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An effective k · p Hamiltonian is applied to spin-orbit-split states in the surface alloys PbAg2 and BiAg2

on Ag(111) with the aim to infer the microscopic mechanism behind the momentum dependence of the spin
polarization beyond the standard Rashba model. The Hamiltonian is derived from the ab initio wave functions
at �̄ without introducing any adjustable parameters so as to accurately reproduce the spin of the surface-alloy
states, in particular the sign reversal of the spin polarization within a nondegenerate band. We establish the
origin of the sign reversal and describe the spin-orbit splitting around �̄ as a combination of the linear and cubic
Rashba effects. Furthermore, we predict the behavior of the PbAg2 and BiAg2 states under the influence of
an in-plane and out-of-plane magnetization for a surface alloy in contact with a magnetic layer. Apart from the
surface-alloy states, we identify a substrate-related surface state originating from the same branch of the complex
band structure as the surface state on a clean Ag(111).

DOI: 10.1103/PhysRevB.100.115432

I. INTRODUCTION

Since early observation of the giant spin-orbit split-
ting of the surface states on BiAg2/Ag(111) [1,2] and
PbAg2/Ag(111) [3], the surface alloys at noble-metal sur-
faces have been extensively studied as materials with tunable
Rashba-type spin-orbit splitting. Constant attention to the
surface alloys is due to their complex spin structure [4–6],
which can be controlled, e.g., by molecular adsorption [7,8].

Following the seminal paper by LaShell et al. [9], the clas-
sical two-band Rashba Hamiltonian was used to qualitatively
characterize two-dimensional (2D) spin-orbit-split states at
the PbAg2/Ag(111) and BiAg2/Ag(111) surfaces, although
with a reservation that the k-linear Rashba model is incapable
of explaining the observed situation in all its complexity
[2,10–15]. A distinctive feature here is that the in-plane spin
projection changes sign within a branch of a spin-orbit split
state. While some simple qualitative explanations have been
suggested of the giant splitting of the surface states, includ-
ing speculations about the role of in-plane and out-of-plane
potential gradient, no attempt has been made to develop a
transparent picture of the even more puzzling behavior of the
in-plane spin.

An attempt to include higher-order contributions to the
two-band Hamiltonian in describing the splitting of the states
beyond the linear Rashba model (see, e.g., Ref. [16]) has made
it possible to reproduce the hexagonal warping of the constant
energy contours, but not the actual in-plane spin structure. In
spite of the evident failure of the classical Rashba model to de-
scribe the spin-orbit effects in the surface alloys, they are still
often considered as a Rashba system with strong spin-orbit
interaction (SOI) described by two parameters: the Rashba
energy ER and the momentum offset kR or, equivalently, by

the Rashba parameter αR = 2ER/kR and the effective mass
m∗ = kR/αR.

The interest in the 2D states of the surface alloys remains
high because they possess a rather small negative effective
mass accompanied by a giant SOI-induced splitting with
nontrivial spin structure. Current experimental technologies
make it possible to grow the alloys on a substrate with a
magnetic or nonmagnetic supporting layer for exploiting them
as a functional 2D electronic element integrated in a complex
layer structure. Thus, it is helpful to have a simple model
that contains the essential physics underlying the spin-related
properties of the surface alloys in order to propose techno-
logical combinations with other 2D materials and judge their
performance. This calls for the development of an effective
k · p model for the 2D states of PbAg2 and BiAg2, which
facilitates the treatment of these alloys as part of a nanodevice,
also in contact with a magnetic component.

In this paper, we apply our ab initio k · p perturbation
approach [17,18] to the surface alloys PbAg2 and BiAg2
on the Ag(111) substrate in order to generate an effective
Hamiltonian capable of providing accurate and comprehen-
sive description of all spin-structure features of the surface-
alloy states. We use the minimal basis set of ab initio spinor
wave functions at �̄—three pairs of spin-orbit-split states in
the L-projected bulk band gap of the substrate. These states
exist both in an alloy on a noble-metal surface [2,10,15] and in
a stand-alone alloy layer [19,20]. In our ab initio calculations,
we find that, in addition to the alloy-related states, on the
PbAg2/Ag(111) and BiAg2/Ag(111) surfaces, there exists a
substrate-related surface state in the L gap of Ag(111), which
originates from the same branch of the complex band structure
as the surface state on the clean Ag(111). It demonstrates a
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FIG. 1. Density profiles |�(z)|2 of the states of the surface alloys PbAg2/Ag(111) (a) and BiAg2/Ag(111) (b) at �̄. Shown is the upper
half of the symmetric 21-layer slab simulating the surface of the alloys. Band structure of PbAg2/Ag(111) (c) and BiAg2/Ag(111) (d) along
�̄-K̄ and �̄-M̄ by the full ab initio Hamiltonian HLDA

k is presented by fat bands showing the spin polarization calculated as the expectation
value of in-plane spin over the upper half of the slab. For BiAg2/Ag(111), the dispersion relation of the state n = 4 for the experimental
buckling �z = 0.65 Å [21] of the surface-alloy layer is shown by light blue lines. The shaded area covers the surface-projected bulk states of
silver. (e) Color coding for the spin projections Sx and Sy relative to the directions (green arrows) of the surface Brillouin zone. (f) Complex
band structure of Ag(111) at �̄. Solid lines show Bloch states with Im[k⊥] = 0 for k⊥ along the L-� line of the bulk fcc Brillouin zone. Light
blue points indicate Im[k⊥] of the evanescent waves in the L gap. Dashed lines mark the energies of the state n = 4 in PbAg2/Ag(111) and
BiAg2/Ag(111) and the energy of the surface state on the clean Ag(111) surface.

typical Rashba splitting with the Rashba parameter αR orders
of magnitude larger than on the clean surface.

By reducing the Hilbert space of our effective model to
only two pairs of the states at �̄, we reveal that it is the
k-dependent hybridization with the mj = ± 3

2 state that brings
about the nontrivial spin structure. In order to obtain an
explicit functional dependence of the splitting on k around �̄,
we further reduce the basis to one pair but, at the same time,
include third-order in k terms of the relativistic k · p expansion
derived from microscopic spinor wave functions. Finally, we
study the behavior of a surface alloy brought into contact with
a magnetic material, namely how the 2D states are influenced
by an in-plane and out-of-plane magnetization of supporting
magnetic layers. We show that the effect of the out-of-plane
magnetization on the spin z projection is very different from
the case of a classical Rashba-split state.

II. METHOD AND RESULTS

We consider two surface alloys PbAg2 and BiAg2 of the
(
√

3 × √
3)R30◦ structure at the Ag(111) surface. We simu-

late each surface alloy by a centrosymmetric 21-layer slab of
space group P3̄1m (no. 162). The slab consists of a 17-layer
Ag(111) substrate and the surface alloy composed of two
atomic layers, Ag and Pb (Bi), at both sides of the substrate.
We use the experimental crystal lattice parameter of silver

with the buckling of the surface-alloy layers (�z = 0.97 Å
for PbAg2 and 0.85 Å for BiAg2) taken from Ref. [10].
Band-structure calculations are performed with the extended
linear augmented plane-wave method [22] (the accuracy of
the wave functions is essential for the efficiency of our k · p
methods) within the local density approximation (LDA) for
the exchange-correlation functional using the full potential
scheme of Ref. [23].

Figure 1 shows the calculated spin-resolved band struc-
ture of the surface alloys along �̄-K̄ and �̄-M̄. Historically
[10,12], in the L-projected bulk band gap [the folded L
gap of the Ag(111) substrate] of the PbAg2/Ag(111) and
BiAg2/Ag(111) band structure four spin-orbit split surface
states are identified. Three of them have the dominant contri-
bution from Pb (Bi) atoms and are classified as spz, mj = 1

2 ,
and mj = 3

2 according to their orbital character. These are the
states the majority of the theoretical and experimental studies
of the surface alloys have been focused on. Below, we refer to
these states as the surface-alloy states because of their almost
complete localization in the PbAg2 (BiAg2) layer, Figs. 1(a)
and 1(b), and because they are present in the spectrum of the
surface alloys both with and without the Ag(111) substrate
[19,20]. In Fig. 1 and hereinafter, the surface-alloy states
that appear at �̄ as three degenerate Kramers pairs |�nμ〉
with n = 1, 2, and 3 are numbered in order of increasing
energy at �̄. The subscript μ, which refers to a member
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of a pair, will be omitted for brevity when a discrimination
between the members of the pair is not required. We use this
numbering instead of the angular-momentum notation with
the following correspondence: spz → 1, mj = 1

2 → 2, and
mj = 3

2 → 3 [24].
All the surface-alloy states are rather strongly localized in

the Pb (Bi) atomic sphere. In this sphere, for the state |�1〉 the
contribution of p orbitals is much larger than of s orbitals, and
the weight of pz orbitals is comparable to the total contribution
of px and py ones. For |�2〉, the s contribution is still smaller,
and the sum of px and py strongly dominates over pz. The |�3〉
state is an atomiclike mj = ± 3

2 state with the wave function of
purely px,y character. Note that the states |�1〉 and |�2〉 have
appreciable contribution of s character in the Ag spheres of
the surface-alloy layer.

The fourth state, |�4〉, lies well above the Fermi level,
and in Ref. [10] it was described as a pz-like surface state
that penetrates deep into the bulk, in accord with our cal-
culations, Figs. 1(a) and 1(b). We assign the number “4”
to this state irrespective of its energy position relative to
the surface-alloy states (n = 1, 2, and 3). In Ref. [6], this
state was claimed to be observed with two-photon photoe-
mission in BiAg2/Ag(111) at 2.6 eV above the Fermi energy
(which is about 0.8 eV higher than in the calculations of
Ref. [10]), while in Ref. [25] a state seen at this energy in
inverse photoemission was identified as a Ag(111) surface-
umklapp band. Our calculations show that |�4〉 derives from
the complex band structure (CBS) of the Ag(111) substrate,
see Fig. 1(f), although it has an appreciable weight in the alloy
layers.

Apart from the usual calculation for a finite-thickness slab,
we have applied the embedding method of Refs. [26,27], in
which the semi-infinite Ag(111) substrate is represented by
its complex band structure. This proves that the asymptotics of
|�4〉 in the bulk is a single evanescent wave, which belongs to
the same branch of the CBS as the well-studied surface state
on the clean Ag(111) [28], while this branch does not con-
tribute to the asymptotics of |�1〉, |�2〉, and |�3〉. It should be
noted that this state is very sensitive to the geometry of the al-
loy layers. For the experimental BiAg2 buckling �z = 0.65 Å
[21], the surface-state energy is 2.2 eV [light blue lines
in the spectrum of BiAg2/Ag(111) in Fig. 1(d)], which is
much closer to the experimental energy of Refs. [25] and
[6]. At the same time, the energies of the surface-alloy states
change only slightly. Thus, similar to noble-metal/organic
interfaces [29–33], the “Shockley-type” surface state of the
clean Ag(111) surface shifts to higher energies in the presence
of the surface alloy.

Now, we turn to the spin structure of the surface-alloy
states; see Figs. 1(c) and 1(d). Here, a special focus is usually
put on the fact that the spin polarization changes sign at one
point in a nondegenerate branch of a spin-orbit split state,
whereby over a rather large momentum-energy range both
spin-orbit split branches have the same sign of the spin pro-
jection perpendicular to k [5,10,12,14]. Following Ref. [10],
two types of splitting of the surface-alloy states at �̄ can be
distinguished: a k-linear or classical Rashba splitting (for the
states n = 1 and 2) and a nonlinear (k-cubic) splitting (for
the state n = 3) characteristic of two-dimensional heavy-hole

FIG. 2. Band structure of the surface alloys PbAg2, (a) and (b),
and BiAg2, (c) and (d). Graphs (a) and (c) show eigenvalues of
the eight-band and (b) and (d) of the six-band k · p Hamiltonians.
In graphs (a) and (c), the surface-alloy band structures by the full
ab initio Hamiltonian HLDA

k are presented by gray dashed lines. Thick
lines show the spin projection Sy for k along �̄-M̄ and Sx for k along
�̄-K̄ . Positive values are given in red and negative in blue. The limits
of the momentum intervals are indicated by vertical dashed lines in
Figs. 1(c) and 1(d). Color code for spin is shown in Fig. 1(e).

systems [34–37]. Obviously, the traditional two-band Rashba
Hamiltonian is not sufficient here, so we will employ an
ab initio approach [17,18] to construct an effective k · p model
around �̄ and show that it describes both types of splitting and
is capable of accurately reproducing the curious features of the
spin polarization of the surface-alloy states.

First, for the reduced Hilbert space of the effective model
we choose the basis that comprises all the four states at �̄, i.e.,
eight ab initio spinor wave functions |�nμ〉 with n = 1, 2, 3,
and 4 and μ =↑ or ↓, the latter now indicating the z projection
of the expectation value of the total angular momentum of
a member of a pair (for details please see Refs. [17,18]). In
Figs. 2(a) and 2(c), we show the spin-resolved band struc-
ture of PbAg2/Ag(111) and BiAg2/Ag(111), respectively,
obtained by diagonalizing this Hamiltonian. As seen in the
figures, the eight-band model has absorbed all the microscopic
information, so it closely reproduces both the spin-orbit split-
ting of the states around �̄ and their true spin structure. Then
we further minimize the size of the k · p Hamiltonian by
excluding the silver surface state |�4〉 because it is related
to the substrate and examine whether a six-band model can
reproduce the dispersion and spin polarization of the surface-
alloy states (n = 1, 2, and 3). Here, we just note that the
Rashba parameter of |�4〉 is 1.05 eV Å in Pb/Ag(111) and
0.96 eV Å in Bi/Ag(111), which is about 30 times larger than
0.031 eV Å, experimentally determined for a clean Ag(111)
surface [38].

We now focus on the six-dimensional subspace |�nμ〉,
n = 1, 2, and 3, spanned by the surface-alloy states. The
microscopically derived k · p Hamiltonian has the form

Hkp =

⎛
⎜⎝ E1 + H1 H0 + HV H̃1

H†
0 + H†

V E2 + H2 H̃2

H̃†
1 H̃†

2 E3 + H3

⎞
⎟⎠, (1)
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where En = εnI2×2 and

Hn =
(

Mnk2 iαnk−
−iαnk+ Mnk2

)
, HV =

(
0 iV k2

+
iV k2

− 0

)

with k± = kx ± iky and k =
√

k2
x + k2

y . The coupling between

the states n = 1, 2 and the state n = 3 is described by the term

H̃n =
(−iα̃nk+ − iNnk2

− δnk+ + Dnk2
−

δnk− − Dnk2
+ −iα̃nk− + iNnk2

+

)
.

The related spin matrix that yields the true spin structure
has the form

Skp =

⎛
⎜⎝

S1 S0 S̃1

S0 S2 S̃2

S̃∗
1 S̃∗

2 S3

⎞
⎟⎠ (2)

with Sn = (s‖
nσ‖, sz

nσz ), S̃n = s̃‖
n exp(iπσy/2)σ‖, and σ‖ =

(σx, σy), where σx, σy, and σz are the Pauli matrices. The
elements of the spin matrix enter into the definition of the spin
expectation value

〈Skλ〉 = 1

2

∑
nμlν

Cλ∗
knμCλ

klν[Skp]nμ

lν (3)

in the state |�̃λ
k〉 = ∑

nμ Cλ
knμ|�nμ〉 of the reduced Hilbert

space of the Hamiltonian (1). The six-dimensional vectors Cλ
k

diagonalize the Hamiltonian, HkpCλ
k = Eλ

k Cλ
k. For the surface

alloys, the parameters in Eq. (1) are listed in Table I. The band
structure Eλ

k obtained with these parameters is presented in
Figs. 2(b) and 2(d) by fat bands showing the spin polariza-
tion of the spin-orbit split surface-alloy states obtained from
Eq. (3). As seen in the figure, the microscopically derived
six-band k · p model nicely reproduces all the specific features
of the observable spin structure of the states under study,
although far from �̄ the dispersion is distorted.

III. DISCUSSION AND CONCLUSIONS

Owing to the possibility to choose physically relevant
states to span the model Hilbert space, the ab initio approach
elucidates the role of the hybridization between the basis
states in the formation of the spin polarization and reveals
the importance of each individual state for spin texture. In
Figs. 3(a) and 3(d), we show the eigenvalues Eλ

k of the six-
band Hamiltonian (1) with the contributions

∑
μ |Cλ

knμ|2 of
each basis state presented by brown, orange, and green fat
bands for n = 1, 2, and 3, respectively. The figures show that
over an interval around �̄ in both surface alloys there is a
tangible hybridization of the state n = 3 with other two states
(3 ↔ 1 and 3 ↔ 2), while the states n = 1 and 2 considerably
hybridize (1 ↔ 2) only in PbAg2. Thus, since the in-plane
spin changes sign in both alloys, the 2 ↔ 1 hybridization can
hardly be considered responsible for the sign reversal.

To get insight into the role of the hybridization in the spin
polarization, we reduce the dimension of the effective model
to a four-band Hamiltonian. In Figs. 3(b) and 3(e), we plot the
spin-resolved bands of the selected surface-alloy states. As
seen in the figures, the 3 ↔ 1 or 3 ↔ 2 hybridization leads
to the changes in the spin polarization in the outer branch

TABLE I. Parameters of the six- and two-band k · p Hamilto-
nian (based on calculations for centrosymmetric 21-layer slabs with
the lattice parameter a = 9.466 a.u. for PbAg2 and BiAg2). We use
Rydberg atomic units: h̄ = 2m0 = e2/2 = 1.

PbAg2 BiAg2

ε1 0.060 −0.024
ε2 0.101 0.037
ε3 0.169 0.095

α1 −0.392 −0.357
α2 0.566 0.507
α3 0.000 0.000
α̃1 −0.415 −0.356
α̃2 0.454 0.385
δ1 0.015 0.011
δ2 0.014 0.008
α0 −0.027 −0.035

M1 −0.98 −0.33
M2 −1.39 −0.91
M3 −12.16 −7.99
D1/N1 1.16/−0.20 −0.96/−0.05
D2/N2 −0.29/0.27 −0.10/0.10
M0/V −1.74/0.19 −2.36/0.10

α
(3)
1 1.57 1.27

α
(3)
2 −37.43 −32.70

α
(3)
3 0.00 0.00

M1 −2.47 −1.35
M2 −4.16 −3.29
M3 −7.48 −4.34
W1 −0.14 −0.07
W2 0.81 0.57
W3 3.52 0.19

η/θ −30.02/8.87 −18.93/-2.10

s‖
1/sz

1 0.72/0.44 0.64/0.28

s‖
2/sz

2 0.58/0.16 0.49/−0.03

s‖
3/sz

3 0.00/1.00 0.00/1.00

s̃‖
1/s̃‖

2 0.51/0.64 0.58/0.71

s‖
0/sz

0 −0.34/−0.68 −0.42/−0.85

of the spin-orbit split states n = 1 and 2. In turn, as a result
of the hybridization both branches of the state n = 3 adopt
the polarization of the outer branch of the state, with which
it hybridizes. Therefore, the resulting spin polarization of the
state n = 3, Fig. 2, varies with the momentum k in accordance
with the weights of the lower-lying surface-alloy states shown
in Figs. 3(a) and 3(d).

The four-band Hamiltonian for the lowest bands allows us
to examine the 2 ↔ 1 hybridization, which was experimen-
tally studied in Ref. [15]. The respective panels in Figs. 3(b)
and 3(e) show the avoided crossing (more pronounced in
PbAg2) due to the same spin of the outer branch of the state
n = 1 and the inner branch of state n = 2 [both are blue in the
2 ↔ 1 panels in Figs. 3(b) and 3(e)]. This corresponds to the
opposite sign of the Rashba parameters α1 and α2; see Table I.
At the same time, no sign change is observed in the outer
branches of the states involved in the four-band Hamiltonian.
Thus, we can conclude that it is the hybridization of the
state n = 1 and 2 with the state n = 3 that is responsible for
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FIG. 3. Band structure of PbAg2, upper row, and of BiAg2, lower
row, by small-size Hamiltonians. (a),(d) Eigenvalues of the six-band
Hamiltonian (1). Brown, orange, and green fat bands highlight the
contributions from the basis states |�n↑(↓)〉 with n = 1, 2, and 3,
respectively. (b),(e) Fat bands show the positive (blue) and negative
(red) values of Sy for three four-band Hamiltonians: 3 ↔ 2, 3 ↔ 1,
and 2 ↔ 1. (c),(f) Eigenvalues En±

k of the two-band Hamiltonian (see
text). In graphs (b), (c), (e), and (f) the bands by the six-band k · p
model are shown by dashed gray lines.

the observed spin structure, in sharp contrast to the classical
Rashba effect.

We now take a closer look at the surface-alloy states around
the �̄ point, and further reduce the model Hilbert space to get
two-band Hamiltonians. So far, we have used our ab initio ap-
proach based on the second-order k · p expansion around the
reference point [17,18] in applying the Löwdin partitioning
[39–41] to the original Hilbert space of the reference-point-
projected LDA Hamiltonian HLDA

k . Now, we further develop
our approach by implementing a third-order k · p expansion
to microscopically generate two-band Hamiltonians including
terms to third order in k, thereby allowing for both linear and
cubic Rashba effects in a two-band k · p model.

For the states n = 1 and 2, the two-band Hamiltonian has
the following form:

H (3)
n =

(
ε̃n + Wn(k3

+ + k3
−) iγnk−

−iγnk+ ε̃n − Wn(k3
+ + k3

−)

)
(4)

with ε̃n = εn + Mnk2, the so-called “renormalized Rashba
parameter” γn = αn + α(3)

n k2, and “hexagonal warping term”
characterized by the parameter Wn (the parameters are listed
in Table I). Since the respective 2 × 2 spin matrix is Sn =
(s‖

nσ‖, sz
nσz ), one is tempted to rewrite the Hamiltonian H (3)

n
with the use of the Pauli matrices and to associate these
matrices with the observable spin, as

H (3)
n = ε̃nσ0 + γn(kyσx − kxσy) + Wn(k3

+ + k3
−)σz. (5)

Here, one should take into account that the in-plane and
out-of-plane spin polarization is within the limits of ± 1

2 s‖
n

and ± 1
2 sz

n, respectively (see Table I), so the Hamiltonian (5)
is valid in the energy-momentum region around �̄, where the
ab initio spin polarization does not change sign. It is notewor-
thy that the Hamiltonian H (3)

n is in accord with the form of
both the Hamiltonian constructed in Ref. [42] from the theory
of invariants for surface states of the topological insulator
Bi2Te3 [43] and the Hamiltonian suggested in Ref. [16] for
the occupied surface-alloy state (n = 1 in our notation) of
BiAg2/Ag(111). The eigenvalues of H (3)

n [brown and orange
lines in Figs. 3(c) and 3(f)] can be written as

En±
k = ε̃n ± k

√
γ 2

n + 4W 2
n k4 cos2 3ϕk,

where ϕk is the polar angle of the momentum k. The SOI-
induced splitting of the states n = 1 and 2 around �̄ is,
thereby, determined by the leading isotropic k-linear term with
an anisotropic contribution governed by Wn.

The two-band Hamiltonian for the state n = 3 consists of
the Hamiltonian H (3)

3 of Eq. (4) with γ3 = 0 and the additional
term (similar to the cubic Rashba term [35,36,44])

H ′
3 =

(
0 iθ (k3

+ + k3
−) + iηk3

−
−iθ (k3

+ + k3
−) − iηk3

+ 0

)
.

The 2 × 2 spin matrix is S3 = (0, 0, σz ) with zero in-plane
matrix elements. This ensures the Sz spin polarization in
accordance with the symmetry of the system. As follows from
the expression for the eigenvalues

E3±
k = ε̃3 ± k3

√
η2 + 4

(
W 2

3 + θ2 + ηθ
)

cos2 3ϕk,

shown in Figs. 3(c) and 3(f) by green lines, the splitting of
the state n = 3 near the �̄ point is purely cubic in k, and it
depends on both the isotropic and anisotropic contributions
(see the parameters in Table I). The in-plane spin projection
for this state becomes finite due to the hybridization with other
surface-alloy states only, which is not the case in our two-band
consideration. Additionally, we would like to mention that the
presented form of the two-band Hamiltonians can be easily
obtained analytically by applying the Löwdin partitioning
to the six- or four-band Hamiltonians we derived above.
Note that our third-order k · p theory builds on the original
ab initio Hamiltonian, with the basis being its eigenstates.
Thus, the k · p expansion uniquely follows from the basis
set: in particular, in contrast to a fitting method the shape of
the third-order term does not depend on whether or not we
include the fourth-order term (and does not affect the lower-
order terms). This renders the third-order expansion physi-
cally meaningful, which is promising in view of the increasing
interest in the cubic Rashba effect in semiconductor quantum
wells [45,46] and at the oxide surfaces and interfaces [47–50].

Finally, we consider the effect of an external magnetic
exchange field on the dispersion relation and spin polarization
of the surface-alloy states. As in Refs. [51–53], the exchange
field can be realized, e.g., by growing the surface alloy on
a magnetic metal [54]. Similar to Refs. [18,55], we simulate
the magnetic exchange interaction of strength Jex with the
magnetization M by the term HEX = −JexM · Skp and treat
J = JexM as a tunable parameter. In Fig. 4, we show the
spectrum of the states under study for two orientations of
the magnetization M: the in-plane, M ↓↑ ŷ, and out-of-plane,
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FIG. 4. Effect of external exchange (magnetic) interaction on the surface-alloy states of PbAg2 (a) and BiAg2 (c) for the in-plane, M ↓↑ ŷ,
and out-of-plane, M ↑↑ ẑ, orientation of the magnetization M. (b) Color code for spin polarization with reference to the momentum direction.

M ↑↑ ẑ, orientation. To make the effect more pronounced,
we chose a rather large value of the exchange parameter,
J = |J | = 100 meV.

As seen in the Sx and Sy panels in Figs. 4(a) and 4(c),
similar to the Rashba-split surface states on magnetic metal
surfaces [52,56], the in-plane magnetization causes a tangible
asymmetry in the dispersion curves with respect to the �̄ point
for k perpendicular to the magnetization (along kx, M̄-�̄-M̄),
and for the surface-alloy states n = 1 and 2 (which have finite
s‖

n and αn) it shifts the degeneracy points away from �̄. For
all states, at �̄ there appear gaps of different width: rather
pronounced gaps for the states n = 1 and 2 and a negligible
gap for the state n = 3 caused by the nonzero coupling param-
eters s̃‖

n. The in-plane spin polarization changes because the
exchange term favors the collinear alignment of the spins with
the magnetization and, thereby, creates an imbalance in the
spins “up” and “down” along M. However, the characteristic
in-plane spin structure survives, implying that SOI dominates
over the rather strong external exchange field.

The out-of-plane magnetization has a negligible effect on
the symmetry of the spectrum owing to a small albeit finite
Sz in the paramagnetic phase (not shown in Fig. 2) and for
all surface-alloy states it eliminates a degeneracy point and
creates a gap between the two branches; see the Sz panels
in Figs. 4(a) and 4(c). Now, the state n = 3 has the largest
gap, which for a given exchange parameter is determined
solely by sz

3. The gaps of the states n = 1, 2 are largely
controlled by sz

1 and sz
2, respectively, with an influence of

the coupling parameter sz
0. Therefore, the state n = 2 with its

small sz
2 (see Table I) has a tiny splitting at �̄. The in-plane

spin polarization of the states remains unaffected, while the
induced out-of-plane spin component exhibits an unexpected
behavior [57]. Actually, while the two branches of the spin-

orbit split state n = 3 have a large magnitude and opposite
sign of the spin expectation value of the spin z projection Sz,
both branches of each of the states n = 1, 2 have the same
sign of Sz, which is relatively small in magnitude. As seen
in the Sz panels in Figs. 4(a) and 4(c), apart from the small
vicinity of �̄ both branches of the state n = 1 have Sz > 0
and for n = 2 it is Sz < 0. Thus, the surface-alloy states are
clearly distinguished by their response to the out-of-plane
magnetization, while they mostly preserve their in-plane spin
structure.

To summarize, we have developed an effective model
for the 2D states of the surface alloys PbAg2 and BiAg2.
The model is based on a fully ab initio k · p perturbation
approach to generate model Hamiltonians of a desired size,
and it provides accurate and comprehensive description of
the spin structure of the states of interest. This approach has
enabled us to reveal the origin of the puzzling behavior of
the momentum-dependent spin polarization, namely the spin
direction reversal within a branch of a spin-orbit split state. A
novel aspect of the present approach is the third order in k per-
turbation expansion, which makes it possible to write down an
explicit functional dependence of the splitting of the surface-
alloy states on k around �̄, accounting for both linear and
cubic Rashba effects. Furthermore, we have demonstrated the
capability of the effective models to predict the behavior of the
surface-alloy states under the influence of in-plane and out-of-
plane magnetization of possible supporting magnetic layers.
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