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Tuning topology in thin films of topological insulators by strain gradients

Raffaele Battilomo,' Niccolé Scopigno,' and Carmine Ortix

1,2

!Institute for Theoretical Physics, Center for Extreme Matter and Emergent Phenomena, Utrecht University,
Princetonplein 5, 3584 CC Utrecht, The Netherlands
2Dipartimento di Fisica “E. R. Caianiello”, Universitd di Salerno, IT-84084 Fisciano, Italy

® (Received 3 May 2019; published 16 September 2019)

We theoretically show that the coupling of inhomogeneous strains to the Dirac fermions of three-dimensional
topological insulators (3DTI) in thin film geometries results in the occurrence of phase transitions between
topologically distinct insulating phases. By means of minimal k - p models for strong 3DTI in the Bi,Ses;
materials class, we find that in thin films of stoichiometric materials a strain-gradient induced structure inversion
asymmetry drives a phase transition from a quantum spin-Hall phase to a topologically trivial insulating phase.
Interestingly, in alloys with strongly reduced bulk band gaps strain gradients have an opposite effect and promote
a topologically non-trivial phase from a parent normal band insulator. These strain-gradient assisted switchings
between topologically distinct phases are expected to yield a strain gradient tunability of magnetism in magnetic

topological insulator thin films.
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I. INTRODUCTION

In condensed matter systems characterized by low-energy
Dirac or Weyl quasiparticles, the coupling between electronic
and lattice degrees of freedom leads to remarkable effects. In
graphene [1], for instance, elastic deformations of the lattice
due to strains couple to the Dirac fermions as a pseudomag-
netic vector potential [2—4]. Spatially inhomogeneous strains
then typically result in a pseudomagnetic field, which, in its
simplest form, gives rise to a pseudo-Landau level spectrum
at low energies [2]. Such strain-induced pseudo-Landau levels
have been observed using scanning tunneling microscopy
techniques both in graphene [5] and in artificial graphene [6].
When the pseudomagnetic fields are spatially nonuniform and
periodically modulated [7], electron-electron interactions can
trigger an integer quantum Hall effect without any external
time-reversal-breaking field and thus similar in nature to the
Haldane phase [8].

In three-dimensional topological semimetals with Weyl
quasiparticles [9] instead, pseudomagnetic fields due to
inhomogeneous strains [10] have been predicted to yield an
enhancement of the bulk conductivity due to an underlying
chiral pseudomagnetic effect [11]. Moreover, time-dependent
mechanical deformations due to, e.g., acoustic waves create
a related pseudoelectric field [12]. The concomitant presence
of pseudoelectric and pseudomagnetic fields can also lead
to a pseudo-Landau level collapse [13], which generalizes
the Landau level collapse that occurs when perpendicular
ordinary electric and magnetic fields are present.

Low-energy Dirac quasiparticles are also naturally real-
ized at the boundaries of time-reversal invariant strong three-
dimensional topological insulators (3DTIs) [14,15]. Contrary
to the Dirac states of graphene, however, these surface states
are anomalous: On each separate surface they violate the
fermion doubling theorem [16] and thus form half an ordi-
nary two-dimensional (semi)metal. This apparent paradox is
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resolved by considering that the Dirac states appearing at the
opposite surface cancel the anomaly and hence regularize the
system.

A 3DTI thin film then can be thought of as forming
a graphene analog but where the Dirac quasiparticles are
separated in real space rather than momentum space, and
acquire a thickness-dependent mass due to the symmetry-
allowed tunneling effect between opposite surfaces. More-
over, these geometries represent the ideal playground where
inhomogeneous strain effects become pervasive. Thin films
are much more flexible than bulk crystals and can bend easily
[17,18]. In conventional semiconducting systems, substantial
bending strain effects have been both theoretically predicted
[19] and experimentally observed [20]. Additionally, in thin
films grown on a substrate a lattice mismatch at the interface
yields a strain that gradually relaxes away from the interface
thus providing yet another source of nonuniform strains.

Starting out from these observations, in this paper we show
that already in their simplest form inhomogeneous strains
couple to the Dirac fermions of 3DTI thin films in an entirely
different manner as compared to graphene and topological
semimetals. Bending strains trigger indeed a phase transition
between two topologically distinct insulating phases. In ma-
terials with large bulk band gaps, strain gradients result in
a structure inversion asymmetry term driving a topological
phase transition from a quantum spin-Hall (QSH) phase to
a conventional band insulator [21]. Remarkably, we find that
in materials with strongly reduced bulk band gaps inhomoge-
neous strains have an opposite effect, and promote a topologi-
cally non-trivial QSH phase thanks to a strain-gradient analog
of the quantum-confined Stark effect [22].

II. STRAINED TI THIN FILMS

In order to analyze the influence of inhomogeneous strains
in thin films of strong 3DTIs, we start out by introducing

©2019 American Physical Society
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the effective bulk k - p Hamiltonian close to the I" point of
the Brillouin zone (BZ) for the Bi,Se; family of materials.
It can be derived using the theory of invariants which ac-
counts for the essential point group symmetries of the R3m
(No. 166) space group, namely the inversion symmetry 7
and the three-fold rotation symmetry along the z-axis Cj,
with the addition of time-reversal symmetry 7. Using as
basis states the I"-point spin-orbit coupled parity eigenstates
\P1F, 3),1P22, ), |P1F, —3), |[P27, —3), which are derived
from the hybridized p, orbitals of Bi and Se, the three sym-
metries can be represented as T = i(0x @ 1)), Z =0p ®
73, and Cz, = exp(i(w/3)o3 ® 19), with I being the com-
plex conjugation, and o and t the Pauli matrices acting in
the spin and orbital space, respectively. With this, the low-
energy continuum bulk Hamiltonian [23] can be cast in the
following form:

Hipri(k) = €o(k) oo ® 10 + (— M + BikZ + szﬁ)do ® 13
+Ak,03 @ 11 + Arkop ® Ty +A2ky0'2 ® 11,
(H

where €y(k) = lez2 + Dzkﬁ and kﬁ = k)% + ky2. In addition,
A1, B12, D1, and M are material-dependent parameters.
In the Hamiltonian above we have neglected, without loss
of generality, the momentum independent term proportional
to the identity oy ® 1o since it corresponds to a rigid shift
of all energies. In the MB; ; > 0 inverted band regime, this
model predicts the appearance of an idealized single surface
Dirac cones thus verifying the Z, = 1 non-trivial value of
the strong topological index [24]. Since the bulk band gap
M in the stoichiometric materials is much larger than the
energy scale of room temperature, external perturbations such
as strain or pressure are expected to change the topology of the
system only above a critical threshold: For Bi,Se; it has been
predicted that a topological phase transition from a strong
3D TI to a normal band insulator [25,26] occurs at a critical
uniaxial strain >~7%. This is different from the case of, for
instance, HgTe where a change from tensile to compressive
strain drives a topological phase transition from a strong 3DTI
to a Weyl semimetal phase [27].

However, the situation can be drastically different in a
thin film where the surface Dirac cones located at opposite
surfaces start to hybridize with each other. This hybridization,
in fact, yields a surface energy gap m oc Me™"/, where w is
the thin film thickness, while [ is the decay length of the topo-
logically protected surface states [28]. Whenever the surface
energy gap is larger than a (low-temperature) thermal energy,
the thin film then realizes a two-dimensional time-reversal
invariant insulating state, which can be characterized by the
so-called Fu-Kane-Mele Z, topological invariant [29,30].
Furthermore, since the band gap is narrow, strain effects can
and do lead to a change in the topology of the system. To prove
the assertion above, we explicitly include strain effects in the
effective bulk continuum Hamiltonian Eq. (1). Making use of
the usual Bir-Pikus scheme [31], and neglecting the possible
presence of shear strains, the Hamiltonian for a generic biaxial
strain takes the following form:

Hstrain = [Cre; + Calexs + Eyy)]O—O ® T
+ M€, + Ma(€xx + ny)]ao ® 13, ()
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FIG. 1. Sketch of the surface band structure of a bent 3DTI thin
film. (a) In the strain-free configuration the top and bottom surface
Dirac cones acquire an hybridization gap at the Dirac point. (b) At a
critical bending radius the two gapped Dirac cones are pulled toward
each other and touch on a nodal line |k| = k.. (c) For even larger
bending radii the surface band gap is reopened with the system that
then corresponds to a conventional band insulator. (d) Corresponding
topological phase diagram in terms of the strain-gradient induced
structure inversion parameter V and the ratio between the hybridiza-
tion surface gap §m and surface effective mass 6.

where C;, and M;, are the deformation potentials of the
material at hand.

Although generally breaking the three-fold rotation
symmetry C3,, homogeneous strains have a negligible effect
even in thin film structures. This is immediately apparent
considering the fact that besides a trivial rigid shift of the
energy, a generic homogeneous strain merely renormalizes
the bulk energy gap M and consequently the thin film
surface band gap dm without affecting the topology of the
system. However, and this is key, this does not hold true for
inhomogeneous strains.

Let us consider for instance the strain pattern due to a
mechanical bending of the thin film. Such a mechanical de-
formation has been very recently achieved by placing single-
crystalline Bi,Se; nanowires over deep trenches [32]. It can be
also realized by external force loading using an atomic force
microscope as recently employed to induce large flexoelectric
effects in strontium titanate single crystals [33]. As schemat-
ically shown in Fig. 1, in a mechanically bent thin film the
top (bottom) surface is dilated while the bottom (top) surface
is compressed. This, in turn, implies a structural inversion
asymmetry that, as we show below, is decisive in tailoring the
topological properties of the 3DTTI thin film.

III. STRAIN GRADIENT-INDUCED TOPOLOGICAL
PHASE TRANSITIONS

To simplify our treatment, we will consider in the remain-
der an idealized bending with the local curvatures of the
mechanical neutral plane (see Supplemental Material [34])
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that are constant. This produces a strain pattern €, = €,, =
—az with « constant and z measured from the mechani-
cal neutral plane, whereas €,, = —v €, /(1 — v) with v the
Poisson ratio. Hence, the strain Hamiltonian Eq. (2) simply
becomes

z z
Hstrain(2) = uo — 00 ® 10 + U3 — 00 ® 13, (3)

where we have introduced the two parameters ug 3 that de-
pend on the deformation potentials, the ratio between the
bending radius and the thin-film thickness, and the Poisson
ratio. To analyze the effect of such inhomogeneous strain,
we first solve the unstrained Hamiltonian Eq. (1) with open
boundary conditions at the projected I' point of the sur-
face BZ. We therefore obtain two low-energy Kramers pairs
|EJTF¢) and |E1Y) with opposite parity, whose energy my =
(Eil|7-l3DTl(0, 0, —i81)|EiL) originates from the hybridiza-
tion of the surface Dirac cones located at opposite surfaces.
As the thin-film thickness is varied [see the Supplemental
Material[34]] these states undergo multiple crossings, which
is consistent with the oscillatory crossover from 2DTI to
3DTI predicted in Ref. [35]. The inhomogeneous strain term
couples equal spin states of opposite parity since, as men-
tioned above, it yields a structural inversion asymmetry. It thus
generates a nonvanishing coupling V = (El v |’Hslmin(z)|E1 l).
This coupling, in turn, enhances the splitting of the low-
energy states at the I point to 2+/m? + V2. However, it does
not preclude the possibility of band-gap closing and reopening
at different points of the surface BZ.

To account for this, we next obtain the effective k - p
surface Hamiltonian in the |Ei,¢_) subspace. It can be obtained
by noticing that the parity eigenstates at the ' point can be
written as the bonding and anti-bonding states of the two
surface Dirac states appearing in semi-infinite geometries,
ie, [E]Y) = (M%) £1p1))/V/2. In the [¢V), [bTV) basis
the surface Hamiltonian reads

Vo —ivky m@E) 0
Mt =cto+ i S MY @
0 mk) —ivk, -V

where k. = k, £ ik, and we introduced the momentum de-
pendent hybridization m(k) = 8m/2 + |8B|(k; + k;)/2, with
dm = (my —m_), 8 = (B — B-), and B = B2 (EL*|op ®
2 |EiL ). The particle-hole breaking term is defined as (k) =
(my +m_)/24 (B4 + B-)(k; + k})/2 while the Fermi ve-

locity v =Ax[(EL*|oy @ 71|EX")|. For very thick films
édm >~ 0, we then recover two surface Dirac cones which,
however, are pushed (pulled) to higher (lower) energies by the
bending strain. This finding is perfectly compatible with low-
temperature magnetotransport measurements of bent Bi,Se;
nanowires, which indeed show an opposite shift of the sur-
face Dirac cones at opposite surfaces [32]. More impor-
tantly, when expressed in the original Ell_ basis the surface
k - p Hamiltonian corresponds to the well-known Bernevig-
Hughes-Zhang (BHZ) continuum model for HgTe quantum
wells [36] but with the addition of a strain-gradient induced
structure-inversion-asymmetry term V. The evolution of the
band structure while continuously increasing the structure
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FIG. 2. Behavior of the surface Dirac cones hybridization gap §m
(a) and the effective mass parameter § 8 (b) as a function of the 3DTI
thin film thickness w. We have used the k - p parameters of Bi,Se; of
Ref. [23]. For 2.5 nm < w < 5 nm the unstrained thin film realizes
a QSH insulator.

inversion asymmetry term V is shown in Fig. 1 in the inverted
band regime. For V <V, = vi/—3dm/|3B]| the system is adi-
abatically connected to a QSH insulator with a full surface
band gap. By increasing the bending strain, a topological
phase transition occurs at V =V, with the system that for
V > V. becomes a conventional band insulator. Note that in
the non-inverted regime the bending strain term V does not
lead to any band-gap closing and reopening points, which
implies that inhomogeneous strains only act as trivializers
of the system. In order to verify this physical picture, we
have numerically computed (see Fig. 2) the hybridization gap
dm and the effective mass parameters §8 for thin films of
varying thickness w using the k - p parameters for Bi,Se;
as obtained from density functional theory calculations [23].
Using that v >~ A, ~ 4 eV A, we find that thin films of 2.6 nm
thickness can be driven via the topological phase transition
for a strain-gradient induced coupling of V ~ 55 meV. By
considering that strain-induced shift of Dirac cones of V ~
30 meV have been achieved with a maximal strain at the top
(bottom) surface of >~ £0.1% [32], one can therefore expect
that the strain-gradient induced topological phase transition
would require a maximal strain < 1%, or equivalently a
bending radius of 3>>260nm. A critical bending radius of the
same order of magnitude can be expected for Sb,Te; thin
films (see the Supplemental Material [34] for the behavior of
the hybridization gap dm and §8 for this material). Signature
of this topological phase transition can be then obtained by
performing longitudinal resistance measurements similar to
those performed in HgTe quantum wells [37]. For bending
radii larger than the critical one, the topological nature of
the QSH state would result in a residual conductance of
2¢%/h when the chemical potential is in the thin-film gap.
Increasing bending beyond the critical radius, instead, the
residual conductance should be exponentially small precisely
as in a conventional band insulator.

The tunability of the topology in 3DTI thin films by means
of inhomogeneous strains is similar in nature to the one
achievable by means of externally applied electric fields, since
they also provide a source of structure inversion asymmetry. It
is thus natural to expect that when considering Cr-doped and
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V-doped Bi,Tes thin films—in the inverted band regime they
gain considerable spin susceptibility through the van Vleck
paramagnetism thereby developing long-range magnetic order
with a quantized anomalous Hall effect [38]—mechanical
deformations will yield an analog of the Stark effect induced
magnetic quantum phase transition theoretically predicted
[39] and experimentally verified [40] in these materials.

IV. NARROW BAND-GAP MATERIALS

Having established the occurrence of strain-gradient in-
duced topological phase transitions in materials where there
is a large separation between the surface energy gap ém and
the bulk gap M, we next turn our attention to strong 3DTTI that
in their bulk are at the verge of a topological phase transition
to a normal band insulator. In the Bi,Se; material class, a
substantial decrease in the bulk band gap can be obtained
[41] by increasing the Se content in Cr-doped Bi, (Se, Te;_,)s3.
Similarly, density functional theory calculations [42] predict
a topological phase transition in Sb,(Te;_,Se,)s. Thin film
structures of these alloys realize conventional band insulators
due to a strong hybridization of the surface Dirac cones, in
much the same way as ultra-thin films of Bi,Ses; but with
thicknesses that can reach the tens of nanometers scale. In
this case, however, the transversal sub-bands are very close
to each other, which hence requires to go beyond the simple
low-energy picture used so far. We have therefore numerically
diagonalized the full Hamiltonian H3pr1(K) + Hsrain(z) for
a 15 nm thick film considering a substantial decrease of the
bulk gap to M = 2.8 meV while starting from the special case
Ay = 0. Figure 3(a) shows the evolution of the I" point spin-
degenerate sub-bands while increasing the strain couplings
terms. The electron |E,) and hole |H,) sub-bands are not
coupled by the strain gradients terms. Moreover, in each
of the sectors the strain gradients realize an analog of the
quantum-confined Stark effect [22] and thus push the electron
(hole) levels downwards (upwards). Hence, at a critical strain
coupling u, there is a crossing between the |E}) and |H;) sub-
bands, which corresponds to a topological phase transition
to a QSH phase. In fact, by projecting the full Hamiltonian
onto these low-energy states, one finds that the effective
Hamiltonian corresponds to the BHZ model with preserved
two-dimensional k; — —k; inversion symmetry.

Next we consider the effect of turning on the A; term.
Since the crossing between |E,) and |H,) at the T are not
protected by parity, they are changed to anticrossings for finite
A values (see the Supplemental Material [34]). However, by
invoking the principle of adiabatic continuity the full band
structure must still exhibit band-gap closing and reopening
points which coincide with topological phase transitions. The
ensuing topological phase diagram is shown in Fig. 3(b). Note
that the band-gap closing reopening points occurs in this case
on a nodal line k; = k. as can be seen from the evolution
of the band structure in Fig. 3(c). We finally note that this
strain-gradient induced phase transition from normal insulator
to QSH insulators can be also assisted via the application
of an external electric field analogously to the electrical-
induced topological transitions predicted to occur in few-layer
phosphorene [43].
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FIG. 3. (a) Evolution of the T' point energy levels for a narrow
band gap 3DTI thin film with A; = 0 as the strain coupling term
u = up is increased. The ratio between the strain coupling terms has
been fixed to uy/u3 = 0.2. (b) Topological phase diagram in the A; vs
strain plane. (c) Evolution of the band structure across the topological
phase transition for A; = 2.2 eVA.

V. CONCLUSIONS

To sum up, we have shown that bending strains couple to
the massive Dirac quasiparticles of 3DTI thin films in such a
way to trigger phase transitions between topologically distinct
insulating phases. Bending strains have been already proposed
as a mean to control the spin transport properties of quantum
spin-Hall insulators [44]. We have shown that in thin films,
instead, they can change the topology of the system itself.
In stoichiometric materials with large bulk band gaps, the
strain-induced structure inversion asymmetry generically en-
dangers the parent QSH phase thus driving a topological phase
transition to a normal band insulator. In alloys with small
bulk band gaps instead bending strains have a completely
opposite effect, and can promote a topologically non-trivial
phase as a result of the existence of a strain gradient analog
of the quantum-confined Stark effect. The strain-gradient in-
duced topological phase transition discussed in this work can
also trigger magnetic quantum phase transitions in magnetic
topological insulator thin films [39,40]. This strain gradient
tunability of magnetism could be employed in proposals for
strain-assisted transistor devices as well as magnetic random
access memories.
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