.49 TPa.

The calculated band structure of Re resembles that of
Mattheiss, including the band splitting along the L-H-A
direction due to spin-orbit coupling [63]. There is a pressure-
induced enhancement of the p and f hybridization with the
top 5d bands of Re, as can be seen both in Fig. 6 and in the
f density of states in Fig. 7. Also noticeable is the crossing
of the bottom of the 6s conduction band, which is the lowest
� state in the top two panels of Fig. 6, with a portion of a
branch of a 5d band. The Fermi energy for rhenium increases
logarithmically with pressure, from around 0.76 hartree at
ambient pressure up to 1.8 hartree near 1.49 TPa.

The total DOS spreads out upon increasing pressure, span-
ning roughly 0.9 hartree around the Fermi energy (EF ) near
ambient pressure and 1.5 hartree at 1.49 TPa. The total DOS
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FIG. 7. From top to bottom: Total, interstitial, and partial elec-
tronic density of states (DOS) per one spin direction of Re for three
unit-cell volumes: 198, 130, and 90 bohrs3. Energy is expressed
relative to Fermi level.

spreading is accompanied by a decrease in the number of
states at the Fermi level, nearly halving from ambient pressure
to 1.49 TPa. Indeed, the total DOS at the Fermi level increases
linearly with the unit-cell volume over the entire pressure
range here explored.

Rhenium’s total density of states for V = 198 bohrs3

exhibits a deep valley some 0.1 hartree below EF [63], a
common feature of hcp metal DOS [[64], p. 490]. The dip
in the DOS becomes less evident upon pressure increase, to
the point of not being present at all at the upper pressure limit.
The DOS not only spreads out but also becomes featureless at
increasingly higher pressures.

At zero pressure, in the athermal limit, the linear com-
pressibilities of rhenium parallel to the unit-cell a axis (βa =
0.910 TPa−1) and c axis (βc = 0.911 TPa−1), despite being
very similar, are not identical [35]. The ratio βc/βa = 1.001
can be compared to the adiabatic ratios 1.012(7) and 0.987(8),
as estimated from the elastic constants of Fischer and Dever
[52] and Shepard and Smith [53], respectively (both as given
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FIG. 8. Dependence with pressure of rhenium’s inverse linear
compressibilities parallel to the unit-cell a axis (β−1

a ) and c axis
(β−1

c ). The inset shows the ratio βc/βa as a function of pressure.

by Manghnani et al. [35]); the adiabatic room temperature
given by Manghnani, Katahara, and Fischer, 1.009(8) [35];
and the isothermal room-temperature ratio estimated from
data by Liu, Takahashi, and Bassett, 1.03(11) [33]. This ratio
reaches a maximum (βc/βa ≈ 1.03) near 0.13 TPa, above
which βc continuously decreases relative to βa (see Fig. 8).

IV. CONCLUSIONS

An equation of state for rhenium was proposed based on
all-electron DFT calculations carried out up to V/V0 = 0.46
(about 1.5 TPa). The influence of pressure upon rhenium’s c/a
ratio and anisotropic compressibility was also unambiguously
determined. According to the proposed EOS, the maximum

pressure in previous x-ray diffraction experiments with rhe-
nium, using a double-stage DAC [20], is overestimated by
≈200 GPa, in quantitative agreement with latter experimental
studies by Anzellini et al. [16] and Sakai et al. [22]. The agree-
ment between the proposed Vinet EOS and experimental data
obtained under reasonably isostatic conditions suggests the
use of the former over the large pressure range now attainable
with specially designed diamond-anvil cells. The athermal
Vinet EOS, obtained over an extended pressure range up to
1.5 TPa, can arguably be used near room temperature. A fur-
ther extension, aiming to obtain an isothermal EOS applicable
at much higher temperatures, can be pursued either compu-
tationally [65–69] or by using experimental thermophysical
parameters [51] to account for the effects of temperature.
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