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Prediction of a novel topological multidefect ground state
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Atomistic first-principles-based effective Hamiltonian simulations are conducted in some ferroelectric systems
to predict the existence of a novel topological state. Such state is coined here as “topological eclecton” because it
is made of a plethora of electrical topological defects, including (i) vortices and antivortices in different planes,
(ii) hedgehogs and antihedgehogs, and (iii) a few skyrmions. Such state can be a ground state and readapt itself
to form other striking topological states or phases when, e.g., heating the system or applying electric fields. In
addition to its unique combined topological characteristics, it is also ferroelectric and chiral in nature.
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Various topological defects have been discovered in past
decades in different materials, which led to a deepening of
topology in condensed matter [1,2] and to the design of
novel devices [3–6]. For instance, in magnetic systems, vor-
tices [6], antivortices [7], bubbles [4], bobbers [8,9], merons,
and skyrmions [10], were observed and predicted. Simi-
larly, electrical vortices [11,12], antivortices [13], bubbles
[14,15], dipolar waves [16,17], merons [17], and skyrmions
[18,19] have been recently found in ferroelectrics. Striking
phenomena can also result when different topological defects
coexist within the same state or phase, as, e.g., evidenced
by the Berezinskii-Kosterlitz-Thouless phase possessing both
vortices and antivortices [20–27]. Such complex topological
defects can be also created in, e.g., nanodimers made of two
spheres [28]. Another example is the prediction of creating
spontaneously optically active materials when both electrical
vortices and antivortices form [29].

Based on such facts and the existence of, e.g., the Schlieren
textures of nematic liquid crystals that contain different types
of topological defects (such as boojums and disclinations
[30,31]), one can wonder if presently unknown states or
phases possessing a variety of topological defects await to
be discovered in dipolar systems. The aim of this Rapid
Communication is to reveal that it is the case. As a matter of
fact, we discover (in some ferroelectric system) a novel state
that we coin as “topological eclecton,” because of the eclectic
occurrence of different vortices and antivortices, hedgehogs
and antihedgehogs, and a few skyrmions. Such “topological
eclecton” is presently found to be a ground state, and can
generate other multidefect states and phases when under ex-
ternal knobs, such as temperature and fields. It also possesses
a spontaneous electric polarization and is chiral, which further
emphasizes its potential.

We employ here the effective Hamiltonian that was applied
to BaxSr1−xTiO3 solid solutions [32] and compositionally
graded systems [33], as well as to BaTiO3/SrTiO3 super-
lattices [34,35] and nanocomposites [13,18,36–39]. It repro-
duces some experimental data, such as the critical transition
temperatures in Ba0.5Sr0.5TiO3 disordered alloys [32] and the
phenomenon and even magnitude of the temperature-gradient-

induced polarization in Ba0.75Sr0.25O3 [40]. Effective Hamil-
tonian techniques have played a major role in the field of
electrical topological defects by predicting electrical vortices
[11], bubbles [14], dipolar waves [16], and skyrmions [18],
that have then been experimentally confirmed [12,15,17,19].

Here, we select 24 × 24 × 12 supercells that are periodic
along all Cartesian directions, and inside which two BaTiO3

(BTO) conical nanostructures are embedded in a SrTiO3

(STO) matrix [STO should, in fact, be considered to be
(Ba0.15Sr0.85)O3 here since our effective Hamiltonian predicts
a paraelectric-to-ferroelectric transition of about 100 K in
STO [32]]. These two cones are inverted with respect to each
other, are connected to each other by their tips, and each have
a radius of 33 Å for their common (x, y) base and a height
(along the z axis) of 23 Å (the x, y, and z axes are along
the pseudocubic [100], [010], and [001] directions). Such
nanostructure is reminiscent of InAs pyramidlike structures
occurring inside a GaAs matrix [41,42], and of chains made
of semiconductor quantum dots [43–47].

Our effective Hamiltonian is used within Monte Carlo
(MC) simulations by cooling the system. 20 000 MC sweeps
are employed to equilibrate the system at each temperature,
and then another 20 000 sweeps are used to compute ther-
modynamical averages. A particular output of simulations
consists of the patterns of local modes (that are proportional
to local electric dipoles) at each five-atom site i, to be denoted
by ui, at each MC sweep. Another extracted quantity is the
toroidal moment of the local modes [48]:

G =
〈

1

2N

∑
i

ri × (ui − 〈u〉)

〉
, (1)

where 〈u〉 is the supercell average over the local modes, ri is
the position vector locating the ith site, and N is the number
of sites.

We also obtain generalized quadrupole moments of the
density matrix [49]:

Qαβ =
〈

1

2N

∑
i

(
3riαriβ − r2

i δαβ

)
ρiαβ

〉
, (2)
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FIG. 1. Macroscopic quantities obtained on cooling the investigated system as a function of temperature: (a) supercell average of the local
modes; (b) eectric toroidal moment; (c) quadrupole moment of the density; and (d) Edwards-Anderson-like parameter. Note that error bars in
our low-temperature calculations are smaller than the size of the symbols.

where δαβ is the Kronecker symbol while ρiαβ = (uiα −
〈uα〉)(uiβ − 〈uβ〉).

An Edwards-Anderson-like parameter is also determined
as [50]

qu = 1

N

∑
i

∑
α

〈(uiα − 〈uα〉)〉2. (3)

Quantities of Eqs. (1)–(3) will help in identifying different
phases.

Figure 1 reports these calculated quantities and the super-
cell average of the local modes (that is proportional to the
electrical polarization), for the investigated system on cooling
from 600 to 10 K with a step of 10 K. Figure 2 shows
the projection of the pattern of the local modes into specific
planes, as averaged over the last 20 000 MC sweeps for some
temperatures, T .

The system is paraelectric and paratoroidic for T above
�340 K since 〈u〉 and G both vanish there, in addition to
the Qαβ ’s and qu annihilating too. Such region is denoted as
phase I. Upon cooling, another phase, to be coined phase II,
appears and extends from �340 to about 250 K. Phase II
is characterized by the z component of the toroidal moment
getting finite, along with the Qxy element of the density matrix
and qu also now deviating from zero, with these quantities
strengthening in magnitude when decreasing T within phase
II. Such nonzero quantities reflect the emergence of electric
vortices in (x, y) planes, as evidenced in Fig. 2(c) for the
basal plane (Z = 1) of BTO cones, therefore making phase II

ferrotoroidic. We therefore predict a phase transformation
from paratoroidic to ferrotoroidic at �340 K. There is also
no evident dipolar ordering in the (x, z) and (y, z) planes in
phase II, as indicated by the small and disordered arrows in
Figs. 2(a) and 2(b).

Another transition occurs at about 250 K from phase II to
a new phase that we denote as phase III. This latter phase
is associated with the x and y components of the toroidal
moment and the Qxz and Qyz quadrupoles all becoming finite.
Phase III ranges from 250 to �120 K. The emergence of
such finite quantities point out that, in addition to a persistent
electrical vortex in the (x, y) basal planes [see Fig. 2(f)],
another dipolar ordering is emerging in other planes. This is
demonstrated by Figs. 2(d) and 2(e) revealing the existence
of vortices lying in some (x, z) and (y, z) planes and made
by two half-vortices, each located within adjacent BTO cones
that are connected by the same base (half-vortices have been
reported in magnetic systems [51]). Furthermore, the fact that
other adjacent cones are connected by their tip in our supercell
has another topological implication in both (x, z) and (y, z)
planes: such successive cones experience an antivortex type of
configuration near such tip [see circles in Figs. 2(d) and 2(e)].
Phase III can therefore be described as made of interconnected
chains of vortices and antivortices in the (x, z) and (y, z)
planes passing through the tip, along with dipole vortices in
the (x, y) basal planes. We are not aware of any previous
determination of such phase.

Upon further cooling, the average local mode adopts a
z component that becomes finite below � 120 K, along with x
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FIG. 2. Dipolar patterns in the (x, z) plane defined by y = 12, (y, z) plane defined by x = 12 and the (x, y) plane defined by z = 1 (and that
corresponds to a basal plane of a BTO cone), as obtained at (a)–(c) 300 K (phase II); (d)–(f) 200 K (phase III); and (g)–(i) 10 K (phase IV),
when cooling the investigated system. The center of the large magenta circles of panels (d), (e), (g), and (h) corresponds to the core of an
antivortex. The red color marks the Ti-centered dipoles at sites i for which the associated A sites i are inside the BTO cones, while the blue
color refers to Ti-centered dipoles at sites i for which the associated A sites i are located inside the STO matrix.

and y components getting also finite but smaller in magnitude
and of opposite signs between each other [see Fig. 1(a)]. This
marks the emergence of a new phase coined as phase IV and
that, unlike phase III, possesses a spontaneous polarization,
therefore making phase IV ferrotoroidic and ferroelectric. The
x, y, and especially the z axis adopt both a finite component
of the toroidal moment and of the polarization, which make
phase IV chiral in nature [11,18,39,52,53] and further empha-
sizes its potential applications. The x and y components of the
toroidal moment are nearly independent of the temperature in
phase IV [see Fig. 1(b)]. The corresponding dipolar patterns
of phase IV are shown in Figs. 2(g)–2(i). The electric vortex
in the (x, y) basal plane shown in Fig. 2(i) can now be
considered to be made of four 90◦ domains rather than being
circular as in phases II and III, with the vortex core having
slightly shifted with respect to the center of the base (be-
cause of the small in-plane electrical polarization). Moreover,
Figs. 2(g) and 2(h) indicate that the appearance of a spon-
taneous polarization along the z axis has rendered the half-

vortices being asymmetric with respect to the z line passing
through the tips of the cone and also being less circular
in shape [the z component of the dipoles suddenly change
sign along the x or y axis within the cones in Fig. 2(g)
and 2(h), while the evolution of this component was more
gradual in Figs. 2(d) and 2(e)]. The STO matrix has become
polarized along the z axis in phase IV with up and down
domains alternating along the y axis in the (y, z) plane with the
alternation taking place in the sites that are located halfway
(along the y axis) between two successive rows of BTO cones,
as evidenced by periodically repeating the pattern of Fig. 2(h)
along the y axis. Similar symmetrical features occur in the
STO matrix in the (x, z) plane and along the x axis [see Fig.
2(g)].

To further describe phase IV at low temperature, we car-
ried out topological characterization of its dipolar patterns at
10 K. We computed several types of topological charges: (i)
S1 → S1 (circle to circle) winding number used to identify
vortex- and anti-vortex-type point defects [2]; (ii) S2 → S2
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FIG. 3. Dipolar structure and topology of the “topological eclecton” at 10 K. Panels (a) and (b) show a schematization of the dipolar
structure. Panel (a) corresponds to a general viewpoint position while panel (b) depicts the top view from the z axis (due to perspective, the
circle corresponding to the lower cone base appears to have a smaller diameter than that of the upper cone base). In both panels (a) and
(b), orange arrows indicate the orientation of the dipoles on the outer surfaces of the cones. The blue triangle in panel (a) shows a (y, z)
cross section of the cones passing through the revolution axis. The in-plane projection of the dipoles located at this cross section exhibits an
antivortex at the meeting point of the cone tips schematically indicated by small black arrows in panel (a). A complete projection plot within
the (y, z) and (x, z) planes passing through the center of the cones is shown in panel (c) where vortex and antivortex cores are indicated with
blue and red circles, respectively. Panel (d) shows the location of hedgehog (red sphere) and antihedgehog (blue sphere) point defects. Panel
(e1) shows the distribution of the Pontryagin charge density within the (x, y) planes in the full supercell. Panels (e2) show the Pontraygin
charge density distribution in the three (x, y) planes that host skyrmions.

(sphere to sphere) winding number enabling the mapping
of three-dimensional point defects such as hedgehogs and
antihedgehogs [2]; and finally (iii) D1 → S2 (disk to sphere)
Pontryagin’s or skyrmion charge [54].

Results are displayed in Figs. 3(a)–3(e), via schematiza-
tion. Figure 3(c) confirms the presence of antivortices with
their core being located at the meeting points of the cone tips
in the (x, z) and (y, z) planes and of vortices with their core oc-
curring inside the BTO cones at the meeting plane of the bases
of such cones. The left side of the two snapshots of Fig. 3(c)
also indicates other vortices and antivortices inside the STO
matrix within the (y, z) and (x, z) planes. Furthermore, phase
IV at low temperature possesses hedgehog-antihedgehog pairs
[see Fig. 3(d)]. Interestingly, the hedgehog lies in close vicin-
ity of the cones’ tips: the center of the hedgehog is located
at (12.5, 10.5, 5.5) in our (x, y, z) basis while the tip of the
cone sits at (12.5, 12.5, 6.5). This hedgehog is somehow rem-
iniscent of the Bloch point reported in the magnetic bobber
[9] since both the hedgehog and the Bloch point carry a +1
point topological charge in three dimensions [55]. However,
and unlike the magnetic bobber, phase IV at low temperature
only possesses skyrmions in some of its (x, y) planes, that
are, in fact, located between the two (x, y) planes hosting the
hedgehog and antihedgehog topological defects [the center of
the antihedgehog is located at (8.5, 14.5, 9.5) in our (x, y, z)
basis]. Figures 3(e1) and 3(e2) show the distribution of the
Pontryagin charge density within the (x, y) planes in the
full supercell and in those middle (x, y) planes (defined by
z = 7, 8, and 9) hosting skyrmions, respectively. In these
middle planes, the +1 skyrmionic charge is almost completely
localized [see Fig. 3(e2)] at the junction of domain walls

reversing the sign of the x and y polarization components that
yields the “central” vortex in the (x, y) planes, inside the BTO
cone [see Fig. 2(i)]. The remainder of the skyrmionic charge
in the (x, y) planes is located at the supercell boundaries inside
of the STO matrix [see Figs. 2(i) and 3(e2)].

Phase IV thus harbors at low temperature a state that is
endowed with a novel and exotic topological structure. We
name it “topological eclecton” with regard to its “eclectic”
topological nature made of vortices, antivortices, hedgehog,
antihedgehog, and a few skyrmions. Such new and ground
state may be of importance to design new types of nonvolatile
memory devices. Interestingly, phases possessing different
topological defects are already known in several types of
materials, but they are usually made of “only” two opposite
such defects, such as (i) vortices and antivortices making the
so-called phase-locked state [13,56], or creating a gyrotropic
state in some materials [29], or even being ingredients of
the Berezinskii-Kosterlitz-Thouless phase [20–27]; and (ii)
hedgehog and antihedgehog, extensively discussed in liq-
uid crystals [57], cosmology [58], but also in ferroelectrics
[59,60]. It will also be interesting in the future to reveal
how these various topological defects interact with each other
when under an ac probe, and likely yield unusual dynamical
features [38,54,61].

Note also that phase III can be considered to be a modifi-
cation of the topological eclecton since we, e.g., numerically
find that increasing the temperature disorganizes the structure,
leading to a proliferation of hedgehogs and antihedgehogs,
as well as small vortices and antivortices in (x, z) and (y, z)
planes. Starting from this “topological eclecton” and apply-
ing some external factors can also result in other striking
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topological states and phases. For instance, yet another topo-
logically nontrivial state, that is, a “skyrmionic tube,” can
emerge from the topological eclecton upon application of
an external electric field. This skyrmionic tube state is also
composed of many topological defects and is topologically
similar to that of Ref. [18] (see Supplemental Material [62],
and references therein [18,39,52–54,63]).

In summary, we predict a novel topological state coined
here “topological eclecton” and simultaneously possessing
vortices, antivortices, hedgehogs, antihedgehogs, and a few
skyrmions. This “topological eclecton” is the ground state
of the studied nanostructure [64], and is chiral in nature.
It can also transform to other complex topological states
and phases via the application of, e.g., temperature and
fields. Note that we used here specific shapes (e.g., inverted
cones) of a ferroelectric nanocomposite to make such state
“easily” appear, by creating a specific depolarizing electric
field [11,14,18,37,39,65–69]. However, other types of ferro-
electric nanostructures may also host the “topological eclec-
ton,” since we previously predicted an electric skyrmion in

another nanocomposite [18] while it was then predicted in
the simple PbTiO3 material [70] and observed in ferroelectric
superlattices [19]. We also hope that our study will encourage
varying the shape of ferroelectric nanostructures to discover
novel topological phases as well as open a research field ded-
icated to studying interaction of various topological defects
within the same phase. The “topological eclecton” may also
exist in other types of materials (e.g., magnets, superfluids,
and superconductors) because of the existence of other in-
teractions there that also favor the emergence of topological
defects (such as Dzyaloshinskii-Moriya interactions [71] in
magnets).
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