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We investigate the fate of topological states on fractal lattices. Focusing on a spinless chiral p-wave paired
superconductor, we find that this model supports two qualitatively distinct phases when defined on a Sierpinski

gasket. While the trivial phase is characterized by a self-similar spectrum with infinitely many gaps and extended
eigenstates, the “topological” phase has a gapless spectrum and hosts chiral states propagating along edges of the
graph. Besides employing theoretical probes such as the real-space Chern number, inverse participation ratio, and
energy-level statistics in the presence of disorder, we develop a simple physical picture capturing the essential
features of the model on the gasket. Extending this picture to other fractal lattices and topological states, we
show that the p + ip state admits a gapped topological phase on the Sierpinski carpet and that a higher-order
topological insulator placed on this lattice hosts gapless modes localized on corners.
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I. INTRODUCTION

The discovery of electronic insulators with topologically
nontrivial band structures has led to remarkable progress in
understanding gapped quantum phases. The prediction and
experimental discovery of topological insulators (TIs) [1-7]
and topological superconductors (TSCs) [8—11] led to a classi-
fication of gapped phases of noninteracting fermions [12,13];
this tenfold way encodes whether a system may host topolog-
ically nontrivial phases given the spatial dimension and the
symmetries under which it is invariant. The nontrivial band
topology of electronic states is manifest in striking universal
properties, including robust gapless modes confined to the
sample boundary and quantized response coefficients [14,15].

These concepts were later extended to crystalline sym-
metries, such as reflection, inversion, or rotation. Gapped
phases protected by these symmetries are called topological
crystalline insulators (TCIs) [16-20] and include higher-order
topological insulators (HOTIs) [21-25]. Specifically, an nth
order TI/TSC in d spatial dimensions is gapped everywhere
except on a d —n dimensional surface. More generally,
TI/TSCs and HOTIs are examples of symmetry-protected
topological (SPT) [26,27] and crystalline SPT (cSPT) [28-30]
phases, respectively, whose classification also accounts for
interactions. Such phases have a trivial gapped bulk but host
boundary (or hinge/corner) modes protected against local,
symmetry-preserving perturbations [31].

A defining feature of topological phases is their robust-
ness against disorder: Provided the spectral (or mobility)
gap remains finite and the disorder respects the symmetry
protecting the TI/TSC, quantized coefficients and gapless
edge modes persist [32-35]. Despite disorder breaking the
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lattice symmetries protecting TClIs, their boundary modes
can evade localization when the full ensemble of disorder
configurations remains symmetric [36,37]. Traditionally, ro-
bustness of topological states is established by adding disorder
to a clean system, thereby assuming an underlying periodic
reference state. This approach, while efficacious, fails when
no such structure exists, i.e., for aperiodic systems, including
amorphous, quasiperiodic, and fractal systems. Nonetheless,
topological phenomena have been shown to exist in both
amorphous [38—43] and quasiperiodic [44-49] systems.

That the topology of quantum states can be defined in
the absence of spatial regularity over long distances opens
the door to finding topological phases on fractal lattices,
which lack a natural distinction between bulk and boundary,
and whose (typically noninteger) Hausdorff dimensions differ
from their topological dimensions. Interest in fractal struc-
tures, which have a rich history [50-55], has been revived
given experimental advances in creating and manipulating
synthetic lattices with arbitrary structures, in both photonic
and electronic systems [56-61]. In particular, fractal lat-
tices have been fabricated using focused ion beam milling
[62], molecular chains [63-65], and scanning-tunneling-
microscopy techniques [66], with theoretical studies primarily
focusing on localization and transport phenomena [67-72].

However, our understanding of the influence of self-
similar geometry on the topological character of electronic
states remains nascent, having received attention only re-
cently [73,74]. In this paper, we fill this lacuna by devel-
oping a general framework elucidating the fate of topolog-
ical states on fractal lattices embedded in two dimensions
(2D). Through this picture, we find that the nature of ther-
modynamic phases—gapped vs gapless—on fractal lattices
depends crucially on the ratio of bulk to edge coordinated
sites. Focusing on the chiral p-wave superconductor on the
Sierpinski gasket (SG), we show that qualitative features ob-
tained through numerical diagonalization can be understood
simply through our framework. Besides characterizing the two
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FIG. 1. (a) SG with “periodic” boundary conditions, such that all
sites have coordination number four. (b) Regions A, B, C considered
in real-space Chern number calculations.

distinct phases of this model using various theoretical tools,
we further corroborate our understanding by studying both the
p-wave superconductor and a HOTT on the Sierpinski carpet
(SC).

II. MODEL

We consider a 2D spinless chiral p-wave supercon-
ductor (symmetry class D [12]) within the Bogoliubov-
deGennes (BdG) framework, with the mean-field lattice BCS
Hamiltonian:

A=—tY elep—p) eler+ ) [Antl,, el +Hel,
r r.m

(r,r')
(D
where 6’: , ¢r satisfy fermionic anticommutation relations
{¢r, 6:,} = 8, t is the nearest-neighbor hopping, u is the

Edge 5

chemical potential, and we set the lattice spacing a = 1.
Specifying to a triangular lattice [75], the pairing term A, =
Ae™/3 is defined on the nearest-neighbor bonds correspond-
ing to the three lattice vectors e,, with azimuthal angles mmx /3
(m =0, 1,2). We introduce the standard Bogoliubov trans-
formation: & =), [t Pn + vn,rf/j], where 7, is the Bo-
goliubov quasiparticle annihilation operator, and (i, r, V,.r)"
diagonalizes the BdG Hamiltonian Eq. (1), with eigen-
value E,,.

We study this model on a SG with “periodic” boundary
conditions [see Fig. 1(a)], i.e., with four gaskets arranged on
alternating faces of an octahedron, ensuring that all lattice
sites are equally (four) coordinated. We construct a lattice
regulated (with a smallest triangle) SG recursively, by adding
sites/bonds to a gasket at generation g to arrive at g+ 1 SG.
The largest lattice we can probe numerically has g = 6, with
the total number of sites N ~ 38*! at generation g.

Setting A > 0 and noting that the Hamiltonian Eq. (1)
admits a topological phase on a triangular lattice for —6¢ <
< 2t (see Appendix A), we find that this model admits
topologically distinct phases even on the SG. The qualitative
distinction between the two phases is illustrated in Fig. 2,
which shows the spectrum and states for g =5. For u >
2t or u < —6¢, we find a fully gapped “trivial” phase in
Fig. 3, where eigenstates are delocalized, thereby behaving as
bulk states in ordinary gapped systems. In the thermodynamic
(g — o0) limit, the spectrum is self-similar, with infinitely
many gaps. In contrast, for —6¢f < u < 2t we find that the
amplitude of the largest gap in the spectrum decays exponen-
tially with increasing generation (see Appendix D), such that
the spectrum is strictly gapless in the g — oo limit. Thus, this
parameter range describes a qualitatively distinct phase with
emergent continuous scale invariance, unlike the trivial phase
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FIG. 2. Gapless topological phase of the chiral p + ip superconductor on the SG, with g =5, A =1, = 0.5, u = 0.5. Energy spectrum
and probability densities of eigenvectors at indicated energies are shown. Color scale indicates values of x, y, z coordinates, with dot size

indicating the magnitude of the probability density at that point.
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FIG. 3. Gapped trivial phase of the p + ip superconductor on the SG, with g = 5, A = 1,7 = 0.5, u = 2. Energy spectrum and probability

densities of eigenvectors at indicated energies are shown. Color scale

magnitude of the probability density at that point.

which only possesses discrete scale invariance. Particle-hole
symmetry is present in both phases. While the spectra are
obtained by numerically diagonalizing the BdG Hamiltonian
Eq. (1), these can in principle also be obtained recursively (see
Appendix B for details).

An intriguing feature of the gapless phase is the edgelike
nature of eigenstates: in Fig. 2, we plot the electronic densities
for representative states at the indicated energies, revealing
states sharply localized on triangular motifs formed by sites of
various generations i.e., localized around the inner edges (or
holes) of the SG. While states closest to E = 0 are localized
on the outer edges, corresponding to the earliest generations,
there is a hierarchy of states localized on inner edges created
at subsequent generations of the SG. In the thermodynamic
limit, we expect that all eigenstates in this phase will be
sharply localized along edges. Remarkably, these localized
states are also chiral, with a wave-packet initialized on any
inner edge propagating in the direction opposite to that of one
initialized on the outermost edge (see Appendix C).

Surprisingly, we find that the transition between the triv-
ially gapped and the gapless phase coincides with the trivial
<> topological transition of Eq. (1) on the triangular lattice.
This observation hints that the model on the SG inherits its
behavior from one defined on a triangular lattice. Indeed, we
can regard the inner edges of the SG as holes in a triangular
lattice, which, in the topological phase of Eq. (1), host gapless
chiral Majorana modes propagating counter to the outermost
edge state [76]. Since the number of these holes increases with
g, there are infinitely many gapless modes in the spectrum as
g — 00, resulting in a gapless spectrum. This physical picture
suggests that the chiral eigenstates in the gapless phase are
descended from Majorana edge modes of the p + ip state on
a triangular lattice. We hence dub this the gapless topological
phase on the SG.

indicates values of x,y, z coordinates, with dot size indicating the

III. DIAGNOSTICS

Before building on this intuitive picture and showing that it
generalizes to other fractal lattices, such as the SC and other
topological states, we further characterize the two distinct
phases of the p + ip superconductor on the SG using some
standard diagnostics.

A. Real-space Chern number

Since our model lacks translation invariance and only
retains (discrete) scale invariance, we cannot use the
momentum-space Chern number to characterize the topo-
logical and trivial phases of the p + ip superconductor on
the SG. Thus, we instead compute the real-space Chern
number introduced in Ref. [77], which reduces to the
momentum-space Chern number in the presence of translation
invariance,

C= 12m‘Z Z Z(ijpklplj - leplkpkj)’ (2)

JEA keB leC

where P projects onto occupied states with respect to a given
chemical potential, and j, k, [ are indices corresponding to
three distinct neighboring regions A, B, C, arranged counter-
clockwise [see Fig. 1(b)]. In Eq. (2), P;; is a 2 x 2 matrix
whose rows correspond to cj.', ¢;, and whose columns corre-
spond to c;, c;. Retaining the site basis, we rotate only the &
/pseudospin basis. We then diagonalize the 2 x 2 matrix in
the expression for C such that the pseudospin is now a good
quantum number, and then take the trace. With P;; represent-
ing the 2 x 2 block after diagonalization, the expression for
the Chern number can be rewritten as

C= lZniZ Z ZTr(ﬁjkﬁk[ﬁ[j - 'ﬁjlﬁlk'ﬁkj)- 3)

JjeA keB leC
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FIG. 4. The real-space Chern number (black curve) as a function of Fermi energy E, with the corresponding spectrum shown in red in
(a) the trivial phase (u = 2) and (b) the topological phase (1 = 0.5). Here, g = 4,7 = 0.5, and A = 0.5.

For g =5 in the trivial phase, we find that C = 0 for all
gapped regions of the spectrum [see Fig. 4(a)]. We have
checked that this quantization becomes independent of the
specific choice of regions A, B, C at large g > 4 i.e., in the
limit when the number of sites in each region becomes large.
In the thermodynamic (g — o) limit, the spectrum within the
trivial phase displays an infinite hierarchy of self-similar gaps,
and we expect that C will vanish identically for each of the
infinitely many gaps in the spectrum.

In contrast, within the topological phase, the gapped re-
gions of the SG scale to zero and have a trivially quantized
Chern number. As can be seen in Fig. 4(b), we find that
indeed C = 0 within the finite-size gaps at finite g in the
topological phase. Nevertheless, similar to previous works on
topological amorphous superconductors [43] and on the quan-
tum Hall effect on fractal lattices [74], we expect the Chern
number to take a nontrivial quantized value within the gap-
less regions due to the presence of a mobility gap and the
topological nature of the phase. While our numerics suggest
that the Chern number tends toward a quantized nonzero value
with increasing g in regions corresponding to low but nonzero
density of states, we are numerically limited to g < 5, for
which finite-size effects obscure the expected quantization.

Thus, in the thermodynamic limit, the trivial phase will
exhibit a strictly quantized C = 0 within the infinitely many
gaps in the spectrum; on the other hand, although the spectrum
becomes gapless in the topological phase, we expect that
C converges to a nontrivial quantized value as g — 0o in
the gapless regions due to the presence of a mobility gap
[74]. Veritying the latter requires investigating the model on
a SG with large g, which is beyond our current numerical
capabilities.

B. Inverse participation ratio
Another useful diagnostic is the inverse participation ratio
(IPR) of the nth eigenstate [78,79],
Zr(|un,r|4 + |vn,r|4)
2
[ 2 (tne? + [vnrel®)]

IPR, = )

which scales as L~2 for extended states but remains finite
for localized states even in the thermodynamic limit. In the
trivial phase, all eigenstates are delocalized [see Fig. 5(a)],
reflecting their bulk nature. Increasing g suppresses the IPR
values further toward zero. In the topological phase, the IPR
values instead abruptly jump between ~0 and ~1, with the
latter corresponding to eigenstates localized along the various
edges (or holes) of the SG, as in Fig. 2. The number of local-
ized states increases with g [see Figs. 5(b) and 6], consistent
with the physical picture discussed above: cutting out holes
from the triangular lattice does not introduce any edge modes
in the trivial phase, and all states remain extended. In the topo-
logical phase, however, additional gapless edge modes are
introduced, with the number of such modes increasing with g.
This agrees with the numerical observation of localized states
with IPR, ~ 1 as shown in Fig. 5(b).

C. Level statistics

Since disorder provides an independent probe of topol-
ogy, we add an on-site term ) . Viélé, to the Hamiltonian
Eq. (1), with V; drawn randomly from the uniform distribution
[-W/2,W/2]. In Fig. 7, we plot the energy-level spacing
distributions, averaged over 500 disorder realizations, for
weak and strong disorder in both phases. The normalized
level spacing is given by s = |E, — E,|/3(E,), with §(E,)
the mean-level spacing near energy E,. In the trivial phase,
the distribution is Poissonian at both weak and strong disor-
der, consistent with a localized phase. The level spacings in
the topological phase follow unitary Wigner-Dyson Gaussian
Unitary Ensemble (GUE) statistics at weak disorder (W = 2)
and transition to Poisson at strong (W = 8) disorder, with the
transition [80] to the Anderson insulator occurring at W ~ 5.
Agreement with the Wigner surmise (for 8 = 2) at weak
disorder (see Fig. 7) indicates that the gapless topological
phase is a diffusive metal [81,82].

IV. RECURSIVE DECIMATION

We propose a physical picture which elucidates how topo-
logical states on 2D fractal lattices inherit their behavior from
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FIG. 5. IPR, (using open boundary conditions on a single SG), with g = 4,1 = 0.5, A = 0.5. All states are delocalized in the (a) trivial
phase (u = 2) while the (b) topological phase (1 = 0.5) exhibits states localized around edges.

a “parent” state on an underlying periodic lattice. Consider
the BdG Hamiltonian Eq. (1) on a triangular lattice with
open boundary conditions, lattice spacing a, and size L =
2Pa, as shown in Fig. 8. We define bulk and edge sites as
those with coordination numbers six and four, respectively
[83]. We now decimate sites and bonds recursively to gen-
erate the SG. At the gth step (g > 1), we eliminate all sites
and bonds contained inside 357! inverted triangles of length
L /28, introducing an additional 3¢~! inner boundaries into the
lattice. The procedure continues until g = g., with L/2% = 2a
(gc = p — 1), at which stage a generation g, SG is produced:
The ratio of bulk sites ng(g) to edge sites ng(g) vanishes
identically when g = g, (see Appendix E for details). This
process is illustrated in Fig. 8.

Starting in the topological phase, where a chiral Majo-
rana mode propagates clockwise along the outermost bound-
ary, each subsequent iteration introduces additional physical
boundaries into the lattice, each hosting a chiral Majorana
mode propagating counterclockwise [76]. In the thermody-
namic limit L/a — oo, the decimation is repeated infinitely
many times (g, — o0o) until only boundary sites are left
and a chiral Majorana mode propagates along each of the
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FIG. 6. IPR, with g=5,7r =0.5, A =0.5. Comparison with
Fig. 5(b) clearly shows that the number of localized states in the
middle of the spectrum increases with g.

infinitely many edges, resulting in a gapless spectrum. Thus,
the decimation picture shows that the chiral eigenstates of
the gapless topological phase are intimately linked to the
Majorana edge modes of the underlying p-wave state. Further,
the absence of any bulk sites explains why all bulk features
of the underlying model are washed out as g — oo, with the
gapless state effectively described by a self-similar network of
chiral 1D Majorana modes.

Starting instead in the trivial phase, each iteration only
introduces additional gaps, as no edge modes appear. The
self-similar arrangement of the gaps is a consequence of
discrete scale invariance of the generated SG, and the trivial
— topological transition on the SG can be understood as the
proliferation of chiral Majorana modes which occurs during
the transition on the underlying periodic lattice. Our analytic
picture naturally accounts for the phase boundaries of Eq. (1)
on the SG matching those on the triangular lattice. We also
expect that the gapless topological phase inherits the robust-
ness of the edge modes against arbitrary local perturbations
respecting the symmetry protecting the parent (p + ip) state.
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4 W=2, Topological
W=8, Trivial ]
W=8, Topological|
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FIG. 7. Distribution of normalized energy level spacings with
disorder W, with g = 4,¢ = 0.5, A = 0.5. Level statistics shown for

weak (W = 2) and strong (W = 8) disorder for the trivial (u = 2)
and topological (u = 0.5) phases.
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FIG. 8. Decimating a triangular lattice recursively to generate the
SG. Blue (black) dots denote sites with boundary (bulk) coordina-
tion. Sites and bonds inside the red (green) triangle(s) are eliminated
at the first (second) step.

To further test our decimation picture, we place the p + ip
Hamiltonian on the SC. This lattice can be constructed by
recursively decimating a square lattice, on which a topo-
logical phase exists for —f < pu <t. However, the ratio
limg_, o np(g)/ng(g) ~ 5 for the SC, resulting in more bulk
than edge coordinated sites. Crucially, the distance between
gapless edge modes appearing along inner boundaries at each
step of the decimation process decreases with each iteration,
such that each Majorana edge mode on the recursively gen-
erated SC is separated from one with opposite chirality by
3a. In the thermodynamic limit, these edges states backscatter
and hybridize, leading to a gapped spectrum; we thus expect
that bulk features of the underlying state persist on the SC
as g — oo even in the topological phase. Results obtained by
numerically diagonalizing the BdG Hamiltonian Eq. (1) on
the SC vindicate our prediction: We find a trivial (C = 0) and a
gapped topological (with quantized C = 1) phase, with phase
boundaries matching those of the model on the square lattice
(see Appendix E 2 for details).

We posit that the above analysis readily generalizes to any
parent 2D topological state protected by internal symmetries:
For parameters corresponding to the topological phase on a
triangular lattice, the model will admit a gapless topolog-
ical phase on the SG, whose physics is governed by that
of the 1D gapless edge states of the parent state. On the
SC, for parameters corresponding to the topological phase
on the square lattice, the spectrum will remain gapped and
exhibit a nontrivial quantized topological invariant. Thus, the
nature of topological states on a given fractal lattice depends
crucially on whether limg_, o, nz(g)/ng(g) remains finite or
vanishes, resulting in a gapped or gapless topological phase,
respectively. The results of Ref. [73], which studied the half-
BHZ model [84] on the SG and SC, are in excellent agree-
ment with our conjecture and support the generality of our
arguments.

V. HOTI ON THE SIERPINSKI CARPET

Extending the above ideas to topological states protected
by spatial symmetries requires more care, since we must
ensure that no symmetries protecting the underlying state are
broken at any step of the recursive decimation to stay within
the same phase. For instance, for a ¢cSPT protected by C4
rotation, we can start from a square lattice and recursively

generate the SC through decimation, resulting in a gapped
topological phase in the thermodynamic limit. To demonstrate
the applicability of our general framework to this case, we
have studied the paradigmatic four-band model of a HOTI, in-
troduced in Ref. [22], on the SC. The real-space Hamiltonian
on the square lattice is given by

DA A 2) Al ~
H=— Z [Aﬁn’)nc;ﬂl,ncm’n + )\;’)ncjn’”lcm,n + Hc]

m,n

where ¢, ., &, are fermionic creation/annihilation operators

for site (m, n) of the square lattice, and where
20 = A1+ (=)™ + y (1= (=1)"").

This model preserves Cy rotation, time-reversal, and charge-
conjugation symmetries, and presents localized corner modes
when |y /A| < 1. Starting from the topological phase on the
square lattice, we recursively decimate the lattice to generate
the SC. Each iteration creates additional inner boundaries,
each hosting protected gapless corner modes since no sym-
metries are broken at any stage. Following our general argu-
ments, we expect a gapped topological phase on the SC as
g — oo, with modes localized along the corners of infinitely
many inner edges. As shown in Fig. 9, we indeed find a
gapped spectrum and corner modes on all inner boundaries.
While we are numerically limited to g = 3, we expect this
behavior persists for larger generations. We also note that
the topological nature of the SC HOTI is protected only in
the presence of a particle-hole symmetry in addition to a
C4 symmetry: In the absence of particle-hole symmetry, the
zero-energy modes can be shifted around without breaking
the C4 symmetry [22]. Besides the generalization to spatial
symmetries, this analysis indicates that HOTIs remain well-
defined on fractal lattices as long as symmetries protecting
the parent state remain unbroken.

VI. CONCLUSIONS

In this paper, we have presented general principles which
determine the fate of 2D topological states on some fractal
lattices, with numerics supporting our analytic arguments.
Our results strongly suggest that lattices such as the SG
(SC) can support gapless (gapped) topological phases, whose
properties derive from those of an underlying parent state.
Understanding the role of interactions remains an important
open question, as does extending these ideas to 3D topological
phases on,e.g., the Sierpinski prism, where novel behavior
could result from the rich structure of surface states. A more
thorough investigation of the gapless topological phase of the
p + ip superconductor on the SG is also warranted and could
shed light on its low-energy effective field theory as well as
the observed topological metal-to-insulator transition. Finally,
given the progress in fabricating fractal lattices [62—-66] and
in realizing HOTIs on a variety of platforms [85-88], exper-
imentally realizing corner modes on a fractal lattice could be
within reach.

ACKNOWLEDGMENTS

We are especially grateful to Sheng-Jie Huang and Rahul
Nandkishore for discussions which inspired this work. We

155135-6



TOPOLOGICAL STATES ON FRACTAL LATTICES

PHYSICAL REVIEW B 100, 155135 (2019)

2.5
15 ¢

0.5 |

0.5 | o
-1.5 |

0 0.2 0.4 0.6 0.8
n/N
(@)

® : [ ]
| ® [
(®)

FIG. 9. (a) Spectrum and (b) nonpropagating corner modes in an HOTI defined on the SC (g =3,y = 0.5, 2 = 1).

also acknowledge stimulating conversations and correspon-
dence with Yang-Zhi Chou, Victor Gurarie, Michael Hermele,
Sergej Moroz, Titus Neupert, and Michael Pretko. The work
of S.P. is supported by the US Department of Energy, Office
of Science, Basic Energy Sciences (BES) under Award No.
DE-SC0014415. A.P. is supported by a PCTS Fellowship at
Princeton University.

APPENDIX A: p +ip ON A TRIANGULAR LATTICE

While the d =2 BdG Hamiltonian describing the chiral
p + ip superconductor [Eq. (1) in the main text] is typically
implemented on a square lattice (see, e.g., Ref. [89]), it also
allows for a topological phase on a triangular lattice, which
we discuss briefly here. For a system with periodic boundary
conditions along both x and y directions, we can write the
Hamiltonian in momentum space as

A=Y@ e (éi“k), (A1)
- i

where élt and ¢y are fermionic creation and annihilation
operators corresponding to momentum K, and where

L e Ak
Hx = = ), A2
) (Az,k —€k (A2)

with

k 3k
€ = —2t|:cos(kx) + cos(—x + V3 y)

2 2
ke 3k,
e At A3
+ COS( ) > )] " ( )
; k 3k
Ak = —2iA [sin(kx) + e'”/351n<3x + */; y)
: k 3k

+ 62’”/3sin( -5+ —\/; V)} (A4)

i kx Sk,
Mgy = ZiA[sinacx) + 6'”/3Sin<3 - J; >)
: k 3k
+ 6‘2’”/3sin< -5+ ‘/; y)} : (AS5)

The energy eigenvalues of Hy are given by E(k) =
+Vep + A1 xArk. Here, ¢ is the hopping parameter, A is
the pairing amplitude, and w is the chemical potential. It is
straightforward to check that this system has gap closings
at u = —6t, 2¢. For a triangular lattice with open boundary
conditions, the above Hamiltonian gives rise to persistent
chiral Majorana edge modes for —6f < p < 2t for any A #
0. These parameter values, therefore, characterize the trivial
< topological transition on the triangular lattice.
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FIG. 10. Chern number C for the p + ip superconductor on a
triangular lattice. The plot shows that C = 1 for —6 < u/t < 2 (the
topological phase), and C = 0 otherwise, i.e., in the trivial phase. The
above holds for any A # 0.
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Writing the BdG Hamiltonian in Eq. (A2) as Hx = h(k) -

o, with h(k) being a smooth function which is nonzero for

all momenta, such that the bulk is fully gapped, we can then

define a unit vector h(k) that maps the 2D momentum space

(defined on 772) onto a unit sphere. Here, o is the usual vector

of Pauli matrices o;, i = x, y, z. The momentum-space Chern
number C is then given by [90]

d’k ., A A
C = / —[h- (0,h x 3 h)],
keBz 47 ’

where BZ refers to Brillouin zone. We find that C = 1 in the
topological phase (—6f < u < 2¢t), and C = 0 in the trivial
phase (see Fig. 10).

(A6)

APPENDIX B: RECURSIVE METHOD FOR
DETERMINING THE BDG EIGENSPECTRUM ON THE
SIERPINSKI GASKET

We follow the analysis in Ref. [50] to show that it is
sufficient to study an effective model defined on a subset of
the original sites rather than solving an eigenvalue equation
involving all sites of the fractal lattice i.e., the SG. The eigen-
value equation for our system takes the form H|y) = E|y).
We divide the Hilbert space into two subspaces: one subspace
consisting of all sites added up o the (n-1)th generation, and
the other subspace with sites added at the nth generation. We
refer to these subspaces as A and B, respectively. We denote
the projection of |i) onto these two subspaces as [{4) and
|¥5), with the eigenvalue equation then given by

Haa  Hap\([|1¥a)\ _ (1¥a)
(HBA HBB> (WB)) =E <|w3>)’ ®D
following which we can can formally write
|¥8) = (E — Hgp)~ Hpala) . (B2)

As discussed in Ref. [50], we can now define an “effective”
Hamiltonian acting only on the sites of the decimated lattice
i.e., sites belonging to subspace A:

Hya) = [Haa + Ha(E — Hpg) 'Hpall¥a) . (B3)

We now apply this formalism to the system under con-
sideration. An additional feature of the BdG Hamiltonian in
Eq. (A2) is the presence of two “orbitals” per site instead of
one. To obtain the analog of Eq. (B3), we need the hopping
matrices associated with the underlying n = 1 triangle (see
Fig. 11).

J

g HE8 122 41%) — 1(144 + T2 (4 + 2)E? + 2%(= 10+ (DE? +41(16 + 3)E* — 82+ E

2 1" 3 2 3

n=0

FIG. 11. Decimating a g =1 lattice to a g = 0 lattice by using
Eq. (B3).

For i, j € {1, 2, 3}, we find that

m
(Haa)ij = —50151',',

t )
(Hap)ij = —%Uz&'j + (1 — 3:‘1)[ — 50 = iAew”’Uy]

= (Hpa)ij = (Hpp)ij, (B4)

for the Hamiltonian defined in Eqgs. (A2)-(AS5). Here, «;; is
the angle between the link joining sites i and j and the local x
axis at site i. Using Eq. (B3), we find that

H;j-ff = [Hpa + Hpp(E — HBB)ilHBA]ij . (BS)

Since the BAG Hamiltonian gives rise to robust chiral edge
states for —6r < p < 2t for any A # 0, we set A =1 and
u = 0 here (corresponding to the topological phase for any
nonzero t) to simplify our analysis. Other parameters can
be analyzed following the procedure delineated here. Now,
we compare the effective Hamiltonian with the original BAdG
Hamiltonian but now defined on the generation n = 0 lattice
and with hopping parameter ¢’. This allows us to express the
effective Hamiltonian as the BAG Hamiltonian acting on sites
in the A sublattice, but with renormalized hopping strength #’.
Using Eq. (B5), we can derive an expression for ¢’ in terms of
the original parameters:

48 — 122 + 16 — 3(48 + 8¢2 + 3tM)E3 + 41(16 + 3t2)E* — 16E°

Next, we use Eq. (B6) and the relation t'¢, | =t¢, to
derive a recursion relation between €,_; and €,(= E/t), the
dimensionless (scaled by the hopping energies ¢’ and ¢, re-
spectively) energy eigenvalues on the generation n — 1 and
n SGs. Therefore, in principle, given an energy eigenvalue
€,—1 of the system defined on the generation (n — 1) SG,

(B6)

(

Eq. (B6) allows us to determine the corresponding eigenvalues
on the generation n lattice. However, as pointed out in Ref.
[50], the recursion relation by itself does not give the correct
degeneracy for those eigenvalues which correspond to the
zeros of the denominator: These have to be put in by hand
at every iteration of the recurrence relation.

155135-8



TOPOLOGICAL STATES ON FRACTAL LATTICES

PHYSICAL REVIEW B 100, 155135 (2019)

t=0 t=10

t=80

P . Yocoo:‘y'ﬂ.-‘:.f == .u..:::::::»

t=20 t=40

t=60 t=50

FIG. 12. The evolution of a wave packet created by projecting onto edge states close to zero energy within the energy range (—0.3 < ¢ <
0.3) is shown. It can be seen that it moves exclusively on the edge of the system with definite chirality (g =4, u = 0.5, = 0.5, A =0.5).

APPENDIX C: CHIRAL NATURE OF EIGENSTATES IN
THE TOPOLOGICAL PHASE

To visualize the chiral nature of the edge modes that appear
in the topological phase of the p + ip superconductor on the
SG, we construct an initial wave packet localized over a few
sites belonging to some outer edge of the SG, and project it
onto edge states within an arbitrary but small energy window
close to zero, say (—0.3 < ¢ < 0.3), to obtain the propagating
edge mode shown in Fig. 12.

Likewise, we project a wave packet localized on an inner
edge onto the states within a similar energy range in one of the
other gaps in the spectrum to obtain Fig. 13. We find that the
chirality of wave packets initialized on any of the inner edges
(or holes) of the lattice is opposite to that of a wave packet
propagating along the outermost edge.

APPENDIX D: SCALING OF THE GAP IN THE
TOPOLOGICAL PHASE

For any finite generation g, the spectrum of the p + ip state
on the SG presents a finite number of gaps {£;}. However,
the amplitude of these gaps decreases exponentially with g,
such that the spectrum becomes gapless in the thermodynamic
limit. Specifically, we have the analyzed the scaling of the
largest gap in the spectrum as a function of g, for various

t=10 t=60

parameters corresponding to the topological phase. In Fig. 14,
we show the gap scaling on a semilog plot, which clearly
demonstrates that the largest gap in the spectrum goes to zero
exponentially fast as g — oo i.e.,

max;E; = Epax ~ Ae P8, (D1)
for some B > 0, which is weakly dependent on p/f. Since
the maximal gap En.x — 0 as g — 00, all the other gaps also
vanish, leading to a gapless phase in the thermodynamic limit.

APPENDIX E: DETAILS REGARDING THE DECIMATION
PROCEDURE

1. SG from triangular lattice

As discussed in the main text, we consider a triangular
lattice with lattice spacing a. We assume that the lattice takes
the shape of an equilateral triangle with each side of length
L =2%a (p € Z). The thermodynamic limit is taken in the
usual way, L/a — oo. The coordination number of sites in
the interior of the lattice, which we denote bulk sites, equals
six, while that of those along the edge, denoted edge sites,
equals four. To ensure that the three corner sites, which have
coordination number two, are also boundary sites, we can
place four copies of this lattice in the arrangement depicted
in Fig. 1(a) of the main text. For simplicity, we discuss the

t=100

FIG. 13. The evolution of a wave packet initialized on an inner edge is shown. It can be seen that it moves exclusively on the corresponding
inner edge of the system with chirality opposite to that of the outermost edge (g =4, u = 0.5, = 0.5, A = 0.5).
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FIG. 14. Scaling of the gap as a function of the generation g of
the Sierpinski gasket in the topological phase. The gap decays to zero
exponentially fast as g — oo. Here, r = 0.5, A = 0.5.

recursive decimation for a single lattice here, with the analysis
carrying over as is for that configuration. Alternatively, we
can also simply count the corner sites as boundary sites;
since the ratio of corner sites to boundary sites vanishes in
the thermodynamic limit, this will not affect our analysis.
Defining / = L/a, the number of boundary sites is hence 3/
while the number of bulk sites is %(l —2)(I — 1), withonly a
single, outer boundary present.

At the first step of the decimation procedure, we elimi-
nate sites and bonds contained in the interior of a inverted
triangular lattice with side L/2, which introduces an interior
boundary into the lattice. At the gth step (g > 1), we eliminate
all sites and bonds contained within 357! inverted lattices
of length L/28, which are arranged self-similarly within the
parent triangular lattice (see Fig. 5 in the main text). This
introduces an additional 3¢~ boundaries into the parent lat-
tice, such that the total number of boundaries at step g is
%(35’ + 1), which includes the single outermost boundary of
the underlying triangular lattice. Denoting the number of bulk
and edge sites present at the gth iteration as nz(g) and ng(g),
respectively, straightforward algebra shows that

1 1, (] !
nB(g)zi(l—z)(l—n—EZly (§—z>(5_1>
j=
& /31
-y 3 1(;—3), (E1)

j=1

& (3l
ng(g) =31+ Z 3/-1 (E — 3) . (E2)

j=1

The SG is generated once all sites are edge sites with
coordination number four. Hence, we stop the process once
we have eliminated the smallest triangle containing sites and
bonds contained within its interior, i.e., at step g = g., with

28 = % since a triangle with side length a is the smallest

AEEYEEN
p
OCO
REEYEEW
>
9a

FIG. 15. Generating an SC from a square lattice. The first (sec-
ond) step results in inner edge mode(s), shown in red (green), when
starting from the topological phase of the p + ip superconductor on
a square lattice. However, a finite number of bulk sites (black dots)
remain even after the SC is generated, as shown in the zoomed-in
image on the right.

possible triangle and contains no interior sites or bonds. It is
then easy to check that ng(g.) = 0 as stated in the main text. In
the thermodynamic limit, g. — 0o so the decimation process
must be repeated infinitely many times, leading to infinitely
many inner edges created within the parent triangular lattice.
Moreover, for a fixed [ = 27, one can check that

tim ") _ g
s~>pnp(g)

(E3)

2. SC from square lattice

We now repeat the above analysis to generate a lattice-
regulated SC (with a smallest square) from a square lattice
through recursive decimation. A key distinction between the
SG and the SC is that the former has a finite ramification while
the latter is infinitely ramified; in other words, only a finite
number of bonds need to be cut to separate out an extensive
piece of the gasket, while for the carpet, the number of bonds
which need cutting tends to infinity in the thermodynamic
limit. Crucially, while the SG at any generation has only
edge sites, the SC always contains a finite number of sites
with a bulk coordination number. The procedure follows that
discussed in the previous section closely: Consider a square
lattice with lattice spacing a and length L, with [ = L/a.
Bulk and edge sites have coordination numbers four and
three, respectively, where we again subsume corner sites with
coordination number two as boundary sites since the ratio
of corner sites to edge sites vanishes as / — oo. The parent
lattice thus has 4/ boundary sites and (I — 2)? bulk sites, with
a single outer boundary.

At the gth step (g > 1) of the decimation, we eliminate
sites and bonds contained within 85~! square lattices of length
L/38, arranged self-similarly within the parent square lattice
(see Fig. 15). This introduces an additional 84~! inner edges
into the parent lattice, such that the total number of boundaries
atstep gis %(Sg + 6), including the outermost boundary of the
underlying square lattice. As before, denoting the number of
bulk and edge sites present at the gth iteration as ng(g) and
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FIG. 16. p + ip state on the Sierpinski carpet: The energy eigenvalue spectrum is shown for (a) the trivial phase (t = 0.5, u =1, ), and
(b) the topological phase (t = 0.5, u = 0.25). (c) shows the real-space Chern number within the gap as function of /¢, clearly indicating the

existence of a gapped topological phase on the SC.

ng(g), respectively, we find that

8 } l 2
ny(g) = (1 =2 — 281—‘(§ - 1)

j=1

S\ (4
-y 8 (--4), (E4)
3¢
j=1
(4
e =41+ 38 (§—4>. (ES)
J=

We arrive at the SC when g = g, with 38 = é In the thermo-

dynamic limit, we hence require g, — oo, with

np(g) 315
ge—00 ng(ge) T 64

~5, (E6)

such that the ratio of bulk to edge sites remains finite.
Following the above analysis, it is also straightforward to
see that at the gth step of the decimation procedure, each chiral
edge mode is separated from another one by a distance L/38.
At the final step g = g., where the SC is generated, each mode
is separated by 3a from an edge mode with opposite chirality,
as illustrated in Fig. 15. Since the separation between such
counterpropagating Majorana edge modes approaches their
bulk penetration depth at large g, these states are gapped out
due to backscattering, resulting in a gapped spectrum. As

discussed in the main text, the hybridization of the gapless
edge states is a consequence of a nonvanishing ratio of bulk
to boundary coordinated sites in the thermodynamic limit,
which in turn allows the SC to host gapped topological phases
retaining the bulk features of the phase defined on the parent
square lattice.

APPENDIX F: NUMERICAL DIAGONALIZATION OF THE
BDG HAMILTONIAN ON THE SC

The pairing term of the BAG Hamiltonian [Eq. (1) in
the main text] on a square lattice is specified by A; = A
and Ay =iA, defined on the nearest-neighbor bonds cor-
responding to the lattice vectors e; and e;. The spectrum
is gapped everywhere for A # 0, except at u = £4¢, with
|| < 4t corresponding to the topological phase, which has
a quantized momentum space Chern number C = 1 and hosts
a chiral gapless Majorana mode along the sample boundary.
We numerically diagonalize this model on the SC and find
that, unlike the model on the SG, the spectrum remains
gapped in both the trivial (Ji| > 4¢) and the topological phase
(Ju| < 4t), as shown in Figs. 16(a) and 16(b), respectively.
We also calculate the real-space Chern number [Eq. (2) in
the main text] within the gap as a function of w/f and
find that it vanishes in the trivial phase, but takes on a
quantized value C = 1 in the topological phase, as shown in
Fig. 16(c).

[1] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005).

[2] B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 106802
(2006).

[3] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803
(2007).

[4] J. E. Moore and L. Balents, Phys. Rev. B 75, 121306(R)
(2007).

[5] R. Roy, Phys. Rev. B 79, 195322 (2009).

[6] M. Konig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann,
L. W. Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318, 766
(2007).

[7] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J. Cava, and
M. Z. Hasan, Nature 452, 970 (2008).
[8] N. Read and D. Green, Phys.
(2000).
[9] D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).
[10] M. Stone and R. Roy, Phys. Rev. B 69, 184511 (2004).
[11] P. Zhang, K. Yaji, T. Hashimoto, Y. Ota, T. Kondo, K. Okazaki,
Z. Wang, J. Wen, G. D. Gu, H. Ding, and S. Shin, Science 360,
182 (2018).
[12] S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig,
New J. Phys. 12, 065010 (2010).

Rev. B 61, 10267

155135-11


https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.96.106802
https://doi.org/10.1103/PhysRevLett.96.106802
https://doi.org/10.1103/PhysRevLett.96.106802
https://doi.org/10.1103/PhysRevLett.96.106802
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevLett.98.106803
https://doi.org/10.1103/PhysRevB.75.121306
https://doi.org/10.1103/PhysRevB.75.121306
https://doi.org/10.1103/PhysRevB.75.121306
https://doi.org/10.1103/PhysRevB.75.121306
https://doi.org/10.1103/PhysRevB.79.195322
https://doi.org/10.1103/PhysRevB.79.195322
https://doi.org/10.1103/PhysRevB.79.195322
https://doi.org/10.1103/PhysRevB.79.195322
https://doi.org/10.1126/science.1148047
https://doi.org/10.1126/science.1148047
https://doi.org/10.1126/science.1148047
https://doi.org/10.1126/science.1148047
https://doi.org/10.1038/nature06843
https://doi.org/10.1038/nature06843
https://doi.org/10.1038/nature06843
https://doi.org/10.1038/nature06843
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevB.61.10267
https://doi.org/10.1103/PhysRevLett.86.268
https://doi.org/10.1103/PhysRevLett.86.268
https://doi.org/10.1103/PhysRevLett.86.268
https://doi.org/10.1103/PhysRevLett.86.268
https://doi.org/10.1103/PhysRevB.69.184511
https://doi.org/10.1103/PhysRevB.69.184511
https://doi.org/10.1103/PhysRevB.69.184511
https://doi.org/10.1103/PhysRevB.69.184511
https://doi.org/10.1126/science.aan4596
https://doi.org/10.1126/science.aan4596
https://doi.org/10.1126/science.aan4596
https://doi.org/10.1126/science.aan4596
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1088/1367-2630/12/6/065010

SHRIYA PAI AND ABHINAV PREM

PHYSICAL REVIEW B 100, 155135 (2019)

[13] A.Kitaev, in Advance in Theoretical Physics: Landau Memorial
Conference, edited by V. Lebedev and M. Feigel’'man, AIP
Conf. Proc. No. 1134 (AIP, New York, 2009), p. 22.

[14] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).

[15] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).

[16] L. Fu, Phys. Rev. Lett. 106, 106802 (2011).

[17] T. H. Hsieh, H. Lin, J. Liu, W. Duan, A. Bansil, and L. Fu, Nat.
Commun. 3, 982 (2012).

[18] Y. Okada, M. Serbyn, H. Lin, D. Walkup, W. Zhou, C. Dhital,
M. Neupane, S. Xu, Y. J. Wang, R. Sankar, F. Chou, A. Bansil,
M. Z. Hasan, S. D. Wilson, L. Fu, and V. Madhavan, Science
341, 1496 (2013).

[19] P. Sessi, D. Di Sante, A. Szczerbakow, F. Glott, S. Wilfert,
H. Schmidt, T. Bathon, P. Dziawa, M. Greiter, T. Neupert, G.
Sangiovanni, T. Story, R. Thomale, and M. Bode, Science 354,
1269 (2016).

[20] J. Ma, C. Yi, B. Lv, Z. Wang, S. Nie, L. Wang, L. Kong, Y.
Huang, P. Richard, P. Zhang, K. Yaji, K. Kuroda, S. Shin, H.
Weng, B. A. Bernevig, Y. Shi, T. Qian, and H. Ding, Sci. Adv.
3,e1602415 (2017).

[21] F. Schindler, A. M. Cook, M. G. Vergniory, Z. Wang, S. S. P.
Parkin, B. A. Bernevig, and T. Neupert, Sci. Adv. 4, eaat0346
(2018).

[22] W. A. Benalcazar, B. A. Bernevig, and T. L. Hughes, Science
357,61 (2017).

[23] J. Langbehn, Y. Peng, L. Trifunovic, F. von Oppen, and P. W.
Brouwer, Phys. Rev. Lett. 119, 246401 (2017).

[24] Z. Song, Z. Fang, and C. Fang, Phys. Rev. Lett. 119, 246402
(2017).

[25] E. Khalaf, H. C. Po, A. Vishwanath, and H. Watanabe, Phys.
Rev. X 8, 031070 (2018).

[26] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 87,
155114 (2013).

[27] Z.-C. Gu and X.-G. Wen, Phys. Rev. B 90, 115141 (2014).

[28] H. Song, S.-J. Huang, L. Fu, and M. Hermele, Phys. Rev. X 7,
011020 (2017).

[29] S.-J. Huang, H. Song, Y.-P. Huang, and M. Hermele, Phys. Rev.
B 96, 205106 (2017).

[30] R. Thorngren and D. V. Else, Phys. Rev. X 8, 011040 (2018).

[31] T. Senthil, Annu. Rev. Condens. Matter Phys. 6, 299 (2015).

[32] R. S. K. Mong, J. H. Bardarson, and J. E. Moore, Phys. Rev.
Lett. 108, 076804 (2012).

[33] Z. Ringel, Y. E. Kraus, and A. Stern, Phys. Rev. B 86, 045102
(2012).

[34] G. Schubert, H. Fehske, L. Fritz, and M. Vojta, Phys. Rev. B 85,
201105(R) (2012).

[35] M. S. Foster, H.-Y. Xie, and Y.-Z. Chou, Phys. Rev. B 89,
155140 (2014).

[36] 1. C. Fulga, B. van Heck, J. M. Edge, and A. R. Akhmerov,
Phys. Rev. B 89, 155424 (2014).

[37] J. Song and E. Prodan, Phys. Rev. B 92, 195119 (2015).

[38] A. Agarwala and V. B. Shenoy, Phys. Rev. Lett. 118, 236402
(2017).

[39] K. Poyhonen, I. Sahlberg, A. Weststrom, and T. Ojanen, Nat.
Commun. 9, 2103 (2018).

[40] N. P. Mitchell, L. M. Nash, D. Hexner, A. M. Turner, and
W. T. M. Irvine, Nat. Phys. 14, 380 (2018).

[41] C. Bourne and E. Prodan, J. Phys. A 51, 235202 (2018).

[42] A. Agarwala, V. Juricic, and B. Roy, arXiv:1902.00507.

[43] I. Sahlberg, A. Weststrom, K. Poyhonen, and T. Ojanen,
arXiv:1902.01623.

[44] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin, and O. Zilberberg,
Phys. Rev. Lett. 109, 106402 (2012).

[45] Y. E. Kraus, Z. Ringel, and O. Zilberberg, Phys. Rev. Lett. 111,
226401 (2013).

[46] 1. C. Fulga, D. I. Pikulin, and T. A. Loring, Phys. Rev. Lett. 116,
257002 (2016).

[47] M. A. Bandres, M. C. Rechtsman, and M. Segev, Phys. Rev. X
6,011016 (2016).

[48] H. Huang and F. Liu, Phys. Rev. Lett. 121, 126401 (2018).

[49] H. Huang and F. Liu, Phys. Rev. B 98, 125130 (2018).

[50] E. Domany, S. Alexander, D. Bensimon, and L. P. Kadanoff,
Phys. Rev. B 28, 3110 (1983).

[51] J. R. Banavar, L. Kadanoff, and A. M. M. Pruisken, Phys. Rev.
B 31, 1388 (1985).

[52] Y. Gefen, B. B. Mandelbrot, and A. Aharony, Phys. Rev. Lett.
45, 855 (1980).

[53] Y. Gefen, A. Aharony, B. B. Mandelbrot, and S. Kirkpatrick,
Phys. Rev. Lett. 47, 1771 (1981).

[54] R. Rammal and G. Toulouse, Phys. Rev. Lett. 49, 1194
(1982).

[55] S. Alexander, Phys. Rev. B 29, 5504 (1984).

[56] A. J. Kollar, M. Fitzpatrick, and A. A. Houck, Nature 571, 45
(2019).

[57] M. R. Slot, T. S. Gardenier, P. H. Jacobse, G. C. P.
van Miert, S. N. Kempkes, S. J. M. Zevenhuizen, C. M.
Smith, D. Vanmaekelbergh, and 1. Swart, Nat. Phys. 13, 672
(2017).

[58] M. R. Slot, S. N. Kempkes, E. J. Knol, W. M. .
van Weerdenburg, J. J. van den Broeke, D. Wegner, D.
Vanmaekelbergh, A. A. Khajetoorians, C. Morais Smith, and
I. Swart, Phys. Rev. X 9, 011009 (2019).

[59] L. C. Collins, T. G. Witte, R. Silverman, D. B. Green, and K. K.
Gomes, Nat. Commun. 8, 15961 (2017).

[60] J. Girovsky, J. L. Lado, F. E. Kalff, E. Fahrenfort, L. J. J. M.
Peters, J. Fernandez-Rossier, and A. F. Otte, SciPost Phys. 2,
020 (2017).

[61] R. Drost, T. Ojanen, A. Harju, and P. Liljeroth, Nat. Phys. 13,
668 (2017).

[62] T. L. Chen, D. J. Dikken, J. C. Prangsma, F. Segerink, and J. L.
Herek, New J. Phys. 16, 093024 (2014).

[63] J. Shang, Y. Wang, M. Chen, J. Dai, X. Zhou, J. Kuttner, G.
Hilt, X. Shao, J. M. Gottfried, and K. Wu, Nat. Chem. 7, 389
(2015).

[64] S. L. Tait, Nat. Chem. 7, 370 (2015).

[65] X.Zhang, N. Li, L. Liu, G. Gu, C. Li, H. Tang, L. Peng, S. Hou,
and Y. Wang, Chem. Commun. 52, 10578 (2016).

[66] S.N. Kempkes, M. R. Slot, S. E. Freeney, S. J. M. Zevenhuizen,
D. Vanmaekelbergh, 1. Swart, and C. M. Smith, Nat. Phys. 15,
127 (2018).

[67] E. van Veen, S. Yuan, M. 1. Katsnelson, M. Polini, and A.
Tomadin, Phys. Rev. B 93, 115428 (2016).

[68] E. van Veen, A. Tomadin, M. Polini, M. 1. Katsnelson, and S.
Yuan, Phys. Rev. B 96, 235438 (2017).

[69] B. Pal and A. Chakrabarti, Phys. Rev. B 85, 214203 (2012).

[70] A. Kosior and K. Sacha, Phys. Rev. B 95, 104206 (2017).

[71] B. Pal and K. Saha, Phys. Rev. B 97, 195101 (2018).

[72] J. Genzor, A. Gendiar, and T. Nishino, arXiv:1904.10645.

155135-12


https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1103/PhysRevLett.106.106802
https://doi.org/10.1038/ncomms1969
https://doi.org/10.1038/ncomms1969
https://doi.org/10.1038/ncomms1969
https://doi.org/10.1038/ncomms1969
https://doi.org/10.1126/science.1239451
https://doi.org/10.1126/science.1239451
https://doi.org/10.1126/science.1239451
https://doi.org/10.1126/science.1239451
https://doi.org/10.1126/science.aah6233
https://doi.org/10.1126/science.aah6233
https://doi.org/10.1126/science.aah6233
https://doi.org/10.1126/science.aah6233
https://doi.org/10.1126/sciadv.1602415
https://doi.org/10.1126/sciadv.1602415
https://doi.org/10.1126/sciadv.1602415
https://doi.org/10.1126/sciadv.1602415
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.90.115141
https://doi.org/10.1103/PhysRevB.90.115141
https://doi.org/10.1103/PhysRevB.90.115141
https://doi.org/10.1103/PhysRevB.90.115141
https://doi.org/10.1103/PhysRevX.7.011020
https://doi.org/10.1103/PhysRevX.7.011020
https://doi.org/10.1103/PhysRevX.7.011020
https://doi.org/10.1103/PhysRevX.7.011020
https://doi.org/10.1103/PhysRevB.96.205106
https://doi.org/10.1103/PhysRevB.96.205106
https://doi.org/10.1103/PhysRevB.96.205106
https://doi.org/10.1103/PhysRevB.96.205106
https://doi.org/10.1103/PhysRevX.8.011040
https://doi.org/10.1103/PhysRevX.8.011040
https://doi.org/10.1103/PhysRevX.8.011040
https://doi.org/10.1103/PhysRevX.8.011040
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1103/PhysRevLett.108.076804
https://doi.org/10.1103/PhysRevLett.108.076804
https://doi.org/10.1103/PhysRevLett.108.076804
https://doi.org/10.1103/PhysRevLett.108.076804
https://doi.org/10.1103/PhysRevB.86.045102
https://doi.org/10.1103/PhysRevB.86.045102
https://doi.org/10.1103/PhysRevB.86.045102
https://doi.org/10.1103/PhysRevB.86.045102
https://doi.org/10.1103/PhysRevB.85.201105
https://doi.org/10.1103/PhysRevB.85.201105
https://doi.org/10.1103/PhysRevB.85.201105
https://doi.org/10.1103/PhysRevB.85.201105
https://doi.org/10.1103/PhysRevB.89.155140
https://doi.org/10.1103/PhysRevB.89.155140
https://doi.org/10.1103/PhysRevB.89.155140
https://doi.org/10.1103/PhysRevB.89.155140
https://doi.org/10.1103/PhysRevB.89.155424
https://doi.org/10.1103/PhysRevB.89.155424
https://doi.org/10.1103/PhysRevB.89.155424
https://doi.org/10.1103/PhysRevB.89.155424
https://doi.org/10.1103/PhysRevB.92.195119
https://doi.org/10.1103/PhysRevB.92.195119
https://doi.org/10.1103/PhysRevB.92.195119
https://doi.org/10.1103/PhysRevB.92.195119
https://doi.org/10.1103/PhysRevLett.118.236402
https://doi.org/10.1103/PhysRevLett.118.236402
https://doi.org/10.1103/PhysRevLett.118.236402
https://doi.org/10.1103/PhysRevLett.118.236402
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41567-017-0024-5
https://doi.org/10.1038/s41567-017-0024-5
https://doi.org/10.1038/s41567-017-0024-5
https://doi.org/10.1038/s41567-017-0024-5
https://doi.org/10.1088/1751-8121/aac093
https://doi.org/10.1088/1751-8121/aac093
https://doi.org/10.1088/1751-8121/aac093
https://doi.org/10.1088/1751-8121/aac093
http://arxiv.org/abs/arXiv:1902.00507
http://arxiv.org/abs/arXiv:1902.01623
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.111.226401
https://doi.org/10.1103/PhysRevLett.111.226401
https://doi.org/10.1103/PhysRevLett.111.226401
https://doi.org/10.1103/PhysRevLett.111.226401
https://doi.org/10.1103/PhysRevLett.116.257002
https://doi.org/10.1103/PhysRevLett.116.257002
https://doi.org/10.1103/PhysRevLett.116.257002
https://doi.org/10.1103/PhysRevLett.116.257002
https://doi.org/10.1103/PhysRevX.6.011016
https://doi.org/10.1103/PhysRevX.6.011016
https://doi.org/10.1103/PhysRevX.6.011016
https://doi.org/10.1103/PhysRevX.6.011016
https://doi.org/10.1103/PhysRevLett.121.126401
https://doi.org/10.1103/PhysRevLett.121.126401
https://doi.org/10.1103/PhysRevLett.121.126401
https://doi.org/10.1103/PhysRevLett.121.126401
https://doi.org/10.1103/PhysRevB.98.125130
https://doi.org/10.1103/PhysRevB.98.125130
https://doi.org/10.1103/PhysRevB.98.125130
https://doi.org/10.1103/PhysRevB.98.125130
https://doi.org/10.1103/PhysRevB.28.3110
https://doi.org/10.1103/PhysRevB.28.3110
https://doi.org/10.1103/PhysRevB.28.3110
https://doi.org/10.1103/PhysRevB.28.3110
https://doi.org/10.1103/PhysRevB.31.1388
https://doi.org/10.1103/PhysRevB.31.1388
https://doi.org/10.1103/PhysRevB.31.1388
https://doi.org/10.1103/PhysRevB.31.1388
https://doi.org/10.1103/PhysRevLett.45.855
https://doi.org/10.1103/PhysRevLett.45.855
https://doi.org/10.1103/PhysRevLett.45.855
https://doi.org/10.1103/PhysRevLett.45.855
https://doi.org/10.1103/PhysRevLett.47.1771
https://doi.org/10.1103/PhysRevLett.47.1771
https://doi.org/10.1103/PhysRevLett.47.1771
https://doi.org/10.1103/PhysRevLett.47.1771
https://doi.org/10.1103/PhysRevLett.49.1194
https://doi.org/10.1103/PhysRevLett.49.1194
https://doi.org/10.1103/PhysRevLett.49.1194
https://doi.org/10.1103/PhysRevLett.49.1194
https://doi.org/10.1103/PhysRevB.29.5504
https://doi.org/10.1103/PhysRevB.29.5504
https://doi.org/10.1103/PhysRevB.29.5504
https://doi.org/10.1103/PhysRevB.29.5504
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1038/s41586-019-1348-3
https://doi.org/10.1038/nphys4105
https://doi.org/10.1038/nphys4105
https://doi.org/10.1038/nphys4105
https://doi.org/10.1038/nphys4105
https://doi.org/10.1103/PhysRevX.9.011009
https://doi.org/10.1103/PhysRevX.9.011009
https://doi.org/10.1103/PhysRevX.9.011009
https://doi.org/10.1103/PhysRevX.9.011009
https://doi.org/10.1038/ncomms15961
https://doi.org/10.1038/ncomms15961
https://doi.org/10.1038/ncomms15961
https://doi.org/10.1038/ncomms15961
https://doi.org/10.21468/SciPostPhys.2.3.020
https://doi.org/10.21468/SciPostPhys.2.3.020
https://doi.org/10.21468/SciPostPhys.2.3.020
https://doi.org/10.21468/SciPostPhys.2.3.020
https://doi.org/10.1038/nphys4080
https://doi.org/10.1038/nphys4080
https://doi.org/10.1038/nphys4080
https://doi.org/10.1038/nphys4080
https://doi.org/10.1088/1367-2630/16/9/093024
https://doi.org/10.1088/1367-2630/16/9/093024
https://doi.org/10.1088/1367-2630/16/9/093024
https://doi.org/10.1088/1367-2630/16/9/093024
https://doi.org/10.1038/nchem.2211
https://doi.org/10.1038/nchem.2211
https://doi.org/10.1038/nchem.2211
https://doi.org/10.1038/nchem.2211
https://doi.org/10.1038/nchem.2238
https://doi.org/10.1038/nchem.2238
https://doi.org/10.1038/nchem.2238
https://doi.org/10.1038/nchem.2238
https://doi.org/10.1039/C6CC04879J
https://doi.org/10.1039/C6CC04879J
https://doi.org/10.1039/C6CC04879J
https://doi.org/10.1039/C6CC04879J
https://doi.org/10.1038/s41567-018-0328-0
https://doi.org/10.1038/s41567-018-0328-0
https://doi.org/10.1038/s41567-018-0328-0
https://doi.org/10.1038/s41567-018-0328-0
https://doi.org/10.1103/PhysRevB.93.115428
https://doi.org/10.1103/PhysRevB.93.115428
https://doi.org/10.1103/PhysRevB.93.115428
https://doi.org/10.1103/PhysRevB.93.115428
https://doi.org/10.1103/PhysRevB.96.235438
https://doi.org/10.1103/PhysRevB.96.235438
https://doi.org/10.1103/PhysRevB.96.235438
https://doi.org/10.1103/PhysRevB.96.235438
https://doi.org/10.1103/PhysRevB.85.214203
https://doi.org/10.1103/PhysRevB.85.214203
https://doi.org/10.1103/PhysRevB.85.214203
https://doi.org/10.1103/PhysRevB.85.214203
https://doi.org/10.1103/PhysRevB.95.104206
https://doi.org/10.1103/PhysRevB.95.104206
https://doi.org/10.1103/PhysRevB.95.104206
https://doi.org/10.1103/PhysRevB.95.104206
https://doi.org/10.1103/PhysRevB.97.195101
https://doi.org/10.1103/PhysRevB.97.195101
https://doi.org/10.1103/PhysRevB.97.195101
https://doi.org/10.1103/PhysRevB.97.195101
http://arxiv.org/abs/arXiv:1904.10645

TOPOLOGICAL STATES ON FRACTAL LATTICES

PHYSICAL REVIEW B 100, 155135 (2019)

[73] A. Agarwala, S. Pai, and V. B. Shenoy, arXiv:1803.01404.

[74] M. Brzezifiska, A. M. Cook, and T. Neupert, Phys. Rev. B 98,
205116 (2018).

[75] M. Cheng, K. Sun, V. Galitski, and S. Das Sarma, Phys. Rev. B
81, 024504 (2010).

[76] J. Alicea, Rep. Prog. Phys. 75, 076501 (2012).

[77] A. Kitaev, Ann. Phys. 321, 2 (2006), January Special Issue.

[78] D. Thouless, Phys. Rep. 13, 93 (1974).

[79] M. Franz, C. Kallin, and A. J. Berlinsky, Phys. Rev. B 54,
R6897 (1996).

[80] Since we expect regions with quantized C # 0 in the gap-
less topological phase (due to a mobility gap), the transition
likely occurs through a critical delocalized state, as is the
case for insulating systems with a quantized C # 0 at small
disorder [91].

[81] A. D. Mirlin, Phys. Rep. 326, 259 (2000).

[82] Y.-Z. Chou and M. S. Foster, Phys. Rev. B 89, 165136
(2014).

[83] Four copies of the lattice can be arranged as in Fig. 1(a) such
that the corner sites are also four coordinated.

[84] B. A. Bernevig and T. L. Hughes, Topological Insulators
and Topological Superconductors (Princeton University Press,
Princeton, NJ, 2013).

[85] S. Imhof, C. Berger, F. Bayer, J. Brehm, L. W. Molenkamp, T.
Kiessling, F. Schindler, C. H. Lee, M. Greiter, and T. Neupert,
Nat. Phys. 14, 925 (2018).

[86] M. Serra-Garcia, V. Peri, R. Siisstrunk, O. R. Bilal, T. Larsen,
L. G. Villanueva, and S. D. Huber, Nature (London) 555, 342
(2018).

[87] C. W. Peterson, W. A. Benalcazar, T. L. Hughes, and G. Bahl,
Nature (London) 555, 346 (2018).

[88] F. Schindler, Z. Wang, M. G. Vergniory, A. M. Cook, A.
Murani, S. Sengupta, A. Y. Kasumov, R. Deblock, S. Jeon, and
L. Drozdov, Nat. Phys. 14, 918 (2018).

[89] Y. Tanaka, M. Sato, and N. Nagaosa, J. Phys. Soc. Jpn. 81,
011013 (2012).

[90] G. Volovik, Sov. Phys. JETP (English Translation) 67, 1804
(1988).

[91] E. Prodan, T. L. Hughes, and B. A. Bernevig, Phys. Rev. Lett.
105, 115501 (2010).

155135-13


http://arxiv.org/abs/arXiv:1803.01404
https://doi.org/10.1103/PhysRevB.98.205116
https://doi.org/10.1103/PhysRevB.98.205116
https://doi.org/10.1103/PhysRevB.98.205116
https://doi.org/10.1103/PhysRevB.98.205116
https://doi.org/10.1103/PhysRevB.81.024504
https://doi.org/10.1103/PhysRevB.81.024504
https://doi.org/10.1103/PhysRevB.81.024504
https://doi.org/10.1103/PhysRevB.81.024504
https://doi.org/10.1088/0034-4885/75/7/076501
https://doi.org/10.1088/0034-4885/75/7/076501
https://doi.org/10.1088/0034-4885/75/7/076501
https://doi.org/10.1088/0034-4885/75/7/076501
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1016/j.aop.2005.10.005
https://doi.org/10.1016/0370-1573(74)90029-5
https://doi.org/10.1016/0370-1573(74)90029-5
https://doi.org/10.1016/0370-1573(74)90029-5
https://doi.org/10.1016/0370-1573(74)90029-5
https://doi.org/10.1103/PhysRevB.54.R6897
https://doi.org/10.1103/PhysRevB.54.R6897
https://doi.org/10.1103/PhysRevB.54.R6897
https://doi.org/10.1103/PhysRevB.54.R6897
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1103/PhysRevB.89.165136
https://doi.org/10.1103/PhysRevB.89.165136
https://doi.org/10.1103/PhysRevB.89.165136
https://doi.org/10.1103/PhysRevB.89.165136
https://doi.org/10.1038/s41567-018-0246-1
https://doi.org/10.1038/s41567-018-0246-1
https://doi.org/10.1038/s41567-018-0246-1
https://doi.org/10.1038/s41567-018-0246-1
https://doi.org/10.1038/nature25156
https://doi.org/10.1038/nature25156
https://doi.org/10.1038/nature25156
https://doi.org/10.1038/nature25156
https://doi.org/10.1038/nature25777
https://doi.org/10.1038/nature25777
https://doi.org/10.1038/nature25777
https://doi.org/10.1038/nature25777
https://doi.org/10.1038/s41567-018-0224-7
https://doi.org/10.1038/s41567-018-0224-7
https://doi.org/10.1038/s41567-018-0224-7
https://doi.org/10.1038/s41567-018-0224-7
https://doi.org/10.1143/JPSJ.81.011013
https://doi.org/10.1143/JPSJ.81.011013
https://doi.org/10.1143/JPSJ.81.011013
https://doi.org/10.1143/JPSJ.81.011013
https://doi.org/10.1103/PhysRevLett.105.115501
https://doi.org/10.1103/PhysRevLett.105.115501
https://doi.org/10.1103/PhysRevLett.105.115501
https://doi.org/10.1103/PhysRevLett.105.115501

