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Metal-insulator transition in doped polymerized polyaniline
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In this paper, the metal-insulator transition is studied in polyaniline (PANI) as the doping increases. The study
incorporates a polymerization process that produces a cross-linking of the PANI chains, yielding an extended
disordered branched lattice. The presence of the phenazine structure is fundamental and allows the polymer to
acquire extra dimensions, which permits a transition to the metallic phase when doping is increased as the Fermi
level goes through the mobility edge into a region of extended states. This PANI system is described assuming
that the polymerization process gives rise to a structure that could be represented by a Bethe lattice. It is observed,
as indicated by the experiments, that the conductivity increases as a function of the pH of the acid solution when
agents like bipolarons are introduced.
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I. INTRODUCTION

There is significant interest in studying conjugated organic
polymers due to their metallic properties when they are highly
doped. The flexibility to change their conductivity has opened
the possibility for various applications, representing an alter-
native to traditional conducting materials. Polyaniline (PANI)
is considered the most promising material due to its excel-
lent stability, high conductivity, and excellent optical proper-
ties [1,2]. The growing interest in nanostructured conducting
PANI is due to its use in the construction of new electronic
devices such as transistors [3], supercapacitors [4], and energy
storage cells [5]. Many synthesized forms of nanostructure
PANI are obtained at an early stage, during the polymerization
of aniline in acidic solutions. The growth mechanism and the
exact nanoscale molecular structures formed in the polymer-
ization process are still controversial [6–12].

In recent years, progress has been achieved [13–16] with
regard to the structural characterization of aniline oligomers
formed during the oxidative polymerization in solutions of
pH from 2.5 to 10. The polymerization process has essential
consequences in conductance, as it gives rise to the formation
of disordered lattice structures [17,18] with effective dimen-
sion greater than 1. The dimension, in turn, is of fundamental
importance for the appearance of delocalized states participat-
ing in the charge transport. The electrical conductivity results
from the existence of charge carriers, which are introduced
by doping and move along the conjugated π bonds. In the
different composition forms of PANI, the emeraldine base
form EB-PANI (insulator) is more stable and it is the one
which becomes conductive when doped by reacting with a
strong acid (e.g., HCl), resulting in the conductive emeraldine
salt form ES-PANI [19,20].

One debatable topic in the literature refers to the forma-
tion of doped PANI. Several authors have investigated the
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electronic structure in a disordered one-dimensional PANI
chain using molecular orbital calculations [21,22]. Some au-
thors consider the bipolaron lattice [23–26] a suitable can-
didate, being the final state of PANI and, upon protonation,
highly conductive. The polaronic model for conduction in
fully protonated ES-PANI is also theoretically supported by
some proposals [27–29]. In a more recent work [30], we
proved that bipolaron polaron doped disordered long chains
of PANI, in the limit of zero inelastic scattering, possess
zero conductance because of Anderson localization [31]. This
showed that the description of disordered polymerized PANI
as a linear one-dimensional model does not manifest corre-
lated disorder and delocalization at the Fermi level as has
been proposed [23–26,28]. The lack of charge diffusion at the
Fermi energy indicates that this one-dimensional description
of the system is not adequate. Although experimental and
theoretical studies emphasize the importance of interchain
interactions, as well as the three-dimensionality nature of
the electronic states in highly conductive polymers [32–36],
recent works [23,24] have continued treating polyaniline as a
linear chain model.

In this paper, we propose a model to study the trans-
port properties of the PANI polymer where, in contrast to
the one-dimensional model, an analysis of the PANI lat-
tice formation in the oxidative polymerization of aniline is
incorporated to understand the evolution of the molecular
structure. Growing chains are simultaneously organized as
complex supramolecules [17,18,37], leading to the forma-
tion of cross-links that yield the PANI’s nanostructures. The
mechanism of oxidative polymerization has been studied by
semiempirical quantum chemical methods and it was re-
vealed that, depending on the pH of the reaction medium,
various molecular (branched vs linear) oligomeric structures
are formed [6–8,38], showing that the proportion of the
structures increases with increasing acidity [7]. As the com-
ponent that produces the cross-linking of the lattice, the
phenazine [39–43] molecule plays a vital role in the structural
characteristics of PANI, being responsible for the resulting

2469-9950/2019/100(11)/115116(8) 115116-1 ©2019 American Physical Society

https://orcid.org/0000-0003-2261-0750
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.100.115116&domain=pdf&date_stamp=2019-09-10
https://doi.org/10.1103/PhysRevB.100.115116


PADILLA, PACHECO, AND ANDA PHYSICAL REVIEW B 100, 115116 (2019)

FIG. 1. Two proposed formation mechanisms of intermediate
tetramerlike phenazine [53], where the cross-linking branched chains
of PANI occur.

supramolecular morphology of the conductive PANI. A va-
riety of intermediate aggregates, formed at the early stage
of aniline chemical oxidative polymerization, is described in
the literature [17,18,37,44]. Structures like “phenazine” are
found in the doped form of PANI [45–52] and are considered
in this work as the fundamental core for building extensive
cross-linked chains of PANI.

Based on characterization results, several authors [8,44,53]
proposed the tetramer oligomer as the component of the
intermediate aggregates containing the symmetric phenazine
and the dihydrophenazine structures. These symmetric planar
aggregates led to strong π -π interactions, which serve as
supporting evidence for the proposed formation mechanism.
It has been suggested [53] that these tetramers have two
major geometries, as shown in Figs. 1(a) and 1(b), involving
at least two plausible cross-linking routes for the formation
of tetramer structures. The proposed reaction mechanism ex-
plains the pathways for the creation of intermediate tetramers,
formed by cross-linking between oxidized dimers. Based on
this evidence, we consider the phenazine tetramer structure
in Fig. 1(a) as the better choice for the central core to build
a realistic extensive and disordered branched PANI structure,
which is modeled by a Bethe lattice (BL) as detailed in Sec. II.

In this paper, we study the metal-insulator transition in the
cross-linked branched PANI polymer, including the disorder
distribution of bipolarons [21,25] (random along the chains)
and the degree of doping [54–58], usually depending on the
protonation rate within the PANI system. A branched lattice
system is constructed taking the phenazine molecule as the
nucleus, which produces the ramification of the extensive
and disorderly branched PANI lattice. This allows for a
more reliable reproduction of a real nanostructure of PANI,
avoiding the one-dimensional disordered lattice description
that gives rise to unrealistic Anderson localized states at the
Fermi energy [31]. We theoretically analyzed its existing

transport properties and compared it with the experimen-
tal results. In Sec. III, we describe the system represented
by the tight-binding Hamiltonian [28,59] within the Hückel
model [21,22,29,60]. The Green’s function methodology and
its nonequilibrium Keldysh formulation [61,62] were used
to obtain the local density of states (LDOS) and the con-
ductance [63]. The results are discussed in Sec. IV. Our
theoretical predictions ae compared with the experimental
results [19,20,64–69] of the conductance as a function of the
pH in the aqueous solution.

II. BETHE LATTICE MODEL

The Bethe lattice model can be used to study the electronic
structure in ordered and disordered systems [70–73]. The
BL model may be defined as an infinite tree, admitting an
exact solution and reflecting essential features in one-body
interacting systems [74]. Systems involving interactions and,
in particular, disorder can be solved satisfactorily in a BL
context [74–78] and we utilize it to study the disordered
branched structure of PANI.

A structure similar to a BL has been proposed to study the
effect of disorder on the transport properties of polymers [36].
This toy model was capable of predicting, in a qualitative
way, a metal-nonmetal transition, reflecting the well-known
proprieties of a disordered BL [79]. However, this result
does not sustain a real experimental comparison, due to the
simplicity of the model. The one-dimensional description of
PANI, although incapable of describing the transport prop-
erties of polymers, is still thought to be an adequate model
for study of these systems [23,24]. Due to this situation, it
is very important to adopt a reliable and realistic framework
to analyze them. Our proposal permits the development of a
detailed analysis of the physics associated with the disorder
in polymers, describing the appearance of mobility edges,
separated in energy localized from extended states. A one-
body interacting system, defined on a disordered BL, allows a
numerical solution where these properties can be studied in a
reliable and almost-exact way [78].

Following these ideas, we graphically represent in Fig. 2
the lattices used to model the disordered branched PANI. A
simple finite linear PANI can be constructed by a sequence
of m and M structures, each one with three possible con-
figurations, as shown in the figure. The figure also includes
the phenazine representation, according to its molecular con-
figuration [Fig. 1(a)], which plays a fundamental role in the
construction of the BL. Phenazine (P) can also be doped
by changing the local energy of the protonated site (P+).
These representations are sufficient to generate the EB-PANI
(unprotonated) as well as the protonated ES-PANI form.

Finally, a branched PANI is an infinite connected lattice
where each node, represented by a phenazine structure P (P+),
possesses the vertices α, β, γ and δ, through which it is
connected to Z = 4 neighbors, where Z is the coordination
number of the lattice. We construct a sample of BL-PANI in
the following way.

i. A simple finite linear PANI can be constructed by a
sequence −m − M − · · · − m − M−. In this conformation, m
and M are chosen at random from their three possible structure
representations, as presented in Fig. 2, where the lattices
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FIG. 2. Structures that compose the BL, Z = 4, model of a
branched cross-linking PANI. P and P+ represent nondoped and
doped phenazine, respectively, and their corresponding sites inside
the structure.

containing the structure (-⊕NH-) are chosen in a percentage
compatible with the doping concentration.

ii. We randomly select Z PANI chains from a set of 20,
constructed with different lengths, formed by 10 to 50 m and
M structures (Fig. 2). This gives rise to finite ordered and
disordered chains for undoped/doped forms of PANI.

iii. In the initial stage of the branched process, Z − 1 of
these linear PANI samples are connected to its adjacent semi-
infinite lead, representing the contacts, through the hopping
matrix element t as depicted in Fig. 3.

iv. In the next stages, three of the red cluster BL-PANI
represented in Fig. 3 are used as new contacts at sites i′,
i′′, and i′′′ connected by a hopping parameter t ′. Using the
self-similarity property of the BL, we recursively apply this
procedure to construct the final and complete PANI structure.

FIG. 3. BL model in the initial stage of the branched PANI
system with coordination number Z = 4. At Z = 4, the central core
phenazine represented by P is connected to the left with 1 and to the
right with Z − 1 PANI linear chains by the hopping parameter t ′. The
complex structure at site i is represented by the red cluster.

Thus, the first BL cluster is constructed by connecting the
site of the nearest neighbor in each linear chain with the
specific sites (α, β, γ , and δ) of the phenazine molecule.
As previously mentioned, in the next d steps, the previous
BL clusters formed with Z = 4 may be used recursively to
generate a more extensive BL, reaching a number of total sites
that increase exponentially (with the number d) of the order
of 106 sites. In this way, the BL model can represent a more
realistic nanostructured PANI having branches by means of a
cross-linking procedure. This allows the simulation of a very
extensive disordered BL-PANI sample without significant
computational effort [73].

III. GREEN’S FUNCTIONS AND CONDUCTANCE

The linear chain sample and the phenazine molecules used
to build the BL-PANI system are modeled by a discrete level
tight-binding Hamiltonian [28,59] written as

H =
N∑

i=1

εini +
N∑

i, j>i

Vi j (c
†
i c j + H.c.), (1)

where the first term describes site i with energy εi, ni =
c†

i ci is the number operator, the fermionic operator c†
i (ci )

creates (annihilates) an electron at site i, and Vi j is a potential
hopping matrix element between state |i〉 and state | j〉, which
is considered to be nonzero only for nearest-neighbor sites. In
order to represent the proprieties of a real PANI lattice, the
matrix elements of the Hamiltonian are obtained from Huckel
theory by using the Streitwieser parameters [60].

We exactly diagonalize the tight-binding Hamiltonian to
obtain their eigenvalues and eigenvectors. To study the dy-
namics of the system, we calculate the equilibrium Green’s
function [61,80] for the first linear chain (Fig. 3) connected to
the phenazine P. This lattice is defined from site i to sites at the
phenazine itself, β, γ , and δ (Fig. 2). The Green’s functions
used to construct the whole PANI lattice, as discussed in the
Appendix, are given by

grs(w) =
∑

λ

aλ(r)a∗
λ(s)

w − ελ + iη
, (2)

where ελ represents the Hamiltonian eigenvalues such that
H |ψλ〉 = ελ|ψλ〉 and the eigenvector |ψλ〉 is given by |ψλ〉 =∑

aλ(r)|ϕr〉, and |ϕr〉 is the atomic wave function at site r
used to obtain the Hamiltonian in the tight-binding repre-
sentation. As usual, an infinitesimal imaginary quantity η is
defined at the denominator of Eq. (2) to regularize the Green’s
function at the real axis. Calculating grs(w) using Eq. (2), we
can get the dynamical properties as the conductance through
nonequilibrium Green’s function formalism [61,62] as shown
in the Appendix. In a system composed of two extended
BL-PANI, as described in Fig. 4, we obtain the current [63,81]
going along site 0 by

Jcurr = 2e2

h

∫ ∞

−∞
T (ε)[ f (ε − μL ) − f (ε − μR)]dε, (3)

where T (ε) is the transmission, f (ε) the Fermi Dirac dis-
tribution, and μL,R the Fermi energy of the left and right
reservoirs, respectively. In the case of an infinitesimal bias
potential, from Eq. (3), one obtains the familiar expression for
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FIG. 4. Total system of two extended branched BL-PANIs with
coordination number Z = 4, where the conductance is obtained
calculating the current going along site 0.

the conductance G = 2e2

h T (ε f ), with the transmission at the
Fermi level, given by

T (ε f ) = 4π2t2
Lt2

Rρ1(ε f )ρ1̄(ε f )|G00(ε f )|2, (4)

where the quantum unit of conductance 2e2/h = 77.5 ×
10−6 �−1 or S (Siemens). In this equation ρ1(w) and ρ1̄ (w)
are the LDOS values of the semi-infinite BL-PANI at sites 1
and 1̄, as indicated in Fig. 4, and G00 is the diagonal Green’s
function at site 0 of the complete lattice, shown in Fig. 4.
Green’s functions are calculated using Dyson’s equation, as
discussed in detail in the Appendix. Each cluster BL repre-
sents an extensive random BL-PANI connected through its
respective hopping parameter tL or tR (left and right). The
Green’s function, G00(ε f ), with local energy ε0 corresponding
to the first site of (-NH-), (-N=), or (-⊕NH-), in the different
conformations of the m structure, as shown in Fig. 2, is given
by

G00(ε) = 1

w − εα + iη − g11(ε)t2
L − g1̄1̄(ε)t2

R

. (5)

To obtain the conductance, as mentioned before, we con-
struct a BL through a process of d steps, thereby achieving
a large number of sites to model the BL-PANI system. This
permits a good statistical treatment of the disorder introduced
by doping to study the physical properties involved.

IV. RESULTS

The charge transport properties of PANI are studied an-
alyzing its conductance as a function of the doping. The
relationship of doping produced by protonation with the pH
of the aqueous solution allows comparison of our results with
experiments. The concentration (%) of doping as a function
of the pH of the aqueous solution can be obtained using a
statistical mechanics framework [82–84] and is given by

〈n〉
〈N〉 = κe−2.303pH

1/2 + 2κe−2.303pH + (1/4 + κe−2.303pH)1/2
, (6)

where
〈n〉
〈N〉 is the fraction of nitrogen atoms with absorbed

protons, which proves to be the percentage doping. In this
equation, 〈n〉 is the number of (-⊕NH-) structures and 〈N〉 the
total number of nitrogens. The constant involved, κ = 34.03,
is determined by fitting the equation to the experimental
data [82,83]. This relationship, depicted in Fig. 5, allows

FIG. 5. Behavior of the doping percentage dependence of EB-
PANI as a function of the pH of the HCl solution.

the study of the metal-insulator transition in branched PANI
systems as a function of the pH.

In all the results, we simulate a set of random BL-PANI
samples (extension d = 6) where the conductance and LDOS
are calculated considering a spatial average of 55 total con-
figurations. Henceforth, the entire energy range ω, with an
interval of 10−6 between each energy, is measured in units
of β, the carbon-carbon ligand energy (β ≈ 2.5 eV [60]).

Initially, we analyze the case when the system is not doped,
so that the linear chains and the phenazine that yield the BL
are not protonated. In Fig. 6 we show the LDOS and the
conductance for the ordered EB-PANI and zero doping. The
Fermi level is located in the gap region, corroborating that this
system is an insulator.

For the case of protonated PANI, we construct disordered
linear chains, randomly distributing pairs of (-⊕NH=) cre-
ating groups of bipolarons. The phenazine can be chosen

FIG. 6. Conductance and LDOS for an ordered EB-PANI show-
ing the Fermi level (dashed line) for a BL of 40 × 106 sites.
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FIG. 7. Mean of the conductance and LDOS for a gradually
protonated PANI at η = 10−5, showing the respective Fermi level
(dashed line).

in the deprotonated (P)/protonated (P+) form. The effect of
gradually doping BL-PANI is shown in Fig. 7 for η = 10−5.
We can observe the Fermi energy entering into the density of
states region as the doping increases (pH decreases). For pH
� 2.625 and doping less than 5% (see Fig. 5), although the
Fermi energy is located in the valence band region, it is within
localized states above the mobility edge, as can be concluded
by observing that the conductance is 0 at this energy, char-
acterizing an insulator. For a larger value of doping, pH 0 in

FIG. 8. Conductance behavior of a BL ES-PANI-like bipolaron
as a function of the pH of the aqueous solution for various values of
η. Inset: Behavior of the conductance as a function of the parameter
η for pH 1.

Fig. 7, the Fermi energy is located below the mobility edge,
in a region of delocalized states, characterizing the system as
a metal.

These results show that it is critical, for a correct descrip-
tion of the metal-insulator transition, to be able to study in
detail the electronic wave function phase interference that
characterizes its localization and to determine the nature of
the states at the Fermi level. As mentioned before, the cal-
culation requires the regularization of the Green’s function
in the real axis introducing an imaginary part, η, in Eq. (2).
This imaginary quantity gives rise to a spurious decoherence
procedure that tends to destroy the spatial interference of the
wave function that originates the localization. Consequently,
to correctly describe the metal-nonmetal transition due to
doping, it is necessary to study the problem in the limit of
η → 0+.

The conductance is analyzed as a function of the rates
of protonation. We study random BLs with extension d = 6,
which gives a significant size in the conformation of the
total system, N > 1.4 × 106 sites, sufficient to generate good
statistics in the calculations. In Fig. 8 we show the metal-
insulator transition for the bipolaron ES-PANI lattice, by cal-
culating the conductance in the protonation range 4 < pH < 0
for various values of η decreasing to 0+. This behavior was
obtained taken the conductance as an average over 104 values
of energy ω in an interval of �w = 10−3 around its respective
Fermi level position, for each pH value. We observed that the
conductance is accompanied by an abrupt increase between
the values of pH 3 and pH 2.5, showing that the conductivity
is strongly affected by the state of protonation (by doping)
and undergoes a sharp metal-insulator transition. This result is
consistent with many experimental results found in the litera-
ture in studies of the electrical properties of PANI [19,20,64–
69], which report a rapid increase in conductivity in this pH
region. It is evident that the dependence of the conductance
on the parameter η is negligible for η < 10−5, as can be
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FIG. 9. The quantity K vs different concentrations of pH (η =
10−6) for two values of σc.

concluded by inspection of the inset in Fig. 8,which has been
arbitrarily taken for the case of pH 1.

For the purpose of producing extra validation of the metal-
insulator transition observed in the pH-dependent conduc-
tance (Fig. 8), we apply the percolation threshold crite-
rion [79], a formalism that provides a simple way of character-
izing a metal-insulator transition in a disordered system. We
define a parameter K = NM/NT , NT being the total number
of states participating in the density of states in a small interval
of energies �ω = 10−3 and NM the number of states which
contributes with a conductivity higher than an arbitrary small
value in the same interval. According to this reasoning it
would be possible to accurately determine the energy of the
mobility edge by assuming that for values of ω in which
σ (w) < σc the state is localized.

We define two values for the conductance as the cutoff
value σc (10−3 and 5 × 10−3) in units of 2e2/h, which al-
lows the establishment of a boundary between a conductor
(σ > σc) and an insulator (σ < σc). We have considered the
parameter K , calculated at each interval of �ω = 10−3, as a
mean result over 5 × 103 values of ω within the interval �ω

and the imaginary part of the energy η = 10−6. Figure 9 shows
the quantity K increasing for values higher than pH 2.625 and
being qualitatively equivalent for the two values of σc taken
to characterize the transition. This is in agreement with the
behavior of the conductance as a function of the pH shown in
Fig. 8.

The combination of Fig. 8 and Fig. 9 indicates that the
model proposed to study doped polymerized PANI pro-
vides a realistic description of the metal-insulator transition,
which accurately coincides with the experimental results
[19,20,64–69].

V. CONCLUSIONS

A realistic treatment of the PANI lattice through a BL
model was developed, considering the formation of disor-
dered branched cross-linked chains and taking the phenazine

molecule as a central structure to construct the ramified lattice.
It was possible to study the charge transport properties of
the nanostructure PANI, opening a new path to understand its
electronic structure. This new approach overcomes the inad-
equate one-dimensional description [30], which gives rise to
spatially localized states at the Fermi level for any doping and,
consequently, is incapable of describing the metal-nonmetal
transition that these systems go through when they are doped.

The adoption of phenazine as the fundamental nucleus
in the cross-linking and growth of these branched lattices
is compatible with many experimental studies reported in
the literature [8,39–42,44,53], confirming its presence in the
polymerization mechanism of PANI. The BL was modeled
with coordinate number Z = 4, in correspondence with the
branched PANI system. The lattice is constructed generating
disordered linear chains of PANI in order to create a random
BL cluster and using recursivity to build a final lattice with a
large (>106) number of sites.

The electron transport properties were studied by calcu-
lating the LDOS and the conductance. The model assumed
was able to describe the dramatic increase in the electrical
conductivity observed in PANI under protonation. It was pos-
sible to corroborate the metal-insulator transition of the PANI
at pH 2.625. The results obtained in this work established
that the disorder and the concomitant Anderson localization
in the conformation of these structures, due to doping and
polymerization, play a fundamental role in explaining their
conductivity properties.

The BL is a useful model to treat the cross-linked lattice
formed in the oxidative polymerization of aniline and can
serve as a reference point to study another polymer’s systems.
The possibility of building supramolecular structures with dif-
ferent morphologies such as films, nanowires, and nanotubes,
considering these similar theoretical treatments, would open
the possibility of studying the conductive characteristics and
other electronic properties of these systems. These proposals
will be the subject of an extension of this study in the future.

APPENDIX: DYSON’S EQUATIONS FOR THE
BL-PANI MODEL

We can write the Green’s function (GF) at site i of the BL
system (Fig. 3), which is connected to the respective sites of
the phenazine structure shown in Fig. 2, as

Gii(w) = gii + giβt ′Gi′i + giγ t ′Gi′′i + giδt
′Gi′′′i, (A1)

where gii, calculated by Eq. (2), is the undressed local diag-
onal GF in the main linear PANI connected to its phenazine
and t ′ is the “hopping” term connecting the other linear PANIs
with the phenazine’s sites (subindexes β, γ , and δ as shown in
Fig. 2). Here, in the initial stage, the respective nonlocal GFs,
Gi′i, Gi′′i, and Gi′′′i, are given, respectively, by

Gi′i(w) = g̃i′t
′Gβi, Gi′′i(w) = g̃i′′t

′Gγ i,

Gi′′′i(w) = g̃i′′′t
′Gδi, (A2)

where g̃x, x = (i′, i′′, and i′′′), is obtained using Dyson’s
equation,

g̃x(ε) = gxx + g̃0t2g2
x j

1 − g̃0t2g j j
, (A3)
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where g̃0 corresponds to the GF of the semi-infinite leads
shown in Fig. 3, given by g̃0 = (w − i

√
4t2 − w2)/2t2, and

defined inside the band −2t < w < 2t .
The nonlocal dressed GFs between sites β, γ , and δ and

site i are given by

Gβi = gβi + gββt ′Gi′i + gβγ t ′Gi′′i + gβδt
′Gi′′′i,

Gγ i = gγ i + gγ βt ′Gi′i + gγ γ t ′Gi′′i + gγ δt
′Gi′′′i,

Gδi = gδi + gδβt ′Gi′i + gδγ t ′Gi′′i + gδδt
′Gi′′′i. (A4)

Based on the formulations of the GFs given above, we can
form a system of equations that allows us to calculate the
dressed GFs as

Gi′i =

∣∣∣∣∣∣
g̃i′t ′gβi −gβγ t ′2g̃i′ −gβδt ′2g̃i′

g̃i′′t ′gγ i 1 − gγ γ t ′2g̃i′′ −gγ δt ′2g̃i′′

g̃i′′′t ′gδi −gδγ t ′2g̃i′′′ 1 − gδδt ′2g̃i′′′

∣∣∣∣∣∣
|�| , (A5)

Gi′′i =

∣∣∣∣∣∣
1 − gββt ′2g̃i′ g̃i′t ′gβi −gβδt ′2g̃i′

−gγ βt ′2g̃i′′ g̃i′′t ′gγ i −gγ δt ′2g̃i′′

−gδβt ′2g̃i′′′ g̃i′′′t ′gδi 1 − gδδt ′2g̃i′′′

∣∣∣∣∣∣
|�| , (A6)

Gi′′i =

∣∣∣∣∣∣
1 − gββt ′2g̃i′ −gβγ t ′2g̃i′ g̃i′t ′gβi

−gγ βt ′2g̃i′′ 1 − gγ γ t ′2g̃i′′ g̃i′′i′′t ′gγ i

−gδβt ′2g̃i′′′ −gδγ t ′2g̃i′′′ g̃i′′′t ′gδi

∣∣∣∣∣∣
|�| ; (A7)

here � is the determinant of the matrix of coefficients of the
system of equations

� =
∣∣∣∣∣∣
1 − gββt ′2g̃i′ −gβγ t ′2g̃i′ −gβδt ′2g̃i′

−gγ βt ′2g̃i′′ 1 − gγ γ t ′2g̃i′′ −gγ δt ′2g̃i′′

−gδβt ′2g̃i′′′ −gδγ t ′2g̃i′′′ 1 − gδδt ′2g̃i′′′

∣∣∣∣∣∣. (A8)

Finally, substituting the dressed GF into Eqs. (A4), (A2),
and (A1), we get Gii in the first BL-PANI. It is evident that
this way of building a BL-PANI represents an exact recursive
procedure for generating a large extensive BL-PANI in the
final stage. This procedure avoids the diagonalization of a
large matrix representing the complete lattice and permits
working with a much larger system.
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