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We present a decomposition of the two-particle vertex function of the single-band Anderson impurity model
which imparts a physical interpretation of the vertex in terms of the exchange of bosons of three flavors. We
evaluate the various components of the vertex for an impurity model corresponding to the half-filled Hubbard
model within dynamical mean-field theory. For small values of the interaction almost the entire information
encoded in the vertex function corresponds to single-boson exchange processes, which can be represented in
terms of the Hedin three-leg vertex and the screened interaction. Also for larger interaction, the single-boson
exchange still captures scatterings between electrons and the dominant low-energy fluctuations and provides a
unified description of the vertex asymptotics. The proposed decomposition of the vertex does not require the
matrix inversion of the Bethe-Salpeter equation. Therefore, it represents a computationally lighter and hence

more practical alternative to the parquet decomposition.
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I. INTRODUCTION

Feynman’s diagrammatic technique provides us with an
intuitive, yet mathematically rigorous, representation of in-
teracting quantum many-body systems in terms of the
elementary physical processes which arise at the various
orders of perturbation theory. At the same time, the Feyn-
man diagrams convey an effective information in terms of
renormalized quasiparticles, dressed collective excitations,
and their interaction. The single-particle self-energy can be
interpreted as a frequency- and momentum-dependent self-
consistent field [1] experienced by the particles as a conse-
quence of their mutual interaction. Its analytical properties
often have consequences for observables, for example, kinks
can mark an intermediate-energy regime of a Fermi liquid [2]
or at a Mott metal-insulator transition the self-energy even
diverges [3].

On the other hand, two-particle correlations lead to a more
complex network of intertwined particle-hole and particle-
particle scatterings, which undermines an interpretation in
terms of effective quantities with a direct physical content.
Although we can define a formal analog to the single-particle
self-energy, the two-particle self-energy [4], it does not have
an obvious interpretation in terms of an effective field. This
makes it difficult to use this object for the formulation of
approximate schemes driven and supported by intuition. Nev-
ertheless, the two-particle self-energy plays a key role in the
formulation of conserving approximations [6] and it is used
to compute the full two-particle scattering amplitude (full
vertex) through the parquet equations [7,8]. The latter can be
used directly as the starting point for approximations [1,9,10],
but they are also useful to justify simplified schemes [11,12],
such as the ladder approximation [10,13,14].

The traditional formulation of diagrammatic theories based
on two-particle quantities poses, however, significant chal-
lenges. One of them is the immense algorithmic complex-
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ity of the parquet equations [15], which restricts direct nu-
merical applications to impurity models [11,12,14,16] and
small clusters [17-22]. Furthermore, the perturbation theory
based on the two-particle self-energy has revealed funda-
mental problems which have received much attention in the
context of nonperturbative approaches, such as the dynamical
mean-field theory (DMFT) [3]. Here already at moderate cou-
pling strength the two-particle self-energy shows divergences
[23-25] which signal a breakdown of the perturbation theory
and a multivalued Luttinger-Ward functional [26].

It must be, however, noticed that, at the present state, these
divergences appear primarily as a technical/mathematical
problem that arises from the inversion of the generalized sus-
ceptibility matrix, whose eigenvalues can cross zero [23-28].
Even though it is reasonable to expect an influence of the
divergences on observables [26,29], no clear and general
physical interpretation has been given for this phenomenol-
ogy. From the point of view of the parquet decomposition, the
divergences give rise to irregular and oscillating contributions
to the single-particle self-energy via the equation of motion
[30]. This poses serious difficulties to the algorithms for solv-
ing self-consistently the parquet equations in the nonperturba-
tive regime. Indeed, the perturbation series is not absolutely
convergent [31], which hence leaves open the possibility
that the parquet decomposition corresponds to an ill-behaved
rearrangement of a conditionally convergent infinite series
[26]. These are indications that the partitioning of the full
vertex defined by the parquet equations is not in general useful
to define effective quantities. Interestingly, useful information,
however, can be extracted from this representation when it is
possible to identify an effective particle [21]. On the other
hand, the full vertex function itself does retain the physical
meaning of an effective interaction [32] which implies that,
for example, it allows a fluctuation diagnostic of the single-
particle self-energy [33-36].

©2019 American Physical Society
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In view of these difficulties it seems crucial to identify
an alternative partitioning of the full vertex which identifies
effective quantities, allowing for a simpler physical interpreta-
tion. Ideally, the building blocks of this representation should
be the collective excitations mentioned in the first lines of
this manuscript. If the correct excitations are identified, then
one expects that, in a given regime, only some characteristic
excitations prevail while the others are intrinsically weak. The
contribution of these excitations to the vertex diagrams is then
either large or small, respectively, without any complicated
cancellation between them. In this alternative scheme the
divergences of the two-particle self-energy should be avoided.

In this work we present a decomposition of the vertex
function along these lines, expressing the latter in terms of
effective exchange bosons. The coupling between renormal-
ized fermionic excitations and the bosons is mediated by the
Hedin three-leg vertex [37]. This leads to a decomposition of
the full vertex into four components, similarly to the parquet
decomposition, which allows us to relate each main feature of
the vertex to characteristic scattering events that involve the
exchange of a single boson. This identification unifies various
parametrizations of the vertex function used in the context
of GW approaches [38,39], the functional renormalization
group [40,41], partial bosonizations [42—45], as well as in the
treatment of vertex asymptotics [46,47] in parquet approaches
[19,48] and in the calculation of the DMFT susceptibility
[49-51]. However, the novelty of our approach resides in the
fact that the single-boson exchange (SBE) decomposition is
an exact representation of the full vertex which allows for a
simple physical interpretation of its features in terms of boson
exchange processes. Moreover, with the introduction of the
Hedin vertex, one can formulate a set of exact parquetlike
equations for the full vertex [52]. In contrast to the standard
parquet approach, the SBE decomposition does not require
matrix inversions and only relies on algebraic expressions
involving physical response functions, which are manifestly
nondivergent, unless a symmetry is spontaneously broken.
Thus, the absence of matrix inversions and the representation
in terms of the Hedin vertex strongly reduce the algorithmic
complexity compared to the standard parquet formalism. The
representation of the vertex in terms of physical correlation
functions is reminiscent of the dual fermion and dual boson
approaches [53,54].

An ideal test case for the SBE decomposition is the Ander-
son impurity model (AIM), where an impurity site with a local
Hubbard repulsion is hybridized with a noninteracting bath.
The zero-dimensional character of the model simplifies the
treatment, while the model remains nontrivial. The AIM also
allows for numerically exact solutions for the vertex function
using continuous-time quantum Monte Carlo (QMC) solvers
[55,56] with improved estimators [57-59] which can be used
to benchmark our approach. Furthermore, the AIM can be
connected to the Hubbard model on the lattice via the DMFT
mapping. Therefore, in the following Sec. II we define the
DMEFT approximation and the corresponding vertex function
of the auxiliary AIM. In Sec. III we present in words our main
result. The rigorous derivation of the SBE decomposition
follows in Sec. IV. In Sec. V we present exemplary numerical
results, we conclude in Sec. VL.

II. VERTEX FUNCTION OF THE AUXILIARY
ANDERSON IMPURITY MODEL

We build the AIM which DMFT associates to the half-filled
Hubbard model on the square lattice in the paramagnetic state

H=-— Z t,-jcj;,cja +U anim, ()
(ij)o i

where 1;; is the nearest-neighbor hopping between lattice sites
i, j; its absolute value t = 1 is the unit of energy; c, c" are the
annihilation and creation operators; ¢ =1, | the spin index;
and U is the Hubbard repulsion between the densities n, =
¢! c, . The action of the auxiliary Anderson impurity model of
DMFT is defined as

Sa ==Y Cl,v+p—A)e, +U Y nponye. (2)

Vo w

where ¢*, ¢ are Grassmann numbers; v and o are fermionic
and bosonic Matsubara frequencies, respectively; and A,
is the self-consistent hybridization function of DMFT. The
chemical potential is fixed to u = % in order to enforce
particle-hole symmetry which implies half-filling. Summa-
tions over Matsubara frequencies v, @ contain implicitly the
factor T, the temperature. In DMFT the hybridization func-
tion is fixed via the self-consistency condition, G;;(v) = g(v),
where G;; is the local lattice Green’s function of the Hubbard
model (1) in DMFT approximation, and g, (v) = —{(c,,¢},)
is the Green’s function of the AIM (2). Since we consider
the paramagnetic case the spin label o is suppressed where
unambiguous.

Central to this work is the vertex function, which is the

connected part of the four-point correlation function,

1
®.a _
8w = 5 Z sgfol ng’zrz (cvcl c:+w,al’cv/+a),ozc>:’az’>’
ai
where s¢ are the Pauli matrices and the label o = ch, sp
denotes the charge and spin channel, respectively. One obtains
the four-point vertex function f by subtracting the discon-
nected parts from g and amputating four Green’s function
legs,

o _8%’3 - :Bgvgv+w5vv’ + Zﬁgvgv’fswaa,ch

weo —
Ev8v+w8v 8v+w

The vertex function is depicted diagrammatically on the left-
hand side of Fig. 1. It is a two-particle scattering amplitude,
which describes the propagation and interaction of two fully
dressed fermionic particles [14]. In this work we choose the
particle-hole notation, where the two left (right) entry points
of the vertex correspond to a particle with energy v (V') and a
hole with energy v + w (V' + w).

3

III. MAIN RESULT

In this section we introduce our main result, which will be
derived in Sec. IV.

A. SBE decomposition

The main result consists of the exact diagrammatic decom-
position of the vertex function f of the AIM (2) depicted
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FIG. 1. The single-boson exchange decomposition of the vertex function fM**. Triangles denote the Hedin vertices A%, wiggly lines the
screened interaction w”. Diagrams on the right-hand side from left to right: (i) the fully U -irreducible four-point vertex @, (ii) U-ph-reducible
diagrams, (iii+iv) U -ph-reducible diagrams, (v) U -pp-reducible diagrams, and (vi) double-counting correction that cancels two times the bare

interaction U“ (dashed line).

diagrammatically in Fig. 1, which defines the various contri-
butions to the expansion for the two channels o = ch, sp

fot — (pﬁrr,a + Vph,ot + Vﬁ,a + Vpp,o{ _ ZUa, (4)

where the wiggly lines denote the dressed (or screened)
interaction and A% and A% are three-leg Hedin vertices.

As we shall detail in Sec. IV, the rigorous principle by
which the vertex is decomposed is the notion of reducibility
with respect to the bare interaction U%. A diagram is U®-
reducible if it can be split into two parts by removing a bare
interaction line U%, where U¥ is the bare interaction for the
charge, spin, and singlet particle-particle channel, defined,
respectively, as

U"=+U, U®=-U, U'=+2U. S

In the triplet particle-particle channel the bare interaction
vanishes (see Ref. [60] and Sec. IV D).

Equation (4) has also a rather transparent physical picture
which we describe in the following. The contributions on its
right-hand side are, from left to right: a fully U -irreducible
vertex ¢, a horizontally U-reducible vertex VP!, a vertically

U-reducible VP' and VPP which is U-reducible in a particle-
particle sense. Last, a double-counting correction subtracts
twice the bare interaction U® that is included in each of the
three vertices V.

The decomposition (4) allows an interpretation of the
vertex function f in terms of processes involving the ex-
change of effective bosons. The boson lines appearing in
the different contributions correspond to the three generic
fluctuations of the single-band AIM which are connected
to the bosonic operators pCh =ny +ny, p* =ny —ny, and
p~ = cycy, that is, charge (ch), spin (sp), and singlet particle-
particle (s) fluctuations, respectively. In Fig. 1 each vertex V
connects two of its corners with fermionic entry/exit points
to the other two corners via a bosonic line, the screened
interaction,

w*(w) = U + 3U% x* ()U". (6)

Here x* is the susceptibility, which is the correlation function
of the bosonic operator with the corresponding flavor o =
ch, sp, s. The bosonic fluctuations lead to a screening of the
bare interaction (5).

The screened interaction is enclosed by right- and left-
sided Hedin vertices A% and A%. These three-legged vertices

are formally similar to the fermion-boson vertex, which con-
veys information about the response of the fermionic spectrum
to an external applied field [32,61]. On the other hand, in
Hedin’s reformulation of the equation of motion [37] the
Hedin vertex plays the role of a coupling of the fermions to
the internal bosonic fluctuations of the system, which are also
of electronic origin [62]. As shown in the results (see Fig. 7),
the Hedin vertex is in general of order unity, |A| ~ 1. For the
qualitative discussion of the SBE decomposition (4) we can
therefore ignore the energy dependence of the fermion-boson
coupling as a first approximation.

We can interpret the horizontally U-reducible vertex VP! as
follows. The right-sided Hedin vertex A represents the annihi-
lation of a particle-hole pair with energies v and v + w [see
also Fig. 2(a)]. In turn, the left-sided A represents the creation
of a particle-hole pair with energies v' and v’ + w, and in these
events a boson with energy w is exchanged. As a consequence,
fermionic particles do in fact not propagate from left to right,
and the vertex VP! therefore merely captures annihilation and
creation of particle-hole pairs. This process is resonant for
an energy w ~ 0 of the boson—which is independent of the
fermionic energies v and V'. Since the Hedin vertices are
in general of order unity, the fermionic frequencies may be
varied without changing drastically the magnitude of VP
Therefore, this vertex contributes a constant background to
the full vertex function f [51].

Next, we consider the vertically U-reducible diagrams

represented by VPR This vertex, despite being similar to VP,
has a different physical interpretation [63]. This is clear from
Fig. 2(b), which shows that the Hedin vertex components

of VP represent the propagation of particle and hole,

w w+u+u/

t\
I
<
v+ w
(a) (b) (c)
FIG. 2. Boson exchanges of the SBE decomposition in Fig. 1.

(a) Particle-hole annihilation. (b) Particle propagation and boson
exchange with a hole. (c) Particle-particle annihilation.
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respectively, and their exchange of a boson. This process is
resonant for a small energy transfer v’ — v & 0 and hence the

vertex VP! depends sensitively on the fermionic frequencies.

We turn to the contribution of the particle-particle channel,
VPP 1In this case the Hedin vertex can be interpreted in terms
of the annihilation (creation) of a particle-particle pair, as
depicted in Fig. 2(c). The resonance of this contribution lies
at v+ v + o ~ 0, which is the sum of the particle energies.

The last term of our decomposition is the fully
U -irreducible vertex @™, This part of the full vertex function
cannot be represented in terms of single-boson exchange, and,
therefore, it describes multiboson exchange processes and
events that cannot be represented in terms of boson exchange
at all. In Sec. V we will, however, show that goﬁ“ decays
for large v or v’ in all directions, which is in fact a general
property of this vertex and we will discuss the approximation
where this term is neglected. This will show that the single-
boson exchange processes described by the vertices V cap-
ture substantial information about the full vertex function f.
Henceforth, we shall refer to Eq. (4) as a SBE decomposition
of the full vertex and to V as SBE vertices.

B. Comparison with other approaches

We summarize some crucial features of the SBE decompo-
sition and compare it to established methods to treat electronic
correlations at the two-particle level.

Beside the SBE formalism, in diagrammatic theories it is
natural to represent contributions to vertex functions in terms
of fluctuations (bosons) of electronic origin. For example,
they are the eponymous feature of the fluctuation exchange
approximation (FLEX) [60]. In particular, diagrams with the
structure of the SBE vertices V with one wiggly line are com-
monly known as Maki-Thompson diagrams [64,65], whereas
the Aslamasov-Larkin diagrams [66], which correspond to
two-boson exchange processes, are included in ¢, see also
Refs. [67-69]. The novel aspect of the SBE decomposition is,
however, a reclassification of all diagrams for the full vertex
according to the picture of a single exchanged boson, leading
to three reducible classes and one fully irreducible class,
similar to the parquet decomposition. Moreover, given the
exact (or an approximate) fully irreducible vertex ¢ the SBE
vertices V can be reconstructed from a set of self-consistent
equations, analogous to the parquet equations. The resulting
self-consistent SBE equations for the Hedin vertex will be
discussed elsewhere.

At first sight, the SBE decomposition may appear simply
as an alternative, with clear formal similarities, to the parquet
decomposition. There are, however, at least three important
advantages of the SBE decomposition:

First, as discussed above, the SBE vertices correspond to
diagrams that give rise to the high-frequency structures of the
full vertex, whereas @™ contains diagrams which decay fast
in frequency; the SBE vertices V therefore naturally recover
the vertex asymptotics [46]. This property is not shared by the
parquet decomposition, where the various contributions have
no characteristic high-frequency behavior [14].

Second, the SBE vertices are given by the Hedin vertex
A and the screened interaction w, which can be expressed
in terms of physical correlation functions. Therefore, these

TABLE I. Different approximations redefined within the SBE
formalism. The second-order perturbation theory (20PT), the GW
and the RPA can be recovered within the SBE formalism. *For
parquet-based schemes, such as the parquet approximation (PA) and
the DI"A, one can define analogous approximations within the SBE
formalism, which have, however, a different diagrammatic content
(see text).

Approximation SBE formalism

20PT f=U PP N v v v/

GW Y =gw } goﬁ'T:O; VpT’ VP — [ VPh =y
RPA r=vu

PA* A=U P =0

DIA* A = Aimp @l = it

quantities can be computed directly through their Lehmann
representations [50] or using QMC techniques. On the other
hand, the two-particle self-energy I cannot be computed in
a similar way. In fact, I" is obtained via inversion of the
associated Bethe-Salpeter equation, which may be noninvert-
ible, giving rise to divergences of I" [23-28]. This problem is
absent in the SBE, where the inversion of the Bethe-Salpeter
equation is neither required to obtain the SBE vertices V in an
exact calculation, nor in a self-consistent reconstruction of V
from ™. The SBE decomposition is therefore completely un-
affected by singular behavior of the two-particle self-energy.

Third, due to the structure of the SBE vertices V, their
computational cost is drastically reduced with respect to the
reducible vertices of the parquet decomposition. Furthermore,
it also suggests numerically inexpensive approximations to
the full vertex, such as neglecting the fully irreducible vertex
¢ and neglecting the frequency dependence of the Hedin
vertex (i.e., A* &~ £1). These two schemes realize two well-
defined physical approximations, in which the the four-point
vertex is given in terms of three-point or even only two-point
vertices, respectively. In fact, the latter option recovers a
weak-coupling parametrization of the vertex function [33,40],
which the SBE decomposition unifies with asymptotic expres-
sions for the vertex [46,50] into an exact framework. A similar
strategy is not accessible within the standard parquet decom-
position since the contributions to the asymptotic belong to
objects with different reducible properties.

In this respect it is interesting to make a connection be-
tween the SBE formalism and established diagrammatic theo-
ries, which is summarized in Table I. For instance, the second-
order perturbation theory is obtained at the two-particle level
by approximating the full vertex f with the bare interaction.
In the SBE formalism this corresponds to neglecting the
fully irreducible vertex, @™ = 0, and the frequency depen-
dence of the SBE vertices VP ypPha yppo — je Algg the
vertex corrections to the self-energy of the GW approach
are naturally recovered in the present framework by setting
Qi =0, VP VPPe = and VP = w® [70]. Hence,
the full vertex is given by the screened interaction, f* = w?.
This highlights how within GW the vertex corrections in the
particle-hole channel are absorbed into the screened interac-
tion via the Hedin equation [37]; however, the contribution
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— gy v+ w vV 4+ w
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FIG. 3. gg-reducible diagrams: The blocks a and b can be sep-
arated by cutting the red lines. The transferred frequencies of the
particle-hole channels are w (top) and v’ — v (right), for the particle-
particle channel it is @ = w + v + V' (bottom). Green’s function
lines do not belong to a or b.

of the vertices in the other channels are not treated on equal
footing. The same approximation in the SBE formalism also
leads to the random-phase approximation (RPA) in the ph
channel for the susceptibility. Analogous resummations in the

other channels can be recovered retaining either VP! or VPP,
Within the standard parquet formalism, one can build
theories by taking different approximations to the fully ir-
reducible vertex, often called A [14]. The simplest example
is the parquet approximation [1,9,10], where A is approxi-
mated by the bare interaction, A = U. A more sophisticated
approximation for a lattice model is the dynamical vertex
approximation (DI"A), where the fully irreducible vertex of
the lattice is approximated with the local one of the impurity,
Atat = Aimp [10,17]. We can define analogous approximations
within the SBE formalism, where the fully irreducible vertex
is either set to @™ = 0 (SBE approximation), [71] or to the

one of the impurity @™ = <piﬁnr1rp (SBE-DI'A). However, as the

diagrammatic content of (pﬁ" is not the same as the one of A,

these two approximation schemes are not equivalent to their
parquet counterparts.

IV. SINGLE-BOSON EXCHANGE DECOMPOSITION

In this section we derive the SBE decomposition (4).

A. Two notions of reducibility

The SBE decomposition is based on the notion of U
reducibility, see, for example, Ref. [38]. This concept can
be defined starting from the more common definition of
reducibility with respect to pairs of Green’s functions. Every
diagram for the full vertex f can either be cut into two
parts by removing two Green’s function lines (gg-reducible)
or it is fully (gg-)irreducible. Furthermore, each gg-reducible
diagram can be cut in only one of three ways, either by
removing a particle-hole pair horizontally (gg-ph) or vertically
(gg-ph) or by removing a particle-particle pair (gg-pp). This is
shown in Fig. 3, see also Refs. [1,14].

U-ph
a/ T'_ b/ a/
NS U-p_h
[ ]
U-pp
a’ - b v
w

FIG. 4. U-reducible diagrams: The blocks a’ and b’ are separated
by removing a bare interaction (red dashed line). Green’s function
lines do belong to a' or &', which can be equal to 1. The case
a = b' =1 leads to the bare interaction.

In Fig. 4 we show U-reducible diagrams. The latter can
be cut into two parts by removing a bare interaction line
U“. There are again two particle-hole channels (U-ph and
U-ph) and one particle-particle channel (U-pp). Due to the
Green’s function lines connected to the bare interaction, each
U-reducible diagram is gg-reducible in one and the same
channel. Therefore, a diagram is either U-reducible in only
one of the three channels or it is fully U-irreducible. No-
tice that the converse is in general false, as gg-reducible
diagrams can be fully U-irreducible, e.g., the right diagram
in Fig. 5. Furthermore, the fully gg-irreducible (gg-firr) and
the fully U-irreducible (U-firr) classes are unrelated, that
is, fully U-irreducible diagrams can be gg-reducible or fully
gg-irreducible. Fully irreducible diagrams are shown in Fig. 5.
There is, however, one exception, the bare interaction itself,
which is U-reducible in all three channels but fully gg-
irreducible. The two notions of reducibility are represented
as a Venn diagram in Fig. 6.

It follows that with proper care of the double counting of
the bare interaction, we can write the full vertex f as the
sum of the U-reducible (V) and fully U-irreducible (¢™)
diagrams, which reads in a full frequency notation,

[, =pime pyphe | ypha | yppe 0. (7)

v we we v otvv

We subtracted the bare interaction two times, which is counted
once by each vertex V. The U-pp-reducible vertex VPP

gg-firr U-firr

-- -- T
1 I
1 1
- = - = — 1
FIG. 5. Left: A fully gg-irreducible “envelope” diagram. This
diagram is also fully U-irreducible. Right: A fully U -irreducible but
gg-ph-reducible diagram (belongs to top white area in Fig. 6). Note

that without either of the bubble insertions the diagram would be
U -ph-reducible.
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FIG. 6. Venn diagram for the gg- and U-reducible classes of
diagrams for the vertex function. Areas enclosed by black lines sym-
bolize the gg-reducible (top, left, right) and the fully gg-irreducible
(bottom) classes (i.e., the traditional parquet decomposition). The
square region in the middle belongs to gg-firr and contains only the
bare interaction. The classes of U-reducible diagrams are marked in
colors, they lie within the respective gg-reducible class, except for
the bare interaction, which is element of U -ph, U-ph, and U-pp. The
four white areas comprise the fully U -irreducible diagrams.

is denoted in the particle-particle notation with transferred
frequency @ = w + v +v'. In the following we derive the
SBE vertices V one by one.

B. U-ph channel

The horizontally U-reducible diagrams VP! are those com-
monly associated to the Hedin formalism [37], and they can
be represented in terms of the Hedin vertex, as shown in
Refs. [38,39] and more recently in Ref. [51]. The Hedin vertex
is related to a response function, the three-point (fermion-
boson) correlation function [32,61],

1
3o _ § *
guwa _E Sg’(r <Cvacv+w,a’pg>’
oo’

where p" = ny +n, and p*®® = ny — n, are the charge and
spin densities and s* is a Pauli matrix. The right-sided Hedin
vertex (the bosonic end point is on the right) is defined as
((n) = (™)),
e — g(UBa)),a + B8y {n)8w0a,ch
v gvgv+w(1 + %U"‘X,ff) ’
where x5 = —(p%,05) + B{n)(n)d,8q.cn is the susceptibil-
ity in the channel «. One further defines a left-sided
Hedin vertex A (with bosonic end point on the left [51]).
Under time-reversal symmetry and SU(2) symmetry the
left- and right-sided Hedin vertices are equal, A = A, see also
Appendix B 1.
The crucial aspect of the Hedin vertex X is that the factor
1+ %U “xZ in the denominator of Eq. (8) removes the hori-

zontally U-reducible diagrams that belong to the class U-ph
[72], and X is therefore U -ph-irreducible [73]. We can use A

®)

to separate all U-ph-reducible diagrams from the full vertex
function,

fa Z(pph,ot + Vph,a (9)

v'e e we*

Here ¢ denotes a U-ph-irreducible vertex and VP! is the
U-ph-reducible vertex in Eq. (7). As shown in Ref. [51], VP!
is given by the Hedin vertex,

Vhe = Ry Wi Ay (10)
This is shown as the second diagram on the right-hand side of
Fig. 1. The Hedin vertices are connected at their bosonic end
points via the screened interaction defined in Eq. (6). Notably,
Eq. (9) plays an analogous role for the SBE decomposition
as the Bethe-Salpeter equation of the horizontal particle-hole
channel does for the parquet decomposition.

C. U-ph channel

The vertical particle-hole channel is conceptually not dif-

ferent from the horizontal one and VP" in Eq. (7) can be ob-
tained using the crossing symmetry of the full vertex function
in the paramagnetic system [14],

fv’a)_ - ;( I)C,}L+w,v’7v+[3_48as5P] vs,[i)-f-w,v/—v)’ (11)

where @ = ch, sp. The crossing symmetry tells how the vertex
f acts when the particle-hole scatterings are not considered to
happen horizontally with transferred frequency w but verti-
cally with transferred frequency v’ — v. As Eq. (11) shows,
the flavor labels ch, sp are not conserved by the crossing
relation. Viewed vertically the charge vertex f°" has a spin
component and f*P has a charge component.
When we apply the crossing relation (11) to Eq. (9) we
obtain the following new relation:
Five = @5+ Vi, (12)
where ¢P" is a U-ph-irreducible vertex and the U-ph-
reducible diagrams are given as (o = ch, sp)

_ % (Vph,ch

phe _
v v, v+w,v —v

we T

348, VPR ). (13)

v,v+w,v —v

The U-ph-reducible diagrams are therefore simply obtained
from the crossing relation (11), they are shown as the third and
fourth diagram on the right-hand side of Fig. 1. Nevertheless,
VP and VP generate different diagrams, which we show
explicitly in Appendix C.

D. U-pp channel

We now come to the particle-particle channel, which re-
quires some further preparation. First, we need to define a
suitable three-point correlation function,

88 = (eoremny p2). (14)

Here we introduced the pair density p* = c;ci and its con-

jugate p~ = cycy. The index s indicates the singlet pairing
channel and @ is the transferred frequency of a particle-
particle pair.

We further define a right-sided Hedin-like vertex,

(3),:
- 8V ’
" gvgff)—v(l + %USX(%)

(15)
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where the denominator includes the respective bare interac-
tion U* and the singlet pairing susceptibility 3 = —(o_ ,og)f ).
As for the particle-hole case, one defines a left-sided vertex A°,
which is equal to A* under time-reversal and SU(2) symmetry,
see Appendix B 2. For simplicity, we will also refer to A° as a
Hedin vertex, although it is not part of the original formalism
[37].

Note that in the pp channel the bare interaction U* differs
from the ph channel by a factor 2 due to the indistinguishabil-
ity of identical particles [14,60],

U* =2U. (16)

One further defines a singlet vertex function f*, it is obtained
from the particle-hole vertices as [14]

flfv’a) Z%(f\?}}’,&}—v—v’ -3 1}55’,17)7117\)’)’ (17)
where @ = w + v + V' is the transferred frequency of particle-
particle pairs. As we did above for the ph- and ph channels,
the U-pp-reducible diagrams will now be separated from
the vertex f° and expressed in terms of A*. We show in
Appendix A 3 that in full analogy to the particle-hole channels
we can write,

s = Pove F AMGWEA, (18)

@ vo Yo’ er

where ¢PP-* is U -pp-irreducible and the screened interaction
w® for the singlet channel appears. It is given simply by
extending the definition (6) to the case o« = s.

Equation (18) achieves the separation of U-pp-reducible
diagrams from f*; however, the desired U-pp-reducible con-
tribution is VP in Eq. (7) to the vertices f" and f* in
particle-hole notation. Therefore, we like to write analogous
to Egs. (9) and (12),

o __ ,pb.@
we (va/,w-&-v-&-v

ViR 19)

v, w+v+v’?

for a = ch, sp. PPN/ is a U-pp-irreducible vertex for the
respective channel and we show in Appendix A4 that the
U -pp-reducible diagrams are given as

1— 284 ; .
Vo = —— PR wiA (20)

wWo 2 vo YoM er
which is the fifth diagram on the right-hand side of Fig. 1.
Last, we explain why it is not necessary to consider the
triplet-pp channel. One defines the triplet vertex as

f\iv’(f) :% (fvc\tl’,afufv’ + f\fs’.(z—v—v’)' (21)

This vertex represents the interaction of two particles with the
same spin (f' = f'1, see Ref. [14]). However, this implies
that there are no U-pp-reducible diagrams in f’, because the
bare Hubbard interaction Unyn only acts between particles
with opposite spin flavors, and therefore, f* is by construction
U -pp-irreducible [74].

This completes the SBE decomposition. One should note
that Eqgs. (7), (9), (12), and (19) form a set of parquetlike
equations, which can be closed provided an input for the fully
U -irreducible vertex ¢fi™ [75].

V. NUMERICAL EXAMPLES

In this section we present numerical results for the AIM (2)
to verify the exactness of the SBE decomposition (7) and to

o wh
—— w?
—.—

012 3 456 7 89
n m

FIG. 7. Hedin vertex A* and screened interaction w* of the chan-
nels o = ch, sp, and s. The impurity model corresponds to a DMFT
calculation at half-filling for U/t = 4, where static spin fluctuations
dominate.

analyze the weight of the different terms. Using continuous-
time QMC solvers, we compute the full vertex f and the
Hedin vertices A of the impurity model corresponding to
self-consistent DMFT calculations for the half-filled Hubbard
model (1) on the square lattice. We then evaluate the SBE
vertices V and the fully irreducible vertex @™ numerically
exactly. The inverse temperature is fixed to St = 5.

The impurity model was solved using two different QMC
solvers. The impurity Green’s function g, the vertex function
f, the Hedin vertices A" and AP, and the screened interactions
w® and w* of the particle-hole channels were evaluated
using the ALPS solver [76] with improved estimators [57].
The Hedin vertex A° and the screened interaction w*® of
the particle-particle channel were obtained using the worm
sampling of the W2DYNAMICS package [56]. We verified that
the two solvers yield consistent results.

A. Hedin vertices and screened interaction

We examine the constituent pieces of the SBE vertices V,
the Hedin vertex A% and the screened interaction w®, for a
DMFT calculation at U/t = 4 in Fig. 7. In the particle-hole
channels o = ch, sp the Hedin vertex has some structure near
v~ —w/2 and approaches +1 for large |v| (top panels),
whereas in the singlet particle-particle channel o = s the
structure lies near v ~ @/2 and the asymptote is —1 (bottom
left panel). In the paramagnetic and particle-hole symmetric
AIM the charge and particle-particle fluctuations are related
by a symmetry [77]. Correspondingly, the left panels of Fig. 7
show that A" and A* are not independent [78].

At the chosen parameters the three Hedin vertices do not
differ much in magnitude; however, the screened interaction
w? indicates that already at U/t =4 the spin fluctuations
a = sp are large (see Fig. 7, bottom right panel). Near v ~ 0
the screened interaction w*P is strongly enhanced beyond its
asymptotic value —U, and hence bosons with spin flavor dom-
inate. Due to weak charge and particle-particle fluctuations
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FIG. 8. SBE decomposition, see Eq. (7) and Fig. 1, for @ = ch (top) and & = sp (bottom). Left column: Full vertex f*(v,, v, =0)asa

function of the Matsubara indices n, n’. Third, fourth, and fifth columns: SBE vertices V", VPT‘, VPP The bare interaction is subtracted from
each vertex V. Second column: Fully U-irreducible vertex o™, All panels of a row share the same color scheme on the right. The impurity

model corresponds to a DMFT calculation at U /t = 4.

also wM and w® deviate somewhat from U and 2U,

respectively.

B. SBE vertices

The components of the SBE decomposition (7) of the static
vertex f*(v, v/, w = 0) are shown in Fig. 8 for U/t = 4. The
two panels on the left show the full vertex f in the charge and
spin channel, the remaining columns show the respective com-
ponents ¢ and V. To highlight their asymptotic behavior we
subtracted the bare interaction U* from each vertex V¢.

The features of the vertex components are consistent with
the discussion in Sec. III. The center panels of Fig. 8 show
that VP! is indeed largely independent of the fermionic fre-
quencies, except for v ~ 0 and/or v &~ 0, where the Hedin
vertices depend on the fermionic frequency. Notice that VP!
forms a constant background beyond the bare interaction. The
panels in the fourth column of Fig. 8 show VP!, which has a
feature near the main diagonal, v ~ v, and decays quickly
away from it. On the other hand, VPP shown in the right
panels of Fig. 8 only has a feature near the secondary diagonal,
v &~ —v' — w. As expected, both VP" and VP do not form a
constant background beyond the bare interaction. Finally, the
vertex goﬁ“ decays in all directions, it does not have a constant
background whatsoever.

Next, we consider the role of the SBE diagrams V for the
full vertex f. To this end, we combine them with the double-
counting correction in the quantity,

ySBE« _ ypho 4 ypha 4 yppa _ ppye (22)

so that the full vertex is given as f* = @fim® 4 VSBE® of
Eq. (7). It is interesting to investigate when @™ is small and
the corresponding physics.

Once again for U/t = 4 we show in Fig. 9 the full vertex f
(top row) and VSBE (center row). We focus first on Figs. 9(e)—
9(h) on the right side of Fig. 9 for the spin channel, which
show f(v, v/, w) and VSBESP(y v/, w) for fixed w = wy, ws
as a function of v and v'. In fact, there is a perfect qualitative
agreement between the vertices both at small and large fre-
quencies [compare Figs. 9(e) and 9(f), as well as Figs. 9(g)
and 9(h), respectively]. Indeed, even quantitative agreement
of £ and VSBE*P is confirmed by the bottom right panels of
Fig. 9, which show slices of the vertices for fixed v = vy, v_s
and v_jo as function of v'. The deviations are small even
near v’ & 0 and VSBEP captures all features of the full vertex
f*°P. Notice that the blue color of the vertices throughout
Figs. 9(e)-9(h) indicates attractive (negative) interaction in
the spin channel, similar to the attractive bare interaction
Us=-U.

Figures 9(a)-9(d) show the charge channel, where the red
color indicates repulsive (positive) interaction. Also here !
and VSBEh mostly agree qualitatively; however, a small re-
gion of fM(v, V', wp) in Fig. 9(a) shows attractive interaction
(blue) for small v ~ —v" — @ along the secondary diagonal.
Apparently, the attractive feature of f" is not in VSBE<h
in Fig. 9(b) and indeed it is instead captured by the fully
U -irreducible vertex (pﬁ"’Ch, which is shown in the second
column, top panel of Fig. 8. This discrepancy for w = wyg
can also be observed in the bottom left panel of Fig. 9. The
comparison to @ = ws in the neighboring panel shows that
the difference ™™ between f and VSBE quickly decays with
the bosonic frequency w. The locus of the attractive feature of

155149-8



SINGLE-BOSON EXCHANGE DECOMPOSITION OF THE ...

PHYSICAL REVIEW B 100, 155149 (2019)

o (wo) o (ws)

(c)
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10

-10
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-10

FIG. 9. Full vertex function f*(v,, v/, ®) (top row) and VSBEe(y, | v, w) (center row) as a function of #n, n’ for fixed w = wy, ws and
a = ch, sp. Bottom: Cuts for fixed v = vy, v_s, v_19, see also dotted lines in panel (b). Triangles show the full vertex f, lines show VSBE The

impurity model corresponds to a DMFT calculation at U/t = 4.

f°" near the secondary diagonal suggests that it is related to
particle-particle scatterings beyond single-boson exchange.

Overall, Figs. 9(a)-9(h) show asymptotically perfect agree-
ment of f and VSBE for large frequencies and mostly good
agreement for small frequencies. One should note that the
agreement is best, and hence the fully irreducible vertex ¢fi™®
is small, when the corresponding bosonic fluctuations x* are
large. For U/t = 4 this is the case for the spin channel, as
discussed in Sec. V A. Indeed, Fig. 8 shows that "™ is very
small and confined to a tiny region of v and v’.

Next, we analyze the SBE vertices for a DMFT calculation
at larger Hubbard interaction U/t = 8, a strongly correlated
(bad metal) regime. The vertices for this case are shown in
Fig. 10. Again, Figs. 10(e) and 10(f) show good qualitative
agreement of £*° and VSBEP for ey = 0, although the slices
in the panel below show some quantitative deviation along the
secondary diagonal v &~ —'. For finite bosonic frequency ws
the spin vertex f*P has a repulsive (red) feature on the sec-
ondary diagonal v &~ —1’ — ws that is not present in VSBE:SP,

In the charge channel the vertex function f" has two
dominant features, see Figs. 10(a) and 10(c), the main di-
agonal and an attractive feature on the secondary diagonal
v~ —V — w, similarly to U/t = 4. On the other hand, the
constant background is small and the secondary diagonal
decays for large v, v'. These features are negligible because
the SBE vertices VPt vPPch and VPPSP are small in this
regime, where the charge and singlet fluctuations x" and x*
are strongly suppressed.

In contrast, the SBE vertex VPN of the vertical particle-
hole channel is large and contributes the main diagonal in
Figs. 10(a)-10(d), because via Eq. (13) it has a contribution
of the large spin vertex VPP of the horizontal particle-hole
channel. This feedback of the spin fluctuations on charge-
charge scatterings is indeed crucial. As explained in Sec. III,
VPheh describes the propagation of particle-hole pairs. In
the bad metal this vertex is strongly repulsive and hence
undermines the charge fluctuations. The large contribution of
VPRSP to this vertex implies that charge propagation is sup-
pressed by exchange of static spin bosons between particles
and holes, which is a manifestation of the strong scattering
due to preformed local moments in the bad metal regime.

While VSBE<h captures the asymptotic behavior of the
charge vertex f°N, there are significant differences at small
frequencies v, v', w. The slices in the bottom left panel of
Figs. 10 and Figs. 10(a) and 10(b) show that the attractive
(blue) feature of f°" has the opposite sign of VSBE" Appar-
ently, in this case the SBE vertices cancel to some extent with
the fully U -irreducible vertex ¢fi™<h,

Last, we note that the results obtained for U/t = 8 and
Bt =5 correspond to a parameter regime beyond the first di-
vergence line of the gg-ph-irreducible two-particle self-energy
[23]. In the parquet formalism this divergence cancels with the
corresponding gg-ph-reducible vertex, leading to a finite full
vertex function f. In contrast, in our results none of the SBE
vertices V and hence neither the fully U-irreducible vertex
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FIG. 10. The same vertices as in Fig. 9 for a DMFT calculation at U/t = 8.

@™ change their sign as a function of the interaction, which

would indicate the crossing of a divergence line.

VI. CONCLUSIONS AND OUTLOOK

In this work we have expressed the four-point vertex
function of the single-band Anderson impurity model in terms
of three exchange bosons, which represent charge, spin, and
singlet particle-particle fluctuations, respectively. On a formal
level these bosons arise after classification of diagrams for the
vertex into those that are reducible with respect to the bare
Hubbard interaction U and those that are not. We have shown
that this classification leads to a parquetlike decomposition of
the vertex into three U-reducible and one fully U-irreducible
component. However, this decomposition does not require the
inversion of the Bethe-Salpeter equation and it is therefore
not affected by divergences of the two-particle self-energy
[23,25].

Similarly to the parquet decomposition, the classification
of diagrams according to U reducibility is a priori only a
technical observation without physical implications. However,
it immediately reveals a direct physical interpretation. Since
the Green’s function lines can be contracted at a bare inter-
action vertex, the latter acts as a bosonic end point where the
fermions are coupled with collective excitations. In a sense,
the resulting philosophy is similar to the one behind the fluctu-
ation exchange (FLEX) approximation [60], where the vertex
is, however, still computed from the two-particle self-energy,
which is not a physical correlation function. Our approach
indeed realizes the concept of fluctuation exchange even more

literally than FLEX, because the vertex is expressed in terms
of observable effective bosons.

In fact, each U-reducible vertex represents the exchange
of a single boson during electronic scatterings. We therefore
refer to this decomposition as a SBE decomposition of the
full vertex and to the U-reducible components as SBE ver-
tices. The latter represent a crossing-symmetric subset of the
vertex diagrams, exact up to third order in the interaction (cf.
Appendix C), which gives rise to the vertex asymptotics. Each
SBE vertex is associated to characteristic scattering events,
which can be represented in terms of the Hedin three-leg
vertex and the screened interaction. As a matter of fact, only
the fully U-irreducible vertex is intrinsically a four-point
vertex which does not admit a representation in terms of
single-boson exchange.

We have evaluated the components of the SBE decomposi-
tion for an Anderson impurity model, using the hybridization
function which corresponds to the Hubbard model on the
square lattice within the DMFT mapping. As expected, the
SBE vertices can be used to approximate the full vertex
of the impurity in the weak-coupling regime and for any
interaction they provide a unified expression for the vertex
asymptotics [46,47]. Remarkably, even for large interaction
strength the dominant scattering processes are captured by
the SBE vertices. For example, in the bad metal regime they
describe the strong suppression of charge propagation due to
exchange of bosons of the spin channel between particles and
holes.

The proposed SBE decomposition is a fairly general con-
tribution to the diagrammatic theory of the vertex function,
as such it is suggestive of a broad range of applications. For
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example, in the future we will investigate the possibility to
approximate the full vertex by the SBE vertices, neglecting
the fully irreducible vertex, in order to calculate the DMFT
susceptibility [3,51,79] and within diagrammatic extensions
of DMFT [80]. A generalization to multiorbital systems and
simplified expressions for the SBE vertices may strongly ease
the evaluation of vertex corrections to response functions and
to the electronic self-energy, also in the context of electronic
structure calculations [81]. Furthermore, the utility of the SBE
decomposition as an alternative to the parquet decomposition
can be explored. A related aspect that was not highlighted
in this work is that the SBE equations can be formulated
entirely in terms of three-leg vertices [52]. This makes the
SBE approach crucially lighter from a computational point of
view compared to the parquet equations that are formulated in
terms of four-leg vertices.
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APPENDIX A: U-pp-IRREDUCIBLE VERTICES

We separate U-pp-reducible diagrams from the vertex
function. We proceed in a similar way as in Ref. [S51], where
this is done for the particle-hole channel.

1. Generalized susceptibility

For the singlet channel one defines a generalized suscepti-
bility as follows:
— Bgu&5—vOuv + 8v8o-v3 fivz8v8av, (Al

s
Xowas =

where the singlet vertex function f* is given by Eq. (17), cf.
Ref. [14], but we choose a slightly different definition for x*
because it leads to analogous relations as in the ph channels.
x° satisfies the ladder equation,

1 505 5s

25 == 22— 132958, (A2)

where y° is the two-particle self-energy of the singlet-pp
channel (gg-pp-irreducible vertex) and we adopted a matrix
notation for x: ,(@). x°, (@) = Bgugs-vdyv is the particle-
particle bubble. Note that matrix multiplication implies a
factor 1.
As exercised in Ref. [51] for the particle-hole channel, we
like to define a U-pp-irreducible generalized susceptibility
)z that does not include insertions of the bare interaction
in the sense of the bottom diagram of Fig. 4. In the ladder
equation (A2) all of the U-pp-reducible diagrams arise from
the leading order of the two-particle self-energy y*, which
is 2U according to Ref. [14]. We therefore define ° via the

ladder equation,

150 AlSAv

ﬁc% == )A(g - _waa) @’ (A3)

where y\f;j}(&')) = yJ, (@) — 2U. By inverting the matrix re-
lations (A2) and (A3) we arrive at the following relation
between reducible and irreducible generalized susceptibility
(see also Ref. [51)),

RS =AS+ 3 7T~2U (A4)

We write the matrix relation (A4) in explicit notation,

lev’a :nlfv’ﬁ) + % (Z n\ivlﬁ)) U’ (Z lep)’(?)) ’ (A5)
vy vy

where U* = 2U. This is the central relation between reducible
and irreducible diagrams in the singlet-pp channel. We use it
to derive several equations in the main text.

2. Irreducible susceptibility and pp-Hedin vertex
First, summing Eq. (A5) over v and v’ we arrive at a
relation for the pairing susceptibility x% = —(,0:5),05)r ) [p* are
defined below Eq. (14)],

1
= D Xowe =75 + 575U 3, (A6)

where the polarization is defined as 75 =) 75 ~ We
further define a U-pp-irreducible three-leg (or Hedin) vertex

A%, To this end, we sum Eq. (A5) over v/,

vavw _vav1w<1 +sU° ZX”2V‘“) (A7)

mv

We identify }_, . x5 .,z = x5 divide by g.gz(1+
%U ¥x%), and define the right-sided Hedin vertex as

- Zv’ nﬁv’& — Zv’ XSV’E)
8v8a—v gvga_u(l + lUsX&S;)

The generalized susceptlblhty is related to the three-point
correlation function as g 5= x3,, leading to Eq. (15)
in the main text. In a 51m11ar way one defines a left-sided
Hedin vertex,

(A8)

- Zv’ le’v?f)
vo T Lrrsys)’
88— (1 + 31U x3)

(A9)

3. U-pp-irreducible vertex function

We define analogous to Eq. (A1) a vertex part ¢PP* for the
irreducible generalized susceptibility,
nsy’a} z_ﬁgvgg)fv(svv’ +gvg5)7v %(Pgs;gjgv’g?éfv" (AIO)

We relate ¢PP* to the full vertex f*. To this end, we insert

Egs. (A1) and (A10) into equation (AS), cancel —Bg,85-10,v
on both sides, and divide by g,8z-18v85-v»
$ 9011})5; + ( V] vvlw) (sz szv w) , (Al 1)

8v8a—v8v 8@—v
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a factor % was canceled on both sides. We combine this

relation with the definitions of the Hedin vertices in Egs. (A8)
and (A9),

five = onvs + LU (1+ 3U° x3) (A12)
Finally, we identify the screened interaction,
wi =U*(1+31U°%%), (A13)

which extends Eq. (6) to the case o =s. Furthermore,
Eq. (A12) is the desired decomposition (18) of the vertex into
irreducible and reducible parts.

4. U-pp-reducible diagrams in particle-hole notation

In the main text we focus on the SBE decomposition of the
full vertex function fCh/ P in particle-hole notation, however,
Eq. (A12) is formulated in the particle-particle notation. In
order to obtain the U-pp-reducible part of f"/*P we use the
relations (17) and (21) between particle-hole and particle-
particle notations, leading to

ch/sp _ ot 1 1
fvv’w —Jw,o+v+v’ :t E(fxv/,w-&-v-&-v’ + fuv’,w+v+v’)’
where s and ¢ denote the singlet and triplet channel. We insert
the decomposition (18) of the singlet vertex f* and obtain the
desired relation for the particle-hole notation,

fCh/SP _ ., Pp.ch/sp
weo T T, ,ot+v+v

+ Ly w?

2% v,w+v+v a)+v+v’)‘

s
v, w+v+v'

which is Eq. (19) in the main text and we summarized all
U -pp-irreducible contributions into the vertex,

pp.ch/sp __ ¢t 1( Pp.s t
Pova _fvv/ii) + 2 ((puv’a) + fw’&?)'

Note that ¢PP* is the U-pp-irreducible vertex of the singlet
channel, whereas the triplet vertex f' is U-pp-irreducible by
construction [see comments below Eq. (21)] and must hence
be fully accounted to the U-pp-irreducible parts of f" and
[P, respectively.

(A14)

APPENDIX B: EQUIVALENCE OF LEFT- AND
RIGHT-SIDED HEDIN VERTEX

We relate the left- and right-sided Hedin vertices A% and
2%, To do this, we use the following relation for the vertex
function that holds under time-reversal symmetry combined
with SU(2) symmetry [14],

o« __fra
weo —Jvve?

a = ch, sp, s. (B1)

We combine this with Egs. (9) and (19) to obtain a relation for
the irreducible vertices ¢,

Pvvw + )_‘vwww)\v’w =Pvvw + )_‘v’www)"vwv (BZ)

where we temporarily dropped the labels ph, pp, and «. For
the particle-particle channel (o = s) the bosonic frequency in
Egs. (B1) and (B2) is that of a particle-particle pair, ® — @.

1. Particle-hole channel

According to Ref. [51] the U-ph-irreducible vertex
P is related to the right- and left-sided Hedin

FIG. 11. Relation between the polarization and the right-sided
Hedin vertex A (similar relations hold for the left-sided A by attaching
legs from the right). Left: Particle-hole channels. Right: Singlet-
particle-particle channel.

vertex as [82],

2, =14+ ohe gy, (B3)

v

2, =14 Y guguroie: (B4)

v

We make use of these relations in equation (B2) by multiply-
ing the latter by g,/g,1, Summing over v’, and adding 1 on
both sides, leading to

X?J(w + Xlojwwg) <Z )"g’wgv’gv/-ﬁ-w)
W

=27, + (Z gv«gU/erij,w) wiA% . (BS)
-

The sums yield the polarization [S51], Y, A%, 8v8v+0 =
Yo 8v&uterl,, = s, see also left-hand side of Fig. 11,

22 (1 +wial) =22, (1 + m2w?), (B6)
and hence

Ko =M

Vw?

(B7)

for o = ch, sp and right- and left-sided Hedin vertex of the
particle-hole channel are equivalent.

2. Particle-particle channel

For the particle-particle case we obtain the corresponding
relation between Hedin vertex and U-pp-irreducible vertex
©PP* from Eqgs. (A10) and (AS),

- 1
s _ 2 } : pPS o
)‘va - I+ 2 W Pove8v 8a—v s (B8)
1 ,
S .= = E rgm_ PPl
)‘-v&‘, - 1 + 2 - 8v 8&—v (Pv/m- (B9)
Starting from Eq. (B2) for ¢PP®, similar steps as in the
particle-hole case show the equivalence,

Notice that in this case the polarization 75 is given as on the
right-hand side of Fig. 11, see also Eq. (A8).

3. Complex conjugation

In Secs. B1 and B2 we made use of the time-reversal
symmetry; however, the right- and left-sided Hedin vertex
are also connected by a relation of the vertex function to its

155149-12



SINGLE-BOSON EXCHANGE DECOMPOSITION OF THE ...

PHYSICAL REVIEW B 100, 155149 (2019)

complex conjugate [14],

*

Fove =(f2 )
weo — \J—=v,—v,—w/

which is a weaker assumption than (B1). Using Eq. (B11) itis
easy to prove,

(B11)

A=, ) (B12)

When also Eqs. (B7) and (B10) are valid this implies the
symmetry relation, AS = (A%, _ )*.

APPENDIX C: LOWEST-ORDER U-REDUCIBLE
DIAGRAMS

We demonstrate that already at order O(U?) the U-
reducible vertices VP", VP! and VPP of the SBE decom-
position (7) generate topologically distinct diagrams. In the
following we consider order O(U), O(U?), and O(U?). We
denote diagrams as in Ref. [14] (although we use a dashed
line to depict the bare interaction):

1. First order

At order O(U) there is only one diagram, the bare inter-
action. This diagram arises as the leading order of all three
U-reducible vertices VP VP and VP2 Ty see this, we
consider the leading order of the screened interaction (6) and
of the Hedin vertices (B3) and (BS8),

wa: Ua_i_...,
AP = (C1)
M=l (C2)

This yields for the U-ph-reducible vertex (10),
Ve —ge 4 OU?). (C3)
We insert this result into the U —ﬁ—redueible vertex (13),

VPR = LU +[3 = 48, 5 1U™) + O(U?)

=U"+ OU?), (C4)
where we used U" = +U and U = —U. Finally, we con-
sider the U -pp-reducible vertex (20),
1 —28q,p 2 2

where o = ch, sp and we inserted the bare interaction of the
singlet channel (16), U* = 2U. As expected, the U -reducible
vertices all yield the bare interaction U® as the leading order.
In the SBE decomposition (7) it is therefore necessary to
subtract it two times in order to avoid double counting.

2. Second order

We consider the diagrams of order O(U?) beginning with
the particle-hole channels. At this order all diagrams are U-
reducible and arise once again from A" & 1, whereas the
screened interaction (6) is expanded to order O(U?). For this

it is useful to write the screened interaction for the particle-
hole channel as [51],

U(X
C=——— =U"+Ur2U" +...
Yo 1 —-Un? FUmYT
=U"+U?) " 8,80+ + OWU?). (C6)

Vi

In the first line we expanded the geometric series, in the
second line we used the relation between polarization = and
Hedin vertex A depicted on the left-hand side of Fig. 11 and
truncated X after the leading term 1. We arrive at the following
diagram for the U -ph-reducible vertex in Eq. (10),

Pr=U) 8u8utor (er)
vy

and there is no difference between the charge and spin chan-
nels. P; is indeed the same diagram as in Ref. [14], the only
gg-ph-reducible diagram at order O(U?).

We further use P to evaluate the U-ph-reducible vertex

VPhe in Bq. (13),

Pa+ (1 = 280,p)Ps = —2(1 = 805p)U” Y _ 81, 8uy4v/—v-

(C8)

P, and Py are gg-ph-reducible (the transferred momentum of
the particle-hole bubble is ' — v) and they cancel each other
in the spin channel, as in Ref. [14]. Also the negative prefactor
is recovered correctly.

Finally, we come to the particle-particle channel, where we
truncate the Hedin vertex after the leading order, Ao —1.
Due to choice of definitions the screened interaction w*® is
related to the polarization ° in a slightly different way than
in the particle-hole channel, cf. Eq. (C6),

s U’ s sl STTS
W= = U U U .. (C9)

1 5 3
=20 = SQU)* Y gu 85w + OW?).

Vi

In the second step we inserted the bare interaction U* = 2U
and truncated the Hedin vertex A° ~ —1 in the relation for the
polarization 7r* on the right-hand side of Fig. 11. We obtain the
following diagram for the U -pp-reducible vertex in Eq. (20),

Ps=—(1 = 280.p)U Y _ 80, 8i51,-

Vi

(C10)

The prefactor of this diagram is consistent with Ref. [14], note
that = w+ v+ V.

The diagrams Py, P,, P4, and Ps are shown in Fig. 12.
The U-reducible vertices V indeed generate only one iden-
tical diagram, the bare interaction, whereas from order
O(U?) onwards one is left with topologically distinct dia-
grams: VP! VP and VPP generate gg-ph-, gg-ph-, and gg-pp-
reducible diagrams, respectively, there is hence no further
double counting.
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V1

T
—

FIG. 12. U-reducible diagrams at order O(U?). The vertex V™'
generates the diagram P;, VP generates P, and Py, and V? yields
diagram Ps, see text. Labels P as in Ref. [14].

3. Third order

We briefly discuss O(U 3 diagrams. According to Ref. [14]
the first fully gg-irreducible diagram beyond the bare interac-
tion is the envelope diagram of order O(U%) on the left of
Fig. 5. Therefore, at order O(U 3 only the bare interaction
can be a fully gg-irreducible building block. However, three
bare interaction lines cannot be connected to form a fully

FIG. 13. U-ph-reducible diagrams of order O(U?). The triangu-
lar shapes in the bottom diagrams are parts of the left-sided Hedin
vertex AP, At order O(U?) all diagrams are U-reducible in some
way. Bottom left: U-ph-reducible vertex correction. Bottom right:
U -pp-reducible vertex correction.

U -irreducible diagram, therefore, also at this order all dia-
grams are U-reducible. We illustrate this in Fig. 13, which
shows three diagrams of order O(U 3) which contribute to
the U-ph-reducible vertex VP'. The first fully U-irreducible
diagrams arise at expansion order O(U*), see also Fig. 5.
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