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In the frame of Huang-Rhys’s model, we study multiple orders of Raman scattering in monolayer transition
metal chalcogenides (TMDC) based on the intrinsic excitons coupled with three types of phonon modes,
including longitudinal optical (LO) phonon, surface optical (SO) phonon, and longitudinal acoustic (LA) phonon.
We find that multiphonon structures display multiple order overtones at equal interval energies of h̄ωLO and
h̄ωSO, respectively, and intensities of overtones depend on the obtained values of Huang-Rhys factor, which can
be modulated by the strength of exciton-optical phonons coupling, cutoff wave vector of optical phonon modes,
and large exciton Bohr radius. Moreover, we propose the combined multiphonon processes of ph̄ωLO + mh̄ωSO

and ph̄ωLO(mh̄ωSO) + h̄ωLA. These combined processes with weaker intensity could be used to analyze the fine
structure of multiphonon Raman spectra in experiments. Our theoretical results indicate that the strong exciton
effect in monolayer TMDC provides an excellent platform for exploring multiphonon Raman scattering.
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I. INTRODUCTION

Multiphonon Raman scattering (MRS) has been exten-
sively studied in traditional II-VI and III-V semiconductor
materials [1–5] and their corresponding nanostructures [6–12]
during the past several decades. To explain these multiphonon
processes, several theoretical models have been proposed,
such as the cascade model [13], configuration coordinate
model [14], and exciton-mediated state model [15]. Among
them, the last one has been widely employed because it can re-
produce main features of MRS in most experiments, in which
bound excitons induced by the impurities and defects in sam-
ples are used for the intermediate states [2–4,6,11,12,16,17].
However, the intrinsic exciton states with very small binding
energies below tens of meV are usually neglected, because
they are unstable and decayed easily by thermal dissipation
or scattering. Therefore, the MRS mediated by the intrinsic
exciton states in traditional semiconductor materials is very
hard.

As an emerging class of two-dimensional layered materi-
als, monolayer transition metal dichalcogenides (TMDC) with
the direct band gap from the visible to near-infrared spectral
range, have demonstrated amounts of unique optical prop-
erties and attracted great attention in recent years [18–21].
One of the most significant properties of these monolayer
materials is the strong Coulomb interaction between electrons
and holes due to the reduced dimensionality and dielectric
screening, which leads to the formation of strong intrinsic
excitons with large binding energies in several hundreds of
meV scale. This strong intrinsic exciton plays a predominant
role in determining optical properties even at room tem-
perature, which has been experimentally proved by several
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groups [19–21]. This opens a possible way to study MRS
assisted by the intrinsic exciton states in monolayer TMDC.
In fact, many recent experiments have observed the resonance
Raman scattering related to exciton effect in these TMDC
materials. Fan et al. [22] carried out a comparative resonance
Raman scattering study on bulk 2H-MoS2, WS2, WSe2, and
monolayer MoS2. They found that the resonance effect can be
conveniently understood in terms of the excitonic excitations
for these bulk materials. On the other hand, the remarkable
suppression of the first-order scattering and multiphonon Ra-
man modes in monolayer may be influenced by the substrate.
Lee et al. [23–25] have also observed the anomalous Raman
peaks in the range of 570–650 cm−1, which are assigned
to two-phonon resonance Raman scattering of various com-
bined modes and can be attributed to the strong resonance
with exciton or exciton polaritons. McDonnell et al. [26]
suggested that the coupling of bright excitons and trions to
large wave-vector dark states should be taken into account to
analyze the multiphonon Raman peaks in their experiments. In
addition, the intralayer vibrational modes E1

2g and A1g exhibit
resonance enhancements for different exciton states in Raman
scattering experiments [27,28]. In recent theoretical studies,
Wang et al. [29] predicted the amplitudes of Raman scattering
can be modulated strongly by the exciton effect based on the
first-principle calculation. However, some anomalous peaks
in the resonance Raman spectra cannot be explained properly
and the underlying mechanisms of multiphonon scattering are
ambiguous until now.

In this paper, we theoretically propose multiphonon Raman
scattering assisted by the intrinsic exciton states in monolayer
TMDC on the polar substrate arising from an exciton couples
with the longitudinal optical (LO) phonon, surface optical
(SO) phonon induced by the polar substrate, and longitudinal
acoustic (LA) phonon. Multiphonon scattering for both LO
and SO phonon modes are presented up to the fifth order
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FIG. 1. The schematic diagram of multiphonon Raman scatter-
ing mediated by the exciton state. The whole process can be divided
into the following steps: (1) an exciton is created by the absorption
of the incident photon (h̄ωi), (2) this exciton relaxes into lower
energy states with successive emission of optical phonons (h̄ωLO

or h̄ωSO), and (3) the radiative recombination of the exciton with
the emission of the scattered photon (h̄ωn

s = h̄ωi − nh̄ωSO(LO)). A
series of exciton Rydberg states are denoted by the principal quantum
number l = 1, 2, . . ..

in the ground state of exciton. We find that multiphonon
structures and the intensity of multiple order overtones depend
on the obtained values of Huang-Rhys factor, which can
be modulated by the radius of exciton, cutoff wave vector
of optical phonon, strength of exciton-phonon coupling and
internal distance between monolayer TMDC and substrates.
Moreover, we propose the combined multiphonon processes
of ph̄ωLO + mh̄ωSO and ph̄ωLO(mh̄ωSO) + h̄ωLA near the pro-
cesses of ph̄ωLO and mh̄ωSO, respectively. These combined
processes with weaker intensity may be used for analyzing
anomalous peaks of the Raman spectra. Finally, temperature
dependences of these multiphonon Raman scattering are also
discussed.

II. THEORETICAL MODEL

The strong exciton effect with a series of Rydberg states
has been proved in monolayer TMDC in different experiments
[19–21]. We assume an intermediate state, which consists of
the exciton ground state pulsing several optical phonons, is
excited by the absorption of the incident photon. Then this
intermediate state relaxes into lower energy states with suc-
cessive emission of optical phonons (h̄ωLO or h̄ωSO) schemed
in Fig. 1. The Raman cross section of the pth phonon process
at finite temperature can be expressed as [6,12,15–17,30,31]

|Rp|2 = μ4
e
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where μe is the electronic transition dipole moment, Aν
n de-

notes the phonon number n for the initial vibrational levels
χν

g,n in the ground state of exciton, m is the phonon number

for the intermediate vibrational levels χν
e,m in the excited state

of exciton. Eeg is the optical gap for the creation of exciton,
h̄ων is the phonon energy with νth branch (ν=LO, SO, LA),
h̄ωi the incident photon energy, and � is the homogeneous
linewidth of the excitonic state.

In general, MRS are calculated based on the complicated
high-orders perturbation processes, which are replaced by the
simple overlap integral of vibrational levels 〈χν

e,m|χν
g,n〉 in

the Huang-Rhys’s model [32,33]. Carrying out the thermal
average over the initial phonon numbers and summing over all
possible phonon numbers in the excited states, we converted
the Raman cross section of the pth phonon process into

|Rp|2 = μ4
e
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(2)

where n̄ν = 1/(eh̄ων/KBT − 1) is the phonon number occupa-
tion function and KB is the Bolzmann constant; Ip is the pth
order modified Bessel function (p = 1, 2, 3 · · · ); Fν is the
Huang-Rhys (HR) factor and plays a key role in determining
multiphonon processes. This factor can be calculated by

Fν =
∑

k

|Vν (k)|2
(h̄ων )2

, (3)

with the relaxation energy due to the exciton-phonon coupling
introduced by Merlin et al. [17].

Vν (k) =
∫

Mν (k)eik·rρ(r)dr, (4)

where Mν (k) denotes the matrix element of exciton coupling
with different phonon modes. In this paper, three types of
phonon modes are taken into account and the corresponding
matrix elements are [34–37]

MLO(k) =
√

η0Lmh̄ωLO

2Aε0
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(
kσ

2

)
, (5a)

MSO(k) =
∑

υ=1,2

√
η1h̄ωSOυ

2Aε0k
e−kz0 , (5b)

MLA(k) = i

√
D2h̄k

2A�ωLA
er f c

(
kσ

2

)
, (5c)

for LO, SO, and LA phonon modes, respectively. Here the po-
larization parameter η0 (η1) reflects the strength of exciton-LO
(-SO) coupling quantitatively, Lm is the thickness of mono-
layer TMDC, A is the quantization area in the monolayer
plane and ε0 is the permittivity of free space, er f c(kσ/2) is
the complementary error function, in which σ is the effective
width of the electronic Bloch states, z0 is the internal distance
between monolayer TMDC and substrate, � is the mass den-
sity, D denotes the deformation potential constant, and ωLA is
the LA phonon frequency.

In Eq. (4), the electronic charge density ρ(r) consisting of
a hole and an electron in the hydrogenic model is adopted the
same as these previous studies [6,12,16,17]

ρ(r) = ρh(r) + ρe(r), (6a)
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TABLE I. Two branches of surface optical phonon modes are
induced by the polar substrate. Only one branch with small energies
are illustrated. Parameters are the same as in Refs. [35,36].

Quantity (units) h-BN SiO2 Al2O3

η1 0.032 0.082 0.164
h̄ωSO (meV) 101 60 55

with

ρh(r) = eδ(r), (6b)

and

ρe(r) = −e|ψ1s(r)|2 = −e
(

2

πa2
B

)
e− 2r

aB , (6c)

where e is the charge carrier and ψ1s(r) is the exciton ground
state with the Bohr radius aB [38–40]. Performing the integral
for Eq. (4), one can get

Vν (k) = Mν (k)

[
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]
. (7)

Substituting Eq. (7) into Eq. (4) and converting the summation
of wave vector k into integral, one can write the HR factor as
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where kc is the cutoff wave vector of νth phonon modes.
According to the matrix elements in Eqs. (5a)–(5c), HR fac-
tors for LO, SO, LA phonon modes in Eq. (8) are calculated
numerically.

In fact, Eq. (2) can be expanded to study many types
of MRS processes. We only focus on four types of multi-
phonon processes ph̄ωLO, mh̄ωSO, ph̄ωLO(mh̄ωSO) + h̄ωLA,
and ph̄ωLO + mh̄ωSO in the present paper, the corresponding
Raman cross sections are

FIG. 2. (a) Huang-Rhys (HR) factor of the LO phonon mode as
functions of the exciton Bohr radius (aB) and cutoff wave vectors kc

at the polarization parameter η0 = 0.1 in monolayer MoS2. (b) HR
factor of the LO phonon mode as functions of aB and η0. (c) The
dependences of HR factor on aB and kc for the SO phonon mode
in monolayer MoS2 on Al2O3 substrate at the internal distance z0 =
0.3 nm. (d) The dependences of HR factor on aB and z0 for the SO
phonon mode. (e) The relations of HR factor with aB and kc for the
LA phonon mode at fixed deformation potential constant D = 8 eV.
(f) The relations of HR factor with aB and D for the LA phonon
mode.
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In the numerical calculation processes, we select the struc-
ture of monolayer MoS2 laying on polar substrate as an
example to discuss MRS. The parameters for the monolayer
MoS2 are listed as following [34,37]: h̄ωLO = 47 meV, Lm =
0.44 nm, σ = 0.64 nm, the LA phonon modes with the linear
dispersion ωLA = c k (c = 0.64 × 103 m/s). Throughout this
paper, the broadening factor � = 5 meV is assumed. The SO
phonon mode with the single frequency and the corresponding
parameters have been listed in Table I. In addition, the intrin-
sic exciton states are divided into A and B types due to the
strong spin-orbit splitting [20,21]. We only study multiphonon
scattering mediated by A exciton and assume that B exciton
has the similar effect.

III. RESULTS AND DISCUSSION

The exciton state is dressed by the “phonon cloud” due
to the strong exciton-phonon coupling. The energy of the
“phonon cloud,” that is the lattice relaxation energy, is de-
scribed by Fν h̄ων and varies with different exciton states in
the Huang-Rhys’s model, in which HR factor Fν reflects the
average phonon numbers of νth mode around the exciton.
Figure 2 presents the variation of HR factors of LO, SO, and
LA phonon modes in the exciton ground state in monolayer
MoS2 on Al2O3 substrate. The dependences of HR factors
on the exciton Bohr radius (aB) and cutoff wave vector of

phonon modes (kc) are shown in Figs. 2(a), 2(c), and 2(e) for
LO, SO, and LA phonon modes, respectively. One can see
that HR factors increase with increasing kc. But the influence
of kc on HR factors becomes insignificant as kc exceeds
the value of 6 × 109/m. This indicates that only the phonon
modes with the small wave vector, corresponding to the long
wavelength phonons, are strongly coupled with the exciton,
which is consistent with the first-principle calculation results
that small-momentum optical phonons give the predominate
contributions to the Fröhlich interaction [41,42]. On the other
hand, HR factors increase obviously with increasing aB. The
reasons are that (1) an exciton is similar to an electric dipole,
and thus the larger aB, the bigger electric dipole moment;
(2) the exciton-phonon coupling can be regarded as an electric
dipole coupling with the phonon field, so the enlargement of
aB results in the enhancement of exciton-phonon coupling.
The effective exciton Bohr radius of the monolayer TMDC
was predicted on the order of 1 nm in different theoreti-
cal calculations [20,21]. However, the experimental results
[43–45] indicate that the effective values are several times
larger than the theoretical ones. That is why the values of aB

are settled in a large scale in the present model. Figure 2(b)
shows that the big values of FLO can be obtained as the
polarization parameter (η0) increases. This is because η0 re-
flects the strength of carrier-LO phonon coupling directly for
these monolayer TMDC materials given in Eq. 5(a). Several

FIG. 3. (a) Multiple LO phonons Raman scattering for different polarization parameters at aB = 3 nm. (b) Multiple LO phonons Raman
scattering for different exciton Bohr radius at η0 = 0.1 nm. (c) Multiple SO phonons Raman scattering in monolayer MoS2 laying on different
polar substrates at aB = 3 nm and at z0 = 0.3 nm. (d) Multiple SO phonons Raman scattering in monolayer MoS2 on Al2O3 substrate at
different internal distances and at aB = 3 nm.
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recent studies [35,41,42] have also pointed out that carriers-
LO phonon coupling in monolayer TMDC is much stronger
than that in previous studies. A new parameter gF was defined
as the coupling strength, which is analogous to the parameter
η0 and can be tuned in the wide range. Nevertheless, the
quantitative comparisons between η0 and gF are still lack-
ing. The SO phonon modes are induced by the supporting
substrate, which determines the decay of carrier-SO phonon
coupling following the exponential trend with the internal
distance presented in Eq. 5(b), and thus FSO decreases sharply
with the internal distance shown in Fig. 2(d). Figure 2(f)
shows the dependence of FLA on the deformation potential
constants. One can see that FLA increases significantly with
the deformation potential constant because this constant is
related directly to the strength of exciton-LA phonon coupling
in the deformation potential mechanism. From Fig. 2, we
conclude that large enough values of FLO, FSO, and FLA in
the excitonic ground state are obtained theoretically at some
certain conditions. These large HR factors ensure the exciton
with sufficient energy (or average phonon numbers around it)
to relax via the successive emission of optical phonons.

According to Eqs. (9) and (10), MRS for LO and SO
phonon modes intermediated by the exciton ground state are
shown in Fig. 3 at temperature T = 77 K. From Fig. 3(a), one
can see that overtone of the LO phonon mode only steps up
to the second order at η0 = 0.02. However, it can step up to
fourth and fifth orders as η0 = 0.06, 0.1, respectively. This is
attributed to the dependence of FLO on η0 shown in Fig. 2(b).
Anther remarkable feature is that intensities of overtones
exhibit a linear decay from the first to the higher orders at
η0 = 0.02 and 0.06. But the intensities of overtones follow an
asymmetric Gaussian distribution and the maximum intensity
shifts to the second order overtone at η0 = 0.1. Two types
of variational trend for the intensity of overtone are in good
agreement with the previous measurements in multiphonon
Raman experiments for traditional II-VI and III-V semicon-
ductor materials [4,6,12]. We give the explanations that (1) the
values of FLO are in the range of 0 ∼ 1.8 for both η0 = 0.02
and η0 = 0.06 at aB � 3 nm shown in Fig. 2(b). This means
that the Raman process via one LO phonon scattering is the
maximum probability issue. (2) When η0 = 0.1, HR factor
satisfies the relation of 2 � FLO < 3, which gives rise to two-
LO phonon scattering (the second order overtone) becomes
the maximum probability issue in the Raman processes. It is
therefore concluded that the pth order overtone in multiple LO
phonon Raman scattering will reach to the maximum intensity
as the condition of p � FLO < p + 1 is satisfied. This result
needs to be confirmed in future experiments. Figure 3(b)
shows influence of aB on the multiple LO phonons Raman
scattering. The similar variational trend for the intensity of
overtone is obtained as concluded in Fig. 3(a), which can be
traced back to the dependence of FLO on aB given in Fig. 2.
Multiple SO phonons Raman scattering on three types of polar
substrates are plotted in Fig. 3(c) at z0 = 0.3 nm. From it,
one can see that both intensity and orders of overtones vary
for different polar substrates. These variations arise from the
strength of exciton-SO phonon coupling depending on the
polarizability of substrate that is reflected by the parameter
η′ given in Table I. The obvious modulation effects of z0

on multiple SO phonons Raman scattering are presented in

FIG. 4. In the structure of MoS2/Al2O3, (a) multiphonon Raman
scattering (MRS) of ph̄ωLO and combined ph̄ωLO + h̄ωLA processes,
(b) MRS of the combined ph̄ωLO+mh̄ωLO processes, and (c) MRS
of mh̄ωSO and combined mh̄ωSO + h̄ωLA processes, where several
parameters D = 8 eV, η0 = 0.1, T = 77 K, and z0 = 0.3 nm are
fixed.

Fig. 3(d). Hence, differing from multiple LO phonons Raman
scattering, the SO phonon scattering can be tuned by choosing
polar substrates and changing internal distance, which could
be carried out in practical experiments.

An advantage of the Huang-Rhys model for multiphonon
scattering is that it gives many types of combined multiphonon
processes described in Eqs. (11) and (12). Figure 4(a) shows
MRS of ph̄ωLO and combined ph̄ωLO + h̄ωLA processes.
From the comparison, one can find that (1) intensities of
the combined ph̄ωLO + h̄ωLA processes are weaker than the
processes of ph̄ωLO due to the combination of scattering prob-
ability for different phonon modes; (2) the changing trends of
intensity for two types of multiphonon processes are similar.
These combined processes of ph̄ωLO + h̄ωLA may be proven
as the abnormal shoulders of MRS of LO phonon mode
in experiments [25,46–48]. MRS of mh̄ωSO and combined
mh̄ωSO + h̄ωLA processes are also shown in Fig. 4(c). The
results are similar to that of Fig. 4(a). According to Eq. (12),
many possible multiphonon scattering of ph̄ωLO+mh̄ωSO

based on the combination of LO with SO phonon modes are
presented in Fig. 4(b). These combined processes with weaker
intensity locate between ph̄ωLO (mh̄ωSO) and (p + 1)h̄ωLO
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FIG. 5. (a) Intensity of peaks for the processes of h̄ωSO (h̄ωLO)
and 2h̄ωSO (2h̄ωLO) as a function of temperature. (b) Intensity of
peaks for the combined processes of h̄ωSO + h̄ωLA (h̄ωLO + h̄ωLA)
and 2h̄ωSO + h̄ωLA (2h̄ωLO + h̄ωLA) as a function of temperature
in monolayer MoS2 on Al2O3 substrate, where several parameters
D = 8 eV, η0 = 0.1, and z0 = 0.3 nm are fixed.

((m + 1)h̄ωSO) processes, which are useful for analyzing of
the fine structures in multiphonon Raman spectra. In ad-
dition, many other combined multiphonon processes, such
as mh̄ωSO + ph̄ωLA, ph̄ωLO + mh̄ωLA, and ph̄ωLO+mh̄ωSO +
h̄ωLA can be also given in this model if necessary for the
analysis of fine structures in Raman spectra.

The processes of h̄ωSO (h̄ωLO) and 2h̄ωSO (2h̄ωLO) as well
as the combined processes of h̄ωSO + h̄ωLA (h̄ωLO + h̄ωLA)
and 2h̄ωSO + h̄ωLA (2h̄ωLO + h̄ωLA) are selected as examples
to discuss the temperature dependence of MRS in Fig. 5. One
can find that intensities of their peaks vary smoothly in low
temperature regime, and then decrease at certain temperature,
which can be called as the temperature turning point, depend-
ing on the energies of phonon modes. The temperature turning
points of the combined processes in Fig. 5(b) are smaller
than that of the processes in Fig. 5(a). This stems from the
combined processes including the LA phonon modes that are
motivated more easier than LO phonon modes. Moreover,
the temperature dependences of the intensity of MRS are
consistent with the experimental measurements in traditional
semiconductor materials [9,10] and need to be confirmed
in the following experiments for these monolayer TMDS
materials.

IV. CONCLUSIONS

In conclusion, we theoretically study multiphonon Raman
scattering (MRS) in monolayer TMDC on different polar sub-
strates. We find that (i) the maximum intensity of the pth order
overtone for optical phonon modes appears at the condition of
p � Fλ=LO,SO < p + 1, depending on the modulation of HR
factors Fλ=LO,SO by several parameters, such as exciton Bohr
radius, polarizibilty of substrate and internal distance; (ii)
the combined multiphonon processes with weaker intensity
could be used to analyze these abnormal peaks in multiphonon
Raman spectra; (iii) the predicted temperature dependences of
MRS in these monolayer TMDC are in good agreement with
the previous experimental results in traditional semiconductor
materials.
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